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Abstract: The main goal of this paper is to investigate some interesting symmetric identities for
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1. Introduction

Many (p, q)-extensions of some special functions such as the hypergeometric functions, the gamma
and beta functions, special polynomials, the zeta and related functions, g-series, and series
representations have been studied (see [1-6]). In our paper, we always make use of the following
notations: Z = N U {0} is the set of nonnegative integers, and the notation

[e9)

Z is used instead of i . i .

my,-- my=0 m1=0 my=0
The (p, q)-number is defined as

n—2 n—3 2

=p" 4y Pt g g

[]pg = "——- +

A — q+p
Much research has been conducted in the area of special functions by using (p, )-number (see [1-6]).

The classical Stirling numbers of the first kind S; (1, k) and the second kind S, (, k) are related to each

other like this (see [7-10])

(x)y = i Sq (n,k)xk and x" = i So(n, k) (x)y,
k=0 k=0

respectively, where (x), = x(x — 1) - -- (x — n +1). The generalized (p, q)-falling factorial ([x]4|A)x

with increment A is defined by
n—1

([x]p,qM)n = H([x]p,q — Ak)

k=0
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for positive integer 1, with the convention ([x],4|A)o = 1; we also write
< ki 1k
([x]pglA)n = k;)sl(”rk)NF [x]p,q'

Clearly, ([x]p4|0)n = [x]}; ;- We also have the binomial theorem: for a variable x,

(X]p.g o
(a0 4 = (0

t?’l

We introduced Carlitz-type degenerate Euler numbers &£,(A) and Euler polynomials &, (x,A)
using (p, q)-number (see [4]). For0 < g < p <1, &, 4(A) and polynomials &, p4(x, A) are defined by
the generating functions

00 1 o0 [m]p,q
Y- EapaV) g = By ¥ (<17 (20 A
n=0 ' m=0
and
o P o [m + xlpq
Y Eupale N = 2y L ()" A) A
n=0 m=0

respectively (see [4]).
Hwang and Ryoo [11] discussed some properties for Carlitz-type higher-order (p,q)-Euler
numbers and polynomials. For r € Nand 0 < g < p < 1, the Carlitz-type higher-order (p, q)-Euler

polynomials E,Stg,,q(x) are defined by the generating function:

[ee] n oo
2 E]([;q t [2}7 Z (_1)m1+<-~+m,qm1+-.‘+m,e[m1+---+m,+x]p,qt. (1)
n=0 my, - M=
When x = 0, E{" 2, g = =E 2, 4(0) are called the Carlitz-type higher-order (p, q)-Euler numbers Egg,,q
(see [11]). Furthermore, we obtain

Er(:;,q(x) — [2]; Z (_1)m1+-~~+m7qm1+...+mr [ml 4o tmy+ xm,q. (2>
=

For0 < g < p <1,h € Z and r € N, Carlitz-type higher-order (h, p,q)-Euler polynomials

E,(f;' ,)1 (x) are defined using generating function

Z E,(:;,h/%(x)— =2 Z (71)k1+--~+quk1+~-+krph(kﬁ-'~~+kr)e[k1+"'+kr+x]l’rqt,
=0 : ko ke =0

When x = 0,E, ;7,% = Er(,rph ;(0) are called the Carlitz-type higher-order (h,p,q)-Euler
numbers E,(f; 27

The following diagram shows the variations of the different types of degenerate Euler polynomials
and Euler polynomials. Those polynomials in the first row and the third row of the diagram are
studied by Hwang and Ryoo [4,11], Carlitz [7], Cenkci and Howard [9], Wu and Pan [12], Luo [13],
and Srivastava [14], respectively. The study of these has produced beneficial results in combinatorics
and number theory (see [4,7,9,12-18]). The motivation of this paper is to investigate some explicit
identities and symmetric identities for Carlitz-type higher-order degenerate (p, q)-Euler polynomials
in the second row of the diagram.
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007 g ,)L I . n o
Luso&nlu M Eo Enpa(x )l = 2y Tor-ol— 1"
= (2 ot ———— m+

xqg"(1+At) A
( Carlitz-type degenerate (p, g)-Euler polynomials)

(degenerate Euler polynomials)

n . t‘rl o~
ol (b )G Yoo 5,3, () = [ Ko (1)
B 1 )\tz)i 1) (1+/\t)% S My, (1 /\)[ml—i—...—’)—\mr—‘rX]p,‘7
oo XMt (14 A
(higher-order degenerate Euler polynomials) ( Carlitz-type higher-order degenerate (p,q)-Euler polynomials)
I o BV () . 0 .
— yn! Zﬂ Enpq( ) [ } Z,ml le—O( ) 1 r

(higher-order Euler polynomials) (Carlitz-type higher-order (p, q)-Euler polynomials)

The goal of this paper is that new generalizations of the Carlitz-type degenerate (p, q)-Euler
numbers and polynomials is introduced and studied. Each section has the following contents.
In Section 2, Carlitz-type higher-order degenerate (p, 4)-Euler numbers and polynomials are defined.
We induce some of their properties involved distribution relation, explicit formula, and so on.
In Section 3, we make several symmetric identities about Carlitz-type higher-order degenerate
(p, q)-Euler numbers and polynomials.

2. Carlitz-Type Higher-Order Degenerate (p, 7)-Euler Numbers and Polynomials

At first, the Carlitz-type higher-order degenerate (p,q)-Euler numbers and polynomials are
defined like this:

Definition 1. For positive integer n and r € N, the classical higher-order Euler numbers E,S’) (A) and Euler
polynomials Ey(f) (x, A) are defined by using generating functions

.

2 o o (r) "
) =y e,
((1+At)}\+1> g) T

r
2 Vi - fe
(I+At)x +1
respectively (see [9,12]).

Now, new generalizations of the Carlitz-type degenerate (p, )-Euler numbers and polynomials
are introduced. As we have done so far, the Carlitz-type higher-order (p, q)-Euler polynomials can be

and

defined as:

Definition 2. For r € N, the Carlitz-type higher-order degenerate (p,q)-Euler numbers 57(,2,,4()\) and
polynomials E,E/V;/q(x,/\) are defined by using generating functions, where 0 < g < p < 1.
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. - -+
208,1,;7,,7( =0 L 0<—1)m1+'~+mrq’"ﬁ-"+mr(1+At) A )
n= My, =
and
> £ o0 [m1 4+ my 4 xlpg
Y e ) =20 Y (maymeme gt (g 4 ) ) )
n=0 n my, - mp=0
respectively.

Observe that, if p = 1,4 — 1, then 5,5?,,{4()\) — E,Sr)( A) and 5,52“,( X,
if r = 1, then &) (A) = Enpg(A) and ),
higher-order (p, q)-Euler polynomials E,(f;q(x)

By binomial theorem, we note that

[my+ -4 my +x]p,
(14 At) A
_ i ([Ti’ll + -4+ my+ X]p,q) )thk
k=0 k
> /1 1
—2<[m1+ +mr+x]pq> ([m1+ +my + x|
k=0 A A

1 t

= i([’”1+"'+mr+x]p,ﬁ) (Imi+ - +me+x]pg —A)

k=0
tk
o tk
=Y ([ + - 4 me 4 x]pglA), K

=
i
o

where generalized (p,q)-falling factorial ([x],4]A),
By Definition 2, we have the theorem below.

Theorem 1. Ifr € N, we have

géf;,q(x,/\) — [2]2 Z (_1>m1+...+mqu1+-~+mr ([ml + ...
=

Proof. By (3), we have

= g2y = A

A) — S,ST)(x,A). Note that,
(x) = Enpy(x). If A = 0, we have the Carlitz-type

=) )

([¥lpg = (k= DA).

+ m, +x]Pr‘1|)‘)n'

+ 1y + X]p g

1
t (71)m1+"'+mrqm1+'”+mr(1+/\t)

Z gl(; q

(_1)m1+-~+mqu1+-.~+mr ([ml + -+ my+ x]pw]M)l)

A

H
ﬁ.
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The first part of the theorem follows when we compare the coefficients of & 17 in the above equation.
We prove Theorem 1. [

Note that

n

([my + -4 my +x]pglA), 2 (m, DAy + -y + 23, (4)

where Sq(1,1) is the Stirling numbers of the first kind.

The relation between Carlitz-type high order degenerate (p, 7)-Euler polynomials 5,5,72,,5, (x,A) and

Carlitz-type high order (p, g)-Euler polynomials Eﬁ,f])g,q (x) is given by the below theorem.

Theorem 2. Forr € Nand n € Z., we have

r n—l r n—l1
&) 1 (x,A l;()slnl/\ E) (%), Epg(A Eoslnm B

Proof. By Theorem 1, (2), and (4), we get

Expa(x, 251 n DAl ) O<—1)m1+"'+"”qml*”‘*m'[m1+-~~+mr+xlé,q
My, M=

n

n—1g(")
2 (n,DA"E)) ().

One can obtain the desired result immediately. O

The Carlitz-type higher-order degenerate (p,q)-Euler number &;,4(A) can be determined
explicitly. A few of them are

(
502/&7

an= % ) (k)
} ),; <1+1Pq> - (p[i];)2 (1 +1P2q> " i[DZ]j}; (142112)
212 ( 1 >f+
(p—q)* \1+pq? (r—q
ro3
(

[2]’ 1 r
q 1+q3) '
1 o 220A% 215 1
E3pa(M) = (P—q‘ﬂ (Hpq) -
rA

(M) =1,

| 5= <

g(”)

[2
2,p,q()\) - - p

2

H
2 P—qqAV (1+P2q>r+ (P[i]gq):“ <1+1P3q)r
2271 ro6[2] roo3r r
- (P[—?Q) (143112) e —[%)2 <1+1Pq2) - (Pﬁjf’ (1 +1qu2)
3127 v P r
- (p—qq)2 (142073) " (p—;)3 <1+1pq3) - (P—Z)B <1ﬂ3q4> '

By using computer, Carlitz-type higher-order degenerate (p, q)-Euler number 852,,1()\) can be

determined explicitly. The first few Sr(l,rg,q (A) and E,(J;,,q are listed in Table 1.
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Table 1. The first few numbers E,ST;), () and E,g ;, g
) 9 () 1 (2) 1 @)
Degree n Sn,1/2,1/3 (E) gn,1/2,1/3 (E 811,1/2,1/3 100 E, in13
1 B 984 B 984 _ 984 B 984
1225 1225 1225 1225
” _ 6149664 _ 283179072 _ 1550969286 _ 2505564
53382875 373680125 1868400625 2989441
3 43455323971646694 _ 334418269722928746 11096966497657123158 152830161504

520267306514580625 520267306514580625  13006682662864515625 174034980625

Note that the limit of £ ,521) /2173 (A) ds E}(fl) /21,3 as A approaches 0 (see Table 1).
Again, we give a relation between Carlitz-type higher-order (p, q)-Euler polynomials Ef,t;,,q(x)
and Carlitz-type higher-order degenerate (p, q)-Euler polynomials E,(J;,q (x,A) in the theorem below.

Theorem 3. For m € Z., we have

m
bipa(x Z (X, A8 (m, ).
M1
Proof. We use f instead of ;) in Definition 2, we have
Z E'(J,)p,q( ):n' = [2]2 Z ( 1)m1+ +m,qm1+ Fmy gl oty tx]p gt
m=0 : mq, - my=0
_ (r) et —1 1
n;)g"r’q(x/)\) < 1 ) pr
(o) [o's) tm
- Zoaﬁf,l,q(x,A)A Y Sy(mm)A"
n= m=n .
(3 ) £
Z Zgn/p,q(xr/\)/\m "Sy(m,n) —
m=0 \n=0

Use t instead of log(1 + At)1/* in (1), we have

[ee] n l
). Er(z?v,q(@ (10g(1 + M)l/)\) 0

n=0
- [mi+ - +mp +x|p4
=2y Y (=aymtehmegmtectne g Ap) ) (5)
my, - my=0
_ v e e
= Z gm,pq(x/)\) 7
m=0
and
[e0) n 1 (e ) m —n tm
)y Eilha(x) (log(14+A6)/4)" = Y ( )y Ef)q(x)A sl<m,n>> —. (6)

m
Thus, we have the theorem below from (5) and (6). O

Theorem 4. For m € Z., we have
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57(71r)pq(x,)\) = 2 ES:;’@( )/\m nSl(m Tl)
n=0
We note that
[m1+-~~+mr+x]p/q
(1+ At) A
Pty
= (1+At) A (1+ At) A
qm1+--~+my[x]p,q
= Y (PPl g A " dogi+an A
m=0 !
3 g gmitetme ] N oo (1 4 Ap)!
=2 (P*lm+ -+ mlpgl A ,Z(q [ ]”) ol + A1)
m=0 " 120 A I
y s (g kt
= ) (Pl gl Ams Z() ZS (k,[)A
m=0 120

n=0 n!
- [mi+---+m +x]p4
=2 ), (Sn)ymEmegm (14 At) A
mq,- my=0
o
) Y (g
my, - ,my=0

Z (Z » ( ) [y + - -+ 1] g |A) AR gt [ ]) S (K, l)> n!

01=0

When we compare the coefficients of 7 in the above equation, we have the theorem below.

Theorem 5. For0 < qg<p<1l,reN,andn € Z,,

o k
&(,,'%,q(x,A) =P ¥ ZZ( ) )+ g
my, -, —

00 n k n X 1 (et #n
=L (Z » (k) (P¥[m1 - ] g |A) g A gt '”[x]’p,qsl(k,l)) prl

7 of 15



Symmetry 2019, 11, 1432 8 of 15

From (4) and Theorem 2, we get this:

gl t*
X:()Sn,p,q(x,)\)n'
n=
- [my+ -4 my+x]p,

=2 ) (L (1 A

my,++ my=0
— [2]:] i (_1)m1+~~+mrqm1+-~+mr

my,-- my=0

T () (=1)ipetig

X
hgk
1=
gl
=
=
:

(lfj)(mlJr---ery)qj(m1+---+mr)ﬂ

n=01=0 ' (r—2q) n!

) n 1 Sl(n,l))\nfl(l)(—]_)jqx]‘px(lfj) 1 r\
=) |2 X (]_ ) <1+ 1 l—j> o

n=0 1=0 j=0 p—q gp :

When we compare the coefficients % in the above equation, we get the theorem.

Theorem 6. Forr € Nandn € Z,

n L Sy(n, ALY (=1)igHipx (=D 1 r
Epalre ) =2 1, p] < pl—f> /

1=0j=0 ( _EI)I 1+‘7j+1
n L Si(n, A5 (= 1)) 1 "
&N (A =[2I" 4 ( . ) .
pa) H"l;o,; (r—aq) 14 q+tpt

The Carlitz-type high order degenerate (p, g)-Euler polynomials &, p,4(x, A) can be determined
explicitly. Here are a few of them:

(x,A) =1,
- B () (.
o= () B ()
E NN A
- ) )+ )
B () LS (Y (1
B (1) R () B ()

3. Some Symmetric Identities for Carlitz-Type Higher-Order Degenerate (p, 7)-Euler Numbers
and Polynomials

Letw; =1 (mod 2), w, =1 (mod 2) for wy, w; € N. Forr € Nand n € Z,, we obtain certain
symmetry identities for Carlitz-type higher-order degenerate (p, )-Euler numbers and polynomials.

Theorem 7. Let w; =1 (mod 2), wp =1 (mod 2) for wy, w, € N. Then, we obtain
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wy—1 4 ' ' '

[wlmrq[z];” , Z (—1)“+"'+7fq“’2(h+~~-+]r)

]1/“'r]r:O

XE( )w <w2x+wZ(j1_|_..,+jr) A )
n,p1 41 wy [w1]p,q "
ZUZil i . . .
= [wa]p 215w Z 0(71)]1+..'+]rqw1(]1+"'+]r)
Jie =

Q) Wiy A
x&, 2,02 (wlx + = (h+---+7jr), [wZ]M) .

Proof. Note that [xy]yq = [x]yu[y]pq for any x,y € C. In Definition 2, we induce the next
result by substituting w;x + %( j1+ -+ jr) instead of x and replace g, p, and A by q“2, p™2,
2

and L, respectively:

[wz]p,q
o0 wy—1
S (ol 20 Y (~1)EiguEig) wix+ L i L
2lpglelgn 2 q np2,42 | 1 [walpy ) ) n!

= Jurejr=0 - P

wy—1 o r A ([w2]p,qt)"
= er 1 Z’ 1][ w1 Z’ 1]1 w W w x+ﬂ ‘ 4 o

[ ]q 1]‘1/“;]}: ( ) q 1; n,p“2,q"2 ( 1 wy (l:Z%]l) [wz]p,q n!

wr—1 ©

_ [z]rw1 ZX: (71)):;:] jlqzul():{:]jl)[z]rwz Z (71)m1+...+mrqwz(m1+-~+my)
! Jure o jr=0 ! e =0
w1 ,. .
[w1x+w1x+(]1+“‘+]r)+m1+"'+mf]
w2 pwzrqﬂ)z
A
A
(14 2w, t) w25

( [w2]pq P

wy—1 i
_ [2];10] ZZ: ( 1))::1 1]1qw1(zl 1]1)[2]‘1‘02 Z (—1)7711+»»-+ﬂ1rqw2(m1+...+'rm)

i jr=0 e =0

[wiwax +wi(j1 + -+ +jp) Fwa(my + - -my)]pg
X (1+At) A
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Since there exists the unique non-negative integer #n such that m = wn +iwith 0 <i < w —1 for
any non-negative integer m and odd positive integer w, this can be written

wal . . . . o0
[2]7 01 (2] Y (=1) =it gr (K= t) Y (— 1)ty g (gt
1, ,jr=0 my,-- mp=0
[wiwax +wi(j1 + -+ jr) Fwa(my + - -1m)]pg
X (14 At) A
w271 T H s H
— P Rl Y (~D)Fiig i)
Jireejr=0
« i (_1)wln1+i1+»~~+wlnr+irqwz(w1n1+i1+~~-+w1nr+i7)
wny iy, Wity +ir=0
Ogikgwlfl
1<k<r
[wiwax + w1 (j1 + -+ jr) Fwowr(nm + -+ n) twalin + - +ir)lpg
X (14 At) A
wy—1 . .
= Pl Y, (~DEig i)
Jieejr=0
w1 — 1 . .
« Z Z (—1)Zi= ™ (—1)Ki= llqwz(ﬂzl Zl)qwl'wZ(Z[rzl )
11 O}’ll n,=0
[wiwax + w1 (j1 + - +jr) Fwowr(nm + -+ n) twa(in + - +ir)lpg
X (14 At) A

We obtain the following formula using the formula above:

[ee] wal n
oo w (r) A t
ngz) <[w2]p,q[2]qwl Z (- 1)21 1qu 121 1]1)5 P24 (wlx—i— wf Z]l >> o

=0 S [walpg

wy—1 w11

=Pl L LT CUFRCDE )

ny, e r=0jy, - jr=01y, - ,iy=0

x g1 (=1 ) g2 (T iz)qw1wz():7=1 )

[wiwax 4wy (j1 + - - -+ jr) Fwowy (g 4 - - + 1) Fwa(iy 4 - +ir) ] pyg
X (1+ At) A
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From a similar approach, we also have that
wi—1 X . r A t?’l
Siiiiga(Ti i g W2y o
) q n,puquwl wox + w0, (Zl]l)/ [W1]p,q 7’1!

> ([wl]z,qm;wz s
R

w1 — 1 Wy — 1 , ; .
1) X (1) X (—1) i i

ZZZ

- Mr=0jy, - ,jr=01iy,- ,iy=0

=,

74)2 [2];1(71
« qwz(ZLl ]'l)qwl(ﬂzl il)qw1w2(21r:1 ny)
+ ”r) + wl(il + -+ ir)]p,q

[wlwzx + wz(jl + - +jr) + wrw (111 + -
A

X (1+At)
Therefore, by (9) and (10), we can obtain the desired result. [
Taking wy = 1 in Theorem 7, we obtain the following multiplication theorem for Carlitz-type

higher-order degenerate (p, q)-Euler polynomials

Theorem 8. Let wy =1 (mod 2) for wy € N. Forr € Nand n € Z., we obtain

wy—1

[2}2 n Z (_1)j1+---+jrqj1+~-+]y
‘ (11)

qwl Jis
(x + nt +]r, > .

()
X (.c:n pwl qwl w1 [W]]p,q
Taking A = 0 in (11), we get the multiplication theorem for Carlitz-type high order (p, g)-Euler

polynomials (see [11]).
Corollary 1. Let wy =1 (mod 2) forwy € N. Forn € Z; and r € N, we get

wlfl

Eiha(wn) = plwnlfyy X (SR g
qw1 ]l,...,]r:()

=3}
w1

For r = 1 in (10), we have the multiplication theorem for Carlitz-type degenerate (p, q)-Euler

(r)
X En pZU1 qwl

polynomials (see [4]).
Corollary 2. Let wy =1 (mod 2) forwy € N. Forn € Z,

2], w1—1 j j A
Enpa(w12: 1) = 2] [01]pq 2 V€ T Ty )

If p =1,q9 — 1in Corollary 2, then we get the corollary.

Corollary 3. Let m =1 (mod 2) form € N. Forn € Z,
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m—1 o x4
En(x,A) =m" Y (—1)Jqun< +],A>‘ (12)
j=0

m m

If A approaches to 0 in (12), this leads to the distribution relation for Euler polynomials

Ea(x) = "5 (~1)E, (”i) .

j=0 "
By Theorem 2 and Theorem 7, it follows the theorem below.

Theorem 9. Let wq and wy be odd positive integers. Then, it has

M:

S1(n, A" wn]} 4 [2] ey

Il
o

wlfl

x Y (_1)]1+..~+]rqw2(]1+“'+]r)El(’p)wl o (wa + J(]l NI +]r))
jure jr=0 Y w1

n
g (n, A" lwz};q[Z];wl

Zszl

X 2 (_1)]'1+...+j,qw1(j1+...+jr)El(7]g)zuz g2 (wlx + ﬂ(]l 4+ .. _|_]’r>> .
Jiresjr=0 o w2

We get another symmetry identity by using the addition theorem about the Carlitz-type

higher-order degenerate (p, q)-Euler polynomials 5,5?,,1(36) Let

w—1 ] o
Af:,){,p,q(w) = ) (—1)Zi= ]iq(n—k+1)(2i:1]i)[j1 .. +fk]’;§,q
i jr=0

for each integer n > 0. The A}(qklz p, q(w) is called as the alternating (p, q)-sums of powers.

Theorem 10. Let wy,wy € Nwithwy; =1 (mod 2), wy =1 (mod 2). Forr € Nand n € Z, we obtain

1=
MN

! - r
( ) Si(n,1)A" lpwuuzxk [z]qwl [wl]’;,q [wﬂl kEl( k)pr o (wlx)Al(,k),pwl,qwl (wo)

N
Il
o
-
Il
o

I
=
MN

l n— W1 WX,
(k> Sl(n,l))\ lp 1W2 k[z]qwz [wZ]I];,q [W1]l kE( k)pwl g1 (wa)Al(k)pr ) (wl)

—
Il
o
e
Il
o
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Proof. Now, we use the addition theorem about the Carlitz-type higher-order degenerate (p, q)-Euler
polynomials (see [10]). We derive

wlfl w
T 2 /. .
Z (_1)):1:1]1qw2( i= l]l)El(p)wl qwl <w2x _|_ 7(]1 _|_ “ e +]k)>
flr"'rjr:() w1
wlfl .
= Z ( ) i= 1]1qu( i= 1]i)
j1,~-,jr:0
k wr :
< Z < > wy (1—k) (L) 1]1)Pw1w2xkE(1k)pw1 1 (wa) [w(]l 4o +]‘r)} »
1 pwl,qwl
wy—1 ) )
= Z (_1)27:1]iqwz(2{:1h)
flr"'/jr:
% 2 wz (I=k)(Tiq ji) wlwzxkE(Vk) (w x) [WZ]M ¢ [ NI ]k
p I—k,p®1,4“1 2 [wl]p,q 1 Jr p*2,q%2
By Theorem 12, then we have
IZOSl n, l A l[wl]pq[Z};
s jiteetr gz (i) g(1) W2 i
X Z (—1) q lpwl g WX + wf(]1+"'+]r)
J1eejr=0 1
nd ! n—1 I—k k r wywyxk 1 (7,k)
= Z Z k n l A [wl]pq [wZ]p,q[z]qwzp El —k,p™1,4"1 (wzx) (13)
1=0k=0
w1 —1 . .
% Z (—1)Li=1 ]iqwz(l—k+1)(2i:1]i) i+ + jT]I;JwZ,qu
Jieejr=0

n 1
! —1 -k k kp(rk) (k)
- z;)kg) (k) S1.(n, DA™ (1] g [w2lp g [20ga P E Y o (022) Ay s g (102)-

Similarly, we have

251 n, A" w ]M[z};wl

1=0
o 1)t ZUl(flJF"'JFjr)E(r) w1 s i
X Z <_ ) q l,pw2,qwz w1x+ wi(]l_'—_._]r)
Jireejr=0 2
_ LA ! I i /\n—l I—k k 2" wlwzxkE(fk)
= Z Z 1(n,1) [wZ]p,q [wl]p,q[ ]qwlp 1—k,p®2,q%2 (wrx) (14)
1=0k=0 k A
wy—1 . Ikt 1)( K
X Z (_1)):1':1 ]qum( + ) 1 1]1 [71 + . +jr]pwl,qwl
i =0
n 1
l _ _ k k
-y Y ( k) S1.(m, DA™ [l Klawn 8 g 21 p BT ) (w010) ARy y (a02).
1=0k=0

By (13) and (14), we make the desired symmetric identity. [

By Theorem 10, we have the symmetric identity for the Carlitz-type high order (, p, q)-Euler
numbers Eﬁ,rph ,)7 in complex field.
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Corollary 4. Letwy =1 (mod 2), wp =1 (mod 2), where w1, wy € N. Forr € Nand n € Z., we obtain

Nagb
1= T~

l _ _ Jk
(1) 5101272l g o A o g ) E e

1

l _ _ k
)3 (k> S1(n, A" 2o [w2l} [wl];ﬂk“‘ll(,rk),pwz,q’”z(wl)Ez(ik?p“’l,qwl‘
k=0

I

Il
o

4. Conclusions

In our previous paper [4], we studied some identities of symmetry on the Carlitz-type degenerate
(p, q)-Euler polynomials. The motivation of this paper is to investigate some explicit identities for the
Carlitz-type higher-order degenerate (p, g)-Euler polynomials in the second row of the diagram at page
3. Thus, we defined the Carlitz-type higher-order degenerate (p, q)-Euler polynomials in Definition 2
and obtained the formulas (explicit formula (Theorem 6), multiplication theorem (Theorem 8), and
distribution relation (Corollary 2, Corollary 3)). In Theorem 7, we gave some symmetry identities for the
Carlitz-type higher-order degenerate (p, g)-Euler polynomials. We also obtained the explicit identities
related to the Carlitz-type higher-order (p, q)-Euler polynomials, the alternating (p, q)-sums of powers,
and Stirling numbers (see Theorem 10 and Corollary 4). In particular, these results generalized
some well-known properties relating degenerate Euler numbers and polynomials, degenerate Stirling
numbers, alternating sums of powers, multiplication theorem, distribution relation, falling factorial,
symmetry properties of the degenerate Euler numbers and polynomials (see [7-18]). In addition, in
this paper, if we take r = 1, then [4] is the special case of this paper.
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