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Abstract: The present paper is about magnetic curves of spherical images in Euclidean 3-space.
We obtain the Lorentz forces of the spherical images and then we determine if the spherical images
have a magnetic curve or not. If a spherical image has a magnetic curve, then after presenting some
basic concepts about the energy of a charged particle whose trajectory is that magnetic curve and the
kinetic energy of a moving particle whose trajectory is the spherical indicatrix, we find the energy of
the charged particle and the kinetic energy of the moving particle.

Keywords: magnetic curve; Lorentz force; energy; spherical indicatrix; charged particle

1. Introduction

Magnetic curves are curves showing lines of a magnetic force, as between the poles of a powerful
magnet. It is known as “magnetostatics” in physics terminology and it deals with stationary electric
currents [1]. The static magnetic fields on E? are regarded as closed 2-forms in mathematics terminology.
Considering this concept on Euclidean 3-space, they can be introduced on a Riemannian manifold
as closed two-forms. In the Riemannian manifold, the trajectories of the charged particles moving
under the effect of the magnetic fields are magnetic curves. Magnetic curves are curves which satisfy a
special equation

VoY = ¢(7) @

known as the Lorentz equation. Here, ¢ is Lorentz force, V is the Levi—Civita connection. In other
words, magnetic curves are solutions to Equation (1) [2]. When Equation (1) is zero, the Lorentz
equation returns a geodesic equation. This fact shows that magnetic curves generalize the geodesic
curves. So this is an important research topic in differential geometry and physics. In the last years,
magnetic curves were studied in Kaehler manifolds and Sasakian manifolds, respectively, since their
fundamental 2-forms provide natural examples of magnetic fields [3].

The relation between geometry and magnetic fields have a long history. It is well-known that the
notion of linking number can be traced back to Gauss’s work on terrestrial magnetism. The linking
number connects topology and Ampere’s law in magnetism. De Turck and Gluck studied magnetic
curves and linking numbers in S and H3. Moreover, if magnetic trajectories have constant speed,
a unit speed magnetic curve is called a normal magnetic curve and denoted by y(s). In comparison,
studies on 3-dimensional Riemann manifolds are more specific since the 2-forms correspond to vector
fields in this case. In the light of this fact, magnetic fields identified with Killing vector fields are of
great importance, because they can be associated with divergence-free vector fields. Moreover, their
trajectories are called Killing magnetic curves [4].

In works of classical physics, to reduce the order of the system, continuous symmetries can be
used, and in some parts, its integratde completely. They may also restrict solutions to an invariant
manifold which we called conservation laws along with Noether’s theorem for variational problems.
Thus, directly searching for symmetries in precise systems has received intensive attention in the
last few decades. Another area of utilization symmetry analysis is to sort all earthly symmetry
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groups adopted by a differential equation with a large family. These conclusions gives us information
about when a system of general form holds one or more symmetries with which circumstances [5].
Additionally, there are many works related to symmetries of charged particles [6-8].

In this paper, we study the magnetic fields of the spherical images of a regular curve in Euclidean
3-space R3. We use the quasi elements of a regular space curve a and give a relationship between a
and the magnetic fields of its spherical images which are given with the Frenet elements. We find the
Lorentz force of the spherical images of the curve « and determine if the spherical images of the curve
« have a magnetic curve or not. If a spherical image has a magnetic curve, after presenting some basic
concepts about the energy of a charged particle under the action of a magnetic field, we find the energy
of a charged particle which has that magnetic curve as its trajectory. Moreover, after giving some basic
concepts about the kinetic energy of a moving particle, we find the kinetic energy of a moving particle
which has the spherical indicatrix as its trajectory.

2. Preliminaries
In this section, we present some basic concepts about magnetic fields and magnetic curves.

First of all, we recall the definitions of 2-form and closed form on a Riemannian manifold.

Definition 1. Let (M, g) be a Riemannian manifold. A 2-form 5 on M is a function i : x(M)x x(M) —
C*®(M, R) which satisfies the following two conditions [9]:

[i14(X,Y) is linear in X and in Y forall X,Y € x(M),

[ii] i is skew-symmetric, that is, (X, Y) = —y(Y, X) forall X,Y € x(M).

Definition 2. If the exterior derivative of a form n vanishes, that is, dy = 0, then vy is called a closed form [9].

In a Riemannian manifold, the trajectories of the charged particles moving under the effect of the
magnetic fields F are magnetic curves. The magnetic fields in Riemannian manifold are regarded as
closed 2-forms in mathematics terminology. The Lorentz force ¢ is a transformation which satisfies a
special equation

F(X,Y) = g(@(X),Y), XY € x(M). @

If the particle preserves constant energy along its trajectory then the trajectory of the particle has
constant velocity [10]. For any X,Y,Z € x(M), the mixed product of these vector fields is defined by

QX xY,Z) =dvy(X,Y,Z), 3)

where dvg is the volume form corresponding to the metric g.
Assume that V is a Killing vector field and X is any vector field, then the Lorentz force equation is

Pp(X)=VxX. (4)
Hence, from (1) and (4), we can write
v'}//’)’/ =V x r)//' (5)

Assume that v is a unit speed magnetic curve and w(s) is its quasislope measured with respect to
V. 7 is a magnetic trajectory [11], of V iff

V =w(s)T(s)+ x(s)B(s). (6)
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The quasi frame of a space curve wa(s) which is parameterized with arc-length is
{t;(s),my(s), by(s) }, where the vector fields are given as

ty(s) = T(s), @)
P (OF: ¥

q(s) Wr ®)
by(s) = T(s) xny(s). )

%
In this paper, we choose the projection vector k = (0,0,1). ny(s) and b,(s) are called the quasi

normal vector field and the quasi binormal vector field of the curve a(s), respectively [12].
Let 6(s) be the angle between the principal normal vector field N(s) and the quasi normal vector
field n4(s). The quasi formulas are given by

d ty(s) 0 ki(s)  ka(s) tg(s)
% ng(s) | = | —ki(s) 0 k3(s) ng(s) |, (10)
by(s) —ka(s) —ks(s) 0 by (s)

where k;(s) are called the quasi curvatures (1 < i < 3) which are given by

ki(s) = x(s)cosd(s) =<t;(s),nq(s)>, (11)
ko(s) = —K(s)sme(s):<t'q(s),bq(s)>, (12)
ka(s) = 0(s)+(s) =—(ny(s),by(s)). (13)

The relationship between the Frenet frame and the quasi frame is given by [12].

3. Magnetic Curves, Spherical Images and Energy

In this section, we give a relationship between a regular space curve which is given with the quasi
frame and magnetic curves of its spherical images which are given with the Frenet frame.

3.1. t-Magnetic Particles of the Tangent Indicatrix
Let a be a regular curve according to quasi frame in Euclidean 3-space and «; be its tangent

indicatrix. Let {tq, ng, bq} be the quasi frame of the curve « and {t, n, b} be the Frenet frame of «;.

Theorem 1. The Lorentz force of the tangent indicatrix aq of the curve a can be expressed as
_ ki kD S197}

o(t) 1R Ve 31 t

$(n) | = 0 A1k =Gy Ajkp—Bi(y n,

u u
¢(b) 0 Klkl\é;lllﬂl Klk;/:LllQl b,
v vVi

/ (14)
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where O = g(¢(ny), by) and

2
A = —(k%+k§),
By = KK —kikokh — k3koks — ks,
C1 = K3k +K5Ky + kik3ks — kikiks,
Ky = Kk3+k3ks +kikh — Kiky,
Li = -k (k%-'-k%),
M = ki (B+8),
4 2
U = (B+8) + (B +1) (ks + ks +kikh — Kk ),
3 2
v, = (k%+k§) +(k§k3+k§k3+k1k’2—k’1k2) ,
2 2
Wi = 3k (K) ko + KiKk3 — k3K K — s (K3)®)

+ (I +3) (kaks + IEKS + k3K; — KKy — kikiks — kakbks )

40f 14

(15)
(16)
(17)
(18)
(19)

(20)
(21)
(22)
(23)

(24)

Proof of Theorem 1. According to the expression of the Frenet frame of a1 in terms of the quasi frame

of & in [13], we can write

0 kl k2
t K2 +k3 B+ t;
b LR W | | b,
Vi vn vV
We know the following equalities from [14],

(P(tq) 0 kq ko tq
(,b(nq) = _kl 0 01 I‘Iq
(P(bt]) _k2 _Ql 0 bq

By the linearity of ¢ we can write

k1 ko
(t) = —F pmg)+ 2 by,
¢(tg) T%ij%‘P( 7) T%ij%‘P( q)

A B C

Pp(ng) = ﬁ‘f’(tq) + \/7&—1917(“@) + \/7111—147(1’!1),
K L M

¢(by) = \/7‘1,—14’(%) + \/7‘1/—14’(“11) + \/7%47(1’!1)-

Since we know the equalities (26), we get

_ k2 k2 _ ko O k1
D G R N
n = 1k =Gy 1kp—B1 n
¢ 0 VT VI, 7
(P(b) 0 Kiki=M101 Kiko+L10g bq
Vi VWi

(25)

(26)

(27)

(28)

(29)

(30)
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Theorem 2. The magnetic field V of the tangent indicatrix aq of the reqular space curve w satisfies the

following equality,

V == atq + bnq + qu,

where

holds. So, we can write

K8 + K1 Ky

7
V1 Ki

K§+K1k£

V1 Ky !

Kk
Wi Ko

Proof of Theorem 2. Since the magnetic field V corresponds to t-magnetic curve, the equality

Vit =V xt

ko

k
(aty + bng + cby) x (“ng + ~2bg) = xn.
Ky Ky

Using the expression of n in terms of the quasi elements of «, we get

bk2 — Cklt akzn + &bq

A B
Kg \/Ul 1 \/Ul 1 \/U]

So, from this equality we can write the following equalities,

bk, — ckq
Ky

akz

Ky

ﬂkl
Ky

Simple calculations give us the following equality,

To find b and ¢, we use the equality

f&i 1+IK<§.
[+ KKy

Viox3
(V) =0.

Using the linearity of ¢, we can write

ag(ty) +bp(ng) +cp(by) = 0.

So, we get

— (bky + ckp)ty + (aky — cQ)ng + (aky + by )by = 0.

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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Thus, we can write

bki+ck, = 0, (45)
ak1 - CQl = 0, (46)
ak, +00 = 0 (47)
Now, we have two equalities to calculate b and c,
bky, — ckq Aq Ky
— = — 1+ —, 48
Ka \ U] Kg ( )
bki +ck, = 0. (49)
Solving this system, we obtain
p = JEtKik (50)
o Vl le !

/.6
ke + K1 kq

p— —_ —_— . 1
c 7 (51)

Corollary 1. The function O which is given with the equation () = g(¢(ny), by) is

O

0 = ——2. (52)

Proof of Corollary 1. From Theorem 2, the result is obtained by direct calculations. [

3.2. The Energy of a t-Magnetic Particle

Now, we give a formula to calculate the energy of a charged particle moving along a t-magnetic
curve which is a curve where the tangent satisfies Vit = V X t. Firstly, we recall some basic concepts
about this subject.

Let 1 : TM — M be the bundle projection, T(TM) = V& Hand F : M — TM be a
differentiable vector field. Here V is the vertical component and H is the horizontal component. Then
differential dF can be separated into vertical and horizontal components as follows:

dF = d°F + d"F. (53)

Because of the orthogonal decomposition of dF on T(TM), the energy can be separated into two
parts as follows:

1 1 1 2
E(F) = §/||dl-"||2dx: §/||dUF||2dx+§/HthH dx, (54)
M M M

where dx shows the Riemannian volume element. Using the facts that 77 is a Riemannian submersion
and F is a section, one can get the followings:

2
HthH = ||drt o dF|% = |lidya|? = m. (55)
On the other hand, one can get

|d°F|* = ||Qo dF|* = | VF|?. (56)
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Thus, the energy formula becomes [15]

E(F) = %/||VF||2dx+ ZVol(M). (57)
M

Let 0q,07 € T(TM), then the Sasaki metric on T(TM) is defined by the following equation:

8s(01,02) = gldn(on), dr(2)) +g(Q(en), Q(02)), (58)

where Q : T(TM) — TM is the connection map. This metric makes 7 : TM — M a
Riemannian submersion.

If V is a magnetic field which corresponds to a t-magnetic curve, the energy formula can be
rewritten for V using the Sasaki metric as follows [16]:

E(V) = %./‘gs(dv,dv)ds. (59)
0

Now, we give a formula to calculate the total kinetic energy of a particle traveling along a curve y
with the speed directed by . Firstly, we recall some basic concepts about this subject.

Definition 3. Let M be a Riemannian manifold and c : [0,a] — M be a piecewise differentiable curve.
A variation of ¢ is a continuous mapping f : (—¢, €) x [0,a] — M such that:

[il £(0,t) =c(t),t €[0,4],

[ii] there exists a subdivision of [0,a] by points 0 = tog < t; < - -+ < tyy1 = a, such that the restriction of f to
each (—¢,€) x [t;, tiy1],1=0,1,...,k, is differentiable.

For each s € (—¢,¢), the parametrized curve f; : [0,a] — M given by fs(t) = f(s,t) is called a
curve in the variation. Thus, a variation determines a family f;(¢) of neighboring curves of fy(t) = c(t).
A function L : (—¢,¢) — R is defined by

/HfstHdtse( ). (60)

This function is used to compare the arc length of ¢ with the arc length of neighboring curves in a
variation f : (—¢,€) x [0,a] — M of c. That is, L(s) is the length of the curve fs(f).
The kinetic energy function Ej(s) is defined by

s)—ZHaa{@,t) 2

This function measures the total kinetic energy of a particle traveling along the curve f;(t) with
the speed directed by f;(t).
Letc: [0,a] — M be a curve and let

dt, s € (—¢,¢). (61)

(62)

dt and Ex(c / ‘
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Putting f =1land g = ‘ % in the Schwarz inequality:
a a a
( / Fadt)? < / F2dt. / Jdt, 63)
0 0 0
the following inequality is obtained:
L(c)* < aE(c), (64)

where equality occurs if and only if g is constant, that is, if and only if f is proportional to arc length [17].

Theorem 3. The energy of the particle which has t-magnetic curve of the tangent indicatrix a1 of a space curve
« under the action of the magnetic field V is

S
E(V) = %/(1 (@2 4 (V) + aky — cks)? + (¢ + akp + bk3)?)ds, 65)
0
where
K6 +K1 K1
s o= ik (66)
K§ + Ky k
b “Vl 1;72’ (67)
o

6
_ _ ratKik
c = Vi ox (68)

Proof of Theorem 3. The t-magnetic curve of the tangent indicatrix a; of a space curve «a is the
trajectory of a1 under the action of the magnetic field V. To calculate the energy of the particle, we use
the energy Formula (59). By the definition of the Sasaki metric, we can write

8s(dV,dV) = g(dr(dV (ty)), dre(dV(tg))) +8(Q(dV (tg)), Q(dV (t7)))- (69)
Since V is a section, we get
drodV =d(moV) =d(idy) = idrp. (70)
So, using this fact, we find
g(dr(dV (t)), dr(dV (t;))) = gty ) = 1. 71)
On the other hand, one can get
Q(dV(ty)) = Vi,V = (a')? + (V' + aky — cks)* + (¢ + aky + bks)?. (72)

Thus, putting these values in the energy Formula (59), we obtain

E(V) = % /(1 + (@) + (V' + aky — ck3)? + (¢ + aky + bk3)?)ds. (73)
0
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Theorem 4. The total kinetic energy of the moving particle which has the tangent indicatrix aq of a space curve

« as a trajectory is
S

Ex(a1) = /Kids. (74)
0

Proof of Theorem 4. The tangent indicatrix & of a space curve « is the trajectory of the particle.

To calculate the total kinetic energy of the particle, we use the energy Formula (62). Since a1 (s) = t,(s),
day (s) /

o = /K3 + k3. (75)

doy (s)
ds

= klnq + kzbq and ‘

We know,
ki1 = x4 cosf and ky = —k, sin 6, (76)

where 0 is the angle between the principal normal n and the quasi normal n,. So, we get
K24 k3 = «2. (77)

Thus, putting this value in the kinetic energy Formula (62), we obtain

Ex(a1) _7‘
0

S
d(s)|> 7 o
s ‘ ds{xads. (78)

O

3.3. n-Magnetic Particles of the Quasi Normal Indicatrix

Let « be a regular curve according to quasi frame in Euclidean 3-space and a5 be its quasi normal
indicatrix. Let {tq, ng, bq} be the quasi frame of the curve « and {t, n, b} be the Frenet frame of «;.

Theorem 5. The Lorentz force of the quasi normal indicatrix ay of the curve o can be expressed as

_ kD B N S 510
¢(t) 13 Vaths e Y

n) | = | _BkiGh, Baks+Ar | | o | 79
4)( ) ViU 0 Vih l (79)
¢(b) _ Lkt My 0 Loks+K 0 by

V2 vV

where Oy = g(P(by), tg).

Proof of Theorem 5. According to the expression of the Frenet frame of «; in terms of the quasi frame
of a in [13], we can write

—ky 0 ks
t NG 12+ t;
nl=| B Sy | (80)
u; u; u
b KL M b,
VA VA A )
We know the following equalities from [14],
¢(tq) 0 k1 0 tq
p(ng) | =| =ki 0 k3 n; |. (81)
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By the linearity of ¢ we can write

—kq ks
Ppt) = ———=¢(ng) + ——=—=¢(by), (82)
\/ K3+ K3 \/ K3+ K3
pn) = T2+ 2plng) + 2 g(b,) )
IR ALV Al
K> L, Mp
b) = —¢ty) + ——=¢(ny) + —==¢(by). 84
Since we know the equalities (81), we get
kO _ 2 2 kKO
$(t) o vktk - t
p(n) | = _B 1+l§202 0 sz3+&‘\202 n, |. (85)
¢(b) Lo, 0 Lo, by
V2 VVa

Theorem 6. There is not n-magnetic curve which is a curve where the tangent satisfies Vin = V X n, of the
quasi normal indicatrix of a regular space curve.

Proof of Theorem 6. If there was a magnetic curve it must have a magnetic field V such as
V = at; + bng + cbg, (86)

which satisfies the following equality,
Vin =V X n. (87)

So, we can write

A B, @)
t, +
N

Using the expressions of t, b, x and 7 in terms of the quasi elements of &, we get

(aty 4+ bng +cbg) x ( b;) = —«xt+ Tb. (88)

bCZ - CBZ CA2 — IZC2 IZBZ — bAz Kz 1 k1

q ng + b, = ((1+ )? (89)
Vi Vi Vi K+ e 12
WaK, Waly
+ t; + n 90
VAR A 0
WM, K> 1k
+ —(1+ 2 b, (91
So, from this equality we can write the following equalities,
bC2 — CB2 W2K2 Kz 1 k1
. I PR TS} S ©2)
vV LI2 VQ\/ V2 (k1 + k3) k% + k%
CA2 — ﬂCz _ W2L2 (93)
VU Voy'Vo'
aB, —bA Wo M, K k
% - ‘/27\/\72 B +2k2)3)% o o4
2 2V V2 1773 ki + k3
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Simple calculations give us the following system
T 1 K
B, —A 0 a U (sz (1+ (kz-‘rkz >2 \/k2+k2)
-G 0 A b | = VU VVZV;LA (95)
0 & BR]lc VO( + (1t i)

VIG+K

We want to solve this system according to the Crammer rule, so we must compute the
determinants A and A1, A,, Az, where

B, —A 0
A=|—-C 0 A (96)
0 G —-B
and
Wo My 1 ky —
ViR(yia — ( +V(Vk2L+k2 3)2 \/k2+k2) A 0
A = VU szﬁZ 0 Ay |, (97)
77— WaK Lk
U Vz%/l (1+ (k2+k2 5)2 \/k21+k2 N
1 Wo M, 1k
B2 u (‘/2\/72 (1 + (k2+k2 ) \/k21+k2)
W, K Lk
0 Vib(ging + (1 + (k2+k2 3)2 \/k21+k2 —B
A 1k
W L
Ay = -G 0 e VU szﬁz . (99)
0 C2 vV Uz( i/i + (1 + (k2+k2)3 )7 1

VS
Since A = 0 and A3 # 0, the system (95) does not have a solution. This means that there is not
magnetic curve of the quasi normal indicatrix of a regular space curve

O
3.4. b-Magnetic Particles of the Quasi Binormal Indicatrix

Let a be a regular curve according to quasi frame in Euclidean 3-space and «3 be its quasi binormal
indicatrix. Let {t;, ng, b, i

} be the quasi frame of the curve a and {t, n, b} be the Frenet frame of a3

Theorem 7. The Lorentz force of the quasi binormal indicatrix a3 of the curve a can be expressed as

koks 3 —kr )3 K
o) VER - VER - VER || Y
p(n) | = | _GketBQs A5 C3k3 0 n, |, (100)
Vi 1
¢(b) _ Maky+l303  K3Q3— M3k3 0 b,
vV VVs
where O3 = g(P(t;),ny).
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Proof of Theorem 7. According to the expression of the Frenet frame of a3 in terms of the quasi frame
of a in [13], we can write

—ky ks
t VER O B ([
n| = ;é%: 2%%: ;%%: ng |. (101)
b SR P VS b,
VA VA A )
We know the following equalities from [14],
¢ (tq) 0 O3 ko tq
(P(nq) =| —Q3 0 ks n; |. (102)
(P(bq) -k, —k3 O bq

By the linearity of ¢ we can write

—k —kj
Pp(t) = ————=¢(ty) + ————=0¢(by), (103)
\/ K3+ K3 K3+ K3
A3 Bg Cg
n) = —¢ty)+——=¢(ny)+——=¢(by), (104)
K3 Ly M3
b) = —¢t;) + —=0¢(ny) + —=¢(by). 105
Since we know the equalities (102), we get
koks K —ky Q3 B
¢(t) N N N t;
¢p(n) | = | — Cakz\%f:ﬂa Asﬂjl%caks 0 n; |. (106)
¢(b) _ Mzko+L3Q3  K3Q3—Msks 0 b,
VV3 VV3

Theorem 8. There is not b-magnetic which is a curve where the tangent satisfies Vib = V x b, curve of the
quasi binormal indicatrix of a reqular space curve.

Proof of Theorem 8. If there was a magnetic curve it must have a magnetic field V such as

which satisfies the following equality,
Vib =V xb. (108)

So, we can write

Kj L3 M;3
t, + n, + b
N NI

(aty +bng 4 cby) x ( ) = —1n. (109)

N
Using the expressions of n and 7 in terms of the quasi elements of «, we get

ng - CL3 CK3 — LlMg Lng - bK3

—W3A3 —W3B; —W3C3
q nq +
\/V3 v V3 V V3

t, + n
sz T i T Vs

bq:

b,. (110)
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So, from this equality we can write the following equalities,

bM3 — CL3 _ —W3A3 (111)
V'V V3/Us '
CK3 - aM3 _ —W3B3 (112)
VVa V3y/Us'
aL3 — bK3 _ *W3C3 (113)
VV3 VavUs
Simple calculations give us the following system,
7W3A3
0 M —Ls3 a Vsl
-M; 0 K b | = j{,% . (114)
L3 —K3 0 —WsGs
VVsls

We want to solve this system according to the Crammer rule, so we must compute the
determinants A and A1, Ay, A3, where

0 Mz —L3
A=| -Mz 0 K3 (115)
Iy —-K3 0
and
—W3A
o Mol
_ —VV3D3
A = NIATA 0 K; |, (116)
WG Ky 0
VU5 3
—W3A
P
Ay = | ~Ms PR Ks |, 117)
L; =MB& g
VAZSS
—W3A
0 M3 T\/;%;
Ay = —-Msz 0 ﬁ . (118)
_ —W3G3
L3 K3 Vil

Since A = 0 and A # 0, the system (114) does not have a solution. This means that there is not
magnetic curve of the quasi binormal indicatrix of a regular space curve. [

4. Conclusions

Magnetic fields and magnetic curves are studied interdisciplinary, especially in physics and
differential geometry. The Lorentz force Equation (5) can be applied in some areas such as in protons,
cancer therapy, and velocity selectors [18]. Firstly, we mention about what they mean in physics. By the
view of differential geometry, we consider the advantages of the quasi frame of a space curve and
study magnetic particles of the spherical images of a regular space curve given with the quasi frame.
Also, we calculate the energy of a charged particle whose trajectory is a t-magnetic field, and the total
kinetic energy of a moving particle whose trajectory is the tangent indicatrix. It is well known that
the Lorentz formula generalizes the geodesic concept. Magnetic curves have many application areas
in physics such as in Kirchhoff elastic rods, etc. For example, in his study, Munteanu mentioned the
energy levels in models of atoms with closed geodesic [19]. Thus, magnetic curves are important for
physics, and differential geometry is vital to study them.
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