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Abstract: The solutions for many real life problems is obtained by interpreting the given problem
mathematically in the form of f(x) = x. One of such examples is that of the famous Borsuk-Ulam
theorem, in which using some fixed point argument, it can be guaranteed that at any given time we
can find two diametrically opposite places in a planet with same temperature. Thus, the correlation of
symmetry is inherent in the study of fixed point theory. In this paper, we initiate ¢ — F-contractions
and study the existence of PPF-dependent fixed points (fixed points for mappings having variant
domains and ranges) for these related mappings in the Razumikhin class. Our theorems extend
and improve the results of Hammad and De La Sen [Mathematics, 2019, 7, 52]. As applications of
our PPF dependent fixed point results, we study the existence of solutions for delay differential
equations (DDEs) which have numerous applications in population dynamics, bioscience problems
and control engineering.

Keywords: PPF-dependent fixed point; ¢ — F-contractions; the Razumikhin class; Banach space
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1. Introduction

Bernfeld et al. [1] initiated the notion of fixed points for mappings having variant domains
and ranges. These elements are called PPF-dependent fixed points (or fixed points with the
PPF-dependence). They [1] also established the existence of PPF-dependent fixed point theorems in the
Razumikhin class for a Banach type contraction non-self mapping. On the other hand, Sintunavarat
and Kumam [2], Ciri¢ et al. [3], Agarwal et al. [4] and Hussain et al. [5] investigated the existence
and uniqueness of a PPF-dependent fixed point for variant types of contraction mappings, where the
main result of Bernfeld et al. [1] has been generalized (see also [6]). For results on PPF-dependent
fixed point for hybrid rational and Suzuki-Edelstein type contractions in Banach spaces, please see
Parvaneh et al. [7].

From now on, we denote by N, R and R™ the set of all natural numbers, real numbers and positive
real numbers, respectively. F represents the collection of all functions F : RT — R so that
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(F1) F is strictly increasing;
(F2) For each positive sequence {a, }, ligrl a, = 0iff 1131 F(an) = —o0;
n (e} n [e'e]
(F3) Thereis p € (0,1) such that lim OPF() =0.
0—0

Definition 1. Let (X, d) be a metric space. A mapping T : X — X is said an F-contraction if there are T > 0
and F € F such that for all x,y € X,

d(Tx,Ty) > 0= 17+ F(d(Tx,Ty)) < F(d(x,y)). 1)

Example 1. The functions F : R™ — R given as

(1) F(u)=Inpy,

(2) F(p) = lny +u,
(3) F(u) =

4) F(u) =In(2+p),
belong to F.

For results dealing with F-contractions, see [8-14]. Now, assume that (E, || - ||g) is a Banach space,
I denotes a closed interval [a,b] in R and Ey = C(I, E) denotes the set of all continuous E-valued
functions on I equipped with the supremum norm || - ||, defined by

19llEg = sup [[@()]|E-
tel
For a fixed element ¢ € I, the Razumikhin or minimal class of functions in Ej is defined by

Re=1{¢ € Eo: [9llg, = llg(c)l[e}-
Clearly, every constant function from I to E belongs to R..

Definition 2. Let A be a subset of Eg. Then

(i) A is called algebraically closed with respect to difference, that is, p — G € A when ¢,¢ € A;
(ii) A is called topologically closed if it is closed with respect to the topology on Eq generated by the norm

[P

Definition 3 ([1]). A mapping { € Ey is said a PPF-dependent fixed point or a fixed point with PPF-dependence
of mapping T : Eg — E if T{ = {(c) for some c € I.

Definition 4 ([2]). Let S: Eg — Egand T : Ey — E. A point { € Ey is said a PPF-dependent coincidence
point or a coincidence point with PPF-dependence of S and T if T{ = (SC)(c) for some ¢ € I.

Definition 5 ([15]). A mapping ¢ € Eg is said a PPF-dependent fixed point or a fixed point with
PPF-dependence of a multi-valued mapping T : Eg — 2F if {(c) € T{ for some ¢ € 1.

Definition 6 ([15]). Let S : Eg — Egand T : Eg — 2F. A point { € Ey is said a PPF-dependent coincidence
point or a coincidence point with PPF-dependence of S and T if (S)(c) € T{ for some ¢ € I.

Definition 7 ([1]). The mapping T : Ey — E is called a Banach type contraction if there is k € [0,1) so that
IT¢ — T¢Il < kll¢ = Ellg

forall ¢,¢ € Ey.
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CB (E) stands for the family of all non-empty closed bounded subsets of E. Let Hg (-, ) be the
Hausdorff || - ||g metric on CB (E), that s, for U,V € CB(E) we have

Hg (U, V) = max {supd (¢, V),supd (U, 6)}
cel cev

where

d(¢,V) = infeepl|¢ — .-
In 2019, Hammad and De La Sen [15] introduced the following.

Definition 8 ([15]). A mapping T : Ey — CB(E) is called a multi-valued generalized F-contraction if there
are T > 0and F € F so that

Hg(T¢,T¢) > 0 = v+ F(HE(TZ, T¢)) < F(||Z — ¢l[E,) 2
forall {,¢ € Ep.

Hammad and De La Sen [15] proved that a multi-valued generalized F-contraction has a
PPF-dependent fixed point in R.. In this paper, we introduce ¢ — F-contractions and investigate the
existence of PPF-dependent fixed point for such mappings in the Razumikhin class. As an application
of our PPF dependent fixed point results, we deduce corresponding PPF-dependent coincidence
point results in the Razumikhin class. These results extend and generalize some known results in
the literature.

2. Main Results

In this section we introduce new concepts called Multi-Valued generalized ¢ — F— contraction
(« — ¢ — F— contraction) and we present some important results for such contractions in the setting of
Banach space.

Let @ denote the set of all functions ¢ : R — R satisfying;:
(¢1) lim

n
¢"(t) < Oforeacht > 0;
n—oo

n
(¢2) ¢(t) < tforeacht e R;
(¢3) @ is strictly increasing and upper semi-continuous from right.

Example 2. The functions ¢ : R — R given as

(1) @1(t) =t —Twitht >0;

B-1, t<1
(2) t) =
P2(1) {\/E—l, £>1;
3t—4, t<1
(3) t) =
Pa() {t—l, F>1.
belong to .
Note that any function ¢ satisfying (¢;) implies 1Lm ¢"(t) = —oo forany t > 0. Now we give a
n—oo

generalized of definition (8) by using (¢1) as follows.

Definition 9. A mapping T : Eg — CB(E) is called a multi-valued generalized ¢ — F-contraction if there are
F e Fand ¢ € ® so that

Hg(TZ,T¢) > 0 = F(HE(TE, TZ)) < ¢(F(IZ = ¢llE)) ®)
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forall ,¢ € Eg.

Now, we state and prove the first result concerning PPF dependent fixed point for multi-valued
generalized ¢ — F-contraction.

Theorem 1. Let T : Ey — CB(E) be a multi-valued generalized ¢ — F-contraction. Assume that R
is topologically closed and algebraically closed with respect to difference. Assume also that F has the
additional condition

(Fs) F(infB) = inf(F(B)) for each B C (0, 00) with inf(B) > 0.

Then T has a PPF dependent fixed point { € R..
Proof. Let {y € R.. Since Ty C E, there is x1 € E so that x; € Ty. Choose {1 € R such that

C1(c) = x1 € Tlp.

If {1 (c) € T(y, then 7 is a PPF dependent fixed point of T. Let {1(c) ¢ Tg1. Thus, HE(Tgo, Tg1) >
d({1(c), TZ1) > 0. Using (3), we have

F(d(C1(c), T¢1)) < F(HE(TZo, TZ1)) 4)
< @(F(lI¢o — C1llgy))
< F(l[20 — C1llE,)-

By property (F;), we have
F(d(G1(e), Ter)) = F( inf [[¢a(c) —xl)) = inf F([Z1(e) = x[l).

From (4) and above equation, there is x, € T so that F(||{1(c) — x2|[) < F(||o — C1l|E,)- Choose
{» € R, so that

0a(c) = x2 € TZy.

Now, F(||¢1(c) — ¢2(c)lle) < F(lIZo — Gillg,)- If £2(c) € TCy, then {5 is a PPF dependent fixed
point of T. Let {5 (c) ¢ TC». Hence, He (T, TC2) > d({2(c), Tg2) > 0. Using (3), we have

F(d(C2(c), T2)) < F(HE(TCy1, TC2)) ()
< @(F(lIg1 — Z2lle ) IE))
< @(F(lIgo — ¢1llg)IE))

From (5) and similar to the last statement, there is x3 € T, such that F(||{2(c) — x3]lg) <
¢(F(l1Z1 — ¢2llE,))- Choose {3 € R, such that,

03(c) = x3 € T(p.

Continuing this process we obtain a sequence {(,} in R, C Eg such that, {,(c) €
TC, 1, foralln € Nand

F([ICn(c) = s () lE) < @™ (E(lIGo — Callgy ))- (6)
Now put &y, = ||{n(c) — ns1(c)||E. Then, from (6) we have

F(ayn) < 9" 1(F(ag)), forallm € N (7)
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Taking limit in both sides of (7), we get lim F(a,,) = —co and so lgn &, = 0. From (F3), there is
n (o)

k € (0,1) so that lgll aKF(a,) = 0. From (7), we get
n—oo

aiF(an) < 9" (F(ao)).

Taking limit in both sides of the above equation we obtain nlgn ak "1 (F(ap)) = 0. Also from

L

(¢1) there exists « > 0 such that |%\ > a. Now we have

k | (Pnil(F(‘XO)) |

k
no, o < ne
n=w — n n—].

Taking limit in both sides of the above equation we obtain lim naka = 0. So, lim nak = 0. Thus,

there exists N € N such that o, < % for all n > N. Now for any m,n € N with m > n, we have

m—1
1Gn(c) = Cmle) e < ; 10i(c) = Ziva(c)lle
_ mil N - m—1 ll
i=n i=n 1k

Since the last term of the above inequality tends to zero as m,n — oo, so we have ||{,(c) —
Cm(c)||lE — 0as m,n — oo. This means that {,} is a Cauchy sequence. Since Ej is complete
there exists { € Eg such that ||{;, — {||[g, = 0 as n — 0. Since R, is topologically closed, we get
¢ € Rc. Also since R, is algebraically closed with respect to difference, we have {, — { € R.. Now
1Cn(c) = C(c)le = 1Gn — Cllg, — 0. Then, we shall show that { is a PPF dependent fixed point of T.
First note that from (3) we can conclude that Hg (T, T¢)) < || — ¢||g, forall {,& € R.. Now, we have

d(Z(c), TT) < |Z(c) = Cnta(0)llE +d(Znta(c), TE)
< 18(e) = nsa(©)lle + He(TEn, TE) ®)
< 1g(e) = Cusa (e +118n — Ik

Passing to limit in (8) yields that d({(c), T{) = 0 and so {(c) € T, thatis, { is a PPF dependent
fixed pointof T. [

One can notice that the above theorem is a generalized version of the main result of Hammad and
De La Sen [15]. In fact by taking ¢(t) = t — T, we obtain Theorem 3 of [15].

Corollary 1. Let T : Ey — CB(E) be a multi-valued mapping such that there are F € F and T > 0 such that
Hg(TZ, T¢) > 0 = t+ F(HE(TE, T?)) < F(M(Z, ) ©)

forall {,¢ € Eo. Assume that R, is topologically and algebraically closed with respect to difference. Suppose
that F has the following additional condition.

(Fs) F(infB) = infF(B) forall B C (0,00) with inf B > 0.

Then T has a PPF dependent fixed point { € Re.

For a single-valued mapping T : Eg — E, defining S : Eg — CB(E) by S({) = {T{} one can result
the following corollary from Theorem 1.
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Corollary 2. Let T : Ey — E is a single-valued mapping. Assume that there exists F € F and ¢ € ® such that

d(T¢,T¢) > 0 = F(d(T¢, TZ)) < ¢(F(IZ —¢llE,)) (10)

forall ¢, ¢ € Eg. Assume, R, is topologically closed and algebraically closed with respect to difference. Then,
T has a PPF dependent fixed point { € R..

Proof. Defie S : Ey — CB(E) by S(¢) = {T¢}. By (10), the mapping S satisfies (10). Therefore by
Theorem 1, S has a PPF dependent fixed point { € R, thatis {(c) € S({) = {T({)}. Therefore

¢(e) =T(). O
Now, we will introduce the concept of a— admissible and multi-valued generalized a« — (¢ —

F)-contraction in the setting of Banach Space.

Definition 10. A mapping T : Ey — E is called a-admissible, if there exists a function « : Eg X Ey — [0,00)
such that for any (,¢,1,¢ € Eg

«(C,¢) > 1L,n(c) =T ¢(c) =T = a(n,6) > 1

Definition 11. A mapping T : Eg — 2F is called a-admissible, if there exists a function a : Eg x Eg — [0, 00)
such that for any {,¢ € Eq with &(c) € T¢ and a({, &) > 1, then a(&, ) > 1 forall y € Ey with n(c) € TE.

Definition 12. A mapping T : Ey — CB(E) is called multi-valued generalized « — (¢ — F)-contraction if
there exist a function « : Ey x Eg — [0,00), F € F and ¢ € ® such that

Hg(TZ, T¢) > 0 = F(HE(T{, T¢)) < o(F(IIC = ¢llgy)) (11)
forall {,& € Eg witha(Z,&) > 1.

Now, we prove the existence of PPF dependent fixed point for multi-valued generalized
&« — ¢ — F contraction.

Theorem 2. Let T : Egy — CB(E) be a multi-valued generalized o — (¢ — F)-contraction. Assume,
R is topologically closed and algebraically closed with respect to difference. Assume also that F has the
additional condition

(F4) F(infB) = inf(F(B)) for all B C (0, c0) with inf(B) > 0.
Moreover, assume that

(i) thereare (o, {1 € R with {1(c) € Ty and a(lo, 1) > 1;
(ii) T is a-admissible;
(iii) for any sequence {Cn} in R¢ with a({u, 1) > 1 foralln € Nand {, — {, then a(Ly, () > 1 for all
neN.

If T or F be continuous, then T has a PPF dependent fixed point { € R..

Proof. Let oy, {1 € R be such that {;(c) € Ty and a(lo, 1) > 1. If {1(c) € Ty, then {; is a PPF
dependent fixed point of T. Let {1(c) ¢ T¢y. Thus Hg(TCo, Tg1) > d(g1(c),Tg1) > 0. Using (11)
we have

F(d(C1(c), T¢1)) < F(HE(TZo, TZ1))
< @(F(lI¢o — C1llgy))
< F(l[Zo — C1ll&,)
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Thus there exists x, € Tg; such that F(||¢1(c) — x2|lg) < F(||¢o — Cillg,)- Choose {» € R
such that,

{a(c) = x2 € TZy.

Since T is a-admissible, we get a({1,{2) > 1. If {x(c) € Ty, then {, is a PPF dependent fixed
point of T. Let {x(c) ¢ TCo. Thus Hg(T¢1, TC2) > d({2(c), T2) > 0. Using (11), we have

F(d(ga(c), T¢2)) < F(HE(TZ1, TE2))
< @(F(IC1 — C2llE,))
= @(F([|¢1(c) = Ca(c)lE))
< o(F(I%0 — C1llE,))

Thus there exists x3 € T{, such that F(||¢2(c) — x3][g) < @(F(||o — C1llE,))- Choose {3 € R
such that,

03(c) = x3 € TZ,.

Since T is a-admissible, we get ({7, 2) > 1. Continuing this process we obtain a sequence {{, }
in R, C Eg such that, {,(c) € T{,_1, foralln € Nand

F(Ign(c) = Zur1(0)llE) < ¢" 1 (F(IZ0 — C1llgy ). (12)

Now, put a, = ||gn(c) — ||Cn+1(c) |- Then, from (12) we have
F(ay) < ¢" 1(F(ag)), foralln e N. (13)

Similar to Theorem 1, {{,, } is Cauchy, so there is { € R, such that ||{,(c) — {(c)||g — 0. From (iii),
we deduce «({y,, () > 1.We shall show that ¢ is a PPF dependent fixed point of T. From (11), we may
conclude that F(Hg(T¢, T¢))) < F(||¢ —¢l|g,), and so HE(TZ, T¢)) < || — ¢k, forall {,¢ € R with
a(Z,&) > 1. Now since a({y, ) > 1 we have

d(¢(c), T7) < 12(c) = Cusa(0)llE +d(Znta(c), TT)
< [18(e) = Cna(©)lle + He(TCn, TT)
< 112(e) = Cua (O lle + 180 — -

Taking limit in both sides of the above inequality, we get d({(c),T{) = 0. This yields that
{(c) € Tg, thatis, { is a PPF dependent fixed pointof T. [J

Let T : Ey — 2Fand S : Ey — Eg. Then { € Ey is called a PPF-dependent coincidence point,
if S¢(c) € T for some ¢ € I. Using Theorem 1, we deduce the following PPF-dependent coincidence
point result for single and multi-valued mappings.

Theorem 3. Let T : Eg — CB(E) and S : Eg — Ey. Assume that
HE(T¢,T¢) > 0 = F(HE(TC, T¢)) < ¢(F([1S¢ — S¢lk,)) (14)

forall {,¢ € Eg. Let S(R.) C Re. Suppose that S(R.) is topologically closed and algebraically closed with
respect to difference. Then T and S have a PPF dependent coincidence point.

Proof. As S : Ey — Ey, there exists Fy C Eg such that S(Fy) = S(Eg) and S |, is one-to-one. Since
T(Fy) C T(Ep) C E, we can define the mapping A : S(Fy) — E by A(S¢) = T¢ for all ¢ € Fy. Again,
S |F, is one-to-one, then A is well-defined. By (14), we have
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F(|lA(SE) = A(SO)NIe) = F(IT(Z) = T(§)lle)
< @(F(IIST = S¢llgy))

forallZ,¢ € F.

This shows that A4 is a ¢ — F-contraction and all conditions of Theorem 1 hold. Then there is a
PPF dependent fixed point { € S(Fy) of A, i.e., {(c) € AC. Since { € S(F), there is w € Fy such that,
{ = S(w). Now,

(Sw)(c) =((c) € Al = A(Sw) = Tw.

That is, w is a PPF dependent coincidence pointof Sand T. [

3. Multi-Valued Generalized Weakly ¢ — F-Contractions

In this section we introduce new concepts called Multi-Valued generalized weakly ¢ — F—
contraction (x — ¢ — F— contraction) and we present some important results for such contractions in
the setting of Banach space.

Definition 13. A mapping T : Ey — CB(E) is called a multi-valued generalized weakly ¢ — F-contraction if
there are F € F and ¢ € ® such that

Hg(T¢, T¢) > 0 = F(Hg(TE, TE)) < ¢(F(M(E, ) (15)

forall ,¢ € Eo, where

M(g,¢) = max{[|f —&llg,d(Z(c), TT),
d(¢(c), T¢), 3[d(Z(c), TE) +d(E(c), TE)]}-

Theorem 4. Let T : Eg — CB(E) be a multi-valued generalized weakly ¢ — F-contraction. Assume that R is
topologically and algebraically closed with respect to difference. Assume also that F has the additional condition

(F4) F(infB) = inf F(B) forall B C (0, co) with inf(B) > 0.

If T or F be continuous, then T has a PPF dependent fixed point { € R..
Proof. Let {y € R.. Since Ty C E, there exists x; € E such that x; € T{y. Choose {; € R, such that

l1(c) = x1 € Tp.

If {1(c) € Ty, then {7 is a PPF dependent fixed point of T. Let {1(c) ¢ T¢;. Thus Hg(Tgo, T1) >
d(¢1(c), Tg1) > 0. Using (15) we have

F(d(G1(c), TC1)) < F(HE(TGo, TC1)) < @(F(M(Go,G1)))- (16)
On the other hand,

M(Go, 1) = max{|[Co— C1llg,, d(So(c), TCo),d(S1(c), TC1),
3[d(Zo(c), TC1) +d(Z1(c), TZo)]}
< max{||Co — G1llg,, d(G1(c), TC1) }-

If max{||Co — ¢1l/g,,4(C1(c), TC1)} = d(Zi1(c), T1), then from (16), we get

F(d(g1(c), T¢1)) < @(F(d(1(c), TE1))) < F(d(a(c), TS1))
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which is a contradiction. Thus, max{||Jo — {1||£,,4(¢1(c), T¢1)} = ||Co — C1||g,- From (16), we get

F(d(¢1(c), T21)) < @(F(I|Co — C1llEy)) < F(l[C0 — CullEy)-

Thus there is x, € T such that F(||J1(c) — x2||g) < F(||o — 1|g,)- Choose {» € R, such that

Oa(c) = x2 € TZy.

Now,

F(|[¢1(c) = C2(c)lle) < F(lISo — GullEy)- (17)

If (o (c) € Ty, then { is a PPF dependent fixed point of T. Let {>(c) & T{». Thus HE(Tg1, T) >
d({2(c), TZ2) > 0. Using (15), we have

F(d(ga(c), T¢2)) < F(HE(TC1, TE2)) < @(F(M(Z1,42)))- (18)

Similar to the above step, we can conclude from Equation (18) that

F(d(2(c), T2)) < @(F(l|Z1 = C2llgy)- (19)

Now, from (17)—(19), we obtain

F(d(22(c), T¢2)) < o(F(lI%o — CullEo))- (20)

Thus there is x3 € T¢, such that F(||¢2(c) — x3]|g) < ¢(F(||Co — C1l|g,))- Choose {3 € R, so that
Z3(c) = x3 € Ty

Continuing this process, we obtain a sequence {{,} in R, C E such that {,(c) € T, for all
n € Nand

F([1gn(c) = Cus1(O)lE) < ¢"H(E(lIGo — Cillgy ))- (21)
Let ay = ||Cn(c) — Cpr1(c)|lg- Then, from (21) we have

F(ay) < 9" 1(F(ap)), foralln e N. (22)

Similar to Theorem 1, we get {{,} is Cauchy. Since E; is complete, there is { € Ej such that
1Cn — ¢ ||;g0 — 0asn — oo. Since R, is topologically closed, we get { € R.. Also, since R, is
algebraically closed with respect to difference, we have {, —{ € R.. Now, |[{.(c) — C(c)||lr =
1Cn — Cl|E, — 0. We shall show that { is a PPF dependent fixed point of T. If T is continuous, then

d(Z(e), T¢) = limpsed(Gnia(c), TC)
< limy—eo He(TZy, TZ) = 0.

Thus, d({(c), T{) = 0 which gives us {(c) € T¢. In the case that F is continuous, we consider
two cases:
Case 1: For any i € N, there exists n; > i such that {,, 1 1(c) € T{. In this case we have

d(g(c)/ Té) = Jij%od(gnﬁl (C)/ Tg) =0.

Thus, d({(c), T{) = 0, thatis, {(c) € T¢.
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Case 2: There is N € N such that {,,11(c) ¢ T for each n > N. Here,

F(d(Z(c), TQ)) = lim F(d(Zy1(c), TE)) 23)
< lim F(H(T¢,,T¢))
< lim g(F(M({,0)).
On the other hand,
d(gc), T) < M(Cn, Q)
= max{|[¢n — CllEy, d(Gn(c), TCn), d(E(c), TT),
31d(Zu(e), TT) +d(G(c), TGn)]}
< max{|[Gn — Clley, d(Gnlc), TCn), d(E(c), TT),

n(
3A(Zn(e), Z(e)) +d(Z(c), TT) +d(g(c), Zn(c)) + d(Zu(c), TZn)]}-

Taking the limit in both sides of the above equation, we get
Tim M(Zn,€) = d(Z(e), TE).

Suppose to the contradiction that d({(c),T{) > 0. Taking the limit in (23) yields that
F(d((c), TC)) < ¢(F(d(C(c),TZ))), which is a contradiction. Thus, d({(c), T{) = 0, and so {(c) € T¢,
thatis, { is a PPF dependent fixed pointof T. O

One can notice that in the above theorem by taking ¢(t) = t — 7, we obtain Theorem 5 of [15]
in case S = T and taking M((, ¢) is either (i) or (ii) or (iv) or (v) or (vi) or (x) or (xiii) that listed after
Theorem 5 in [15].

Definition 14. A mapping T : Ey — CB(E) is called a multi-valued generalized weakly « — (¢ —
F)-contraction if there are a : Ey x Ey — [0,00), F € F and ¢ € ® so that

Hg(T¢, T¢) > 0 = F(HE(TE, TE)) < ¢(F(M(Z, 1)) (24)

forall ,¢ € Eg with (g, &) > 1, where

M(Z, ) = max{[|C —¢llg, d((c), TT),d(E(c), TE),
31d(Z(e), TE) +d(E(c), TO)]}.

Now, we prove the existence of PPF-dependent fixed point for multi-valued generalized weakly
&« — ¢ — F-contraction.

Theorem 5. Let T : Ey — CB(E) be a multi-valued generalized weakly &« — ¢ — F-contraction. Assume
that R is topologically and algebraically closed with respect to difference. Assume also that F has the
additional condition

(Fs) F(infB) = inf F(B) forall B C (0,00) with inf B > 0.
Moreover, assume that

(i) thereare {o,{1 € R such that {1(c) € Ty and a(lo, (1) > 1;
(ii) T is a-admissible;
(iii) either T is continuous, or F is continuous and for any sequence {C, } in R with «(Cpn, {ni1) > 1 for each
n € Nand g, — {, then «({n,{) > 1foreach n € N.

Then T has a PPF dependent fixed point { € R.
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Proof. Let {p, {1 € R be such that {1(c) € Ty and a(lo, 1) > 1. If {1(c) € T4, then {7 is a PPF
dependent fixed point of T. Let {1(c) ¢ T¢y. Thus, HE(TCo, Tq1) > d(C1(c), T¢1) > 0. Using (24),
we have

F(d(¢1(c), T¢1)) < F(HE(TZ0, T¢1)) < @(F(M(Zo,G1)))- (25)
On the other hand,

M(Zo,01) = max{||§0*€1||E0 (Co(c), TCo),d(C1(c), TC1),
3[d(Zo(c), TC1)+d(§1(C) TZo)]}
< maX{HCo —C1llgy,d(C1(c), TC1) }-

If max{|[Co — Z1l|g,, d(Z1(c), TC1)} = d(Z1(c), Ty ), then from (25), we get
F(d(C1(c), TC1)) < @(F(d(C1(c), TC1))) < F(d(Z1(c), TC1))

which is a contradiction. Thus, max{||Jo — {1||g,,4(¢1(c), T¢1)} = ||Co — C1||E,- From (25), we get

F(d(Z1(c), Tt1)) < @(F(l1Z0 — Calley)) < F(lIZ0 — Callgy)-

Thus there is x, € T such that F(||{1(c) — x2||g) < F(||¢o — 1|g,)- Choose {» € R, such that

0a(c) = x2 € TZy.

Now,

F([|Z1(c) = C2(c)lle) < F(lIZ0 — C1llEy)- (26)

Since T is a-admissible, we get a({1,02) > 1. If {x(c) € Ty, then {p is a PPF dependent fixed
point of T. Let {5 (c) ¢ TC». Thus Hg(T{1, TC2) > d({2(c), TZ2) > 0. Using (24), we have

F(d(ga(c), T¢2)) < F(HE(TC1, TE2)) < @(F(M(Z1,82)))- (27)

Similar to the above step, we can conclude from equation (24) that

F(d(22(c), T¢2)) < @(F(lIS1 — C2llEo))- (28)

Now, from (26)—(28), we obtain

F(d(Z2(c), TE2)) < o(F([180 — G1llE,))- (29)

Thus, there exists x3 € T, such that F(||2(c) — x3||g) < @(F(||o — ¢1l/g,))- Choose {3 € R,
such that,

03(c) = x3 € TZ,.

Continuing this process, we obtain a sequence {,; } in R, C E such that {,,(c) € T{,_1 for each
n € Nand

F(Ign(c) = Zur1(0)llE) < ¢" 1 (F(IZ0 — Callry ). (30)
Assume that a, = [|{,(c) — {us1(¢)|| E- Then from (30) we have

Fan) < ¢" Y(F(a0)),2(Cn, Lur1) =1 foralln € N. (31)

Similar to Theorem 1, we get {{,} is Cauchy. Since E; is complete, there is { € Ej such that
1Zn — Cllg, — 0 asn — co. Since R, is topologically closed, we get { € R.. Recall that R, is
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algebraically closed with respect to difference, so we have {, — { € R.. Now, ||{x(c) — (¢)|lg =
|Cn — Cllg, — 0. We claim that { is a PPF dependent fixed point of T. If T is continuous, then

d(¢(c), T¢) = limd(Zn11(c), TE) < lim Hp(TC, TE) = 0.

Thus, d({(c), T¢) = 0, ie., {(c) € TZ. In the case that F is continuous and «({,,{) > 1 for all
n € N, we consider two cases:
Case 1: For any i € N, there is n; > i so that {;, 11(c) € T¢. Here,

4(Z(0), T) = lim d(§y,41(c), TC) = 0.

Thus, d({(c), T{) = 0, which gives us that {(c) € T¢.
Case 2: There is N € N so that {;,11(c) ¢ T( for each n > N. Here,

F(d((), TZ)) = lim F(d(Zy4(0), TO)) (32)
< lim F(H(TG,, T))
< lim p(F(M(Z,)))-
On the other hand,
d(Z(c), Tg) < M(Zn,C)
= max{||¢n — gHEO; (n(C),Tgn),d(C(C),Té),
31d(u(c), TE) +d(G(c), TCa)]}
< max{||Cn — Cllgy, d(Cn(c), TCn), d((c), TT),
31d(Zn(e), g(e)) +d(Z(c), TT) +d(G(c), Gule)) +d(Gulc), TEn)]}-

Taking the limit in both sides of the above equation, we get nlgn M(Cn,¢) =d(Z(c), TC). Suppose

to the contradiction that d({(c), T{) > 0. Passing to the limit in (32), we have F(d({(c), T{)) <
¢(F(d(C(c), TZ))), a contradiction. Thus, d({(c), T¢) = 0, and so {(c) € T¢, that is, { is a PPF
dependent fixed point of T. [

By specializing ¢(t) in the above theorem to be t — T we obtain the following result.
Corollary 3. Let T : Ey — CB(E) be a multi-valued mapping. Suppose that there are F € F and T > 0

so that
HE(T¢,T¢) > 0 = t+ F(Hg(T, T¢)) < F(M(C,¢)) (33)

forall {,¢ € Ep with «(Z,&) > 1. Assume that R is topologically and algebraically closed with respect to
difference. Suppose that F has the following additional condition.

(Fy) F(inf B) = inf F(B) forall B C (0,00) with inf B > 0.
Moreover, assume that

(i) thereare (o, {1 € R such that {1(c) € Ty and a(lo,{1) > 1,
(ii) T is a-admissible;
(iii) either T is continuous, or F is continuous and for any sequence {{y, } in R with a({n, {ys1) > 1 for each
n € Nand {, — {, then «((y,{) > 1 foralln € N.

Then, T has a PPF dependent fixed point { € R..
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4. Application 1

In this section we will use our results to give a solution for an integro equation. Let I = [a, b] and
Ey = C(I,R). Consider

b
x(t) = | | x(t,5,x(5))dsl|oo = 0 (34)

where t € Iand « : [a,b] X [a,b] x R — R is a continuous function.

Theorem 6. Assume there are F € F and ¢ € ® such that

F(I [ wtt,5,2(5)dslo — I [ (8, y(5))asl ] @)
< g(F(lx 1)

forall x,y € C(I,R). Let there is c € [a, b] in order that R is topologically closed and algebraically closed with
respect to difference. Then there is x € C(I,R) so that c is a root of equation (34).

Proof. Define T: C(I,R) - Rby Tx = || fab Kk(t,s,x(s))ds||eo. By (35), we get

F(|Tx = Ty|) < ¢(F(llx — yllw)) (36)

for all x,y € C(I,R). Using Corollary 2, there is x € C(I,R) so that x(c) = Tx, that is, x(c) =
| fab «(t,s,x(s))ds||, i-e., c is a root of Equation (34). [
5. Application 2

In this section, we present an application of our Theorem 1 to establish PPF-dependent solution
to a periodic boundary value problem.
Consider the second-order periodic boundary value problem

1"

x () = ftx(t), x),

xo = ¢o € C([~t,0],R) =, (37)

x(0) = x(1) = ¢0(0),
wheret € I =[0,1], f € C([0,1] x R x C,R) and x¢(s) = x(t +s) with s € [—t,0].
Problem (37) can be rewritten as

x(t) = ¢o(0) — [ G(t,5)f (s, x(s), %5 )ds,

xo = ¢o € C([~t,0],R) =C, (38)

x(0) = x(1) = ¢0(0).

where the kernel is given by
s(1—1t), ifse|0,f
G(t,s) =
t(l1—s), ifse[t1]

(see [16] for details.)
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Let

E={%= (x)ter: x: € C,x € C([0,1],[0,1]),
x(0) = x(1) = ¢0(0),x0 = ¢ € C}.

This means that £ € C!. Let

[ — Iz = sup max |x:(s) —yi(s)| = sup [|x: — yillc-
E te] —t<s<0 tel

In [17], it has been shown that E is complete.
Suppose that for all x,y € C(I, [0,1]) we have,

[f(8x(8),xe) = f(&y(8),ye)| < gllx(f) —y(®llc-

Then the PBVP (37) has a unique solution x € C(I,[0,1]) in a Razumikhin class.
For this define operator S : £ — R! as

1
S2(t) :¢0(0)—/0 G(t,s)f (s, x(s), xs)ds.

Via a careful calculation, we see that

1 x  x2 1
=2 <z,
/a Gl )l =5 -2 < 2

To show that all assumptions of Theorem 1 are satisfied, it is remains to prove that T is an
@-F-contraction. For each t € I, we have

2
2_
[52(t) — Sy(t)]
5 2
Jo G(t8)[f(s,x(5), %) — f(5,y(s), ys)]ds
2
=2
Jo G(t,9)[F(s,x(5), %) — f(5,y(s), ys)]ds
<2- 1 82 N ~
Jo G(t,9)8]1% — 9 pds
6 2
<2———— =32————)—4 E(||# -1
which yields that
F(]|S% = S9||e) < @(F(12 = 9lI2)), (39)
where F(t) =2 — 2 and
() = 3t—4, t<1
LA P 1, t>1.

Thus, all of the assumptions of Theorem 1 are fulfilled for ¢ = 0 and we deduce the existence of
an £ € E such that

5(2) = £(0) = (x¢(0))rer = (x(£))er-
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This means that the integral Equation (38) has a solution and so the second-order periodic
boundary value problem (37) has a solution.

6. Conclusions

We have introduced the concept of multi-valued generalized ¢ — F-contraction (weakly ¢ —
F-contraction) as a generalization of multi-valued generalized ¢ — F-contraction. Furthermore,
we introduced the concept of multi-valued generalized « — ¢ — F-contractions and we proved some
PPF-dependent fixed point results in the setting of a Banach space. Moreover, we deduced the
PPF-dependent coincidence point result for single and multi-valued mappings. Finally, we established
PPF-dependent solutions to a periodic boundary value problem.

Author Contributions: All authors contributed equally and significantly in writing this paper. All authors read
and approved the final manuscript.

Funding: The publication of this article was funded by the Qatar National Library.

Acknowledgments: The publication of this article was funded by the Qatar National Library. The authors are
highly appreciated the referees and editor efforts of this paper who helped us to improve it in several places.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Bernfeld, S.R.; Lakshmikantham, V.; Reddy, Y.M. Fixed point theorems of operators with PPF-dependence in
Banach spaces. Applicable Anal. 1977, 6, 271-280. [CrossRef]

2. Sintunavarat, W.; Kumam, P. PPF-depended fixed point theorems for rational type contraction mappings in
Banach Spaces. |. Nonlinear Anal. Optim.: Theory Appl. 2013, 4, 157-162.

3. Ciri¢, L.B.; Alsulami, SM.A.; Salimi, P; Vetro, P. PPF dependent fixed point results for triangular
ac-admissible mapping. Sci. World J. in press.

4. Agarwal, R.P; Kumam, P; Sintunavarat, W. PPF-dependent fixed point theorems for an a.-admissible
non-self mapping in the Razumikhin class. Fixed Point Theory Appl. 2013, 2013, 280. [CrossRef]

5. Hussain, N.; Khaleghizadeh, S.; Salimi, P.; Akbar, F. New fixed point results with PPF-dependence in Banach
spaces endowed with a graph. Abstr. Appl. Anal. 2013, 2013, 827205. [CrossRef]

6. Kaewcharoen, A. PPF-depended common fixed point theorems for mappings in Bnach spaces.
J. Inequalities Appl. 2013, 2013, 287. [CrossRef]

7. Parvaneh, V; Hosseinzadeh, H.; Hussain, N.; Ciri¢, L. PPF-dependent fixed point results for hybrid rational
and Suzuki-Edelstein type contractions in Banach spaces. Filomat 2016, 30, 1339-1351. [CrossRef]

8. Al-Rawashdeh, A.; Aydi, H.; Felhi, A.; Sahmim, S.; Shatanawi, W. On common fixed points for a —
F-contractions and applications. J. Nonlinear Sci. Appl. 2016, 9, 3445-3458. [CrossRef]

9.  Minak, A.G.; Dag, H. Multi-valued F-contractions on complete metric space. |. Nonlinear Convex Anal. 2015,
16, 659-666.

10. Aydi, H.; Karapmar, E.; Yazidi, H. Modified F-contractions via a-admissible mappings and application to
integral equations’. Filomat 2017, 31, 1141-1148. [CrossRef]

11. Mustafa, Z.; Arshad, M.; Khan, S.; Ahmad, J.; Jaradat, M.M.M. Common fixed points for multi-valued
mappings in G-metric spaces with Applications. |. Nonlinear Sci. Appl. 2017, 10, 2550-2564. [CrossRef]

12. Mustafa, Z.; Khan, S.; Jaradat, M.M.M.; Arshad, M.; Jaradat, H. Fixed point results of F-rational cyclic
contaractive mapping on 0-complete rational metric spaces. Ital. J. Pure Appl. Math. 2018, 40, 394-409.

13. Nazam, M.; Aydi, H.; Arshad, M. On some problems regarding set valued («,1) — F-contractions.
Commun. Fac. Sci. Univ. Ankara Ser. A1-Math. Stat. 2019, 68, 1-16. [CrossRef]

14. Nazam, M.; Aydi, H.; Noorani, M.S.; Qawaqneh, H. Existence of Fixed Points of Four Maps for a New
Generalized F-Contraction and an Application. J. Funct. Spaces 2019, 2019, 5980312. [CrossRef]

15. Hammad, H.; De la Sen, M. PPF-Dependent Fixed Point Results for New Multi-Valued Generalized
F-Contraction in the Razumikhin Class with an Application. Mathematics 2019, 7, 52. [CrossRef]


http://dx.doi.org/10.1080/00036817708839165
http://dx.doi.org/10.1186/1687-1812-2013-280
http://dx.doi.org/10.1155/2013/827205
http://dx.doi.org/10.1186/1029-242X-2013-287
http://dx.doi.org/10.2298/FIL1605339P
http://dx.doi.org/10.22436/jnsa.009.05.128
http://dx.doi.org/10.2298/FIL1705141A
http://dx.doi.org/10.22436/jnsa.010.05.23
http://dx.doi.org/10.31801/cfsuasmas.516595
http://dx.doi.org/10.1155/2019/5980312
http://dx.doi.org/10.3390/math7010052

Symmetry 2019, 11, 1375 16 of 16

16. Rahman, M. Integral Equations and Their Application; WIT Press: Southampton, UK, 2007.
17.  Drici, Z.; McRae, EA_; Devic, ].V. Fixed-point theorems in partially ordered metric spaces for operators with
PPF-dependence. Nonlinear Anal. 2007, 67, 641-647. [CrossRef]

@ (© 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).



http://dx.doi.org/10.1016/j.na.2006.06.022
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Main Results
	Multi-Valued Generalized Weakly -F-Contractions
	Application 1
	Application 2
	Conclusions
	References

