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Abstract: In this research paper, a hybrid method called Laplace Adomian Decomposition Method
(LADM) is used for the analytical solution of the system of time fractional Navier-Stokes equation.
The solution of this system can be obtained with the help of Maple software, which provide LADM
algorithm for the given problem. Moreover, the results of the proposed method are compared with
the exact solution of the problems, which has confirmed, that as the terms of the series increases the
approximate solutions are convergent to the exact solution of each problem. The accuracy of the
method is examined with help of some examples. The LADM, results have shown that, the proposed
method has higher rate of convergence as compare to ADM and HPM.
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1. Introduction

In engineering and natural sciences many problems are modeled by linear and non linear parabolic
and hyperbolic partial differential equations. For these classical partial differential equations LADM
can be used effectively with initial as well as boundary conditions. The present method was initially
used by Suheil-A-khuri for the solution of ordinary differential equations [1]. It is slightly difficult
to find the exact solutions of non linear differential equations, due to which the combination of two
powerful methods, laplace transform and Adomian Decomposition Method called LADM has been
used to find the exact solutions of non linear differential equations. The analytical solution of the well
known non linear fractional diffusion and wave equations by using LADM are presented in [2,3].

Adomian Decomposition Method (ADM) was first introduced by Gorge Adomian in 1980. It was
used very effectively on a wide range of physical models of partial differential equations, such as
Burger’s equation is a non linear PDE of second order, which have many applications in sciences and
technology. The numerical solutions of three dimensional Burger’s equation and Riccati differential
equations by using LADM have been discussed in [4,5]. LADM is also used for the numerical solution
of a special mathematical model for vector born diseases [6]. Delay differential equation have a vital
role in the field of biology and economics has been solved by LADM [7,8]. Nonlinear Volterra integral
and integro-differential equation solving for Modification LADM [9].

Fractional calculus is a branch of mathematical analysis which can be used in modeling to define
derivatives and integrations of fractional order. The fractional calculus is considered an old topic,
which is started from some observations of G.W. Leibniz (1695, 1697), and L. Euler (1730). After this,
fractional calculus has gained much interest of the researchers towards this subject. This including
the contributions of well known mathematicians such as P.S. Laplace (1812), J.B.J. Fourier (1822),
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N.H. Abel (1823-1826), J. Liouville (1832-1873). Although it is considered an old topic, but for the
last few decade, fractional calculus is launched as an important topic by the scientists and researchers
[10,11].

The Navier-Stokes equation is known as Newton second Law for fluid substance, has been derived
in 1822 by Claude Louis Navier and Gabriel Stokes. Navier-Stokes equation is an important model to
describe many physical phenomena in applied sciences. This model have the capacity of modelling
weather, ocean current, water flow in pipes and air flow around a wing. A very special case was
considered, which has established the relationship between pressure and external forces acting on
the fluid to the responses of fluid flow [12]. The Navier-Stock equation is also used to derive the
connection between viscous fluid with rigid bodies and considered a best tool in the field of thermo-
hydraulics, meteorology, petroleum industry, plasma physics and technology [13].

Several mathematicians have applied different techniques for the solution of Navier-Stock
equation. Among these methods, Kumar et al. have implemented modified Laplace decomposition
method for the analytical solution of fractional Navier-Stokes equation [14] coupled method is the
combination of He-Laplace transform (HLT) and Fractional Complex Transform (FCT) is used to solve
Navier-Stock equation [15]. Fractional Reduced Differential Transformation Method (FRDM) is also
implemented for the numerical solution of time fractional Navier-Stock equation [16], see also [17].

2. Definitions and Preliminaries Concepts

In this unit, among few definitions of fractional calculus, presented in the article due to Riemann
Liouville, Grunwald Letnikov, Caputo, etc., first folks simple descriptions and introductions are
reconsidered, which we want to comprehend our education.

Definition 1. The fractional integral of Riemann Liouville f € C, of the direction B > 0 is defined by

o) - 480 yE=0
g(x) ﬁfox(x—v)ﬁ’lg(v)dv if >0,

where I denote the gamma function define by,

INw) = / e *xT My wecC,
0

In this study, Caputo et al. [18] suggested a revise fractional derivative operator in order to overcome
inconsistency measured in Riemann Liouville derivative [19,20]. The above mathematical statement described
Caputo fractional derivative operator of initial and boundary condition for fractional as well as integer
order derivative.

Definition 2. The Caputo definition of fractional derivative of order B is given by the following
mathematical expression

1
I(n—g)
forn—-1<p<nneNx>0g3eC,t> -1

Hence, we require the subsequent properties given in next Lemma.

bo(x) = xx— n=p-1g(n) .
Dy g(x) /O( B Pt ()dt
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Lemmal. Ifn—1< B <nwith ne€Nand g€ C,with x> —1,then

DEg(x) = g(x),

1Pxh = mxmA, B>0A>—-1, x>0,
Pheg(x) = g(x) — ) ¢ )k" for x> 0.
k=0 :

In this study, Caputo fractional derivative operator is reasonable because other fractional
derivative operators have certain disadvantages. Further information about fractional derivatives,
are found in [20].

Definition 3. The Laplace transform of g(x), x > 0 is defined by

G(s) = Llg(x)] = [ e g(x)dx,

where s can be either real or complex.

Definition 4. The Laplace transform in term of convolution is given by

Llg1 x 82] = L[g1(x)] x L[ga(x)],

where g1 X g2, define the convolution between g1 and g ,

(81 X &2)x = /Ox 91(t)ga(x —t)dx.

The Laplace transform of fractional derivative is given by
£{D£g( }—sﬁG(s) Zsﬁlk ), n—1<p<n,

where G(s) is the Laplace transform of g(x).

Definition 5. The Mittag-Leffler function Eg(p) for B > 0 is defined by the following subsequent series

00 n

Es(p) = Y sl

- >0, e C.
= T(Bn+1) p P
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3. Laplace Adomian Decomposition Method

40f15

In this unit, we present, Laplace Adomian decomposition method for solving, multi dimensional
Naiver-Stokes equation written in an operator form

DE(A) + At
1 dp

poxy’
DE(f) + g2

1 dp

poxy’

Dﬁ(f3)+faf3+f3f3+faf3: l

_lop

pox3’

with initial conditions

afl dfi _a2f1 Pfi i)
+f f3x3 82 Jr8x2 +ax§
h 8f2 n ofs _, (92, N 2/, N 25

33363 8x2 8x2 axg
Pfs  Pfs  f
ax2 + 8x2 + axg
fl (xll X2, x3/0> = f(xl/x2/ X3),

fa(x1,x2,x3,0) = h(x1,x2,x3),

f3(x1/ X2,X3, 0)

Applying the Laplace transform to (1), we have

cof] +2 (gl +pg 4 3l -

19p
-t L’ axl}

clof)] + o [A 2+ 32 4 ng2 |~ co

1 9dp
At

cofm]+ e[+ p3l v p L] -

1 9dp
Lt

“|

= g(xl/ X2, x3)'

oo | PR PR PA]
_ax% ox3 8x%_
[92f,  32f,  3%f,
I oxy x5 dx3 |
92 92 92
oxy ox; 0x3

)

@)

®)
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and using the differentiation property of Laplace transform, we get

ﬁ(fl):f(xlszx?)) £ flaf1 +f afl +f afl]

s sP 39x3

p . [
—L
Tt e e )

P

(2f, 0% a2f2' 19p
Lr ey LA
* sP | ox% + 0x3 + ox3 sP [p axz]

ol = 800 A g0 38 O8]

#h, Ph] 1, m
sP p8x1

4)

s sh
a2f3 25 5] 19p
Lr EEA AN
+ P x? + 0x3 + ox3 sP [p ax3]

Adomian solutions are
fi(xa, x,x3,t) = L% g uj,
fa(x1,x2,x3,t) = L320 0j, ®)
fa(x1, 20, x3, 1) = L2 g wj,

and the nonlinear terms are define by the infinite series of Adomian polynomials,

Ni(f1) = Ei20 Aj

Na(f2) = Z})oo j/ (6)
(f3) = E] O
1| d i
Aj = ]7 [d/\] [Nl Zgo(/\ u]) | AZO,
1| @i o ]
Bj = it ld)‘] [Nz ;}()‘]vj)_ | )
1| d o ]
= 5w |




Symmetry 2019, 11, 149 6 of 15

using LADM solutions in equation (4), we get

o fx1,x2,x3) 19p
(B e ()
I XiZo f1;
B 75 [<2f1]> gxoflj <Zf2]> ngflj <2f3]> (]01])]

aX3
%E [az( Yito f1)) N (L Yo f1)) n 0%( J'—Ofl]')] )

ox3 ox3 ox3

> , X2, 10
(o) =1 e ()
o (X2 foi
1 4(2 f1]> Fafe) | (Z f2]> gxof2])+<zf3j> (Z]ofm)] .

j=0 8x3
%L [ 2(Z20 f2) N P (L0 f2)) N (Zj—Oij)] ,

ax2 8x2 8x§

o _ (x1/x2/x3) 1 ap
<¥w1+1> - s sﬁ/: 0 9x

élm ) (Zf) Ao fy) (Zﬁ])( iif?’f)]
e

(X of3] (L0 f3) N (L2 0f3])]

axl Bx% 8x3

Applying the linearity of the Laplace transform

, )
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°° f1 (2o f1)
o) el
=
= a<2j:of1j) 0 32(Z}°iof1j) P20 fry)  P(EZ0f1))
+ <]§f3j> T R l o ad | o ]
o 1 0 (%0 f25) o (%0 f2;)
() el T ()
j=0 =0 j=0
o a(zjfo R). o [RECRof) REEof)  REEef) o
= =0/2; =0/2; =0/2;
+ (lgfg’i) ox3 I+ siﬁﬁ [ ox3 + ox3 + 0x3 1 !
o 0 ° f f )
L (Z(;w]'H) <2f1]> # (Zf ) Yo I\j=073)
= =0
E (Zj:o fs,-) o [REEef)  RERofs)  R(Tf)
+ (];J f 3j> ox3 I+ 5735 [ ox? ox3 ox3 ]
Forj=0,andj=1,2...00.
_ d(ug) ,  9(vo) Iuo)] , p | (uo) , 9*(ug) , 9*(uo)
L) = —5L {”0 or;  ox, T 7ox }Jrsﬁﬁ o2 a2 e |’
2 2 2
E(vl) = —Slﬁ[, [uoaéz(l)) +an§zg) +woa§zg)} + S%E laa(;?) aa(;]%()) + aa(;]%())] , (11)
_ 1 d(wo) 9(vo) d(wo) 9 (wo) | 9*(wo) | 9*(wo)
Llwr) = _5735 {uo oxq * 9x + o ox3 }—i_sﬁﬁ ox3 0x3 * 0x3 ]

Next applying the inverse Laplace transform, we can calculate u; , v; and w; (j > 0). In specific

cases the exact result in the closed form can also be achieve.

Example 1. Consider time-fractional order of two-dimensional Navier-Stock equation with q;

2
D)+ fighs + gl = [afw

2
X oxj

2
Dﬁ(f2)+f1 8f2 f2af2 =p [afZ"'

2
oxj

with initial conditions

{ fi(x1,x2,0)

= — sin(x1 + Xz),
fa(x1,x2,0) = sin(x + x2).

= —qz = q as/
82
22 j Ll 4+4q,
’ (12)
Ph|
ox3 9
(13)



Symmetry 2019, 11, 149

Applying the Laplace transform to (12), we have

<2u]+1> = f:] - Sl’gﬁ [(i;fl]
=

(L2 fi; fi7)
)101 (z f1]> ) ]
_'_pﬁl (T2 f1j) +32(2f'iof1j)]

ox3 ox3

o a(
r (ZU]‘_H _ f2] [<2f1] Zé)xOfZ] <2f1]> Z] OfZJ)]

axz

P P (T2 f2;) N P ofzj)
sB ox? x3

sin(x1 + XZ)
S

vy = L1 [ ] = sin(x; + x72),

d(—sin(x; +x7))

1
L(ug) = —S—ﬁﬁ [— sin(x1 + x7) +sin(x1 + x2)

8x1 ax2
1 0%(—sin(x; 4+ x2)) | 9?(—sin(x; +x7)) 1
MR l x2 + 012 + L),
E(vl) = —l,c — sin(xl —|— xz)w ‘I’ Sin(xl _|_ xz)w
S‘B 8x1 axz

1 02(sin(x1 +x2)) . 9%(sin(x1 + x7))

Tt l 92 N o2 - s?ﬁ( 7
_r-1 2p81rslgill+XZ) + sﬂ‘il] )
v =L"1 —2P51Sr;£rxl1+xz) _ sﬁil} ,

1y = 2psin(xq + x7) t v 1

LS T RIT 1) TT(B 1)
v1 = —2psin(x; + x2) t T
LT TS T Ty TT(B 1)

. 2
Uy = —4p2 Sll’l(X] + XZ)m,
vy = 4p%sin(xq + xz)%.
The LADM solution for example (1) is

f1(x1,x2,t) = ug(x1, x2,t) +uq(x1, X2, ) + z(x1, %2, 1) + uz(x1, X2, t) + oot (x1, X2, ),

fa(xq,x2,t) = vo(x1, X2, 1) +v1(x1, X2, t) + v2(x1, X2, ) + v3(x1, X2, ) + .04 (X7, X2, F),

d(sin(x1 +x2))

8 of 15

(14)

(15)

(16)

(17)

(18)
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B
fi(x, xo,t) = —sin(xy + x2) 4 2psin(x; + x2) r(l;+ O F(ﬁq+ 1)
407 sin(x1 + x2) 2L
— sin(x1 + x9) =——— + ...
0 1 2 T26+1) o
B
fa(x1, %2, 1) = sin(x; + x2) — 2psin(x1 + x2) r(ﬁt+ " F(ﬁq+ 1)
402 si #2P
+4p Sln(xl + xz)m + ...
when B = 1, then LADM solution is
fi(x1,x0,t) = —*!(sin(x1 + x2)),

fa(x1, %0, t) = ¥ (sin(x; + x2)).

For q = 0 gave the exact result of classical Navier-Stokes equation for the velocity. The velocity profile of
the ordinary Naiver-Stokes equation is shown in Figures, and the velocity profile of Naiver-Stokes equation with
B =1,0.5 and 0.8 is shown in Figures 1-3.

Figure 1. For example 1, the velocity profiles f;, f, of NS equationat = 0.8, = 0, p = 05,t = 3.
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Figure 3. For example 2, the velocity profiles f, f, of NS equation at $ =0.5,4=0, p =0.5, t = 0.05.
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Example 2. The study of time fractional of order two dimensional Naiver-Stokes Equation (12) with

initial conditions
u(x,y,0) = —eM1%2,
v(x,y,0) = e 1172,

Taking Laplace transform of (12)

_eX1tx2 X1+X2
L) = ,Slﬁ c [ex1+xﬁ<el> L AT }

dxq dxy

o az(_€x1+x2) 82(_ex1+x2) l
+ sﬁﬁ [ 0x? 92 + Sﬁﬁ(q),
= _l - x1+xza(L+x2) MHQM
flon) =~ [er 20T e
0 az(ex1+xz) aZ(eleer) 1
Ly o,
+ s l ox3 92 P (q)
—2p6x1+"2 q Zpeleer )
L(uq) = [ B ] A== L(v1) = | -

_4p26x1+x2 4p26x1+x2
L(up) = {525%] L(vy) = [sz/erz]

Applying the inverse Laplace transform,

o = r-1 {—exl—kxz] _ _patm
5
00 = L {ean] — pnitn
s
—DpeX1tx2 P
e e L -1 4 | — 5 xtx q
=L [ N ] L Lﬂﬂ} P ) TTE D
_ r—1 2peXI+xz -1 q _ X1+x2 q
o =L [ sP+1 £ sht1] 2pe [(B+1) + r(B+1)
4 26x1+x2 tZ‘B
— -1 p _ 2 X1+Xx2
=L [ 52612 ] o) e v g1y
B 1 4p26x1+x2 - 2 ¥ +xo t2/5
v =L [ ap | = (20)%e0 T2 +1)

The LADM solution for example (2) is

u(xy,x0,t) = ug(x1, x2,t) + u1(xq, x2, ) + tn(xq, x2, ) + uz(x1, %2, ) + ...ty (x1, X2, £),

v(x1,x0,t) = vo(x1, X2, 1) + v1(x1, X2, 1) + V2 (X1, X2, 1) + v3(x1, X2, 1) + .04 (X1, X2, 1),

(20)

(21)

(22)

(23)

(24)
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— _p¥1tx2 _ X1+X2 q
filat) = = = e e T T
2
- (257)26"1“‘2—/3 + o
I(26+1)
B (25)
f2(x1/ X2, t) = €x1+x2 + 2pex1+x2 t _ q
r(g+1) T(B+1)
2
b ppentn Ly
T(26+1)
when B = 1, then LADM solution is
f] (Xl,JCz, t) = _3x1+x2+2pt,

f2 (xlz X2, i‘) = e"1+xz+2pt‘

The exact result of usual Navier-Stokes problem for the velocity profile. The activities of velocity profile of
the Navier-Stokes problem is shown for B = 1 and 0.5 in Figure 4 correspondingly.

Graph 11
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Figure 4. For example 3, the velocity profiles f1, f», f3 of NS equation at f = 0.5, x3 =0.5, ¢ =0.1.

Example 3. The study time fractional order three dimensional Navier-Stokes Equation (3.1) by q; = q, = q5
= 0, with initial conditions
u(x1, x2,x3,0) = —0.5x1 + xp + x3,
v(x1,%2,%3,0) = x1 — 0.5x2 + x3, (26)
w(xl, X2,X3, 0) = x1 + xp — 0.5x3.
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Taking Laplace transform of (1),

Llu) = —0.5x1 45- Xy + x3/
L(v) = X1 — O.SSXZ + X3,
L(w,) = X1+ Xzs— O.5X3,
—2.25x1
L(uy) = B
—2.25x
L(v1) = T
—2.25x3
L(wy) = T
_ —(225)%x;
L(uz) = T3
~ —(225)%x,
L(vp) = T aps
—(2.25)%x3
L(wy) = <S3,37+1,

Applying the inverse Laplace transform,

Uy = L1 |:0.5X1 t 2 X3:| = —0.5x1 + xp + x3,
Vo = E—l |:x1_055x2_|_x3:| =Xx] — O'Sx2 + x3,
Wy = )C*l |:x1—i_xzs_05x3:| — x1 + x2 — 0‘5x3,
P i} PP
o e e RS VK
—2.25x tP
-1 2
= = —225%)—
n= Lw] Ty
—2.25x3 tP
[ S ] YRV
3p
_ —(2.25)2 225y t /
531”3 'T(3p+1)
3p
_ —(2.25)2 (22572 t /
53/3*3 T(3+1)
1 [—(225)%x ) t3p
= 2 B — (22 S
w =L { 33 (225) % p g1y

The LADM solution for example (3) is

f1(x1, x9, x3,t) = up(x1, x2,x3,0) + ug(x1, x2,x3,0) + up(x1, x2,x3,0) + uz(x1, x2, x3,0)

+ ..uj(x1, X2, x3,0),

fa(x1, x2, %3, 1) = vo(x1, X2, x3,0) 4+ v1(x1, X2, x3,0) + v2(x1, X2, x3,0) + v3(x7, X2, x3,0)

+ ...vj(xl, x2,%3,0),

fa(x1,x2, x3,t) = wo(x1, X2, x3,0) + w1 (x1, X2, x3,0) + wo(x1, X2, x3,0) + w3(x1, X2, x3,0)

+ ...w]-(xl, X2, X3, 0),

13 0f 15

(27)

(28)

(29)
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_ tP 2 £ 4 i
fila 3o, t) = =053 + 32+ 3 = 22 gy — 225 gy — @) Mgy
. #158
t 0.5 2.25 tf 2.25)2 i 2.25)% s
falwn 2,33, 8) = 01 = 0532+ 33 = 2250 gy = (28 opagy — (229) epEg gy
. #158
t 0.5 2.25 tf 2.25)2 £ 2.25)4 s
fa(x1,%2,x3,t) = x1 + x2 — 0.5x3 — 2. X3m—( 25) x3m_( 25) BrEp+1)
. #15p
— (22 S
(2.25) BT+ 1)

when B = 1, then LADM solution is

—0.5x1 + xp + x3 — 2.25x4¢

fi(x1, 20, %3, 1) = 1— 2252 '
x1 — 0.5x + x3 — 2.25x¢
t) =
fa(x1,x2,x3, 1) 1—2.25¢2 ’
X1 —+ Xy — OSX3 — 225)(3t
7 ’ 4 t =
f3(x1, %2, %3, 1) 1-225¢2

4. Description of Figures

Figure 1 is consists of two graphs namely Graph 1 and Graph 2. Graph 1 and Graph 2 represents
the velocity profile f; and f, of the Navier-Stokes equation respectively in example 3.1 at § = 1.

Figure 2 is consists of two graphs namely Graph 3 and Graph 4. Graph 3 and Graph 4 represents
the velocity profile f; and f, of the Navier-Stokes equation respectively in example 3.1 at § = 0.8.

Figure 3 is consists of two graphs namely Graph 5 and Graph 6. Graph 5 and Graph 6 represents
the velocity profile f, and f; of the Navier-Stokes equation respectively in example 3.1 at = 0.5.

Similarly in example 3.2, the plot of two velocity profiles f; and f, for the Navier-Stoke equation
are represented by Graph 7 and Graph 9 at § = 1 and Graph 8 and Graph 10 at § = 0.5 respectively.

Also, in example 3.3, the plot of three velocity profiles f; , f and f3 for the Navier-Stoke equation
are represented by Graph 11, Graph 12 and Graph 13 at 8§ = 1 and Graph 14, Graph 15 and Graph 16
at B = 0.5 respectively.

5. Conclusions

In this paper, Laplace Adomian decomposition technique is assumed for the time-fractional
classical Navier-Stokes solution of with given initial conditions. The analytical solution is given in for
the power series for the given problem. The solution of the above three problems has shown, that the
rate of convergence of the present method is overlapping or high than ADM and HAM. Moreover
LADM have minimum calculations, simplifications as compared to ADM [12] and HPM [6].
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