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Abstract: In this paper, we introduce and characterize the breakable semihypergroups, a natural
generalization of breakable semigroups, defined by a simple property: every nonempty subset of
them is a subsemihypergroup. Then, we present and discuss on an extended version of Rédei’s
theorem for semi-symmetric breakable semihypergroups, proposing a different proof that improves
also the theorem in the classical case of breakable semigroups.
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1. Introduction

Breakable semigroups, introduced by Rédei [1] in 1967, have the property that every
nonempty subset of them is a subsemigroup. It was proved that they are semigroups with empty
Frattini-substructure [1]. For a structure S (i.e., a group, a semigroup, a module, a ring or a field),
the set of those elements which may be omitted from each generating system (containing them) of S is
a substructure of the same kind of S, called the Frattini-substructure of S. However, as mentioned in
the book [1], there are some exceptions. The first one is when the Frattini-substructure is the empty set
and this is the case of breakable semigroups, unit groups, zero modules or zero rings. The second one
concerns the skew fields having the Frattini-substructure zero [1]. Based on the definition, it is easy to
see that a semigroup S is breakable if and only if xy € {x,y} forany x,y € S, i.e., the product of any two
elements of the given semigroup is always one of the considered elements. Another characterization
of these semigroups is given by Tamura and Shafer [2], using the associated power semigroup,
i.e., a semigroup S is breakable if and only if its power semigroup P*(S) is idempotent. An idempotent
semigroup is a semigroup S that satisfies the identity a> = a for any a € S. A complete description of
breakable semigroups was given by Rédei [1], writing them as a special decomposition of left-zero and
right-zero semigroups (see Theorem 1).

The power set, i.e., the family of all subsets of the initial set, has many roles in algebra, one of them
being in hyperstructures theory, where the power set P(S) is the codomain of any hyperoperation
on a nonempty set S, i.e., a mapping S x S — P(S). If the support set S is endowed with a binary
associative operation, i.e., (S, -) is a semigroup, then this operation can be extended also to the set of
nonempty subsets of S, denoted by P*(S), in the most natural way: AxB ={a-b|a € A,b € B}.
Thereby, (P*(S), x) becomes a semigroup, called the power semigroup of S. Similarly, if (S, 0) is a
semihypergroup, then we can define on the power set a binary operation

A%xB = U aob, forall A,Be P*(S)
acA,beB

which is again associative (see Theorem 5). Going more in deep now, if we have a group (G, -)
and we extend the operation to the set P*(G) as before, then a new operation is defined on
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P*(G): AoB={a-b|aec Abec B}. Anonempty subset G of P*(G) is called an HX-group [3]
on G, if (G,0) is a group. Similarly, on the group (G,-), one may define a hyperoperation by
adb={a-b|aec Abe B}, where A, B € P*(G), called by Corsini [4] the Chinese hyperoperation.
An overview on the links between HX-groups and hypergroups has recently proposed by
Cristea et al. [5].

Having in mind these connections between semigroups and semihypergroups and the importance
of the power set and the decomposition of a set in the classical algebra, in this paper we would like to
direct the reader’s attention to a new concept, that one of breakable semihypergroup. The rest of the
paper is structured as follows. In Section 2 we recall the breakable semigroups and the fundamental
semigroups associated with semihypergroups. The main part of the paper is covered by Section 3,
where we define the breakable semihypergroups and we present their characterizations using the
power set and a generalization of Rédei’s theorem for semi-symmetric semihypergroups, that permits to
decompose them in a certain way. This decomposition is similar with that one proposed by Rédei’s for
semigroups, but slightly modified, to cover all the types of algebraic semihypergroups, by consequence
all the types of algebraic semigroups. We have noticed that for some semigroups the Rédei’s theorem
does not work, while our proposed decomposition solves the problem. Besides we show that the set
of all hyperideals of a breakable semi-symmetric semihypergroup is a chain. The semi-symmetry
property plays here a fundamental role. This property holds for the classical structures, while in the
hyperstructures has a significant meaning: the cardinalities of the hyperproducts of two elements
x oy and y o x are the same for each pair of elements (x,y) in the considered hyperstructure (H, o).
Clearly this is evident for commutative hyperstructures. At the end of the paper, some conclusive
ideas and new lines of research are included.

2. Preliminaries

Since we like to have the keywords of this note clearly specified and laid out, in this section
we recall some definitions and properties of semigroups and semihypergroups. For more details on
both arguments the reader is refereed to [1,2,6] for the classical algebraic structures and [7-10] for the
algebraic hyperstructures.

A semigroup (S, -) is called a left zero semigroup, by short an l-semigroup, if each element of it is a
left zero element, i.e., for any x € S, we have x - y = x for all y € S. Similarly, a right zero semigroup,
or an r-semigroup, is a semigroup in which each element is a zero right element, i.e., for any x € S,
wehavex-y =yforally € S.

In 1967, Rédei [1] gave the definition of breakable semigroups, as a subclass of the semigroups
having an empty Frattini-substructure.

Definition 1. A semigroup S is breakable if every non-empty subset of S is a subsemigroup.

It is easy to see that a semigroup (S, -) is breakable if and only if x - y € {x,y} for any x,y € S.
A complete description of the structure of a breakable semigroup is given by Theorem 50 in [1].

Theorem 1. A semigroup S is breakable if and only if, it can be partitioned into classes and the set of classes
can be ordered in such a way that every class constitutes an [-semigroup or an r-semigroup, and for any two
elements x € C and y € C’ of two different classes C,C', with C < C', wehave x -y =y -x = y.

Moreover, if (S, -) is a semigroup, then it is obvious that the set P*(S) of all non-empty subsets
of S can be endowed with a semigroup structure, too, called the power semigroup, where the binary
operation is defined as follows: for A,B € P*(S), A-B={a-b|a € A,b € B}. Then a breakable
semigroup can be characterized also using properties of its power semigroup, as shown by Tamura
and Shafer [2].
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Theorem 2. A semigroup S is breakable if and only if its power semigroup is idempotent, i.e., X = X> for all
X € P*(S).

On the other hand, the set P*(S) is the codomain of any hyperoperation defined on the support
set S, i.e., amapping S x S — P*(S). Now, if we start with a semihypergroup (S, o), till now only a
classical operation was defined on S, and not a hyperoperation, so the power set is again a semigroup,
as we will show later on in Theorem 5.

The other natural and crucial connection between hyperstructures and classical structures is
represented by the strongly reqular relations. More exactly, on any semihypergroup (S, o) one can
define the relation B and its transitive closure §*, and define a suitable operation on the quotient
S/B* in order to endow it with a semigroup structure, called the fundamental semigroup related to S.
Here below we recall the construction, introduced by Koskas [11] and studied mainly by Freni [12],
who proved that = B* on hypergroups. For all natural numbers n > 1, define the relation B,
on a semihypergroup (S, o), as follows: aB,b if and only if there exist x1,...,x, € S such that
{a,b} C [T, x;. Take B = U,>1Bn, where B; = {(x,x) | x € S} is the diagonal relation on
S. Denote by B* the transitive closure of f. The relation 8* is a strongly regular relation. On the
quotient S/p* define a binary operation as follows: p*(a) ® p*(b) = p*(c) for all ¢ € p*(a) o B*(b).
Moreover, the relation f* is the smallest equivalence relation on a semihypergroup S, such that the
quotient S/B* is a semigroup. The quotient S/B* is called the fundamental semigroup.

3. Breakable Semihypergroups

In this section, based on the notion of breakable semigroup introduced by Rédei [1], we define
and characterize breakable semihypergroups. We present a generalization of Rédei’s theorem for
semi-symmetric semihypergroups.

In a classical structure (semigroup, monoid, group, ring, etc.) the composition of two elements is
always another element of the support set. This property is not conserved in a hyperstructure,
but it is extended in such a way that the result of the composition of two elements—called
hypercomposition—is a subset of the support set. This means that, for two elements x,y € S,
the cardinalities of the compositions x - y and y - x in a classical algebraic structure are always equal
(being both 1), while in a hyperstructure they could be greater than 1 and also different one from
another. For this reason we introduce the next concept.

Definition 2. A semihypergroup (S, o) is called semi-symmetric if |x o y| = |y o x| for every x,y € S.
It is clear that any commutative semihypergroup is also semi-symmetric.
Definition 3. A semihypergroup S is called breakable if every non-empty subset of S is a subsemihypergroup.

Obviously, every breakable semigroup can be considered as a breakable semihypergroup,
by consequence l-semigroups and r-semigroups are examples of breakable semihypergroups.

A hyperoperation “o” on a nonempty set S, satisfying the property x,y € x oy for all elements
x,y € S, is called extensive (by J. Chvalina and his group of researchers [13-15]) or closed (by Ch.
Massouros [16]). The most simple hyperoperation of this type was defined by the first time
by Konguetsof [17] around 70’s as x oy = {x,y} for all x,y € S. More than 20 years later,
this hyperoperation was re-considered by G.G. Massouros et al. [18,19] in the framework of automata

theory, proving the following result.

Theorem 3. Let H be a non-empty set [19]. For every x,y € H define x xgy = {x,y}. Then (H,*p) isa
join hypergroup.
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G.G. Massouros called this hyperstructure a B-hypergroup, after the binary result that the
hyperoperation gives.

Example 1. Consider S = ({1,2,3}, o) defined by the following Cayley table

o 1 2 3
1 1 1 {1,3}
2 {1,2} 2 {2,3}
3 {1,3} 3 3

Then S is a breakable semihypergroup.

Example 2. Consider S = ({1,2,3,4,5}, o) defined by the following Cayley table

o 1 2 3 4 5
1 1 2 3 4 5
2 2 2 {2,3} 2 {2,5}
3 3 {2,3} 3 3 {3,5}
4 4 2 3 4 5
5 5 {2,5} {35} 5 5

Then S is a breakable semihypergroup.

Notice that in both examples the hyperoperation is extensive. Moreover, both are
semihypergroups, but not hypergroups, since the reproduction axiom does not hold. The next theorem
gives a characterization of breakable hypergroups.

Theorem 4. A hypergroup (H, o) is breakable if and only if it is a B-hypergroup.

Proof. First, suppose that (H, o) is a breakable hypergroup. For any two distinct elements x and y
of H, by left reproducibility, there exists z € H such that y € x oz. Since H is breakable, it follows
that {x,z} is a subsemihypergroup, so x oz C {x,z}. It follows that y € {x,z} and thus y = z.
Therefore y € x o y. Similarly, using the right reproducibility, one proves that x € x o y. So we obtain
xoy = {x,y},1ie, (H, o) isa B-hypergroup.

Conversely, the other implication is evident. [

Similarly to the classic case, one can characterize the breakable semihypergroups using the
associated power semigroup.

Theorem 5. Let (S, o) be a semihypergroup. Then the following assertions hold:

(I) (P*(S),*) is a semigroup, where the binary operation x is defined by:

AxB= |J aob, forall A BeP*(S).
acA,beB

(II) (S,o0) is breakable if and only if (P*(S), ) is idempotent.
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Proof. (I) The binary operation * is associative since, for every non empty subsets A, B, C of S we have

Ax(BxC) =Ax( |J boo)
beB,ceC

= U ao(boc)

a€A,beB,ceC

= U (aob)oc

a€A,beB,ceC

= ( U aob)*C
acA,beB
= (A% B)«xC.

(II) Let (S, o) be breakable and A C S. Then A is a subsemihypergroup of S, thatis Ax A C A.
On the other hand, for everya € Awehavea =a0a C AxA. Thus Ax A = A, so (P*(S),*)
is idempotent. Conversely, suppose that (P*(S), x) is idempotent. Then, for every non empty
subset A of S, we have Ax A = A, so A is a subsemihypergroup, meaning that S is breakable.

O

Proposition 1. The fundamental semigroup of a breakable semihypergroup is breakable, too.

Proof. Let S be a breakable semihypergroup and (S/p*, ®) the associated fundamental semigroup.
We know that, for x,y € S, B*(x) ® B*(y) = B*(z), whenever z € xoy C {x,y}, because (S,0) is
breakable. So p*(x) ® B*(y) € {B*(x), B*(y)}, meaning that (S/B*, ®) is breakable, too. [

Now it is the time to go back to Rédei’s theorem and try to find a generalization in the broader context
of semihypergroups. Notice here the significance of the notion of semi-symmetric semihypergroup.

Theorem 6. A semi-symmetric semihypergroup (S, o) is breakable if and only if it can be partitioned into
classes, i.e., S = U,er Sy, where T is a chain and all S, are pairwise disjoint I-semigroups, r-semigroups or
B-hypergroups. Moreover, for every x € Sy and y € Sp, with a < B, we have xoy =yox =1y.

Proof. “=>" Suppose that (S, o) is a breakable semi-symmetric semihypergroup. Then, for any
x,y € S, the sets {x} and {x, y} are semi-symmetric semihypergroups, so

X2 =x 1)
and
xoy=x or xoy=y or xoy = {x,y}. ()

We will prove the theorem in several steps.
Step 1. First we define on S three relations as follows:

X~y <& XOoy=yyox =x. 3)
X~y Y& xX0y=xYyox =1y. 4)

Xx~py <= xoy=yox={xy} (5)



Symmetry 2019, 11, 100 6 of 10

In [1], it was proved that ~; and ~; are equivalences. We show now that also ~}, is an
equivalence. The reflexivity holds because of (1) and the simmetry is evident. For proving the
transitivity, take x,y,z € S such that x ~;, y and y ~j, z, thus

xoy=yox={x,y} and yoz=zoy={y,z}.
Hence it follows that

{x,y}Uxoz=xoyUxoz=x0{y,z} =xo(yoz)=(xoy)oz=
=xozUyoz=xo0zU{y,z}.

Thus {x,z} C xoz C {x,z} (because S is breakable), implying that x oz = {x,z}, i.e., x ~, z.
Therefore, ~, is an equivalence relation on S.

Define the corresponding partitions of S related to ~;, ~; and ~j, by C;,C; and Cy,, respectively.
Based on relations (3)—(5), we can notice that each class in C;, C, and Cj, is a maximal I-semigroup,
r-semigroup and B-hypergroup, respectively. Indeed, for example, let H be a B-subhypergroup such
that £, C H C S, where £, € Cj,. Then, for every y € H, we have x oy = y o x = {x, y}, meaning that
y € &, s0 £, = H. Thus the class £}, represented by x is maximal.

Step 2. We show that if any two classes of C;, C, or Cj, have a common element, then one of them
contains only one element. Let us assume, in contrast, that there exist two classes £; € C; and Z;, € Cp,,
both with more than one element, such that £; N 2, # @. Thus there exists y € £; N 2;,. It means that
{x,y} is an I-semigroup and {y,z} is a B-hypergroup. Then

(xoz)oy=xo0(zoy)=x0{z,y} =xozUxoy=x0zU{y} (6)
and
yo(xoz)=(yox)oz=xoz )

On the other hand, because of (2), we have xoz = xorz € xoz. If xoz = x, using (6),
we gety = xoy = {x,y}, which is impossible, because x # y. If z € x o z, then by (7), we have
{y,z} = yoz Cyo(xoz) = x0z 80y € xoz which is again a contradiction, because of (2).
Similarly, the other cases can be verified.

Step 3. Based on the assertion proved in the previous step, we may define on S a new partition:
we take the classes, of cardinality at least 2, of C;, C; and Cj, and then the singleton classes of all the
other elements of S (we read here that all the other elements are put each one in a different class).
We denote the corresponding equivalence relation by ~ and the class of x with respect to ~ by x.

Take x and y from two different classes, i.e., x ~ y. Since S is a breakable semihypergroup,
it follows that {x,y} is a subsemihypergroup, so relation (2) is verified. If x oy = x, then since S is
semi-symmetric, it follows that yox = x or y o x = y. If y o x = y, it means that x ~, y and thus x ~ v,
which is false. So x o y = y o x = x. Similarly, if x o y = y it follows that y o x = y. Thereby, for x ~ y,
we get

Xoy=Yyox=Xx Of X0y =yox=1. (8)

Step 4. We show that for any different elements x1, x3,y of S such that x; ~ x, ~ y, we have
either xjoy=yox;=y or xjoy=yox;=x; 9)
fori =1,2. Since x; ~ xp, the set {x1, x,} is an l-semigroup, an r-semigroup or a B-hypergroup. Let us

assume that {x1, x} is an l-semigroup, i.e., we have x; o x, = xp and x, o x; = x7. Besides, from (8),
wehavexjoy =youx;, fori =1,2.
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Now, by contrast, if we suppose that the assertion is false, then, because of (2) with a suitably
order, we have

X10Yy =YoX1 =X1, X20Yy=Yyoxp; =Y.

Hence x; = x10y = xy0(yoxy) = (xpoy)oxy = x10xy = xp, which is a contradiction,
so relation (9) is now proved. Similarly, relation (9) holds whenever {x3, x,} is an r-semigroup or a
B-hypergroup.

Step 5. On the set of all classes X define an ordering relation < as follows:

X<y xoy=yox=y. (10)

First we prove that the relation is well-defined, i.e., it does not depend on the representatives x
and y. Take x ~ x" and y ~ y'. By using (9) for x; = x,x, = x’ and y, then for x; = y,x, = y’ and
y = x, respectively, we get x’ oy = yox' =yand xoy =y ox =y

The reflexivity and the symmetry are evident. It remains to prove the transitivity. Assume that
X < yand¥y < z. By definition of <, these two relations meanthatxoy = yox = yandyoz =zoy = z.
It follows that x oz = x o (yoz) = (xoy) oz = y oz = z and similarly, z o x = z, meaning that X < Zz.

Besides, from (8), for x ~ y, it follows that either X < i or ¥ < X always holds, so the order <
is total.

“<=" The converse implication is obvious.

Now the proof is completed. [J

Remark 1. The structure of the proof of Theorem 6 is similar to that one proposed by Rédei [1] for
the decomposition of breakable semigroups, but it was obviously extended to hyperstructure environment.
Moreover, in the original proof, Rédei considered in Step 3 a different partition of the initial semigroup S, i.e.,
he considered the classes of cardinality at least 2 of C; and C,, and then the class of all the other elements of S.
But doing in this way, not all the breakable semigroups are decomposed as is requested by Theorem 1, as we can
notice here below.

Consider on the set S = {1,2} the operation x - y = max{x, y}. It is clear that S is a breakable semigroup
and using the above mentioned partition, we have to consider 1 and 2 in the same class (the last one, “of all the
other elements,” let’s say), since 1 and 2 are not equivalent with respect to both relations ~; and ~. So the
partition will be {{1,2}}, which is not an I-semigroup or an r-semigroup, obtaining thus a contradiction. On the
other way, if we consider the partition of S as in Theorem 6 in Step 3, i.e., we take the classes, of cardinality at
least 2, of C;, Cr and Cy, and then the singleton classes of all the other elements of S, we get another partition of S
as S = Sy U S, where Sy = {1} and Sg = {2}, both being I-semigroups (or r-semigroups), so Rédei’s theorem
is verified also in this particular case.

In the following examples we will show the decomposition of some breakable semihypergroups
obtained using Theorem 6.

Example 3. Let T = {a,B}, & < B, Sy = {1,2} be a I-semigroup and Sg = {3,4} be a B-hypergroup.
Then ({1,2,3,4}, 0) is a breakable semihypergroup with the following Cayley table:

o1 2 3 4
111 3 4
2 22 3 4
333 3 {34}
4 4 4 {34 4
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Example 4. Let T = {a,B,7,0}, a < B < v <4, Sy = {1,2,3} and S, = {6,7} be B-hypergroups,
Spg = {4,5} be an l-semigroup and S; = {8,9} be an r-semigroup. Then ({1,2,...,9},0) is a breakable
semihypergroup with the following Cayley table:

o 1 2 3 45 6 7 8 9
1 1 {12} {1,3} 45 6 7 8 9
2 {1,2} 2 {23} 45 6 7 89
3 {1,3} {23} 3 45 6 7 89
4 4 4 4 45 6 7 8 9
5 5 5 5 45 6 7 89
6 6 6 6 66 6 {67 8 9
7 7 7 7 77 {670 7 89
8 8 8 8 8 8 8 8 8 8
9 9 9 9 99 9 9 9 9

Example 5. Consider the following binary hyperoperation on the set of integers:

n ifm,n <0
VYm,ne€Z,mon = 0 llfm:n:O
{m,n} ifmn>0

max{m,n} otherwise.

Then (Z, o) is a breakable semihypergroup, since it is sufficient to take T = {a, B, v}, witha < g < v,
So = Z~ as an l-semigroup, Sg = {0} as an r-semigroup and S, = N as a B-hypergroup.

The notion of ideal of a semigroup was extended to the hyperstructures for the first time by
Hasankhani [20], defining the concept of left (right) ideal in a hypergroupoid, that was after changed
into hyperideal, in order to keep the meaning of the hyperoperation.

Definition 4. Let (H, o) be a hypergroupoid. A non empty set A of H is called a left hyperideal if, for x € A,
it follows that yox C A for any y € H. Similarly, A is a right hyperideal if, for x € A, it follows that
xoy C Aforanyy € H. Moreover A is called a hyperideal of H if it is both a left and a right hyperideal.

Theorem 7. Let S be a breakable semi-symmetric semihypergroup. Then the set of all hyperideals of S together
with the inclusion is a chain.

Proof. Let (S, o) be a breakable semi-symmetric semihypergroup. Then by Theorem 6, there exists an
equivalence relation ~ on S such that the set of classes C with respect to it can be ordered in such a
way that, for every distinct classes ¥ and ¥, we have

X<y xoy=yox=y. (11)
Please note that the definition of C is equivalent with
x~y=xoyUyox={xy}, x,y€S. (12)

We claim that, if I is a hyperideal of S, then
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Indeed, for every x,x’ € S, where x’ ~ x € I, we have {x,x'} = xox’ Ux’ ox C I, so the claim
is proved.
Furthermore, (11) implies that, for every hyperideal I of S, we have

xelLyeSx<y=yel, (13)

hencey C I.

Now, let I and | be distinct hyperideals of S. We will prove that either I C [ or | C I. To do this,
first we will show that either [\ I # @ or I\ | # @, i.e., just one of the assertions holds. In contrast,
let us suppose that [\ I # @ and I\ | # @, therefore there existay € I\ J and by € J \ I. From (13) it
follows that

49 < b forany b €] and by <7 forany a € I. (14)

Indeed, if b < ag, with b € ], then ay € ] (since ] is a hyperideal), which is false. So ag < b,
for any b € J. Similarly the other relation holds. This implies that a9 < bp and by < a,
hence {ag, by} C ag = by C I N J, which is impossible.

Thereby, for two distinct hyperideals I and ], we have either ] \ [ # @ or I \ | # @. Without loss
of generality, let I \ | # @ and take b € J. Then, by (14), we have a5 < b, with ag € I; this implies
that b € I, thus | C I. Similarly, if ] \ I # @, then I C ]. We can conclude thus, that the set of the
hyperideals of S is a chain with respect to the inclusion. [J

Corollary 1. The set of all ideals of a breakable semigroup is a chain.

4. Conclusions

In this paper, we have started the study of breakable semihypergroups, based on the classical
concept of breakable semigroups. In a breakable semihypergroup, each nonempty subset is a
subsemihypergroup. If we search for the same property in hypergroups (so semihypergroups satisfying
also the reproduction axiom), we obtain that there is only one class of breakable hypergroups and this
is that of B-hypergroups. Moreover, we have proved that a breakable semi-symmetric semihypergroup
can be decomposed in classes that are ordered in such a way that each class is an I-semigroup,
an r-semigroup or a B-hypergroup. At the end, we have proved that the set of all hyperideals of a
semi-symmetric breakable semihypergroup is a chain.

The properties of the breakable semihypergroups, in particular the proposed decomposition,
suggest several new lines of research. A first one could be a generalization of the classical notion
of Frattini-substructure, so the study of the Frattini-subhyperstructure. Another perspective could
be related to the role of the power set, so the set of subsets of the support set. It is well known that
the operation on a semigroup can be extended to the family of nonempty subsets of the semigroup,
endowing it with a semigroup structure, called the associated power semigroup. Now, if the support
set is a semihypergroup, then we can similarly extend the hyperoperation to an operation on the power
set, which remains associative. In our future work we intend to define a hyperoperation on the power
set and investigate its properties, aiming to define the power semihypergroup.
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