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Abstract: We study one-dimensional p-Laplacian problems and answer the unsolved problem.
Our method is to study the property of the operator, the concavity of the solutions and the continuity
of the first eigenvalues. By the above study, the main difficulty is overcome and the fixed point
theorem can be applied for the corresponding compact maps. An affirmative answer is given to the
unsolved problem with superlinearity. A global growth condition is not imposed on the nonlinear
term f. The assumptions of this paper are more general than the usual, thus the existing results
cannot be utilized. Some recent results are improved from weak solutions to classical solutions and
fromp > 2top € (1,00).
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1. Introduction

It is well-known that one-dimensional p-Laplacian problems

{—Apz(x) = f(x,z(x)) for almost every (a.e.) x € (0,1), )

z(0) = z(1) = 0.

are of great importance in the fields of Newtonian fluids (p = 2) and non-Newtonian fluids (p # 2);
Dilatant fluids and pseudoplastic fluids may be characterized by p > 2and 1 < p < 2, respectively (e.g.,
see [1]), where Apz(x) = (¢p(Z'(x))), 2/ (x) = Z—i denotes the usual derivative, ¢, (s) = |s|P~2s,s € R
and p € (1,00),

The existence of positive solutions of Equation (1) has been widely investigated via various
methods and a lot of results have been proved under various assumptions. Let us mention just
a few. Using the fixed point index, Wang [2] and Webb and Lan [3] studied Equation (1). In [2],
f(x,u) = g(x)fo(u) and fy was assumed to satisfy

fim 209 _ 0 and 1im 20 o )
u—eo yp—1 u—0+ yp—1

andin [3], p =2 and

0§limM<n2< lim Mgoo
u—oo U u—0+ U
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was imposed on f. Rynne [4] and Dai and Ma [5] investigated Equation (1) with suitable boundary
conditions using bifurcation theory. When p > 2, the existence of positive weak solutions was studied by
Cwiszewski and Maciejewski [6] under the sublinear conditions:

: f(u) 1 f(u)
< ST I <o
0< uhm ] <pp < ulll’(l;l o1 = 3)

or under the superlinear conditions:

- f(u) - f(u)
< e <
0= ull{(l;l—l- up—1 SHp < ulgr.}o up—1 — o )

where 1, is the first eigenvalue of the corresponding homogeneous Dirichlet boundary value problem
and pip = 7. Actually, Cwiszewski et al. [6] covered PDE cases, where f was not required to be
nonnegative, but Cwiszewski et al. [6] only studied weak solutions and requires both a global growth
condition on f and p > 2. Hence, they [6] obtained less restrictive solution under stronger assumptions.

In 2015, Lan et al. [7] proved the existence of positive (classical) solutions for Equation (1)under
the general conditions (see (H;) and (H) in Theorem 2.11 [7], which cover Equation (3)) involving
the first eigenvalues of the corresponding problems. However, the problem in Equation (1) under the
superlinear case is left unsolved [7], that is, whether Equation (1) has positive (classical) solutions
under the superlinear conditions in Equation (4).

In [8-10], the existence of solutions for high-dimensional cases was studied, where topological
degree theory, bifurcation theory and the variational approach were employed, respectively. One may
refer to [5-10] and the references therein for more related study of p-Laplacian problems.

The core of this paper is to give an affirmative answer to the unsolved problem with
superlinearity [7]. Our method is to study the property of the operator (see Lemma 4), the concavity of
the solutions (see Lemma 5) and the continuity of the first eigenvalues (see Lemma 12). By the study in
the above aspects, the difficulty such as of lacking linearity of the operator is overcome, the fixed point
theorem can be applied for the corresponding compact maps and new results are obtained. Since we
do not assume that f satisfies a global growth condition (see, for example, [6,8,9]) and the assumptions
of this paper are more general than the usual that (see, for example, [6]), the existing results cannot be
utilized in this paper. In addition, some recent results are improved from weak solutions to classical
solutions and from p > 2to p € (1, 00).

2. Preliminaries

Let AC[0,1] denote the space of all the absolutely continuous functions defined on [0, 1].
Let function z : [0,1] — R with z(x) > 0 for x € (0,1) satisfy z € C[0,1], ¢»(z') € AC[0,1].
If z satisties Equation (1) [11], then we call z being a positive (classical) solution of Equation (1).

Let Wé’p (0,1) denote the standard Sobolev space with norm

falypr = ([ 1P ax)" o= 1o,
and P denote the positive cone in Wé 7(0,1), that is,
P={ueWy?(0,1):u(x) >0 forxe[0,1]}
We recall some facts (see, for example, [7]) and establish several Lemmas. The first fact

1, 1,
WO p(O,]) - C[O, 1] and ||MHC[0,1] < CQHUHWO],p foru e W0 p 5)
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(Lemma 2.2 in [7]) is used to prove the limit property of the first eigenvalue po (Lemma 8) and the
main result, where ¢y > 0 is a constant.
The following two Lemmas are the maximum principle and the weak comparison principle.

Lemma 1. Assume that a function u € C[0, 1] satisfies the following conditions [7]:

1. u'(x)exists for x € (0,1) and ¢, (u") € AC(0,1).
2. —Apu(x) >0forae x € (0,1),and u(0) = u(1) = 0.

Then, u(x) > 0for x € [0,1]. Ifu # 0on (0,1), then u(x) > 0 for x € (0,1).
Lemma 2. Assume that u,w € W&’p(O, 1) satisfy [7],
(—=Apu(x),v(x)) < (—=Apw(x),v(x)) forveP,

where (—Apu(x),v(x) fo —Apu(x))o(x)dx.
Then, u(x) < w(x )ae on (0,1).

Let
D(A,) = {u € C}[0,1] : p,(u) € AC[0,1]}

and C}[0,1] = {u € C'[0,1] : u(0) = u(1) = 0} denote a Banach space with the norm
lullcrjon) = llullepoy + H“/Hc[o,n-

Lemma 3. For every v € L1(0,1), there exists a unique function u in D(A,) satisfying the quasilinear
boundary value problem [7],

—Apu(x) = v(x) forae x € (0,1), ©)
u(0) =0 =u(l).
We denote by T the inverse of —A,. Then, T : L'(0,1) — D(A,) is defined by
To=u, (7)
where u is in Equation (6).
It is easy to verify that T satisfies
1
T(Av) = A7 1T(v) for v € L1(0,1) and A > 0. (8)

Lemma 4. The map T : L1(0,1) — D(A,) is increasing, that is, wy,w, € L'(0,1), wy < wy implies
Tw, < Tw;.

Proof. We may assume that, by Lemma 3, u; € D(Ap)(i = 1,2) satisfying Tw; = u;(i = 1,2). Then,
—Apui(x) = wi(x)(i = 1,2). wy < wy implies

(=Apuq(x),v(x)) < (=Apuz(x),v(x)) forve P.

By Lemma 2, we have that u; < up and Tw; < Tw,. O

In [12], the following fact was proved (Proposition 2.1, [12]): Assume that u : [0,1] — R is
continuous, u’(x) exists for x € (0,1) and is decreasing on (0,1). Then, u is concave down on [0, 1].
Utilizing this fact, we prove
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Lemma 5. Let w € L'(0,1) with w(x) > 0a.e. on [0,1] and u € D(A,) such that —Apu(x) = w(x). Then,
u is concave down on [0, 1].

Proof. Let 7 € (0,1) such that u/(77) = 0. Then,

; ¢y ([l w(s)ds)  if0<x <y,
wilx) = { 4)21(— fﬂx w(s)ds) ify<x<1,

1
where ¢, 1(s) =sgn(s)|s|?T denotes the inverse function of ¢,. Since ¢y 1(s) is increasing, u/(x) is
decreasing on [0, 1], thus u(x) is concave down on [0,1]. [

We need some assumptions on the nonlinear term f [7]

(C1) Assume that f : [0,1] x Ry — R is the Carathéodory function, that is, (-, u) is measurable for
u € Ry and f(x, ) is continuous for a.e. x € [0, 1].
(C2) Foreachr > 0, there exists g, € L1 (0,1) such that

f(x,u) < g (x) forae xe€0,1]andallu € [0,r].

Define a map A from P to D(A,) by
Az(x) = (TFz)(x), 9

where Fz(x) = f(x,z(x)) is the well-known Nemytskii operator F : C,[0,1] — L1 (0,1) and T is in
Equation (7).
By Theorem 2.8 in [7] and Lemma 1, we have

Lemma 6. Under the assumption (C1) and (Cy), the following conclusions hold.

(i) A(P) C Pand Ais compact, where A defined in Equation (9) and A(P) = {Ax : x € P}.

(ii) z € P\ {0} satisfying z = Az is equivalent to z being a positive solution of Equation (1).

Lemma 7. For each g € L% (0,1) with fo x)dx > 0, there exist jug > 0 and @g € C§[0,1] N (P '\ {0})
satisfying [7],

-1
{—Apgog(x) = ygg(x)qog (x) forae x€(0,1), (10)
95(0) =0 = @g(1).
The positive value i, is called to be the first eigenvalue of (10), ¢, is called to be the eigenfunction
for j1g. Moreover, we know that, for each g € L (0,1) \ {0},

. fo |U |pdx Lp
= inf W7 (0,1) \ {0} ¢, (11)
b {fo g 0OV (0}
fo |o' (x)|P dx
where oo if fo x)|Pdx = 0. For g = 1, pq is given in ([11] (3.8)) by

Jo 8()lo(x JPdx

==

i (p) == {2/0(pl) 1—s’(p—1)"1] " ds}p. (12)
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Lemma 8. Let n > 1 be a natural number, g € LY (0,1) with fo x)dx > 0and
(x)_ g(x) if%gxgl_%/
YTV 0 dfxeo,hyua-1]

Then, limy 0 g, = Hg-

Proof. Forv € W&’p(O, 1)\ {0}, we have

</ 10/ (x |de// |pdx</01 |v’(x)|pdx//olgn(x)\v(xﬂ”dx

and pg < g, for any n.
For any € > 0, by Equation (11), there exists v € W&’p (0,1) \ {0} such that

1 , 1 c
| w<wwdx/[;gwﬂvu>wdx<ug+§.

,l
By Equation (5), v € C[0,1] and lim;, e f1 mo(x)|o(x)|Pdx = fo (x)|?P dx. This, together

with fo x) ds > 0, shows that there exists 19 > 0 such that

/ o' (x |de// gn(x)]o(x |’”dx—/ o' (x |de//77 x)[Pdx < pg+e

for n > ny, thatis, pg, < pg + €. The result follows. [

Lemma 9. Let z,,e € P\ {0} with Te € P\ {0} and t, > 0 such that z, = T(Fz, + tye).
Iflimy, 00 ||z,1|| 1p =, then 1imy o0 || | cjo,1) = o°.

Proof. In fact, if it is false, then we have a constant r; > 0 and a subset {n;} C N (N is the natural
number set) satisfying 0 < z,,(x) < rq for alli and x € [0, 1]. Obviously, we may assume {n;} = N
1

By Lemma 4, z, > T(tye) = t,fj Te, we see that {t,} is bounded. Let r, > 0 be a constant such
that 0 < t, < rp forall n. Let &, € (0,1) such that z},(&,) = 0 and

z

' x) = % f@ sa »+m(»d> i0<x < gy,
" fg (s,zn(8)) + tye(s))ds) if&, <x<1.

By (C2), let g, € L1(0,1) satisty |f(x,z)] < gr(x) foraex € [0,1]]and all 0 < z < ry.
From f(x,z,(x)) + tue(x) < g, (x) + rpe(x), we have that {z},(x)} is bounded, which contradicts
limy; 0 HanWS,p = oo. Hence limy 0 ||| cjo,) = 0. O

Letr >0andletP, ={z€P: |z <r}, o, ={z€P:|z|| =r}and P, = {z € P: ||z < r}.

Lemma 10. (i) If A : P, — P is compact and satisfies z # tAz for z € 9P, and t € (0,1], then
ip(A,Py) =1[7,13].
(ii) If A : P, — P is compact and z # Az for z € Py, then ip(A, P,) = 0.
(iii) Assume that h : [0,1] x P, — P is compact and satisfies z # h(t,z) for (t,z) € [0,1] x OP,. Then
in(h(0,), P,) = ip(h(1, ), P,).
(iv) Ifip(A, Py) = 1and ip(A, P,) = 0 for some p € (r,00), then A has a fixed point in P, \ P;.
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3. Main Result and Proof

Now, we state and prove our main result.
Theorem 1. Assume that (Cy), (Cy) and the following conditions hold.
o (Hi) Thereexistrg >0, €1 € (0, pix, ) and iy, € LL(0,1)\ {0} satisfying
flxu) < (g, — €1)kr, (x)uP™1 forae. x € [0,1] and each u € [0, ).
e (Ha) There exist pg > 0, € > O and y,, € L} (0,1) \ {0} satisfying

flx,u) = (py, +€2) o, (x)uP "1 forae. x € [0,1] and each u € [pg, o).

Then, Equation (1) has a positive solution z in C}[0,1].
Proof. Letr =, 9. We prove that
z#tAz forz € dPrandt € [0,1]. (13)

In fact, if it is false, let z € 9P, and t € (0, 1] satisfy z = tAz. By Equation (8), z(x) = T(t~'Fz)(x)
for x € [0,1]. It follows from Equation (7) that

—Apz(x) = tP71f(x,z(x)) forae. x € [0,1]. (14)

By Equation (5), ||z[[cjo1] < C0||Z\|W3,p = cor = ro and by (Hi) f(x,z(x)) < (px, —
€1)kr(x)zP~1(x) for a.e. x € [0,1]. By Equations (14) and (11) with ¢ = x;,, we have

20 3y = (~8y2,2) = 07 [ fla )zt < [ fx )zt
< [0y — e (027 )20 < (1, — el 21y <

It is a contradiction. By Lemma 10 (i), we have ip(A, Pr) = 1.

If there is z € 9P, satisfying z = T(Fz), then the result of Theorem 1 holds. Let g = ¢p,.
By Lemma 8, there is ng > 0 satisfying 0 < pg, < py, + €. Let e denote the eigenfunction
corresponding to the eigenvalue yg, , that is,

{—Ape(x) = ygnogno(x)ep’l(x) fora.e. x € (0,1), (15)
e(0) =0 =re(1).
We assume z # T(Fz) for z € 0P, and prove that there exists p > r such that
z# T(Fz+v(—Ape)) forz € oP,andv > 0. (16)
In fact, if it is false, there are z,, € 9P,, with p, — oo and v, > 0 such that z, # T(Fz,) and
2y = T(Fzyn + va(—Ape)). (17)

1

By Lemma 4, we see z, > T(vy(—Ape)) = vy e Let

1

Ty = sup{{ > 0:z,(x) > P Te(x) forxe (0,1)}. (18)
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Then, 0 < v, < 1, < o0 and

_1

zu(x) > 1) e(x) forx € (0,1). (19)

By T(—Ape) = e € P\ {0}, Equation (17) and Lemma 9, we see ||zu||cjo;; — oo. Hence,
there exists n = 7 satisfying ps > r and ||z cjo1] = 10po-

Since —Apz;(x) = f(x,z5(x)) + vie(x) > 0 for x € [0,1], Lemma 5 shows that z;(x) is concave
downon [0,1]. Let ¢ € (0,1) such that z;(¢) = ||z |lc[o,1) = 10po- Then

%x if x € [0,],
Zﬁ(x) 2 nppPo

1-¢

(1-x) ifxel[d1]

It is easy to verify z;(x) > po for x € [=,1 — %}

110’

By (Hy) and Equation (19), we have

F(x,zi(x)) > (y,, + €2)8n (X)zh ' (x),x € [0,1]

and
Fxzi(x)) > (py,, + €2)Tagny (x)eP ! (x), x € [0,1]. (20)

From Equation (20) and Lemma 4 we have

z5i(x) = TF(z5(x)) = T((pyy, + €2)Tagno ()eP (%)) = (pyy, +€2)777) T(guy (x)eP (%))

1

for x € [0,1]. By Equation (15), we see yg_ng*le(x) = T(gn,(x)eP~1(x)) for x € [0,1] and

1 —

1
z3i(x) = TF(z5(x)) > (uy,, +€2)7 Tig,r 7 e(x),x € [0,1].

1
This implies z;(x) > @’ﬁpfle(x), where & = (py, + €2) ;tg_% T; > T which contradicts the
definition of 7; in Equation (18). Hence, there exists p(= pj;) > r such that Equation (16) holds.

Let o > (||eﬁ0p )P~1. Then, z # T(Fz + o(—Ape)) for z € P,. In fact, if there exists z € P,
clo]

1
such that z = T(Fz + 0(—Aye)), thenz > T(0(—Ape)) = o7-Te. By Equation (5), we see ||z[|cjo1) <

Heﬁop )P~1. Itis a contradiction. Hence, ip(T(Fz + o (—Ape)), P,) = 0 by
clo]

COHZ”WS"’ < cgpand o < (

Lemma 10 (ii).
We define amap £ : [0,1] x P, — P by

h(t,z) = T(Fz + ot(—Ape)).

Then, & : [0,1] x P, — P is compact and by Equation (16), z # h(t,z) for (t,z) € [0,1] x 9P,.
By Lemma 10 (iii), we obtain

ip(A,Py) = ip(h(0,-),Ppy) = ip(h(1,-),Py) = ip(T(Fz + c(—Ape)), P,) = 0.

By Lemma 10 (iv), there exists z € P, \ P, satisfying z = Az and thus, by Lemma 6 (ii), z is a
positive solution of Equation (1). O
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4. Conclusions

First, we give an affirmative answer to the unsolved problem [7].
Let E C [0,1] with m(E) = 0 and

f(u)= sup f(x,u), f(u)= inf f(x,u).

XE[O,]]\E XE[O,”\E
Notation 1.
O =Tlimsup f(u)/uP™!, fo= hurginfi(u)/up—l.

u—0+

Corollary 1. Assume that (Cy), (Cy) and the following condition(superlinear conditions) hold.
0< fO < pui(p) < foo <00, (21)

where yy(p) is given by Equation (12).
Then, Equation (1) possesses a positive solution z in C}[0,1].

Proof. By Equation (21), (Hy) with x,, = 1 and (Hz) with ¢, = 1 hold for some ¢; > 0(i = 1,2) and
po, to with 0 < rg < pg < co. By Theorem 1, we know that the result holds. O

By Corollary 1, an affirmative answer is given to the unsolved problem [7]:

Corollary 2. Assume that (Cy), (Cp) hold and

. u . u
0< tim L0 < p) < tim 1) < oo 22)

Then, Equation (1) possesses a positive solution z in C}[0, 1].

Next, some results are improved and the existing results cannot be used in this paper.

In [6], Cwiszewski and Maciejewski studied positive weak solutions under the superlinear conditions
in Equation (4) or (21), where a global growth condition on f and p > 2 were required. Corollary 2
improves Cwiszewski and Maciejewski’s results (Theorem 1.1 with n = 1, [6]) from p > 2to p € (1,00)
and from weak solutions to classical solutions under the superlinear conditions.

The following example shows that the assumptions (Hp) and (Hy) of this paper are more general
than the usual superlinear conditions in Equation (21).

Example 1. Let f(x,u) = x> pand ¢ > 0 be a constant. Then, f satisfies (Cq)-(Cy). Let x(x) =

X% and c > . Choosing €1 = %, & = ¢ _ZVK

> 0, then

£ ) < (i, =€)y (0™ for x € 0,11, € 0, (55771 = o,n,

f ) > (g, + €2)pp (x)uP ™" for x € 0,1],u € [1,00) = [po, ),

where Ky, (X) = Pp,(x) = x~2. This shows that (Hy) and (Hy) in Theorem 1 hold and Equation (1) possesses
one positive solution for any 0 < px < c.
However,
f(u)= sup f(x,u)=ooforu>0and f° = oo,
x€[0,1)\E

f(u) = xe[ig}lf]\Ef(x,u) =cu’ " foru > 0and fo = o0,
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the usual superlinear conditions(see, for example, [6]) f* < uy(p) < feo are not true. The key inequality [5]

0< limM

|s|—0 S

= c(t) < Ak(p)
does not hold and the global growth condition (see, see for example, [6,8,9])
0 <|f(x,8)| < Co(1+sT71) forall x € Qands € [0,00)
is not imposed on f. Hence the existing results such as [5,6,8—=10] can not be used to treat this case.

Finally, in the study of boundary value problems, the linearity of the corresponding operators
was applied in an essential way in [3,12]. However, when p # 2, the corresponding operators of
Equation (1) is nonlinear, which is the main difficulty we encounter in this paper. We expect the
results obtained in this paper to be applied to other areas and, under (H;) and (Ha) (p = 2, see [12]),
Equation (1) to be studied further for the case of f taking negative values.
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