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Abstract: For a class of nonlinear higher-order neutral dynamic equations on a time scale, we analyze
the existence and asymptotic behavior of nonoscillatory solutions on the basis of hypotheses that
allow applications to equations with different integral convergence and divergence of the reciprocal
of the coefficients. Two examples are presented to demonstrate the efficiency of new results.
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1. Introduction

In this article, we investigate the existence and asymptotic behavior of nonoscillatory solutions to
a class of dynamic equations on a time scale T

Ru(t,x(t)) + f(t, x(h(t))) = 0, )

where sup T = oo, t € [tp, 00) with tp € T, n > 3, and

x(t) + p(t)x(g(t)), k=0,
Re(t,x(1) =3 raik(H)RS [ (t,x(t), 1<k<n-1,
RA (1,x(1)), k=n.

Definition 1. As is customary in this field, a solution of Equation (1) is termed nonoscillatory provided that x
is either eventually positive or eventually negative; otherwise, it is said to be oscillatory.

We refer the reader to [1-6], where the fundamental theory of time scales was investigated. In the
last few years, the analysis of oscillatory and nonoscillatory behavior of differential and difference
equations has been unified, extended, and generalized by corresponding theory of dynamic equations
on time scales; see, for instance, Refs. [7-24]. Some conclusions for the existence and asymptotic
behavior of nonoscillatory solutions to various classes of neutral dynamic equations have been shown
in [11-13,16,19-22,24]. Zhu and Wang [24] studied a dynamic equation

[x(t) + p(£)x(g(£))]% + f (t,x (h(t))) = 0 @
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and established several criteria for the existence of the solutions via the Krasnoselskii’s fixed point
theorem. As a matter of fact, Equation (2) can be regarded as Equation (1) in the case when n = 1.
In the special case when n = 2, Equation (1) reduces to a dynamic equation

OG0 +p0x (0] + £ (6 x ((6)) =0, )

which was examined by Deng and Wang [11] and Gao and Wang [13]. The different assumptions
ft 1/r(t)At = oo in [11] and ft 1/r(t)At < oo in [13] cause a phenomenon that the asymptotic
behav10r of nonoscillatory solutlons to Equation (3) is greatly different. Moreover, it is clear that the
asymptotic behavior is more complicated assuming that |, tzo 1/r(t)At = oo.

To find a more general rule of the existence and asymptotic behavior of nonoscillatory solutions
to Equation (1), Qiu [19] considered Equation (1) in the special case where n = 3, namely,

A A
(rl(f) (126 (e p)x(5(00)*) )+ £0, 0100 = 0 @)

with ftzo 1/r1(t f fo 1/r2(t)At = co. The author introduced two functions

to1 tops 1

Ri(t) =1+ s mAs and Ry(t) = 1—0—/t0 /to WAMAS
to divide the eventually positive solutions of Equation (4) into five groups, and presented some
existence conditions of them, respectively.

Qiu and Wang [20] were concerned with Equation (1) under the conditions | tzo 1/7;(t)At < oo for
i=1,2,...,n—1, which include Equation (4) when n = 3 with f:}o 1/r;(t)At < oo fori = 1,2. It shows
that there exist only two cases that lim; e x(t) = b > 0 and lim;_, x(t) = 0, where x is assumed to
be an eventually positive solution of Equation (1). Furthermore, this result can be extended to [13]
when n = 2 and [24] when n = 1.

When the convergence and divergence of the integrals f t;o 1/ri(£)At fori = 1,2,...,n—1 are
different, for Equation (4), there exist two cases as follows:

ft 1/r1(t)At =0 and ft 1/7r2(t) At < oo;
ft 1/r1(t)At < oo and ft 1/ra(t) At = oo.

Qiu et al. considered the case (B1) in [22] and the case (B2) in [21], successively. The conclusions
complement the results in [19,20] when n = 3.

For Equation (1), it is significant to continue to investigate more general cases of the convergence
and divergence of the integrals ftzo 1/ri(t)Atfori=1,2,...,n — 1. Throughout, we assume that the
following hypotheses are satisfied:

(Cl)r; € Cq([to, o)1, (0,00)),i =1,2,...,n— 1, and there are constants M; > 0,i = 2,3,...,n—1
such that - -
/ ﬂ:oo and ﬁzMi<oo, i=23,...,n—1;
to 1(t) o Ti(t)
(C2)p € Crq([to, o)1, R) and lim; 0 p(t) = po, where |po| < 1;
(C3)g,h € Ciq([to, 00), T), g(t) < t, limseo g(#) = limy—yo0 hi(t) = 00, and if py € (—1,0], then there
exists a sequence {ci } > satisfying limy_,, ¢y = o0 and g(cx41) = ;s
(C4) f € C([tp, o) x R,R) is nondecreasing in x and xf(t,x) > 0 for x # 0;

(C5)if
/ /”" 1/ / L AmAuwA )
— ul uz... u 1 = OO,
to Jto fo to TT' rl( i) "
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then define

bopug_q plg_o y 1
R(H)=1+ /to ; W ./to mAulAuz ceAuy g, (6)
where
i 50—y
is supposed to hold.

In view of the results established in [11,13], it is not difficult to see that the existence and asymptotic
behavior of nonoscillatory solutions to Equation (1) are more complex than those in [20]. Therefore,
the criteria obtained in this article develop and improve some known conclusions reported in the
references. Finally, we present two examples to demonstrate the versatility of new results.

2. Auxiliary Results

To establish criteria for the existence of nonoscillatory solutions to Equation (1), we need a Banach
space and Krasnoselskii’s fixed point theorem as follows.

Definition 2. Letting A = 0, 1, define a Banach space

BC)\[T(), OO)T = {x X € C([T(), OO)T,R) and sup
t€[To,00)7

x(t)
RM(t)‘ = °°}

with the norm
x(t)

[x[[x = sup RT(t)

te[To,00)

7

where C([Ty, 00), R) is the set containing all continuous functions mapping [Ty, co) into R.

Lemma 1. (Krasnoselskii’s fixed point theorem) Let Q) be a bounded, convex, and closed subset of a Banach
space X. Assume that there are two operators U,S : Q3 — X such that U is contractive, S is completely
continuous, and Ux + Sy € Q for all x,y € Q). Then, U + S has a fixed point in Q).

Define z(t) = x(t) + p(t)x(g(t)). Without loss of generality, we consider only the eventually
positive solutions of Equation (1). Then, we have the following lemma (see [12] (Lemma 2.3) and [22]

(Lemma 2.1)).

Lemma 2. Let x be an eventually positive solution of Equation (1) and

_oz(t) _
tlglolo RA(H) =a, A=0,1,

where A = 1 only if condition (5) holds. Suppose that a is finite. Then,

. ox(t) a
lim = ,
t—oo RA(t) 1+ pont

or x/ R is unbounded.

For the sake of simplicity, we give a classification to divide all eventually positive solutions of
Equation (1) into four types.

Theorem 1. Let x be an eventually positive solution of Equation (1). Then, there are four possible types for x:
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(A1) lim; 00 x(t) = 0;

(A2) lim;_,e0 x(t) = b for some constant b > 0;

(A3) limy_e0 x(t) = 00 and limy_,oo x(£) /R(t) = b, where b > 0 is a constant;
(A4) limsup,_, , x(t) = oo and lim; o x(t)/R(t) = 0.

Proof. Let x be an eventually positive solution of Equation (1). By virtue of (C2) and (C3), there exist
at] € [tp,00)r and |pg| < p1 < 1 satisfying x(t) > 0, x(g(t)) > 0, x(h(t)) > 0, and |p(t)| < p; for
t € [t1,00). For t € [t,00)T, we get

Ry _1(t,x(1)) = = f(t,x(h(t))) <0,

which implies that R,,_1(t, x(t)) = r1(t)R5_,(t, x(t)) is strictly decreasing on [t1,00)T. Then, we need
to consider two cases.
Case 1. Suppose first that R2 , is eventually negative. Then,

lim r(H)RE 5 (t,x(t)) = Ly,

where —oo < L, < 0. Hence, there exist a constant ¢; < 0 and a t; € [t;, o) such that
r1(£)RE ,(t,x(t)) < ¢1 for t € [tp, o)1, which yields

C1
r(t)’

Integrating inequality (7) from t, to t, t € [0(t3), o), we deduce that

Ry 5 (t,x(t)) < t € [ta, 00). )

t
Rua(t,(6) = Ryalta,x(1)) < [ o5
i 11(s)

In view of (C1), letting t — oo, we obtain R,,_»(t, x(t)) = ra(£)R} 5(t, x(t)) — —oo, which means
that R®_, is negative and R,,_3 is strictly decreasing for large . When n = 3, z is nonoscillatory. We can
declare that

lim Z(t) = L(), (8)

t—ro0

where 0 < Ly < co. Do not assume it; that is, lim;—, z(¢) < 0. Then, we have pg € (—1,0] and so there
exists a t3 € [f, 00)T such that

x(t) < —p(t)x(g(t)) < p1x(g(t)), € [t3, )T

It follows from (C3) that there is a positive integer ko such that ¢ € [t3,00) for all k > kg. For any
given k > ko + 1, we always arrive at

k—ko

x(ck) < prx(g(er)) = prx(ce—1) < pix(ce—a) < --- < pi x(cky),

which yields limy ,o, x(cx) = 0 and lim .o, z(cg) = 0. This contradicts the assumption, and so
equality (8) holds.

When n > 4, since R,_3(t, x(t)) = r3(t)R2_,(t,x(t)) is eventually strictly decreasing, there exists
aty € [tp,00) such that for ¢ € [ty, c0)T, we have

r3(ta)RE_4(ts, x(ts))
r3(t)

Ry 4(t,x(t)) < ©)

If there is a t5 € [t4, )7 such that R® , (t5,x(t5)) < 0, then r3(t)RS_,(t,x(t)) < Ofort € [t5,00)T
and thus R}, is eventually negative. Otherwise, if R ,(t,x(t)) > 0 for all t € [t4,00)T, then R} , is
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eventually positive. Hence, R,,_4 is always eventually monotonic. Integrating inequality (9) from f4 to
t, t € [o(ty),o0)T, we conclude that

Rt 3(0)) = Ro (b1, 1(60)) < ra()Rtg x(0)) [ 355 < ra(t)IRA (1 (1) - M,

As
ts 73(5)
which implies that R,,_4 is upper bounded. If n = 4, then we see that z is eventually monotonic and
upper bounded, and equality (8) holds.
When n > 5, since R,_4(t,x(t)) (or ra(t)RS 5(t,x(t))) is eventually monotonic, R} 5 is
nonoscillatory. It follows that R,_5 is eventually monotonic. Noticing that R,,_4 is upper bounded,
there exist a constant ¢; and a tg € [t4, o)1 such that for ¢ € [t, )T,

Ry—4(t,x() = ra(HRR_5(t, x()) < e,
which yields

Ris(t (1) < 05 1€ [to o). (10)

Integrating inequality (10) from t4 to t, t € [0(tg), o0)T, we get

t
Ry s(t, (1)) — Ry st x(te)) < 2 [ -
te T4(S)
which means that R,,_5 is upper bounded. If n = 5, then we deduce that equality (8) holds similarly.
Analogously, for n > 3, it follows that equality (8) always holds. Therefore, by virtue of Lemma 2,
we conclude that (A1) or (A2) holds.
Case 2. Assume now that RS, is eventually positive. Then,

< lea| - My,

lim 71 (£)RS_,(t, x(t)) = Ly,
t—o00
where 0 < Ly < co. We consider the following two cases:

tlim (RS H(tx(t)) =b>0 and lim r(£)RE ,(t,x(t)) = 0.
— 0

t—o0

If limy o0 71 (£)RS_, (¢, x(t)) = b > 0, then there is a t, € [t;,00)T such that for ¢ € [t,00)T,

(RS (e, x(1))" > a1

ri(t)
Integrating inequality (11) from t; to ¢, t € [0(t2),00)T, we arrive at

tAs

ra(H)RE_5(t,x(t)) > ra(t2) RS 5(ta, x(t2)) + b el

By virtue of (C1), rg(t)R$_3(t,x(t)) — oo as t — oo, which implies that Rﬁ_3 is positive and
R,,_3 is strictly increasing for large t. Thus, R,,_3 is nonoscillatory. When n = 3, R,,_3 = z. As before,

we have
lim z(t) = Lo, (12)

t—co

where 0 < Ly < co. When n > 4, since R,_5(t, x(t)) = r3(t)R>_,(t,x(t)), we deduce that R , (¢, x(t))
is nonoscillatory, and R,,_4 is eventually monotonic. If n = 4, then R,,_4 = z, and equality (12) holds.
When n > 5, it follows that R,,_5 is eventually monotonic similarly. Analogously, for n > 3, it follows
that equality (12) always holds.
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If limy oo 71 ()RS 5 (¢, x(t)) = 0, since RS , = (rzRﬁf?))A is eventually positive, then

lim r2(1)Ry 5(t,x(1) = L1,

where —c0 < L7 < oo. Moreover, 72R$_3 is strictly increasing for large t. It follows that Rﬁ_3 is
nonoscillatory. Thus, R,_3 is always eventually monotonic and nonoscillatory. Similarly as before,
we deduce that limy_ z(t) = Ly > 0 when n > 3.

When L1 = oo, we get 0 < Ly < oo similarly as before. If —co < L1 < oo, then there exist a
constant d; > 0 and a t3 € [t;, ) such that 1, ()RS _;(t,x(t)) < dy for t € [t3,00)T, which yields

Rp_5(t,x(t)) < t € [ts, c0). (13)

r(t)’

Integrating inequality (13) from t3 to t, t € [0(t3), 00)T, we have

Ry—3(t, x(t)) — Ry—3(t3, x(t3)) < dy (/tt rf(z) <di-M,.

When n = 3, R,,_3 = z, and so z is upper bounded. When n > 4, there exist a constant d; > 0 and
aty € [t3,00) such that r3(t)R2_, (t,x(t)) < dy for t € [t4,00). It follows that

RY4(6 (1) < 25 1€ [ o).

Similarly, we see that R, _4 is upper bounded. If n = 4, then R,_4 = z, and thus z is upper
bounded. Analogously, for n > 3, we deduce that z is always upper bounded. Hence, 0 < Ly < co.

According to Lemma 2, if 0 < Ly < oo, then case (Al) or case (A2) holds; if Ly = oo,
then we obtain that x is infinite. Furthermore, by virtue of L'H6pital’s rule (see [5] (Theorem 1.120)),
we deduce that

, z(t)
thjg Ru(t,x(t)) = R( i =Ly,
where 0 < L, < oo. It follows that one of cases (A3) and (A4) holds.

The proof is complete. [

3. Main Results

We establish several criteria for the existence of various types of eventually positive solutions
of Equation (1). Firstly, suppose that

Uy Up—2 Uz 1
/ / / .. / 17AM1AM2 < Auy 1 < oo, (14)
to to to to (1/{ )

i=1 Ti

which means that condition (5) is not satisfied.

Theorem 2. Let condition (14) be fulfilled. Then, Equation (1) has an eventually positive solution x satisfying

Up— Up—
/ / 1/ ’. /1MAuOAu1.--Aun,l<m (15)
to Jto fo to TTi riu;)

for some constant K > 0, where b > 0 is a constant.
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Proof. Let x be an eventually positive solution of Equation (1) that satisfies lim_; x(t) = b > 0. Then,
lim; 00 2(t) = (14 po)b, and thereisa t1 € [tp, o0)T such that x(¢t) > 0, x(g(t)) > 0,and x(h(t)) > b/2
for t € [t;, 00)r. Integrating Equation (1) from t; to t, t € [0(t1),00)T, we arrive at

R, _ (tl,x(tl)) ft M(), )))AuO
RA,(t,x(t) = =1 : 16
n 2( ()) 7’1(1’) 1’1(1’) ( )
Integrating equality (16) from t; to t, t € [0(t1), 00)T, we get
Ra-alt (6)) = Ra-a(ty 3(00)) = [ R 5(u, o)) by
o Au m f(ug,
= Ry (ty, x(f)) / l / / Sl x )))AMOAW
t r]
Similarly, for n > 3, we conclude that
2(t) —z(t) = Ry(t,x(h)) [, Pty Mt
+ 00y Rty x(h) f)) i fm e [l mAun KDy i1+ Ditp1 (17)

bopUp1 [Un— uy f(uo,x(h(ug)))
,ftl . 1 Iy 2., t111‘[(2‘17()Au oDuq -+ Auy_q.

Letting t — oo, condition (14) holds if n > 3, and, when n > 4, for all 2 < k < n — 2, by virtue of
(C1), we deduce that

i=n—k

0 fUy g fUp-2 Up—kt1 1 (=
/ / / e / TAun—kAun—k-H o Auy 1 < H M; < oo.
t Jh t t || Fa ri(u;)

Hence,

Up—1 unz y MlM N
/ / / T i) Aoy -+ Rl -1 < 0.

Since x(h(t)) > b/2, from (C4), it is obvious that

/ /””l/u"z .. ulMAquul...Au 1 <00
n— 7

I 11 71(“1)

which implies that condition (15) holds.

Suppose that there exists some constant K > 0 satisfying condition (15). Then, we will analyze
two cases: (i) 0 < po < 1 and (ii) —1 < po < 0, respectively.

Case (i). 0 < pg < 1. Take a constant p; such that py < p; < (1+4po)/5 < 1. When py > 0,
by virtue of (C2) and condition (15), there is a Ty € [tg, o)1 such that for t € [Ty, 00),

5p1—1
P >0, P <p) <p <1,

Uy Uy u _
/ / ! / ? ! f(u()/ ) Aquul e Aun71 < m
n 1 8
To -1 ri(u;)

When py = 0, choose a constant p; such that |p(¢)| < p1 < 1/13 for t € [Ty, o0)r. By virtue
of (C3), thereisa Ty € (Ty, o) such that g(¢) > Ty and h(t) > Ty for t € [Ty, 0)rT.
Let

le{xeBCo[To, ) §< ()gk}. (18)
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Clearly, ()1 is a bounded, convex, and closed subset of BCy[T, c0)r. Define now two operators
LIl, 512 Q] — BCO[TO, OO)']T by

(umﬂ):{smnﬂ_ﬁaﬂ@ﬁn t € [Ty, o),

(Uyx)(Ty), t € [To, T1)T,
3K/4
S)() =< + [T f”n 1 fun 2 f“l %’WAMOAM - Auy_q, te [Ty, 00)r, (19)
(Slx>< l)/ t e [T(), Tl)']l‘-

The fact that U; and S satisfy the conditions in Lemma 1 can be proved (see the proofs of [19]
(Theorem 3.1) and [20] (Theorem 3.1)), and so is omitted. By virtue of Lemma 1, there is an x € ()4
such that (U; + S1)x = x. For t € [Ty, )T,

x(t) = 3+ pK +4P1)K +/ /un 1 /un ’ . WAquul s Auy_q.
1 "i\Mi

Since f(uo, x(h(up))) < f(uo, K) for uy € [T, 00), and

Up—
lim / / ' / / ' MAM()AIM s Aun_1 =0,
t—o0 T T [T riu;)
we conclude that
lim z(t) = 3+ p K and lim x(t) = 301+ pyK

v 4 t—00 4(1+ po)

Case (ii). —1 < pg < 0. Choose a constant p; satisfying —py < p1 < (1 —4pg)/5 < 1. By (C2)
and condition (15), there is a Ty € [to, o)1 such that (5p1 —1)/4 < —p(t) < p1 < 1fort € [Ty, 00).
There also exists a T € (T, 00)r such that g(t) > Tp and h(t) > Ty for t € [Ty, 00)7. Let BCy[Tp, o0)
and its subset ()1 be as in (18). Define S; by (19) and U{ on ()1 by

/ _ ) —3Kp1/4—p(t)x(g(t)), te€ [Ty, 00)r,
(th)(t) = { (U{x)le)r te [Tz, Tl)qzr-

Similarly, as in the proofs of [19] (Theorem 3.1) and [20] (Theorem 3.1), we can prove that U]
and S; satisfy the assumptions in Lemma 1. Hence, there is an x € () such that (U{ + S1)x = x.
For t € [Ty, o),

_ Uy u
x(t) = 73(1 pl)K +/ / ] / 1 f—uO/ 1(]1(1/[ )))AquIM s Auy .
4 T T -1 rl(ul
Letting t — oo, we deduce that
. _3(1-p)K . _3(1-p)K
tlggoz(t) == and tlgglo x(t) = 20T p0) > 0.

This completes the proof. [

Remark 1. Actually, the assumption (14) in Theorem 2 is not needed in the sufficiency of its proof. Thus,
we obtain a corollary as follows.

Corollary 1. Assume that condition (15) is fulfilled for some constant K > 0. Then, Equation (1) has an
eventually positive solution x satisfying lim; o x(t) = b, where b > 0 is a constant.
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Now, we let

Aw) = {xe S:tILTOx(t) = oo, tlggog((?) :ac},

where S stands for the set containing all eventually positive solutions of Equation (1). Then, a lemma
is presented as follows.

Lemma 3. Let x be an eventually positive solution of Equation (1) such that lim; e x(t) = oo. Then,
condition (5) is satisfied, and x € A(0) or x € A(b), where b > 0 is a constant.

Proof. Let x be an eventually positive solution of Equation (1) that satisfies lim; ;e x(f) = oo.
Suppose that lim¢_, z(t) < 00. Then, by Lemma 2, lim;_, x(#) < 00, which causes a contradiction.
Therefore, lim;_,« z(t) = 0. In view of equality (17), letting t — oo, it follows that condition (5) is
fulfilled. Define R by (6). It follows from Theorem 1 that x € A(0) or x € A(b), where b > O is a
constant. The proof is complete. [

Theorem 3. Equation (1) has an eventually positive solution which is in A(b) iff
f(t,KR(h(t)))At < co (20)
to

for some constant K > 0, where b > 0 is a constant.

Proof. Let x € A(D) be an eventually positive solution of Equation (1), where b > 0 is a constant.
By virtue of Lemma 2 and Theorem 1, we deduce that

lim z(t) = oo, tlgn Ry_1(t,x(t)) = lim —=% = (14 poy)D.

t—o0

Thereis a t; € [tg,o0)7 such that x(¢) > 0, x(g(t)) > 0, and x(h(t)) > bR(h(t))/2 fort € [t1,00)T.
Integration of Equation (1) from #; to s (s € [0(T7), c0)T) yields

Ru-1(5%(9)) = a1t (1)) = = [ f(t,x(h(0)A,

Letting s — oo, it follows that

/:f(t,x(h(t)))m < oo,

Since x(h(t)) > bR(h(t))/2for t € [t;,00)T, by (C4), we conclude that

/:f <t,zR(h(t))) At < /tloof(t,X(h(t)))At < o0,

which means that condition (20) holds.

Then, suppose that condition (20) holds for some constant K > 0.

Case (i). 0 < po < 1. Choose a constant p; as in the proof of Theorem 2. When pg > 0, there is a
To € [to, o) such that for t € [Ty, o),

5p1 -1 <
74 >

P(f) R(g(t)) > 5P1 -1

p(t) >0, R(0) oL

p(t) < p1 <1,

* (1-pipK
. f(t,KR(h(t)))At < %
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When py = 0, take a constant p; satisfying |p(t)| < p1 < 1/13 for t € [Ty, oo)1. There also exists a
Ty € (Ty, o) such that g(t) > Ty and h(t) > T for t € [Ty, 00)T.

Let
0 = {x € BCq [Ty, o) : gR(t) <x(f) < KR(t)}. (21)

Then, Q); is also a bounded, convex, and closed subset of BCy [T, o0)1. Define now two operators
U2, 522 QQ — BC][To, OO)T by

_ } 3KpuR(t)/4 — p(T1)x(g(T1))R(1) /R(Tv), t € [To, T1),
(te)(t) = { 3KpuR(0)/4 — p(x(s1(0), 7 iMoo
3KR(t)/4, t € [To, 1),
(Spx)(t) = { 3KR(t)/4 (22)
Sl [ LA VAR il fiﬁixlh(uo)))m Auy - Nutpq, t € [Ty, 00).

The proof that U, and S, satisfy the conditions in Lemma 1 is also omitted. Similarly, there is an
x € () such that (U + Sp)x = x. For t € [Ty, 00)7,

() =P Ry peyxae)

+/T1 /"” 1/:”.../ / £ ”0'1 oy ul;»AuOAul T

Letting t — oo, we conclude that

lim 20 30+ pK o X)) 30+ pay)K

5% R(D) 1 ARRE T a0t poy)

which yields lim; e x(t) = 0.
Case (ii). —1 < py < 0. Introduce BC1[Tp, oo)T and its subset (), as in (21). Define S, by (22) and
uj on O by

—3Kp1nR(t)/4 — p(T1)x(g(T1))R(t)/R(T1), t€ [To, T1)r,

(Upx)(t) = { —3Kp1R(t) /4 — p(D)x(3(t)), t& [Ty, ).

Similarly, U} and S, also satisfy the assumptions in Lemma 1. There exists an x € (), such that
(U + Sp)x = x. For t € [Ty, 00),

() =L PR ey peyxse)

_F/T1 /un 1/T114n /112/ fII:tI(Z 1rl l;))Aquul TS

Then, we deduce that

fim 20 3 —ppK o X)) 31— pupK

i~seo R(1) 4 t—oo R(t) — 4(1+ pony)

It follows that lim;_, x(t) = oo. This completes the proof. [

Theorem 4. Assume that Equation (1) has an eventually positive solution which is in A(0). Then,

/:f (t, Z) At < oo (23)
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and

/to /Mn 1/u,, 2 /uz/ f MO/ ))))Au Aty - A, | = oo. (24)

i
Suppose that |p(t)R(t)| < M for some constant M > 0 and for t € [ty, o0)T,

™ ft, ROt < o, 25)

/to /un 1/”11 2 /uz/ f( uo,M+3/)4)A oAy - Atty_1 = oo, 26)

Then, Equation (1) has an eventually positive solution which is in A(0).

and

Proof. Let x € A(0) be an eventually positive solution of Equation (1). Similarly, as in the proof of
Theorem 3, we arrive at

. _ . oozt
e =0 fig Rea(bx() = i ey =©

There exist a t; € [tg,00)y and a t; € (t1,00)p such that 3/4 < x(t) < R(t) for t € [t,00)T,
and g(t) > t1, h(t) > t1 for t € [tp, c0)r. Integration of Equation (1) from t, to s (s € [o(t2), c0)T) yields

Ruma(5,%(9) = Ruca(t23(02)) = = [ f(t.x(
Letting s — oo, we obtain
Ry _1(f,x / f(t,x(h (27)
Since x(t) > 3/4 for t € [tp,00)T, by (C4), we get

Cr(n3) s

which implies that inequality (23) holds. Then, replacing t with 1y, and t, with u; in equality (27),

it follows that
S22 f o, x(h(1o))) A

R} 5(uy,x(my)) = (28)

r1(u1)
Integrating equality (28) from t; to uy, up € [0(t2), 00)T, we have
72(t2)RE (1o, u
R_5(u2, x(u2)) = 2Ryl 2 /2/ flto x )))AMOAM1
ra(u2) 2(u2) Ji,

Analogously, for n > 3, we conclude that

Auy_q

2(1)  2(t2) =Ryt x(12)) [

ty T'n— 1(”11 1)

Up—1 Up—k+1 1
+ Z Ry (t2, x(t2) / / / / e B SREA L TR VAL R S IR AU/ |
ty Jip t Hi

ok Ti(ui)

+~/tz '/:L1 '/t2 - /t2 Ja WA%AM.HAWL
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Letting t — oo, similarly as the proof in Theorem 2, we deduce that

/tZ /un 1 /u,l 2 /uz/ f MO/ 1 rl ;»Aquul Aty _q = oo,

Since x(t) < R(t) for t € [tp, c0)T, by virtue of (C4),

Uy Uy
/ / ! / ? .. / / f uol/; ))) AMOAM] Aun—l = o0,
tr Jb ty ty Hl 1 Ti( 1)

which means that equality (24) holds.
Assume that |p(t)R(t)| < M for some constant M > 0 and for t € [tg, o), conditions (25)

and (26) hold. Then, lim; . p(t) = po = 0. Choose a Ty € [tp,o0) and 0 < p; < 1 such that for
te [TOI OO)T/

P <p1 <1, 2M+

RO, [ F RO <

There exists a Ty € (T, o)1 such that g(t) > Ty and h(t) > Tj hold for t € [T}, ).
Let

0 — {x € BC, [Ty co) s M+ 5 < x(t) < R(t)}-

Then, Q)3 is a bounded, convex, and closed subset of BCy [T, o). Define now two operators
Uz, S3: Q3 — BCy[Ty, o)1 by

(Usx) (1) = 4 MF3/4= p(T)x(g(T)R(H)/R(T1), t€ [To, To)r,
’ M+3/4 - p(t)x(g(t)), t € [Ty, 00)7,

M+3/4, t € [To, T1)T,
(S3x)() = 4 M+3/4

+fT1 fun 1 fun 2. f ful f( u?l,x(h ug) )Au oAUy A, 1, tE [T1,00)'1r-

The proof that Us and S3 satisfy the assumptions in Lemma 1 is also omitted. Then, there is an
x € Q3 such that (Uz + S3)x = x. For t € [T}, )T,

3 Uy—1 flUp—2 f ug, x(h(up)))

—2M+f— // / / ——————=AugAuy - - - Auy_q.
x(t) p(t I T 1”1 (1) (JAVS n—1
In view of condition (26), we get

lim z(t) = c0 and lim 2t _ 0

t—00 t—oo R(F) o
Since |p(t)x(g(#))] < |p(t)R(t)| < M, by virtue of Lemma 2, we conclude that

x(t)

lim x(t) =c0 and lim =0.

t—00 t—oo R(t)

The proof is complete. [

Remark 2. It is not easy to establish the sufficient and necessary conditions which guarantee that Equation (1)

has an eventually positive solution x satisfying lim; o x(t) = 0. We refer the reader to [20] (Theorems 3.2
and 3.3) for sufficient conditions to ensure it.



Symmetry 2019, 11, 302 13 of 15

Remark 3. When n = 3, it is obvious that Theorems 2—4, Corollary 1, and Lemma 3 cover the results in [22].
Furthermore, even when n = 2, the conclusions above are also consistent with those in [12,13].

4. Examples
The following two examples are presented to illustrate theoretical results obtained in this article.
Example 1. Let T = (J;"_,[(4n — 3)c, 4nc|, where ¢ > 0. For t € [5¢, 00)T, consider
Ryu(t,x(t)) +t"x(t) =0, (29)
wheren > 3, v € R, and

x(t) — (t—c)/(2t)x(t — 4c), k=0,
Re(t,x(t)) =< #"7FRE | (tx(t)), 1<k<n-—1,
RE L (t,x(t)), k=n.

We can see that ri(t) = t,i = 1,2,...,n—1, p(t) = —(t —c)/(2t), g(t) = t —4c, h(t) = t,
f(t,x) =t7x, ty = 5¢, and py = —1/2. Obviously, conditions (C1)—(C4) and (14) are satisfied. Taking K =1,

we conclude that
Up—1 Up—2 1 1
/ / / / #Aquul s Aun_1
to Jto to to 0 ri(u;)

'Y

Up—1
= Au Auq -+ Auy,_
/Sc /5 /5c /Sc H” 1 0= -l

- C)( w—«n—lxn—zwu) A,y

n—1

When v < n(n — 3) /2, which means that v — (n — 1)(n — 2) /2 < —1, condition (15) holds. By virtue
of Theorem 2 (or Corollary 1), we deduce that Equation (29) has an eventually positive solution x that satisfies
lim¢ 0 x(t) = b, where b > 0 is a constant. Moreover, Equation (29) has no eventually positive solutions x
satisfying lim;_,co x(t) = b > 0 provided that v > n(n —3) /2.

Example 2. Let T = J$_o[2 - 3",3"+1]. For t € [6,00)7, consider

Ry (t,x(t)) +t7x3(3t) =0, (30)
wheren > 3, v € R, and
x(t)+1/t-x(t/3), k=0,
Ri(t, x(t)) = izﬁglz(,tkjg_ti)(’t,x(t))l : iii i ;2’
RS [ (tx(t)), k=n.

Weget ri(t) = 1/t"72,r;(t) =t2,i=2,3,...,n—1,p(t) = 1/t, g(t) = t/3, h(t) = 3t, f(t,x) =
723, tg = 6, and pg = 0. It is not difficult to see that the assumptions (C1)—(C4) are fulfilled. From (C5),

we have
)=1 o LI W T
t) = —i—// / / — 7 AuAuy - - - Auy g
to Jto to fo H”lrl( u;) "

S [

I 2Au1Au2 “Auy, 1 =0(t),
2
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which implies that

. R(g(®) . O(t/3)
1= T o0

€ (0,1].

Q=

Hence, (C5) holds, and we arrive at

toof(t,KR(h(t)))At _ /6°° F1(O())PAt = /6°° O(+73)At.

Due to Theorem 3, condition (20) holds when v < —4, and we conclude that Equation (30) has an
eventually positive solution x € A(b) for some constant b > 0. However, Equation (30) has no eventually
positive solutions x € A(b) provided that v > —4.

On the other hand, when v < —5, we obtain

/to /tun 1/:” /tuz/ fllifr; 171 ))))Aqum “Auy,_q

"r+3 oy -2

7/00/1@,,1/% /uZ/ 1 AugAuq - - - Auy, 1
= .
6 6 6 n 1 2
[ee]
+4
:/ ul T AUy g < oo
J6

That is, inequality (23) does not hold. It follows from Theorem 4 that Equation (30) has no eventually
positive solutions x € A(0).
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