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Abstract: The purpose of this article is to define almost («, F,)-contractions and establish some
generalized fixed-point results for a new class of contractive conditions in the setting of complete
metric spaces. In application, we apply our fixed-point theorem to prove the existence theorem
for Fredholm integral inclusions @(t) € {f(t) + fol K(t, s,x(s))t?s} , t €[0,1] where f € C[0,1] is
a given real-valued function and K : [0,1] x[0,1] xR — K (R) is a given multivalued operator,
where K, represents the family of nonempty compact and convex subsets of R and @ € C[0, 1] is the
unknown function. We also provide a non-trivial example to show the significance of our main result.

Keywords: almost («, F,)-contractions; multivalued mappings; fixed point; complete metric space;
Fredholm integral inclusions
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1. Introduction

In nonlinear analysis, the theory of fixed points plays one of the important parts and has many
applications in computing sciences, physical sciences, and engineering. In 1922, Stefan Banach [1]
established a prominent fixed-point result for contractive mapping in complete metric space (2, 9).
Berinde [2] gave the notion of almost contraction and extended Banach’s contraction principle.

Definition 1 ([2]). A mapping Z : Q) — Q is called an almost contraction if 3 A € [0,1) and some L > 0
such that
¥ Zw, Zw) < A¥(w,w) + L¥(w, Z®) 1)

Vo,w e Q.
Samet et al. [3] defined the concept of a-admissible mappings as follows:
Definition 2 ([3]). Let Z: Q) — Qand a : Q x Q — [0, +00). We say that Z is a a-admissible mapping if
o,weN, aww)>1 = a(Zw Zw)>1. 2)

In 2012, Wardowski [4] introduced a new class of contractions called F-contraction and proved a
fixed-point result as a generalization of the Banach contraction principle.
Let F be the collection of all mappings F : Rt — R that satisfy the following conditions:

(F1) F is strictly increasing;
(B) forall {@,} C R", limy_0 @, = 0 <= lim, 00 F(@,) = —ox;
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(F3) 30 < r < 1so thatlimg,_ g+ @ F(@) = 0.
Definition 3 ([4]). A mapping Z : Q) — Q) is said to be a F-contraction if there exists T > 0 such that
¥ Zw, Zw) >0 = 1+ F(9(Z@, Zw)) < F(%(w,w)) 3)

Vo, w € Q. We denote by AF, the set of all mappings F : Rt — R satisfying (F1)—(F3) and continuous from
the right. For more details in the direction of F-contractions, we refer the readers to [5-10].

On the other hand, Nadler [11] initiated the notion of multivalued contraction and extended the
Banach contraction principle from single-valued mapping to multivalued mapping.

Definition 4 ([11]). A point @ € Q is called a fixed point of the multivalued mapping Z: Q — 22 if @ € Zw.
For A,B € C(Q),let H: C(Q) x C(Q) — [0, ) be defined by

H(A,B) = max{sup®(w@, B),supd(w, A)}
weEA weB

where ¢(@,A) = inf{d(w,w) : w € A}. Such H is called the generalized Hausdorff-Pompieu
metric induced by the metric ¢ and 2, CL(Q) and CB(Q) indicate the class of all nonempty, closed,
and closed and bounded subsets of (), respectively.

Definition 5 ([11]). A mapping Z: Q0 — CB(Q) is said to be a multivalued contraction if 30 < A < 1
such that
H(Zo, Zw) < M@, w) 4)

Vo,w € Q.
Berinde et al. [12] introduced the notion of almost multivalued contraction as follows:

Definition 6 ([12]). Let K a nonempty subset of Q). A mapping Z: K — CB(Q) is said to be an almost
multivalued contraction if 30 < A < 1 and some L > 0 such that

H(Zw, Zw) < AM¥(w,w) + LY (w, Z®) (5)
Yo,w € Q.

Theorem 1 ([12]). Let (Q), ®) be a complete metric space and Z: Q) — CB(Q) an almost multivalued
contraction, then Z has a fixed point.

In 1994, Constantin [13] introduced a new family of continuous functions ¢ : R*> — R* satisfying
the following assertions:

(01) ¢(1,1,1,2,0),0(1,1,1,0,2),0(1,1,1,1,1) € (0,1],

(02) o is sub-homogeneous, i.e., for all (@1,®,,@3,@4,@5) € (RT)®> and & > 0, we have
0(a@1, a@y, 0@3, 0@y, 0@05) < ao (@1, @7, @3, D4, ©5);

(03) o is a non-decreasing function, i.e., for @;, w; € R, w; <w;,i=1,..5, wehave

0'(6@1, Wy, (DSI 604, (*DS) S (T(CU], Wy, w3, Wy, (US)

and if @;,w; € R, i = 1,..,4, then 0'((01,(02,(03,(04,0) < 0'((01,602,603,604,0) and
0(@1,@2,@3,0,@4) < (wy, w2, ws,0,wy)
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and obtained a random fixed-point theorem for multivalued mappings. Following the lines in [13], we
denote, by S, the set of all above continuous functions. Isik [14] used the above family of functions
and established multivalued fixed-point theorem in complete metric space. For more details in the
direction of multivalued generalization, we refer the reader to (see [15-22] ).

The theory of multivalued mappings has applications in control theory, convex optimization,
differential equations, and economics. In recent years, the study of fixed point for multivalued
mappings has gone beyond mere generalization of the single-valued case. Such studies have also been
applied to prove the existence of equilibria in the context of game theory, and one such example is
that of the famous Nash equilibrium. Thus, the correlation of symmetry is inherent in the study of
multivalued fixed-point theory.

In the present paper, we define the notion of almost (&, F,)-contraction by considering the concept
of n-admissibility, F-contraction, almost multivalued contraction, and the above set of continuous
functions o : R*> — R to obtain generalized fixed-point results for a new class of contractive
conditions in the context of complete metric spaces.

The following lemmas of Isik [14] are needed in the sequel.

Lemma 1 ([14]). Ifo € S and @, w € R are such that
@ < max {0 (w,w,®,w+®,0),0(w,w,&,0,w+®),r(wo,ww+w®,0),0(w o wlw+w)},
then @ < w.

Lemma 2 ([14]). Let (Q, ) be a metric space and A,B € CL(Q) with H(A,B) > 0. Then, ¥V h > 1 and
a€ A,3b="0b(a) € Bso that ¥(a,b) < hH(A, B).

2. Results

Definition 7. A multivalued mapping Z : Q0 — CB(Q) is said to be an almost («, Fy)-contraction, if 3
a:QxQO—[0,00),F, € AF,0€S,L>0andt > 0so that

27 + Ey (a(@,w)H(Zw, Zw)) < Ey <c7 ( ﬂ(w'l;‘zyé‘zlefgg)zw)' )) +LO(w, Z0)  (6)

Vo,w € Quwith H Z®, Zw) > 0.

Theorem 2. Let (Q), ®) be a complete metric space and Z : Q) — CB(Q) be an almost (v, F,)-contraction such
that these assertions hold:

(i) Z is an a-admissible mapping,
(i) Fwy € Qand @1 € Z@g with a(wp, @1) > 1,
(iii) for any {®@,} in Q) so that @, — @ and a (@, @y4+1) > 1,V n € N, we have a(@,, @) > 1,V n € N.

Then J@0* € O such that @* € Zo*.
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Proof. By hypothesis (ii), there exist @y € Q) and @1 € Zwy with a(w@g, @1) > 1.If @1 € Z@1, then @
is a fixed point of Z and so the proof is finished. Thus, we suppose that @; ¢ Z®;. Then #(@1, Z@7) >
0 and hence H (Zwy, Zw7) > 0. From (6), we get

27+ E; (8(@01, Z@1)) 21+ F, (H (Zwp, Teo1))

27 + Fy (a(wg, @1)H (2@, Td1))

19(('00/@1)/19(@0/ ZCOO)/ 19(a)ll ZCO]),
o (0 ( 19((DO/ Z(Dl),ﬁ((@l,zwo) * Lﬁ(wl,ZCDO)

. 8 (o, 1), 8(@0, @1), (@1, Z1),
v (@0, Z01),0

IN A

IN

and so

#(@o, @1), 8(o, @1), (@1, Z1),
Z
#(@1, Za1) < U( & (w@o, Ze01),0

Then Lemma 1 shows that 8(@1, Z@1)

<
2+ F (81, Z0n)) < Fo <0< ¥ g, @1), ¥ @, @1), N @1, Z07), ))

8(wp, @1). Thus, we obtain

¥(w@g, Z01),0

E o 19(@01 (Dl)/ﬂ(w()rwl)l 19((,00,(@1),
7 219(@0/ (Dl)lo

A

IN A

Thus
2T+ F, (0(@1, Z@1)) < Fy (8(@o, @1)) (7)

Since F, € AF,so 31 > 1 such that
Fy (ZH(Z(D(),Z(Dl)) < F, (H(ZQO/Z(Dl))_FT (8)

Next as
¥(@1, Zw1) < H(Zw@, Z201) < IH (Z@¢, Z01) )

by Lemma 2, there exists @, € Z@; (obviously, @, # @;) such that

8(@1,@2) < ¢(@1, Zay). (10)
Thus, by (8)-(10), we have
Fr (8(@1,@2)) < Fr (IH (20, Z1)) < Fo (H (2@, Za01)) + T (11)
which implies by (7) that
2T + F; (@1, @2)) 21+ F, (H(Zwo, Z01)) + T

<
< F (19(6’00,(@1)) +7T

Thus, we have
T+ Fy (8(@1,@2)) < Fo(8(w@p, @1))- (12)
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Since a(@g, @1) > 1. So by the a-admissibility of Z and (6), we have

2T+ Fy (0 (0, Z7)) 21+ Fy (H (2w, Z@,))

<
< 214 F; (a(w1,@2)H (201, Z07))

8(@1,@2), 8(@1, Z@1), (@2, Z@3),
F . -
(2 (0' < 19((,’01, Z(Oz),ﬂ((jozl Z(Dl) + 19((,02, (Dl)

F ((7( (w1, @7),0(@1, @), 8(w@r, Z0,), ))
v 19((01,2602),0

IN

and so

(@1, @2), (@1, @), 8(@2, Z07),
9 Z .
(602/ (DZ) <0 < 19((01,2602),0

Then Lemma 1 gives that & (@, Z@,) < 9(w1,@;). Thus, we obtain

w1, @,), @1, Z1), O, Z,),
2 F, (¢ Z < F
T+ (7( (CDZI CDZ)) > o (‘7 < 19(@1,2@2)’&(@2,2(91)
< £ (o (@1, @2), (@1, @), (@1, @2),
28(1,@3),0
< Fr (8(w1,@02)0(1,1,1,2,0))
< Fy (%(w1,@2)).
Thus, we get
2t+ F, (1.9 ((Dz, ZCDz)) <F, (19((01,(@2)) (13)
Since F, € AF,so d1 > 1 such that
F, (IH(Zw1, 2@3)) < Fr (H(Z@1, Z@7)) + T. (14)
Next, as
(@2, Z7) < H(Zw1, Zw,) < 1H (Z2@1, Z@7) (15)

by Lemma 1, there exists @3 € Z@, (obviously, @3 # @;) such that

19(@2, 603) <d ((2)2, Z@z) . (16)

Thus, by (14)-(16), we have
F, (19((02,(’03)) <F, (ZH (Z(Dl,ZCUz)) < F; (H (ZC’Dl, Z(Dz)) +T (17)

which implies by (13) that
21+ Fy (8(wy,03)) < 21+ F (H(Zwy, Za;))+ T
< Fr(8(@y,@)) + 7.
Thus, we have

T+ Fy (8(@3,@3)) < Fo(9(@1,@2)). (18)

Thus, pursuing these lines, we obtain {®@, } in Q so that @, 1 € Z®@, and a(®@,, @,4+1) > 1,V n € N.
Furthermore
T+ Fo(8(@n, @4 11)) < Fo(O(@n-1,@n)) (19)
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V n € N.Therefore by (19), we have

For (l9<@n/ wnJrl)) < (19((1’.7”,1,6’0,1)) -1<F (19((27”_2,@,171)) -2t
< .. < F (0(@p,@1)) — nt. (20)
Letting n — oo, we have lim F, (8(@n, @p41)) = —oo that jointly with (F,) gives

1111—I>I<;lo 19(@71/ wnJrl) 0.

Thus, from (F3), 31 € (0,1) so that

lim [0(@n, @y+1)] Fr (0(@n, @y41)) = 0. (21)

n—o0

By (20) and (21), we obtain

[0(@n, @y41)]"Fr (8(@n, @nt1)) — [0(@n, @u11)] For (8 (0, @1))
< [0(@n, @pi1)] [ (19(@o/ @1)) — 1] = [0(@n, @p1)]" Fo (80, @1))
< —HT[ (‘On/ L’Dn+1)]

Letting n — oo, we have
lim n[d(@y, @,41)]" = 0. (22)

n—o0
Thus, nlgr(}o n%ﬂ(wn,wnﬂ) = 0, which implies that } ;" ; 9(®@;,, @, 1) converges. Hence the
sequence {@y, } is Cauchy in Q. As (Q), 9) is complete, so 3 @* € Q) such that

lim @, = @*. (23)
n—oo

Now, we prove that ©* € Z@*. By condition (iii), we have a(@,,©*) > 1, Vn € N. Assume on
the contrary that @* ¢ Z@*, then 31y € Nand {@;, } of {@,} so that #(@,, 1, Z@*) >0,V ny > ny.
Now, using (3.1) with @ = @;, 11 and w = @*, we have

27 + Fp (@ 11, 20%)) < 21+ F(H(Z@y,, Z0™))
< 21+ Fy(a(@p, @ )H(Z@p,, Z0%))
Y@y, @*), (@y,, Z0p, ), %(@*, Z00*),
< F|o
¥ @p,, Z0*), H@*, Z@y,)
By (F1), we get

8@y, @), %@y, @, +1), 8(@*, Z0*),
19 Z * k k k
((an+1/ @ ) <0 ( ﬂ(wnk/ Z(D*), 19(@*/ (an+1)

Taking n — co , we get
¥(w*, Z0*) <0 (0,0,8(w*, Z@*), (0", Z0*),0)

which implies by Lemma 1 that
0< ¥ (w*, 20%) <0

which is a contradiction. Hence ¢(@*, Z@0*) = 0. Thus, by the closedness of Z®@*, we deduce that
@* € Z0* . Hence @* € Zo*. O
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3. Consequences

Now we give a result of Banach-type F,-contraction [1] in this way.
Corollary 1. Let Z : Q) — CB(Q)). Suppose that 3t > 0and F, € AF such that
21+ F(H(Zw, 2w)) < Fr (%@, w))
V@, w € Quith H Zw, Zw) > 0.Then 30* € QO such that ©* € Zw*.

Proof. Considering o € S given by 0(w@1, @;, @3, @04, @5) = @1 and L = 0 in Theorem 2. [J

Now we give a result of Kannan-type F-contraction [23] in this way.
Corollary 2. Let Z : Q) — CB(Q)). Suppose that 3t > 0 and F, € AF such that
21+ F(H(Zw, Zw)) < F, (3@, Z0) + %(w, Zw))
V@, w € Quith H Zw, Zw) > 0.Then 3o* € O such that ©* € Zw*.

Proof. Considering o € S given by 0(w@1, @;, @3, @04, ®5) = @3 + @3 and L = 0 in Theorem 2. [J

Now we give a result of Chatterjea-type F-contraction [24] in this way.
Corollary 3. Let Z : QO — CB(Q)). Suppose that 3t > 0 and F, € AF such that
21+ F,(H(Zw, Zw)) < F, (3@, Zw) + ¥(w, Z0))
V@, w € Quith H Z®, Zw) > 0.Then Io* € QO such that ©* € Zw*.

Proof. Considering o € S given by 0(w@1, @;, @3, @04, ®5) = @4 + @5 and L = 0 in Theorem 2. [J

Now we give a result of Hardy-Roger-type F-contraction [25] in this way.

Corollary 4 ([9]). Let Z : O — CB(Q)). Suppose that 3T > 0and F, € AF and non-negative real numbers
B1, B2, B3, Ba and Bs with By + B + B3 + Ba + 25 < 1 such that

B18(®@,w) + B (@, Z@) + B38(w, Zw)
2t+ E(H(Zo, 20)) < Fr ( L Bi0(@, 20) + b, 20) )

Vo,we Quith H Z®, Zw) > 0.Then 30* € Q) such that ©* € Zo*.

Proof. Considering ceS given by 0'(6'01, Wy, 03, @Dy, (05) = B1@1 + Ba@r + P3@3 + Pa@4 + P55 and
L = 0in Theorem 2. O

Now we give a result of Ciri¢-type F-contraction [26] in this way.
Corollary 5. Let Z : Q) — CB(Q)). Suppose that 3t > 0 and F, € AF such that

¥o,w),¥w, Zw),¥w, Zw),
21+ F,(H(Z2@, Zw)) < Fy | max 9@, Zw)+8(w,Z®)
R E—

V@, w € Quith H Z®, Zw) > 0.Then 3o* € O such that ©* € Zw*.
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Proof. Considering o € S given by (@1, @3, @3, @4, @5) = max {wl,coz,co3, %} and L = 0in
Theorem 2. [

The next result is also a Cirié¢-type F-contraction [27].

Corollary 6. Let Z : QO — CB(Q). Suppose that 3t > 0 and F, € AF such that

(24)

27+ B (H(Z0, Zw)) < F, <max{ d@,w), 8@, Za),8(w, Zw), })

@, Zw), ¥(w, Z0)
Vw,w e Quith H Z®, Zw) > 0.Then 0* € Q) such that ©®* € Zw*.
Proof. Considering o € S given by 0 (@1, @2, @3, @4, @5) = max {@1, @, @3, @4, @5} in Theorem 2. [
Example 1. Let Q) = NU {0} be endowed with the usual metric

¥(w,w) = |@ — w]
Vo, w € Q. Definea : X x X — [0,00) by

2, ifo,w € {0,1}
a(w,w) = %,1f @,w>1
0, otherwise

and Z : () — CB(Q) by
o { 0,1}, fo=0,1

{o-1,w0},if @>1

We declare that Z is an almost («, F;)-contraction with Fy : RT — R defined by F,(t) = t +Int,
VteRY 1= % Lo (RY)Y — RY by (@1, @, @3,@4,@5) = @ and L = 0. For that, we need to

show that
H(Zw, Zw)

o.((’oll @7, 03, Wy, (DS)

eH(Zw,Zw)—a(wl,wz,w3,w4,w5) <e T

V@, w e Quitha(w,w)H(Zw®, Zw) > 0. Now we discuss these cases:

Casel. Ifo,w € {0,1}.
Case 2. If @, w > 1, with @ # w. Then we have

1 1 1
Zem 20wl < 72

Case3. If ® or w € {0,1} and @ or w, with @ # w. Then a(®,w)H(Zw, Zw) = 0. Then the
contractive condition is satisfied trivially. Thus, Z is an almost («, F,)-contraction. For @y = 1,
we have @1 = 0 € Z®) such that a(@p, @) > 1. Furthermore, it is simple to show that Z
is strict a-admissible and for {®@,} C Q) so that @, — @ as n — oo and a(®@,, @y41) > 1,V
n €N, we get a(@y, @) > 1,V n € N. Therefore, by Theorem 2, Z has a fixed point in Q).

4. Applications

Fixed-point results for multivalued mappings in ordered Banach spaces are extensively explored
and have a variety of applications in differential and integral inclusions (see [19,21,28]). In the present
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section, we apply the established theorems to obtain the existence of solutions for a recognized
Fredholm integral inclusion

1
o(t) {f(t) +/O K(t,s,x(s))ﬁs}, te[o,1]. (25)
Consider the metric ¢ on C[0, 1] defined by

#(@,w) = (tren[oajf] @(t) —w(t)]) = max |@(t) — w(t)] (26)
vV @,w € C[0,1]. Then (CJ[0,1], 9) is a complete metric space.
We will suppose the following conditions:
(A7) for each @ € C[0,1], K : [0,1] x[0,1] xR — K (R) is such that K(f,5,@(s)) is lower
semi-continuous in [0,1]x [0,1],
(Ay) there exists some continuous function  : [0,1] x [0,1] — [0, +o0) such that

max{|@(s) — w(s)]|, |@(s) — K(t,5,@(s))],
ko (t,5) — ke (t,s)| < l(t,S){ lw(s) — K(t,s,w(s))], |@(s) — K(t,s,w(s))], |w(s) — K(t,s,@(s))|} }

Vt,s€[0,1], @ w e C[0,1].

(A3) 3 T > 0 such that
1

sup I(t,s)9s < e 2T.
tefo,1] /0

Theorem 3. With assertions (A1)—(A3), the integral inclusion (25) has a solution in C[0, 1].

Proof. Let ) = C[0, 1]. Define the multivalued mapping Z : Q3 — CB(Q) by

Zo = {w €Q:w(t) € f(t) +/Oxl K(t,s,0(s))0s, t € [0,1]} .

It is simple and direct that the set of solutions of integral inclusion (24) synchronizes with the set
of fixed points of Z . Thus, we must show that with the stated conditions, Z has at least one fixed
point in Q). For it, we shall examine that the conditions of Corollary 6 satisfied. [

Let @ € Q. For the multivalued operator Ky (t,s) : [0,1] x [0,1] — K (R), it acts in accordance
with the Michael selection result that 3 ko (f,5) : [0,1] x [0,1] — R such that kg (t,s) € Ke(t,s)
Vt,s € [0,1]. This follows that f(t) + fol ko(t,s)0s € Zw. Thus, Z@ # @. It is an obvious matter to
prove that Zw is closed, and so specific aspects are excluded (see also [28]). Moreover, since f is
continuous on [0, 1] and K (¢, s) is continuous on [0, 1] x [0, 1], their ranges are bounded. It follows
that Zw is also bounded. Hence Zw € CB(Q).

We now analyze that (24) holds for Z on () with some F, € AF and T > Oi.e,,

(27)

2T + FO'(H(Z(DerCDZ)) S Fo’ <max{ 19((,@1, (DZ)'19<(DLZ(D1)’19<(D2’ Z"DZ)/ })

19(601/ Z(DZ)I 19(6‘)2/ Z(Dl)

for w1, @y € Q). Let wi € Zw; be arbitrary such that

1
wi(t) € F(1) +/O K(t,s,1(s))0s
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for t € [0,1] holds. It implies that V' t,s € [0,1], 3 ke, (t,5) € Koo, (t,5) = K(t,5,@1(s)) such that

-1
wi(t) = (B)+ [ ko (t,5)0s
for t € [0,1]. For all @1, @; € Q, it follows from (A;) that

max{|@1(s) — @2(s)|, [@1(s) — K(t,s,@1(s))|,
H(K(t,s,@1) — K(t,s,2) <I(t,s) 8 |@2(s) — K(t,s,@2(5))], |@1(s) — K(t,5,@2(5))|,
|@(s) — K(t,s,@1(s))| }
This implies that 3 z(t,s) € Ko, (,5) such that
max{|@(s) — @z(s)], |@1(s) — K(t,s,@1(s))],
[kay (£,8) = 2(t,s)| < 1(t,5) § |@2(s) = K(t,5,@2(5))|, [@1(s) — K(t,5,02(5))],
l@a(s) — K(t,s,1(5)) [}

Vt,s€[0,1].
Now, we can deal with the multivalued mapping U defined by

U(t,s) = Ka,(t,s) N{u € R : |ko, (t,5) —u| < I(t,s)|@1(s) — @2(s)|}

Hence, by (A1), U is lower semi-continuous, it implies that 3 ke, (t,s) : [0,1] x [0,1] — R such
that ko, (t,s) € U(t,s) fort,s € [0,1]. Then wy(t) = f(t) + fol ko, (t,5)0s satisfies that

wy(t) € f(t) +/01 K(t,s,@3(s))ds, te][0,1].

€ [0,1]. That is wy € Zw@, and

@) =20 < [ Tk (69) ~ an(1,5)] 95

1
< [ ts)@i(s) — @a(s)]os

1 max{‘wl(s) - (DZ(S)|r |(501(S) - K(tls’(‘ol(s))ll
< tgl[oa,)f] /Ol(t,S) |2(s) — K(t,5,@2(s))|, [@1(s) — K(t,5,02(s))|, ¢ Vs

|@(s) — K(t,s,1(s))|}

S e*ZTmaX 19(('01/('02)119(@1/ Zwl)/ﬁ((DZI ZCDZ)/
Y@, Z2@07), (@2, Z071)

for all ¢,s € [0, 1]. Hence, we have

B(wy, wp) < e *F max{ O(@1, @2), (@1, Z1), 8(@2, 207), }

O(w@1, Za2), 9(02, Z01)
Changing the task of @7 and @;, we get

H(Z(Dl,Z(Dz) S 6721‘ max { 19((01’(DZ>/19((D1’Z(01)/19((D2/ Z(DZ)/ }

19(601, ZC’Dz), 19((272, ZC’Dl)
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Taking natural log on both sides, we have
2t +In(H(Zwy, Z@;)) < In [ max (@1, @2), 8(@1, Z1), (02 Z3),
' N 19(@1, ZwZ)/ﬂ(CDZ/ Z(Dl)

Taking F, € AF defined by F,(t) = In(t) for t > 0, we have
(@1, @2), (@1, Z@01), @3, Z@2),

< .

21+ F,(H(Zwy, Z0,)) < F, (max{ 8(c1, Zy), O(n, Zeoy)

All other conditions of Theorem 6 immediately follow by the hypothesis of taking the function
o € S given by (@1, @y, @3, @4, @5) = max {@1, @2, @3, @4, @5} and the given integral inclusion (25)
has a solution.

5. Conclusions

In this article, we have defined almost (&, F,)-contractions to establish new fixed-point results for a
new class of contractive conditions in the context of complete metric spaces. The given results extended
and improved the well-known results of Banach, Kannan, Chatterjea, Hardy-Rogers, and Ciri¢ by
means of this new class of contractions. As an application of our main results, the existence of a solution
for a certain Fredholm integral inclusion is also investigated. Our results are new and significantly
contribute to the existing literature in fixed-point theory.
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