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Abstract: The main aim of this paper is that for any second-order linear recurrence sequence, the
generating function of which is f(t) = m, we can give the exact coefficient expression of the
power series expansion of f*(t) for x € R with elementary methods and symmetry properties. On the
other hand, if we take some special values for a and b, not only can we obtain the convolution formula
of some important polynomials, but also we can establish the relationship between polynomials
and themselves. For example, we can find relationship between the Chebyshev polynomials and

Legendre polynomials.
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1. Introduction
For any integer n > 1 and any real number y, the Fibonacci polynomials F,(y) and the Lucas

polynomials L, (y) are defined by the second-order linear recurrence sequence

Fuy1(y) = yFa(y) + Fa1(y)
and
Lyy1(y) = yLa(y) + Lu-1(y),

where the first two terms are Fy(y) =0, Fi(y) =1, Lo(y) =2 and L1(y) = y.
y+\/y2ﬁ 'B _ yf\/yzj
2 P = 2

recurrence sequence, we have

If we take &« =

, according to the properties of the second-order linear

_ et =p

a—p

Fu(y)

and
Lu(y) =a" + B".

For any integer n > 0, the Fibonacci numbers F, = F,(1) can be defined by the generating function

: i
——— = ) Ft".
1-t—12 =
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For any integer n > 0, the first and the second kind Chebyshev polynomials T, (y) and Uy, (y) are
defined by the second-order linear recurrence sequence

Tui2(y) = 2yTuy1(y) — Tuly)

and
Uni2(y) = 2yUy11(y) — Un(y),

where the first two terms are To(y) =1, T1(y) =y, Up(y) = 1 and U; (y) = 2y.
If we take « = y + \/y> — 1, B = y — /y?> — 1, according to the properties of the second-order

linear recurrence sequence, we have

_ "
Ta(y) = Y
and +1 +1
_ a}’l _ﬁn
un(y) - o — ,B

On the other hand, the second kind Chebyshev polynomials U, (y) can be also defined by the
generating function

1—2yt+t2 Zu”

Besides Fibonacci polynomials, Lucas polynomials and Chebyshev polynomials, other orthogonal
polynomials have also been studied by interested scholars.
For example, the Legendre polynomials P, (y) are defined by the generating function

1 2 b (g
<1—2yt+t2> _n;) n(y)t

The Jacobi polynomials {P,S'X"g ) (1) Yo<n<eo are defined by the generating function

[R(1+R—t) (1+R+1) } = 22“" PR ()"
k=0

where R = /1 -2yt +t%, [t <1,a,p > —1.

The Gegenbauer polynomials {C;} (y) }o<n<e are defined by the generating function

(iaia) - Laiwr (r> ).

It is well know that polynomials and sequence occupy indispensable positions in the research
of number theory. Especially, Fibonacci and Lucas numbers, Chebyshev and Legendre polynomials
and others. These polynomials and numbers are closely related and there are a variety of meaningful
results which have been researched by interested scholars until now. For example, the identities of
Chebyshev polynomials can be found in [1-9], and the contents about Fibonacci and Lucas numbers
in [10,11]. Some authors have a research which connects Chebyshev polynomials and Fibonacci or
Lucas polynomials (see [12-14]).

In particular, we can find many significant results in the aspect of studying the calculating problem
of one kind sums of some important polynomials. For example, Yuankui Ma and Wenpeng Zhang
have calculated one kind sums of Fibonacci Polynomials (see [15]) as follows.
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Let h be a positive integer, for any integer n > 0, they proved

() Fry (1)~ B, (1) = 7 yo DTS )

aytax+-tap=n Tj=1 x2h=
y i(n—iﬂ‘)y 2h+i—j—1\ (=1)"-2"-Fiy(x)
= (n—i)! i xl '

where the summation is over all & + 1-tuples with non-negative integer coordinates (a1, ay, - - - , ;11
such thatay +ap + - - - +ay,41 = n,and S(h, i) is a second order non-linear recurrence sequence defined
by S(h,0) =0, S(h,h) =1,and S(h+1,i+1) =2-(2h—1—1i)-S(h,i+ 1) + S(h,i) for all positive
integers1 <i <h—1.

Yixue Zhang and Zhuoyu Chen have researched the calculating problem of one kind sums of the
second kind Chebyshev polynomials (see [16]) as follows.

Let  be a positive integer, for any integer n > 0, they proved

Uﬂl (x)uﬂz (x) e Uﬂh+1 (x)
atay+---+ap 1 =n

1 hoChf) & (n—itj) (2hti—j—1\ Uuiyi(x)
_ Zhh'.z(lz ]>.( J )-JT]

= x2-i = (n—i)! i xi

7

where C(h,i) is a second order non-linear recurrence sequence defined by C(h,0) = 0, C(h,h) =1,
Ch+1,1)=1-3-5---2h—1)=(2h—1)'and C(h+1,i+1) = 2h—1—1i)-C(h,i+ 1) + C(h,i)
foralll <i<h-1.

Shimeng Shen and Li Chen have studied the calculating problem of one kind sums of Legendre
Polynomials (see [17]) as follows.

For any positive integer k and integer n > 0, they proved

(2k — 1)!! ) Pay (%) Pay(x) - - - Py (x)
a1+ay+-+agg=n
k (k4 1—i— ) (TR
j= i=

where(2k — 1)I! = 1 x3x5---(2k — 1) = 25(1);, and C(k, i) is a recurrence sequence defined by
C(k,1) =1,C(k+1,k+1) = 2k—1)!'and C(k+1,i+1) = C(k,i +1) + (k — 1 +1i) - C(k, i) for all
1<i<k-1

They have converted the complex sums of F,(x) into a simple combination of F,(x), the complex
sums of U, (x) into a simple combination of U, (x), and the complex sums of P,(x) into a simple
combination of Py (x).

Very recently, Taekyun Kim and other people researched the properties of Fibonacci numbers
through introducing the convolved Fibonacci numbers p,(x) by generating function as follows
(see [18]):

(1—1&1—t2> an ,, (x €R).

They researched some new and explicit identities of the convolved Fibonacci numbers for x € N.
For example, for n > 0 and r € N, they have proved the recurrence relationship of p,(x) (see [18]):

n

n
pu(x) =) pi(r)pu_i(x—7) an 1(1)pi(x = 7).
1=0
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The convolved Fibonacci numbers p,(x) seems to be only connected with the simple power
square. In fact, it can establish the relationship between polynomials and themselves, so the further
research of p,(x) is very significant. They have provided us a new perspective to study the properties
of some vital polynomials. For example, Taekyun Kim and other people have proved the relationship
between p,(x) and the combination sums about Fibonacci numbers:

r4+1 n n—Ih n—=lj—-—l,_4
M — Z Z e Z PllPlz X 'Fl,Fn—ll—lz—m—l,‘
m 1h=01,=0 1,=0

They have converted the complex sums of F,(x) into a calculation problem of p,(x) and the
calculation method is easier and the expression is simpler.

Inspired by this article, in this paper, for any second-order linear recurrence sequence, the
generating function of which is f(t) = m, we can define

1
(1+at+bt2) an i (WO FER) v

Firstly, we give a specific computational formula of p,, (x) for x € R using the elementary methods.
After that for any polynomial or sequence, the generating function of which is f(t) = we can
obtain its convolved formula easily and directly.

Secondly, if we take some special values for a, b in f(t) and x in p,(x), we can find some
relationship between special polynomials and themselves. For example, we will establish the
relationship between the convolved Fibonacci numbers and Lucas numbers, the relationship between
the convolved formula of the second kind Chebyshev polynomials and the first kind Chebyshev
polynomials, and the relationship between Legendre polynomials and the first kind Chebyshev
polynomials and others.

At last, through the computational formula of p,(x), especially for x € N, we can also convert
the complex sums of F, into a liner combination of L,; and express the complex sums of U, (y) as a
liner combination of T,(y). More importantly, the forms are more common and the calculations are

1+at+bt2’

easier than previous results.
We will prove the main results as follows:

Theorem 1. Let f(t) = for any integer n > 0 and x € R, we can obtain

1tt2’

;é < ) )i{x)n—iLn—2i,

where (x)y = x(x+1)(x+2)---(x+n—1)and (x)y = 1.

Theorem 2. Let f(t) = for any integer n > 0 and x,y € R, we can obtain

1- 2yt+t2 /

pn(xy) = Xn: (n) ()i (X)n—iTy—2i(y)-

i—0 \*

From Theorem 1 we can deduce the following:
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Corollary 1. For any positive integer k, we have the identity

Z Fa Fay - 'Fak
aj+az+---+ag=n
= ! ; i(k+i—=Dl(k+n—i-1)! |
= m Z(*l) =1 Ly

i=0

From Theorem 2 we can deduce the following;:

Corollary 2. For any positive integer k, we have the identity

Z Ua, (y) - Uay (y) - - - Ua, ()
aytap+-+ag=n

1 "ok+i—D)(k+n—i—1)!
((k—=1)1)2 Z it(n—i)! Ta2i(y)-

Corollary 3. If x = %, we have the identity

1 & (21— 1)1(2n — 2i — 1)1
Tg )i!((n—i)! 21,

Corollary 4. If x = — 5, we have the identity

&1 & (20-3)1(2n —2i—3)!! o
R‘ﬂ%?ﬂ% i(n—1i)! Tnai) £

Corollary 5. If x = A > — 2, we have the identity

=1y (’7)<A>i<A>niTnZi<y>.

nt
”i:o 1

50f10

Theorems 1 and 2 give the computational formula of p,(x) of some famous polynomials.
Especially, we know that polynomials are closely connected and they can be converted to each

other. According to these theorems, we can obtain the relationship between the polynomials easily. It
cannot only extend the application of orthogonal polynomials, but also make replacement calculations
according to its complexity. For example, if we make a calculation involving the Gegenbauer
polynomials, for simple calculations, we can convert it into Chebyshev polynomials according to

Corollary 5.

2. A Simple Lemma

In order to prove our theorems, we are going to introduce a simple lemma.

Lemma 1. For any integer n > 0 and a,b, x € R, we can obtain the equation

"o /n —a 2 n—2i ST
=1 ()i (22FE) T (g

i=0

Proof. Firstly, according Equation (1), we have

ipn(x)f:! = (1)x—(1—at)"(1—ﬁt)"

1+ at + bt?

@
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We can easily know thata + f = —a, afp = band « = =2+ V2“2_4b, =" V2“2_4b are two roots of

1+at+bt* =0.
Then, applying the properties of power series, we obtain

1—at) =Y (‘nx>( " (at)" :é

n=0

®)

71 ntn

(4)

and

ﬁfl tTl

n=0

a-p= 1 () o= 1 Y
1

2)---(x—n+1)and (x)p =

where (x), = x(x —1)(x —
Combining Equations (2)—(4), we get

i (_x)n(—l)na”tn> (i (_nf)Vl(_l)nﬁntn)
n=0 :

n=0 0
_ 3 (5 i (x) ()T
- io(_nl’)n (20 (?>(_x)f(‘x)n—iwiﬁ"i> £, (5)

Similarly, according the symmetry of « and 8, we can easily obtain
o " & (D" (& (n | ni
Yo ru(x)—= =), ( n,) (Z (i)(_x)i(_x)niﬁl"‘n Z) t"
: ©o\i=0

Then, combining Equations (5) and (6), we know that

épn(x>:z = % i (_nll)n (lé) <:l> (_x)i(_x)ﬂfi(aﬁ>i (,BnZi—l—a”Zi)) g

(6)

n=0
O T ) PR

Comparing the coefficients of ¢ in Equation (7), we get

pn(x) _ ;g ( ) 1 n 1( n72i+’Bn72i)
—a+\/m>n_2i+<—a— a2—4b>n_2i)
—_— I S .

_ ;zi)bi (7) ()i (%) n—i (( 2

Now we have completed the proof of the Lemma 1. O

3. Proof of the Theorem
—1 in Equation (1), we know that f(t) is the

Proof of Theorem 1. If we take a = —1 and b
generating function of Fibonacci number. That is,

f(t) = 1_t_t2 ZFnt”.
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The convolved Fibonacci numbers p,(x) are defined by the generating function as [18]
1 o = t"
X _ — _

15 g 15

In this time, & = = 5=
According to the Lemma land L, = a™ 4 B", we can get

S
((12[) +<12¢5> )
S

0 () 9L ©)

pn(x)

I
N| —
HM:
/_\
\_/

I
N| —
uMm
/_\
\_/

I
ST ST

1= ] M:

0

In this equation, py(x) is expressed as a combined forms of Lucas number. The Proof of Theorem 1
has finished. [

About the convolved Fibonacci numbers p,(x), Taekyun Kim and others have obtained its
some-recurrence formulae in reference [18]. Based on [18], we have given an exact computational
formula of py,(x) for any arbitrary x in Theorem 1. Compared with the results in [18], Theorem 1 is
more general and easier.

If we take x = k € N in Equation (8), we get

o0 tn 1 k o ) k
Y palk) = (1—t—t2> = <E)Fnt )
. )(inz-ta2>...<iFak_tﬂk>

a;=0 a,=0 a0
= ( i i . i F’ll . Faz - Fak 3 tﬂlJruzu.Jrﬂk)

a
= Fﬂ .Fﬂ ...Fa 'tﬂ,

D Y Ry FneoEy

amtax+---+ag=n

I
agk
E’ﬁ

S

and then combining Equation (9), we can obtain

Fa1 'Paz"’Fa
ay+ax+--+ag=n

_ L "0(_1>i(1?> (k)i{k)pn—iLn_2i

2n! =

B gk Dk it
- 2( ; i'(n —i)! L2

The proof of Corollary 1 has finished.
For every Fy (1 <1 <k), Y4, 1ay+-ta,—n Fay - Fay - - - Fgy is symmetry.
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Proof of Theorem 2. If we take 1 = —2y and b = 1 in Equation (1), we all know f(ty) is the
generating function of the second-kind Chebyshev polynomials U, (y)

f(ty) = W = Zun

The convolved second-kind Chebyshev polynomials p,(x;y) are defined by the generating
function as [18]

1 X %) n
fA(ty) = (1—2yt+t2) = ;}Pn(x;y);!- (10)

In this time, 0 =y + \/yziflrﬁ:y*\/yzifl'

According to the Lemma 1 and T, (y) = (a" + B"), we can get
" n
putin) = 12 (1) o T an
i=0

In this equation, p, (x;y) is expressed as a combined form of the first-kind Chebyshev polynomials
Ty(x). O

If we take x = k € N in Equation (10), and combining Equation (11) we can easily prove the
Corollary 2.

Take x = % in Equation (10), we know f %(t;y) is the generating function of the Legendre
polynomials P, (x) as follows:

1 i_& p
H=|—m——) = = :
(*) (l—2yt+t2> HZ:O”( ZP”(’> .
According to Theorem 2, we can easily obtain

() = £C) (), oo

1 gmenee-)y .
iz §J @i T
)l

N—

f

|
=

Tnfzi(y)'

il(n—i)!

In a word, we know the Legendre polynomials P, (x) can be expressed as combined forms of the
first kind Chebyshev polynomials T}, (x) as follows:

1 & (2i—1)!(2n—2i—1)!
o ; i(n— i)l Tu2iy):
The proof of Corollary 3 has finished.
If we take x = —% in (10), then we can easily obtain
> 1 " & 1—1 (2(n—i—1))
R = ——y)— T, 5: L
r;)p( r]/)n! 222” 221| 1_1 )(Vl—l—l) n 2z<y)

(2i — 3)11(2n — 2i — 31!

it(n—i)! Ty2i(y) - "

Il

[7e
|~
= .

2
Il

o
Il

=)
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The proof of Corollary 4 has finished.

Taking x = A > —1 in Equation (10), we know f*(ty) is the generating function of the

Gegenbauer polynomials {C;} (y) }o<n<e as follows:

1 )\7 o A no_ A\ — c- . £
(=) = DO =7 = ) 7

According to Theorem 2, we can easily obtain

pn (Ay) = i <1Z> (A)ilA) =i Tu—2i(y)-
i=0

The proof of Corollary 5 has finished.
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