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Abstract: In this paper, we investigate some properties and identities for fully degenerate Bernoulli
polynomials in connection with degenerate Bernstein polynomials by means of bosonic p-adic
integrals on Z;, and generating functions. Furthermore, we study two variable degenerate Bernstein
polynomials and the degenerate Bernstein operators.
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1. Introduction

Let p be a fixed prime number. Throughout this paper, Z, Z,, Q, and C,, will denote the ring of
rational integers, the ring of p-adic integers, the field of p-adic rational numbers and the completion of
algebraic closure of Q,, respectively. The p-adic norm |q|, is normalized as |p|, = %.
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For A, t € C, with [Af|, < p 7T and [t|, < 1, the degenerate Bernoulli polynomials are defined

by the generating function to be

t

X [e] tn
(14 AT = ¥ BulxN) =, 1

(See [1-3]). When x = 0, B,,(A) = Bn(0|A) are called the degenerate Bernoulli numbers. Note that
lim, o Bn(x|A) = Bn(x), where B, (x) are the ordinary Bernoulli polynomials defined by

t
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and B, = B, (0) are called the Bernoulli numbers. The degenerate exponential function is defined by
x s t"
(1) = (14405 = L (Wun, )
n=0 '
where (x)or =1, (x)y0 = x(x —A)(x —=2A) -+ - (x — (n — 1)A), for n > 1. From (1), we get
n
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Recentely, Kim-Kim introduced the degenerate Bernstein polynomials given by

1x 2 t”
(Iz'“tk(HAtA Z n(xlA) (5)

(See [4-6]). Thus, by (5), we note that

(D @rA(1=x)y g, ifn>k

6
0, if n <k. (©)

Bk,n (x|)‘) = {

where 1, k are non-negative integers. Let UD(Zj) be the space of uniformly differentiable functions on
Zy. For f € UD(Zyp), the degenerate Bernstein operator of order 7 is given by

© @)
=5 £ (5) Buatett)
k=0
(See [4-6]). The bosonic p-adic integral on Z,, is defined by Volkenborn as
!
[ $@nox) = tim 5 3 (3, ®
(see [7]). By (8), we get
[ fe Do) = [ fduo(x) = £0), ©)
P P

where L f(x) o = f1(0).
From (8), Kim-Seo [8] proposed fully degenerate Bernoulli polynomials which are reformulated
in terms of bosonic p-adic integral on Z,, as

. Log(1 + At
[ @ an Fap(y) = 182D

(1+ A% = Y By x|)\ , (10)
Zy (1+At)%—1 2 T

and for x = 0, B,(A) = B, (0|A) are called fully degenerate Bernoulli numbers.
Note that the fully degenerate Bernoulli polynomial was named Daehee polynomials with
a-parameter in [9]. On the other hand,

L anFapw = ¥ [ ot padiot) e
By (10) and (11), we get
[, G pnadio(y) = Baxld), (n20). (12)

p

Recall that the Daehee polynomials are defined by the generating function to be

log(1t+t) (1 +t)x _ i Dn(x)ii:, (13)
- n!

and for x = 0, D, = Dy (0) are called the Daehee numbers (see [10,11]).
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Also, the higher order Daehee polynomials are defined by the generating function to be

log(1+1t) (k t”
—=— ) 1+t Dy 14
< ; + Z (14)
and for x =0, D,Sk) = D,Sk) (0) are called the higher order Daehee numbers. From (10), we observe
1 log(1+ At x « log(1
alogQEAD) it (1+/\t)77g( A
(1+ AT —1 (1+A At

) (15)

-y (i (K| A) Dy A ’”) ;—n'
By (10) and (14), we get
Bu(xl0) = 3 (1 )Bu(xIA)Dsd ", (1 0) (16)

m=0

From (3) and (10), we observe that

B 1+ At)
FADT —1

1o
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By (17), we get
Bual0) = 3 (1) Bu) (o, (52 0) (18)

From (1) and (3), we note that

(19)

-y (Z (%) O mafin() = a2 >> v

Comparing the cofficients on both sides of (19), we get

n

Z (:;) (Dn—maBm(A) = Bn(A) = 61,0, (n>0), (20)

where gy ,, is the Kronecker’s symbol.
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By (4) and (20), we have
ﬁn(1|/\) - 571()\) = b1, (21)

The generating function of fully degenerate Bernoulli polynomials introduced in (5) can be
expressed as bosonic p-adic integral but the generating function of degenerate Bernoulli polynomials
introduced in (1) is not expressed as a bosonic p-adic integral. This is why we considered the fully
degenerate Bernoulli polynomials, and the motivation of this paper is to investigate some identities of
them associated with degenerate Bernstein polynomials.

In this paper, we consider the fully degenerate Bernoulli polynomials and investigate some
properties and identities for these polynomials in connection with degenerate Bernstein polynomials
by means of bosonic p-adic integrals on Z, and generating functions. Furthermore, we study two
variable degenerate Bernstein polynomials and the degenerate Bernstein operators.

2. Fully Degenerate Bernoulli and Bernstein Polynomials

From (10), we observe that

00 n 1
Bu(1-x1)5 = Alog“f”) (1+ AT
n=0 w1+ An)T -1
L) (14 (=A)(~t N
CEROEENE) 22)
(1+(=A) (=) F -1
e} t?’l
= Y Balal - M)
n=0 :
From (22), we obtain the following Lemma.
Lemma 1. For n € NU {0}, we have
Bu(1—x|A) = (=1)"Bu(x| = A). (23)

From (16) and (21), we get

Bu(1A) — Bu(A) = io (1) (B (112) = b)) Dyt
" (24)

From (1), we observe that

n

d t 1 "
L a1 = (A0} (2 ﬁm(XIA)m!)
00 1 00 m
- (2(1)@,) (2 mum;,) 25)

By (25), we get
Bule +10) = 12 () amafn (4l )
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By (26), with x = 1, we have

n

o)) = 3 (1) Bu(1IN) 1o

m=0

(1ol +1(12B1 1N + 3 (1) BN D

=W+ #Dar (B0 =1+ 1 (1) Bud) Do -
SOETTOMVACETTOMEPERD o) () 10
m=2
= =1+ 3 ()8 Do
= —n(1)p_1r + Bu(1]A).
Therefore, by (27), we obtain the following theorem.
Theorem 1. For n € N, we have
Bn(2[A) = —n(1)n-11 + Bu(1]A). (28)
Note that
(1 - x)n,)\ = (_1)n(x - 1)71,7/\/ (n > 0)- (29)
Therefore by (12), (23), and (29), we get
Jo 0= Snadio(w) = (1" [ (= Dadiox) = [ 5+ 2)madpolx). (30)

Therefore, by (30) and Theorem 1, we obtain the following theorem.

Theorem 2. Forn € N, we have

/ (1 —x)yadpo(x) = /Z (x +2)yadpo(x) =n(1),—1,2(A —1)By(A) +/Z (X)nadpo(x).  (31)

ZP P

Corollary 1. For n € N, we have
(=1)"Bu(=1| = A) = (1)y—1,a (1 =nB1(A)) + Bu(A) = Bu(2[7). (32)

By (17), we get

I
1=

Bu(1 — x|A)

S =

) Bm(/\) (1 - x)nfm,)\

BN

3
g
N N

Il
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(33)
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In [8], we note that

Oma x(x=A)(x =24) -+ (x = (m = 1)A)

_ (34)
m—1 (_1)1( m—1 (_/\)1 m
:Z(m—l)!< k ) x—kA 7 (m € N).

By (33) and (34) we get

Bu(1—x|A) = io Bin,u (x|A)Bim(A) (X)mr

=1t 1 B (B 1 —
(

n 1-m m—1 _
~(1= 20+ 3 Bua(s}1) a2 >(m” o & <—1>k(’” 3 1),cfm

(35)

Therefore, by (35), we obtain the following theorem.

Theorem 3. Forn € NU {0}, we have

n _A\1-m m—1 m—
Bp(1—x[A) = (1= x)pn + Z_;l Bm,n(xM)Bm(A)((m)‘_) Yy (—1)"( 1>1. (36)

Corollary 2. Forn € NU {0}, we have

n _y\1-m m—1 m—
BN = @t L B CIB 0 e T 0 (M g @

For k € N, the higher-order fully degenerate Bernoulli polynomials are given by the

generating function

Llog(1+ At : 2 n

1 log( - ) /\tX:Z x|At )
(1+Af)xr —1

(See [8,12,13]). When x = 0, B,Sk)()x) = B (x|0) are called the higher-order fully degenerate
Bernoulli numbers. From (5) and (38), we note that

log(1 + At . e (log 4 A\ 1
(T) ZBkn xIA =)t (L4 At) 7 (T .

k

[

(14 Af) . K 1
_m(x)k,/\ (Xlog(l+)\t)> (1+At) 7 Izl

k
(-1 ant <W> 1+
1+ At)x -

o
() (B2 ey
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k

R
=
&

>
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1
k! (39)
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00 k "
“E (1 5 (5o comnd ) &,
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o ( t ad tm
()_: DA )(Ekwmwm)

=y (Y DOA B, (xlA) ) &
1 kn—1 n"

n=k \I=0

and hence, we get

<log(1+)\t> ZBkm V\

(40)

Therefore, by (39) and (40), we obtain the following theorem.

Theorem 4. Fork,n € N, we have

k MAlB A), ifn >k,
Aor 1 () (041 =) = M0 PRI 2y
0 0, ifn <k

Let f € UD(Zp). For x1,x, € Zy,, we consider the degenerate Bernstein operator of order
n given by

By (flx1,x2) = 2f< ) < ) (x1)iA(1 = x2) 0 = 2f< )Bkn x1,%2|A), (42)

where By, 1 (x1, x2|A) are called two variable degenerate Bernstein polynomials of degree 7 as followings
(see, [2-6,9,14-27]):

Bin(x1,Xx2|A) = (Z) (x1)kA(1 = x2) g, (1 >0). (43)

The authors [3] obtained the following:

= () k1
k;)Bk,Axl,sz)a: ot (). (44)

The authors [8] obtained the following:

B (st 720 =) (1= (L= 00), g g0 (1= 52D

(45)
:Bn—k,n(l —x2,1—x1 M)/
and
Byu(x1,22/A) = (1 —x2 — (n —k — 1)A) By u—1(x1, 22|A) (46)
+ (%1 — (k= 1)A)Br_1,4-1(x1, 22|A).
From (42), we note that x1, xo € Zp, if f(x) = 1, then we have
n
Bya(1lxg, x2) = Z fon (X1, %2|A)
L 47
:Z()xlk/\l_xZ)n kA #7)
= - x2)n Ar
and if f(t) = t, then we have
By (tHxy, x2) = (x1)12(x1 +1=A = x2), 10, (48)

and if f(t) = t?, then we have
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1 n
By A (t2]x1, x2) = E(xl)l,)\(xl +1=A—=x2)u_10 +

The authors [3] obtained the following:

(I = G e B ),
and
1 ()
(X)20 = 1 -20—%)ran k;z(zT) By (x1, x2|A),
and
1 " ()

X)iy = . ~LZ By (x1,x0]A).
( )l,/\ (1+x]7x271)\)n—i,/\k;i(?) k,n( 1 2| )

Taking double bosonic p-adic integral on Z,, we get the following equation:

/Zp /Z,, By (x1, 22| A)dpo (x1)dpo(x2) = (Z) /Z

Therefore, by (53) and Theorem 2, we obtain the following theorem.

4 p

Theorem 5. For n,k € NU {0}, we have

//Bk,n(xLx2|7\)d140(x1)d#0(x2)
Ly JZyp

_ (HBa(A) ((1)y_12n(A = 1)By(A) + B, x(A)), ifn >k,
Bu(A), ifn =k

(x1)22(1+x2 =21 —x9)21.

(xl)k,)\d.”O(xl)/Z (1 = x2)p—rdpo(x2).

8of 11

(49)

(50)

(51)

(52)

(53)

(54)

We get from the symmetric properties of two variable degenerate Bernstein polynomials that for

n,k € Nwithn > k,

//Bk,n(xlzx2|/\)d7/l0(xl)d.u0(x2)
z, Jz,

=3 () (5) 0 s

X / (1= x1)k—m,—A (1 = x2) g adpo(x1)dpo(x2)
Zp JZyp

:(Z) /Zp(l—xz n—kdmo(x2) i— ( )( ) (=15 (1) adpo(x2)

X {(Ukm,A(km)()\ 1)By(— +/ X1)k—m, /\dVO(xl)}

()@ 3 (3) () 0w,

X{ k—m, )\ k m)( )\_1)31(_)\>+Bk7m,7/\(2)}

Therefore, by Theorem 5, we obtain the following theorem.

(55)
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Theorem 6. For n,k € NU {0}, we have the following identities:

1. If n > k, then we have
By (1)n—1,An(A = 1)B1(A) + B, _x(A))

_ 4 n k _1\k+m
=50 L (1) (1) 0" D 56
< (koo (k = m) (-2 = DB (~A) + By -1(2)).

2. If n = k, then we have

k
B3) = 3 () @ (D r (K= ) (A= DB (-0) + By @) 67)

3. Remark

Let us assume that the probability of success in an experiment is p. We wondered if we could
say the probability of success in the 9th trial is still p after failing eight times in a ten trial experiment,
because there is a psychological burden to be successful. It seems plausible that the probability
is less than p. The degenerate Bernstein polynomial B, (x|A) is used in the probability of success.
Thus, we give examples in our results as follows:

Example 1. Let n = 2, we have

Example 2. Let n =1, we have
1 (_1)177!1 m—1 K m—l 1
Bi(1—x[A) =(1—x)10 + Z Bm,l(x\/\)Bm(/\)F Z (-1
m=1

= (1=x)1,0 + By (XM)Bl(A)%

= —x—l—1
= 5

Example 3. Let n =1, k = 2, we have

2
()12 Y, (i)(—1)m231(1 — x4 m|A) = x (By(1—x|A) — 2By (2 — x|A) + By (3 — x|A))
m=0

(o)) (o)

=0.

4. Conclusions

In this paper, we studied the fully degenerate Bernoulli polynomials associated with degenerate
Bernstein polynomials. In Section 1, Equations (12), (18), (20) and (21) are some properties of them.
In Section 2, Theorems 1-3 are results of identities for fully degenerate Bernoulli polynomials in
connection with degenerate Bernstein polynomials by means of bosonic p-adic integrals on Zj,
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and generating functions. Theorems 46 are results of higher-order fully Bernoulli polynomials in
connection with two variable degenerate Bernstein polynomials by means of bosonic p-adic integrals
on Zp and generating functions.
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