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Abstract: In this article we study the connection of fractional Brownian motion, representation
theory and reflection positivity in quantum physics. We introduce and study reflection positivity for
affine isometric actions of a Lie group on a Hilbert space £ and show in particular that fractional
Brownian motion for Hurst index 0 < H < 1/2 is reflection positive and leads via reflection positivity
to an infinite dimensional Hilbert space if 0 < H < 1/2. We also study projective invariance of
fractional Brownian motion and relate this to the complementary series representations of GL, (R).
We relate this to a measure preserving action on a Gaussian L?-Hilbert space L?(£).

Keywords: fractional brownian motion; reflection positivity; reflection negative kernels; representations
of S L2 (R)

1. Introduction

In this paper we continue our investigations of the representation theoretic aspects of
reflection positivity and its relations to stochastic processes ([1,2]). This is a basic concept in constructive
quantum field theory [3-6], where it arises as a requirement on the euclidean side to establish a duality
between euclidean and relativistic quantum field theories [7]. It is closely related to “Wick rotations”
or “analytic continuation” in the time variable from the real to the imaginary axis.

The underlying structure is that of a reflection positive Hilbert space, introduced in [8]. This is a triple
(€,&4,60), where & is a Hilbert space, 6 : £ — £ is a unitary involution and & is a closed subspace of
€ which is #-positive in the sense that the hermitian form (u, 8v) is positive semidefinite on £,. We
write & for the corresponding Hilbert space and g: £, — &,& — ¢ for the canonical map.

To relate this to group representations, let us call a triple (G, S, T) a symmetric semigroup if G is
a Lie group, T is an involutive automorphism of G and S C G a subsemigroup invariant under the
involution s + s' := 7(s)~!. The Lie algebra g of G decomposes into T-eigenspaces g = h @ q and
we obtain the Cartan dual Lie algebra g¢ = h @ iq. We write G for a Lie group with Lie algebra g°.
The prototypical pair (G, G¢) consists of the euclidean motion group E(d) = R? x O4(R) and the
orthochronous Poincaré group P(d)" = R? x Oy 4_1(R)". If (G, H, T) is a symmetric Lie group and
(€,&4,0) areflection positive Hilbert space, then we say that a unitary representation U: G — U(€) is
reflection positive with respect to (G, S, T) if

Uy =0Ug forge G and Uséy C &y 1)

If (11, £) is a reflection positive representation of G on (&, &4, 6), then Usq(v) := q(Usv) defines
a representation (Cl, g ) of the involutive semigroup (S, ff) by contractions ([8] Lemma 1.4, [4] or [9],
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Prop. 3.3.3). However, if S has interior points, we would like to have a unitary representation U°
of a Lie group G® with Lie algebra g° on & whose derived representation is compatible with the
representation of S. If such a representation exists, then we call (U, £) a euclidean realization of the
representation (U¢, ) of G¢. Sufficient conditions for the existence of U¢ have been developed in [10].

Althought this is a rather general framework, the present paper is only concerned with
very concrete aspect of reflection positivity. The main new aspect we introduce is a notion of
reflection positivity for affine isometric actions of a symmetric semigroup (G, S, T) on a real Hilbert
space. Here &£, is naturally defined by the closed subspace generated by the S-orbit of the origin.
On the level of positive definite functions, this leads to the notion of a reflection negative function.
For (G, S, 7) = (R, R, —idg), reflection negative functions ¢ are easily determined because reflection
negativity is equivalent to §| o ,) being a Bernstein function ([11]). An announcement of some of the
results in the present paper appeared in [2].

For a group G, affine isometric actions ag¢ = Ug + B¢ on a real Hilbert space £ are encoded in
real-valued negative definite functions ¢(g) = ||B¢||* satisfying y(e) = 0 (cf. [12,13]). Especially for
G = R, these structures have manifold applications in various fields of mathematics (see for
instance [14-16], and also [17] for the generalization to spirals which corresponds to actions of R
by affine conformal maps). For the group G = (R, +), the homogeneous function y(x) = |x|?H is
negative definite if and only if 0 < H < 1, and this leads to the positive definite kernels

1
CH (s, £) v= 5 (s + [H27 = [s — 1),

which for 0 < H < 1 are the covariance kernels of fractional Brownian motion with Hurst index
H ([18-22]).

One of the central results of this paper is an extension of the well-known projective invariance
of Brownian motion in the sense of P. Lévy (cf. [23] §1.2, and [24]) to fractional Brownian motion.
Here we use the identification of R := R U {oo} with the real projective line, which leads to the

ax+b
cx+d

action of GL,(R) by Mobius transformations g.x = for g = Z Z) . Starting from a realization

of fractional Brownian motion (B}?);cg with Hurst index H € (0, 1) in a suitable Hilbert space Hp by
the functions
H._ —
by = Sgn(t)?([mo,tvo] = X[0,00) — X[t,00) teR, ()
we associate to every pair of distinct points &, 7y in R a normalized process whose covariance kernels
Cfﬂr transform naturally under Mobius transformations in the sense that

Cga,g.ﬁ(g'slg't) = Caljﬁ(sr t)' 3)

Here the normalized fractional Brownian motion B! = |t| =" BH has the covariance kernel C&o
and the transformed process 553 is equivalent to the original one.

The structure of this paper is as follows. In Section 2 we briefly recall the general background of
reflection positive Hilbert spaces and representations and in Section 3 we introduce reflection positive
affine isometric actions U: G — Mot(&) on real Hilbert spaces £. Since the group Mot (&) has a natural
unitary representation on the Fock space T'(£), the L?-space of the canonical Gaussian measure of £,
affine isometric representations are closely linked with symmetries of Gaussian stochastic processes for
which G acts on the corresponding index set. This is made precise in Appendix B.1, where we discuss
the measure preserving G-action corresponding to a stochasic process with stationary increments.
For square integrable processes, this connects with affine isometric actions on Hilbert spaces.

To pave the way for the analysis of the interaction of fractional Brownian motion with unitary
representations, we introduce in Section 4 a family of unitary representations (UH , Hi)o<n<1 of
GL,(IR), respectively its projective quotient PGL, (R), i.e., the group of Mébius transformations on the
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real projective line. For H = % this is the natural representation on L?(R) (belonging to the principal
series), whereas for H # 1 it belongs to the complementary series ([4,25]). The Hilbert spaces Hp
are obtained from positive definite distribution kernels by completion of S(R) with respect to the
scalar product

@ =—5 [, [ T0m )l -y dxdy.

In Section 5 we realize fractional Brownian motion in a very natural way in terms of the cocycle (2)
defining an affine isometric action of the translation group (R, +) on Hpy. Acting with the group
GL;(R) on these functions leads naturally to the projective invariance of fractional Brownian motion,
both on the level of the normalized kernels as in (3), and with respect to our concrete realization
(Theorem 1).

Reflection positivity is then explored in Section 6. For & # 7 in Re 2 S! we consider a reflection
8 with a fixed point and exchanging « and 7. Here our main result is Theorem 2, asserting that
the normalized kernels ng7 on the complement of the two-element set {7} in Re = S! is
reflection positive with respect to 6 if and only if H < 1. In particular, this implies reflection
positivity for a Brownian bridge on a real interval [, | with respect to the reflection in the midpoint.
Reflection positivity for the complementary series representations of SL; (R) has already been observed
in [4], where the representation U is identified as a holomorphic discrete series representation.

Reflection positivity for the affine action of the translation group in H; defined by the cocycle b/
realizing fractional Brownian motion is studied in Section 7. Although we always have involutions that
lead to reflection positive Hilbert spaces in a natural way, only for H < % we obtain reflection positive
affine actions of (R, R, —id). We conclude Section 7 with a discussion of the increments of a 1-cocycle
(Bt)ter defining an affine isometric action. In particular, we characterize cocycles with orthogonal
increments as those corresponding to multiples of Brownian motion. Note that the increments of
fractional Brownian motion are positively correlated for H > 1 and negatively correlated for H < 1.
We conclude this paper with a brief discussion of some related results concerning higher dimensional
spaces in Section 8. We plan to return to the corresponding representation theoretic aspects in the
near future.

In order not to distract the reader from the main line of the paper, we moved several auxiliary tools
and some definitions and calculations into appendices: Appendix A deals with affine isometries and
positive definite kernels and Appendix B reviews some properties of stochastic processes. In particular,
we provide in Proposition A3 a representation theoretic proof for the Lévy—Khintchine formula for the real
line, which represents a negative definite function in terms of its spectral measure ([19,20,23,26] Thm. 32).
Appendix C briefly recalls the measure theoretic perspective on Second Quantization, Appendix D
contains the verification that the representations U mentioned above are unitary, and Appendix E
contains a calculation of the spectral measure for fractional Brownian motion.

A different kind of projective invariance, in the path parameter t, for one-dimensional Brownian
motion has been observed by S. Takenaka in [27]: For a Brownian motion (B;);cR, the process

b

also is a Brownian motion, and the relation (BS)" = B&" leads to a unitary representation of SL,(R)
on the realization space. From that he derives the projective invariance in the sense of Lévy, and he
argues that his method does not extend to fractional Brownian motion. In [28], Takenaka shows that
the representation of SL;(R) he obtains belongs to the discrete series, so that it is differet from ours.
He also hints at the possibility of extending Hida’s method [24] to fractional Brownian motion, and in
a certain sense this is carried out in the present paper.
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2. Reflection Positive Functions and Representations

Since our discussion is based on positive definite kernels and the associated Hilbert spaces ([29,30]
Ch. 1, [9]), we first recall the pertinent definitions. As customary in physics, we follow the convention
that the inner product of a complex Hilbert space is linear in the second argument.

Definition 1. (a) Let X be a set. A kernel Q: X x X — Cis called hermitian if Q(x,y) = Q(y, x).
A hermitian kernel Q is called positive definite if for x1,...,x, € X,c1,...,cn € C, we have
Z]-”,kzl ¢icxQ(xj, x) > 0. It is called negative definite ifzj”,k:l cicxQ(xj, x) < 0 holds for x1,...,xn € X
and cy,...,c, € C with Yci=0 ([31]).

(b) If (S, *) is an involutive semigroup, then ¢: S — C is called positive (negative) definite if the kernel
(@(st*))s tes is positive (negative) definite. If G is a group, then we consider it as an involutive semigroup with
¢* := ¢~ and definite positive/negative definite functions accordingly.

We shall use the following lemma to translate between positive definite and negative definite
kernels ([31], Lemma 3.2.1):

Lemma 1. Let X beaset, xg € X and Q: X x X — C be a hermitian kernel. Then the kernel

K(x,y) := Q(x,x0) +Q(x0,y) — Q(x,y) — Q(x0, %0)
is positive definite if and only if Q is negative definite.

Remark 1. According to Schoenberg’s Theorem ([31] Thm. 3.2.2), a kernel Q: X x X — C is negative definite
if and only if, for every h > 0, the kernel e~"'< is positive definite.

Remark 2. Let X be a set, K: X x X — C be a positive definite kernel and Hy C CX be the corresponding
reproducing kernel Hilbert space. This is the unique Hilbert subspace of CX on which all point evaluations
f +— f(x) are continuous and given by

f(x) =Ky, f)  for K(x,y) = Ky(x) = (Ky, Ky).

Then the map y: X — Hg,v(x) = Ky has total range and satisfies K(x,y) = (y(x),y(y)). The latter
property determines the pair (v, Hx) up to unitary equivalence ([30] Ch. ).

Definition 2. A reflection positive Hilbert space is a triple (€,E4,0), where £ is a Hilbert space, 6 a unitary
involution and & is a closed subspace which is 0-positive in the sense that the hermitian form (G, )¢ := (¢, 01)
is positive semidefinite on &

For a reflection positive Hilbert space (€,€4,0), let N :== {& € Ey: (&,08) = 0} and write € for
the completion of £, /N with respect to the inner product (-,-)g. We write q: £; — e for the
canonical map.

Example 1. Suppose that K: X x X — C is a positive definite kernel and T: X — X is an involution leaving
K invariant and that X4 C X is a subset with the property that the kernel K™ (x,y) := K(x, Ty) is also positive
definite on X .. We call such kernels K reflection positive with respect to (X, X4, T). Then the closed subspace
£y C & := Hy generated by (Ky)xex, is O-positive for (6f)(x) := f(7x). We thus obtain a reflection positive
Hilbert space (£,E+,0).

In this context, the space & can be identified with the reproducing kernel space HX™ C CX+, where g
corresponds to the map

q: & — Hie,  q(f)(x) == f((x))
([9] Lemma 2.4.2).
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For a symmetric semigroup (G, S, T), we obtain natural classes of reflection positive kernels:

Definition 3. A function ¢: G — C on a group G is called reflection positive ([11]) if the kernel
K(x,y) := @(xy~1) is reflection positive with respect to (G,S,T) in the sense of Example 1 with X = G
and X = S. These are two simultaneous positivity conditions, namely that the kernel p(gh™") ¢,heG 18 positive
definite on G and that the kernel @(st*) ;s is positive definite on S.

The usal Gelfand—Naimark-Segal construction naturally extends to reflection positive functions
and provides a correspondence with reflection positive representations (see [9] Thm. 3.4.5).

Definition 4. For a symmetric semigroup (G, S, T), a unitary representation U of G on a reflection positive
Hilbert space (€, £+, 0) is called reflection positive if 0Ug0 = U (q) for g € G and UsE4 C E for every s € S.

Remark 3. (a) If (Ug)qec is a reflection positive representation of (G, S,T) on (£,€+,0), then we obtain
contractions (Us)ses on &, determined by

lj[soq:qousk+ for seS,

.

and this leads to an involutive representation (U, E) of S by contractions (cf. [32] Cor. 3.2, [8] or [9]). We then
call (U, E,E,,0) a euclidean realization of (U, E).

(b) For (G,S,7) = (R, Ry, —idR), continuous reflection positive unitary one-parameter groups (Uy);cr
lead to a strongly continuous semigroup (U, E) of hermitian contractions and every such semigroup (C, H)
has a natural euclidean realization obtained as the GNS representation associated to the positive definite
operator-valued function ¢(t) := Cjy, t € R ([33] [Prop. 6.1]).

Example 2. On (R, Ry, —id), we have:

(a) For0 < & <2, the function |x|* on (R, +) is negative definite by [31] Cor. 3.2.10 because x* is obviously
negative definite.

(b) Fora > 0, the function |x|* is reflection negative if and only if 0 < a < 1 ([11] Ex. 4.3(a)).

(c)  The function —|x|* is reflection negative for 1 < a < 2 ([31] Ex. 6.5.15, [11] Ex. 4.4(a)).

3. Reflection Positivity for Affine Actions

In this section we introduce reflection positive affine isometric actions U: G — Mot(£) on
real Hilbert spaces £ and relate it to the corresponding measure preserving action on the Gaussian
[2-space T'(€).

Let (G,S,T)bea symmetric semigroup and & be a real Hilbert space, endowed with an isometric
involution 6. We consider an affine isometric action

aev = Ugv+ By for geGoeg, 4)
where U: G — O(€) is an orthogonal representation and f: G — £ a 1-cocycle, i.e.,
Bon = Bg + UgPy = agfy,  for g heG. ®)

Note that (5) in particular implies f = 0 and thus f,1 = —U, 1 Bg- We further assume that
gt = ar(y), which is equivalent to

OUgO = Ur(y) and  0fg = Py for geG. (6)
If B is total in £, then we can realize £ as a reproducing kernel Hilbert space Hc C R® with kernel

C(S, t) = <,Bs/,3t>, s, t € G.
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For the function
$:G—=R, 9(g):=|Bsl*=Clg8),

we then obtain

Pl = (B yll? = 1Bt + U Bell> = IUsBr + Bell® = [1Be — Bsll* = () + () —2C(s, 1),

so that

C(s,t) = %(l[](s) +(t) —y(s7't)) and (s 't) = C(s,s) + C(t, t) — 2C(t,s). 7)

In view of (7), ¢ is negative definite by Lemma 1. Equation (7) implies that, if B¢ is total, then the
affine action « can be recovered completely from the function i and every real-valued negative definite
function ¢: G — R with ¢(e) = 0 is of this form (cf. [12,13]). We also note that 08y = B(,) implies
that o7 = 9.

Definition 5. (Reflection positive affine actions) The closed subspace £ generated by (Bs)ses is invariant
under the affine action of S on & because aspy = Pst for s,t € S. We call the affine action («a, E) reflection
positive with respect to (G, S, T) if £ is O-positive.

Example 3. (A universal example) Let (€, E,0) be a reflection positive real Hilbert space, £ := (&) and
write Mot(E) = € x O(E) for its motion group. We define an involution on Mot(E) by t(b, g) := (6b,6g0).
For v € Mot(E) we put v* := ()~ L. Then

S:={yeMot(E): 7€, CE,YEL CE Y ={yeMot(E):vEL CELYE_DE Y
is a f-invariant subsemigroup of Mot (&) with
SNSt={yecMot(&): y(&+) =&y, v(E-) =&}

By construction, the affine action of Mot(E) on & is reflection positive in the sense of Definition 5.

For v = (b,g), the relation y(E1) = &£, is equivalent to b € £ and g€, = E. This shows that
(b,g) € SN S~ Vis equivalent to b € £, NO(EL) = (E+)% (because of 8-positivity) and to the condition that
the restrictionss of g to E+ are unitary.

The positive definite kernel Q(x,y) = e~ 1%~V /2 (Appendix C) is reflection positive with respect to
(G, S, T) because the kernel Q%(x,y) = Q(x,0y) = e~ llx=6ylI?/2 j5 positive definite on £ (cf. Example 1).
From the Mot (& )-invariance of Q, we thus obtain a reflection positive representation of (Mot(E), S, T) on the
corresponding reflection positive Hilbert space (T'(E),T(E4),T(0)).

It is instructive to make the corresponding space T(E) more explicit and to see how it identifies with T(E).

From

—

(€900, 9(@)) — (90 [(9)¢i0(®@)y — (¢i9(0) pi(Ow)) — p=lo=00] _ = F (ol +]wo])+ (000)

and

(e?0) 6i0(@)) = o= 3[0-DI* = p=3((0b0)+(wpw))+(wbw) iy T(E)

7

we derive that

—

£P(0) — e%(HUHZ*(v,@U))ei/(p@ and  eiv(®) = e%((ﬁ(’v%llv\lz)ew(ﬁ), (8)
For «y € S, this leads to

5190 — ph(I012=(009)) gig(r0) — pd (ol (0b0)+(70070)~l170|P) fie(To)
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In particular, the cyclic subrepresentation generated by the constant function 1 = e'#(©) is determined for

v = (b, g) by the positive definite function
¢(b,g) = (120, 769(0)y — e%(<b19b>*HbH2)<ei¢(0),ei¢(5)> — o2 ((b60)~[[b]?) o3 1IE]2
— 2 ((085)—[1bI?) = 3 (b.00) _ o3 1bI

It follows that the function ¢(b, g) = e 2lbI% o Mot (&) is reflection positive for (Mot(E), S, T).

The following lemma provides a characterization of reflection positive affine actions in terms
of kernels.

Lemma 2. Let (G, S, T) be a symmetric semigroup and («, £) be an affine isometric action of (G, T) on the real
Hilbert space £. We write £ := span Bg for the closed subspace generated by ag(0) = Bg. Then the following
are equivalent:

(@)  Thekernel Q%(x,y) = Q(x,0y) = e~ Ix=0v1/2 i positive definite on &
(b)  (a,&) is reflection positive with respect to (G, S, T), i.e., €4 is O-positive.
(c)  Thekernel C*(s,t) := C(s,T(t)) = L (¥(s) + 9(t) — p(s*t)) is positive definite on (S, ).
(d)  The function P|s: S — R is negative definite on (S, §).
. g leyl? a7 .
Proof. (a) < (b): In view of Q(x,0y) = e 2 e~ 2 e = ¢~ 2 ¢~ 2 () the kernel Q7 is
positive definite on £, if and only if the kernel %) is positive definite on £, but this is equivalent
to £, being 0-positive ([33] Rem. 2.8).
(b) < (c): Since & is generated by (Bs)ses, this follows from (7) and the definition of C.
(c) & (d): By Lemma 1, the kernel CT is positive definite if and only if the kernel (1(s*t)); scs is
negative definite, which is (d). O

This leads us to the following concept:

Definition 6. We call a continuous function : G — R reflection negative with respect to (G, S, T) if i is
a negative definite function on G and §|g is a negative definite function on the involutive semigroup (S, )
(Definition 1).

From Schoenberg’s Theorem for kernels (Remark 1) we immediately obtain from Lemma 2:

Corollary 1. Let («, £) be a reflection positive affine action of (G, S, T). Then, for every h > 0, the function
on(Q) == e Bsl s reflection positive, i.e., the function ||Bg||? is reflection negative.

Remark 4. (a) Let H be a real Hilbert space. For h > 0, the function ¢y (b,g) := e "IPI* on Mot(H) is
positive definite. A corresponding cyclic representation can be realized as follows. We consider the unitary
representation of Mot(H) on L2(H*,~y,) given by

o(b,g)F =W g F, e, (o(b,g)F)(x)=e*"F(aog), «cH,

where 7y, is the Gaussian measure on H* with Fourier transform 7, (v) = el gnd ¢p(v)(a) = a(v) as
in Definition A6 (see also Remark A3). Then the constant function 1 is a cyclic vector, and the corresponding
positive definite function is

(1,p(b,g)1) = E(e7®)) = e MHI* = g, (b, 5). 9)
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(b) We conclude that, for every reflection positive affine action (oc ), for (G, S, 1), a cyclic reflection
positive representation of (G, S, T) corresponding to ¢,(g) = e ~hlBsl* is obtained on the cyclic subspace of
L%(E*,7y,) generated by the constant function 1.

4. Some Unitary Representations of GL;(R)

In this section we introduce a family of unitary representations (UM, Hp)o<g<1 of GLy(R),
respectively of the projective group PGL,(R) = GL,(R) /R*.

We identify the real projective line P (R) = S! of one-dimensional linear subspaces of R? with
Re = RU {oo}. On this space the group G := GL,(R) acts naturally by fractional linear maps

ax+b a b
g.x:g(x)zcx+d for g= . 4l

/o ad—bc
g(x) = (ex+d)%’

Note that
(10)

which shows that g acts on the circle Ry, in an orientation preserving fashion if and only if detg > 0.

Definition 7. For two different elements a # 7y € Reo, we write (w, y) for the open interval between w and <y
with respect to the cyclic order. For v < a in R this means that

(@,7) = (a,00) U{oo} U (00, 7).

Definition 8. For the action of G on Re, Lebesgue measure A on R, resp., the corresponding measure on
-1

St = Reo with A({c0}) = 0 is quasi-invariant with % (x) = |¢'(x)]. A unitary representation of GLp(R)

(resp., of PGLy(R)) on L2(R) = L?(R, A) is given by

lad — be|? _sax +b - a b
u = det = . 11
(Ugt) () = sgn(etg) = ===t () for 871 = a1

We could as well work without the sgn(det g)-factor, but we shall see below that it is more natural this
way when it comes to the relation with fractional Brownian motion.

We now explain how this representation can be embedded into a family of unitary representations
(UH)o-p1. For H # %, these representations belong to the so-called complementary series (cf. [4,8,25]).
For H > 1, the corresponding Hilbert space Hy; is the completion of the Schwartz space S(R) with
respect to the inner product

dx d
(& m)n = H(2H 1) // xy|2y2H (12)

Note that 2 — 2H € (0,1), so that the kernel |x — y|?#~2 is locally integrable and defines a positive
definite distribution kernel on R. This implies in particular that (12) makes sense for any pair of
compactly supported bounded measurable functions on R and that any such function defines an
element of Hy. In Appendix D we show that

—%Aé%n’(y)lx—ylmdﬁc@- (13)

Definition 9. As we have seen in Example 2(a), the continuous function DH(x) = |x|*! on R is negative

definite for 0 < H < 1. Therefore (13) defines for 0 < H < 1 a positive semidefinite form on S(R). We write
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Hy for the corresponding Hilbert space. Here we use that the total integrals of ' and y' vanish (cf. Remark 12).
Note that this definition also makes sense for H = 0 and H = 1, but Hy = {0} and H, is one-dimensional.

Definition 10. We obtain unitary representations of GLy(R) (resp., the quotient PGLy(R)) on Hpy,
0<H<1by

lad — be|H _rax+b _ a b
(Uge) () = sgn(detg) | —omt (Cg) for gl—(c d>. (14)

For the verification of unitarity we refer to Appendix D. For H = %, we obtain the representation on
L*(R) = Hy o from (11).

Remark 5. (a) Considering the singularities of the factors in the formula for UH, we see that the operators U;
preserve the class of locally bounded measurable functions for which

sup [x|7[g(x)] < co.
xeR

For H > %, all these functions are contained in Hy, so that we obtain a dense subspace of Hy invariant
under the operators Ug .

(b) We note that the representation (U, H ) is equivalent to (U'~H,Hy _p), as can be seen by realizing
these representations on S* (see [9] Ch. 7). We will not use this duality here.

Remark 6. The unitary representations (U")gopo1 of GLo(R) yield in particular three important
one-parameter groups:

Translations: (SHE)(x) = &(x —t) fort € R.
Dilations: (tHE)(x) = sgn(a)|a|f&(ax) fora € R*.
Inverted translations: (k[1¢)(x) = Wg(ﬁ)ﬁ)rt eR

Note that
T st =S for teR,reR”. (15)

Foro = (? é) € GLy(R) with o.x = 1, we have

U (&) (x) = —|x|2He(x™h)  and - UGISPUST = xf. (16)

5. Fractional Brownian Motion

In this section we introduce fractional Brownian motion in terms of its covariance kernel. We then
show that the unitary representations (U)o -1 of GL,(R) and a realization of fractional Brownian
motion in the Hilbert space Hp, resp., on its Fock space, can be used to obtain in a very direct and
simple fashion the projective invariance of fractional Brownian motion.

5.1. A Realization of Fractional Brownian Motion

Definition 11. Fractional Brownian motion with Hurst index H € (0, 1) is a real-valued Gaussian process
(BH);cr with zero means and covariance kernel

CH(s,t) = E(BIBf) = %(\SFH +[tPH —|s —t*)  for steR
(cf. [34] Satz 7 for the determination of those parameters for which this kernel is positive definite). A curve

y: R — H with values in a Hilbert space H satisfying (v(s),y(t)) = CH(s,t) is called a fractional
Wiener spiral.
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Brownian motion arises for H = 1/2, and in this case

[t| A |s|  forst > 0.

1
C/%(s,t) 2(|5|+|t| s —t) {0 for st < 0.

We refer to the monograph [22] for a stochastic calculus for fractional Brownian motion.
Example 4. (Bifractional Brownian motion) For 0 < H < 1and 0 < K < 1, the kernel

2H 2H\K 2HK
Cls, 1) = (J#77 + [s]77)" — [t — ]
on R is positive definite (Lemma 1). The corresponding centered Gaussian process B'X is called bifractional
Brownian motion ([35]). For K = 1 we obtain fractional Brownian motion which has stationary increments,
but for K < 1 the process BH/X does not have this property since the kernel

D(t,s) = C(t,t) + C(s,s) — 2C(t,5) = 2K(|¢|2HK 4 |s|2HK) — (|2 + |s]2)K 4 | — 52HK

on R is not translation invariant.
For a concept of trifractional Brownian motion and decompositions of fractional Brownian motion into
independent bifractional and trifractional components we refer to [36].

Remark 7. For 0 < H < 1, the kernel C™ satisfies
CH(As, At) = |APHC(s,t) and CH(s71,t7Y) = |st| 2HCH(s,t)  for s, teR*,A€R.  (17)

These transformation rules show that:

(a)  For a fractional Brownian motion (Bf!);cg with Hurst index H, the centered Gaussian process (X¢)er
defined by
Xo:=0 and X;:= |t|2HB1/t for t#0

also is a fractional Brownian motion with Hurst index H.

(b) Forc € R* and X; := |c| "B, the process (Xt);cr is a fractional Brownian motion with Hurst
index H.

(c) Forh € R, the process X; := B!

cts

tih — Bl also is a fractional Brownian motion with Hurst index H.

Lemma 3. Fort € Rand 0 < H < 1, consider the random variables

Bi' = o(bf")  for b :=sgn(t)X(1n0,1v0] = X[0,00) — X[t,00) € HH-

Then (bH,bH)y = CH(s,t), ice., (BH) e is a realization of fractional Brownian motion with Hurst
index H.

Proof. Case H > 1: As CH(s,t) = CH(—s,—t) = CH(t,s), we only have to show that

dxd
H Y <
C"(s,t) = // g2 for 0<s<t
and e d
x
CH(s,t) = — //|x |2y2H for t<0<s.

This is an elementary calculation.
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Case H < 1: In this case we can calculate the scalar product (A12) by using the formula
2 p y g

(bf1)! = &y — J¢ (a difference of two point evaluations). This leads to

(Bl bl = =5 [ @) ) (P = |t =y dy

1
— |2 = (Js 2 — |t = s*)) =

=5 (1127 + Js P — |t = sP2H).

NI~

For H > %, the preceding lemma follows from [21] (p. 168) and for H = % it is already contained
in [34] (p. 117). Other realizations of fractional Brownian motion are discussed in [18]. O

Remark 8. For Brownian motion (H = %), an alternative realization is obtained by b} := X(tnopvo) for t € R
(see [37] p. 130). For H # 1/2 this sign change does no longer work because CH (s, t) # 0 for st < 0.

5.2. Projective Invariance of the Covariance Kernels
Recall the cross ratio

(z —z1)(z2 — 23)
(z—23)(z0 — 21)

CR(z,21,2,23) := of four different elements  z,z1,27,23 € Reo

and that it is invariant under the action of GL;(R). As CR(z0,1,00) = 2z, we obtain for
g(a, B,7v) = (0,1, c0) the relation

g(z) = CR(g(2),0,1,00) = CR(z,a, f,7) = ~— % . P~ 7, (18)

expressing ¢ as a cross ratio. Accordingly, we obtain for each triple («, 8, y) of mutually different
elements of R, the following kernel

H (64 — CH(o(s _cH(=a)(B—7) (t-a)(B—7)
Clpa(si) = CR6)s ) = (=5 )5 —a)) (19)

_ 2H _ _
- [BTen (e 28,

where the last expression only makes sense for «, 8, ¥ € R. By construction we then have

Cl?a,h./},h.y(h(s)/h(t)) = ijﬁﬁ(s,t) for h e GLy(R),s, t # 1. (20)

Note that Céﬂ,oo = CH and that, for B € R*, a = 0and v = oo, we obtain in particular for the
dilation g.x = g~ 1x:

Cilpeols 1) = CH(B~1s, B~'t) = |B|21CH (s, 1),

which is a multiple of C. In particular, normalization of CH and Cgﬁ,m leads on R* to the same
kernels. We also observe that

CH (s, ) = CH(E é) _ IBEY e, )

st |st|2H

implies the equality of the normalized kernels 601;1 ﬁ,o(s' t) = égﬁ,oo (s,t).
From (19) and the preceding discussion we obtain immediately:

Lemma 4. For a # 7y in Reo, the normalized kernel Cff : Crx By O Reo \ {, v} does not depend on p and
satisfies the symmetry condition CH = CH



Symmetry 2018, 10, 191 12 of 39

Proposition 1. For ¢ € GL,(R) we have

Colug(8(5),8(1) = Cily(s,t)  for st & {a,7}. (1)

In particular, if ¢ € GLy(R) preserves the 2-element set {a,y}, then the kernel C£7 on Reo \ {&, 7}
is g-invariant.

Proof. Equation (21) follows directly from (20) and the remainder is a consequence of Lemma 4.
The preceding proposition expresses the projective invariance of fractional Brownian motion in
the sense of P. Lévy. For H = 1/2, this is classical ([23] §1.2, [24,37] Thm. 5.2). O

Remark 9. The identity component Gy'" of the stabilizer G%7 of {a, v} in G = PGLy(R) is a (hyperbolic)
one-parameter group of SLp(R) whose fixed points are « and B (these are the orientation preserving
transformations mapping the interval («,y) onto itself). The full stabilizer of the pair («,y) is isomorphic to
R*. It also contains an involution in PSL,(R) exchanging the two connected components of Reo \ {a, v }.
Moreover, there exists for each B # &, 7y a unique involution 0%F7 € GLy(R) exchanging a and -y and

fixing B. It satisfies
0“'ﬁ'7g0“'/5'7 =¢ ' and gG“"g”g*l = gu8-P for g€ GS’A’.
The subgroup G*7 C PGLy(IR) has four connected components.

5.3. Projective Invariance of the Realization

We now link the projective invariance of fractional Brownian motion to the specific realization in
the Hilbert space H . Formula (b) in the theorem below connects the normalized projective transforms
of the kernel CH to the unitary representation U of GL,(R) on Hy.

Theorem 1. For a triple («,t,7y) of mutually different points in R, there exists a uniquely determined Mobius
transformation g; € PSLy(R) with (g¢(«), ¢(t), g¢(v)) = (0,1, 00). We thus obtain functions of the form

zx det g;|H
ft /’Y(x) = (U;1X[0,1]>(x) = Sgn(detgt)mngl([o/l])(x) fOT t e ROO \ {0(, ’)/} (22)

Then the following assertions hold:

(a)  All functions f;"7 are unit vectors in Hp.
(b | *, t‘m)HH = Cgv(s,t)for s, t & {a, v}

Proof. (a) As [|x[,ll#,; = 1and the representation UH is unitary, the functions f;"” are unit vectors

in HH

(b) Forg= (é (1)> with g.x = tx,

we have
UgX[01] = |t|7HbH,  resp. bH =|t/"- Ugxpoy for teR™. (23)

This relation is the reason for the sgn(det g)-factor in the definition of UH. [
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Fors,t ¢ {tx, 7}, the element gsg;, 1 fixes 0 and o0, hence is linear and given by multiplication with
(2587 1)(1) = gs(t). We thus obtain with Remark 7, (18) and (23)

SV = <Ung[0,l]rung[o,l]>HH =(x 0,1]fugg;1X[o,1}>HH

= (b, g5 (O] 77D! )y = s (0] 7HCH (1, 5(1))
_ Il alf g (=)
= alfls— o7~ " )G —a)

_ It—lels—leCH(s—a t—tX)
F—alfls—alf = \s—q't—y

_ |t_’Y|H|s_’Y|H ‘.B_OCFHCH (S f)

= e afflls — ol T g =y b

Since the kernel on the left hand side is normalized, (b) follows.
From Proposition 1 and Theorem 1, we obtain:

Corollary 2. The normalized stochastic process defined by (f;"");.24 is stationary with respect to the stabilizer
of the two-point set {a, v} in GLp(R).

Remark 10. Since the representations (U, Hyy) of GLy(R) are irreducible, [1] (Prop. 5.20) implies that the
space HF; of smooth vectors is nuclear. Therefore [1] (Cor. 5.19) shows that the Gaussian measure y3,, can
be realized on the space H ;™ of distribution vectors for this representation (cf. Appendix C). Therefore our
construction leads to a realization of fractional Brownian motion on the topological dual space H ;™ of the
GLy (R)-invariant subspace H3; of smooth vectors.

From the proof of [1] (Prop. 5.20(b)), we further derive that an element { € Hp is a smooth vector if and
only if it is a smooth vector for the compact subgroup K = Oy(R). Considering H as a space of distributions
on the circle S, it is not hard to see that H; = C®(S') and hence that H* = C~°(S!) is the space of
distributions on the circle.

6. Fractional Brownian Motion and Reflection Positivity

We now turn to reflection positivity in connection with fractional Brownian motion. Our main
result is Theorem 2 on the reflection positivity of the normalized kernels C,ﬁfy for H < % We start with
the normalization of the kernel CH, which corresponds to the pair (a,7) = (0, ).

Proposition 2. The kernel

CH(s,t)

Chiw(sit) = CH(s,0) = T on Xi=R”

is invariant under the involution 6(x) = x~1. It is reflection positive on X := (—1,1) NR* if and only of
0 < H < 3. If this is the case, then € = L2((0, %), u), with the measure

= (2H _
W= 0+ 2 < k )(_1)k 15k-
k=1

For H = %, we have yu = 261, and & is one-dimensional.

Proof. Reflection positivity with respect to (X, X, 0) is equivalent to the positive definiteness of
the kernel

Cllo(s, 1) = [£H]s| HCH (s, t71) = [ ~H|s| HCH(st,1) = (1+ [st2H — (1 — st)2H)

21¢[H]s|"
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for |t], |s| < 1 (cf. Example 1). This kernel is positive definite on (—1, 1) if and only if the function

— 2H g _p2H _ 2H v (2HY ek
p(t) :=1+t (1—1t) t k_zl(k>( 1)t

on the multiplicative semigroup S = ((0,1),id) is positive definite. For k > 1 we have

(—1)k1 (i{{) _ 2H(1-2H)(2- 25) o (k—1-2H)

For % < H < 1,wehave 1 —2H < 0 and all other factors are positive. As ¢ is increasing, it is
positive definite if and only if there exists a positive Radon measure y on [0, c0) with

olt) = [ ¢ du ()

(use [31] (Prop. 4.4.2) or apply [30] (Cor. VI.2.11) to S = ((0, o0), +)). Therefore ¢ is positive definite if
and only if H < 1. In this case the description of & follows from the proof of [30] (Thm. V1.2.10). O

Remark 11. (Reflection positivity of fractional Brownian motion) For 6 = <(1) 1) with 0.x = 91 (x) = x71,

0
we have (U(}/Zé)(x) = —|x|2Hg(x71). In particular,

(U xp0,) (x) = =27 x 1 o)
Therefore U} is not the unique unitary involution 0 of Hy transforming b into |t*"by ;4 (cf. Remark 7).

With the kernels Cgﬁy (Lemma 4), we obtain a family of normalized Gaussian processes, covariant
with respect to the action of GL,(R) on Re. The following proposition shows that, for H < 1, these
kernels are reflection positive with respect to involutions exchanging « and .

Theorem 2. Let a, B,y in Reo be mutually different and let @ := 0% be the projective involution exchanging
o and vy and fixing B. Let X := Roo \ {&, 7y} and X+ C X be the intersection of X with the two connected
components of the complement of the fixed point set of 0 (which consists of two points). Then the kernel Cgf,y is
reflection positive with respect to (X, X, 0) ifand only if H < .

Proof. Since the family of kernels CDIZW is invariant under the action of GL,(R) and
ggﬂé,ﬁ,’r g—l = 98- u8-P8,

it suffices to verify the assertion for («,B,7) = (0,1,00). Then 6(x) = x~! and we may put
X4+ = (—1,1) \ {0}. Hence the assertion follows from Proposition 2. []

Example 5. For («,,7) = (—1,0,1), the involution 8 := 0%P is given by 6(x) = —x. It has the two fixed
points 0 and co. From (19) we obtain

Clon = o = I Iy b Ly

s—1"t—1

and

Cen=(133) (170) " (TZerse)

Theorem 2 now implies that the kernel C is reflection positive with respect to (R*, R, 0).
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Brownian Bridges

As we shall see below, for H = %, the covariance kernels C;,/WZ turn out to correspond to
Brownian bridges.

Definition 12. ([37] Def. 2.8, p. 109) (a) A Gaussian process (Xt)a<t< is called a Brownian bridge if
m(t) := E(X) is an affine function and

(t/\s—ac)(’y—tVs).

C(t,s) := E((X; — m(t))(Xs — m(s))) = P—

If m(t) = 0 for every t, then (Xt)y<t<p is called a pinned Brownian motion.
(b) A normalized Brownian bridge is a Brownian bridge whose variance is normalized to 1, so that its
covariance kernels is

VE—a)(y=s)(t—a)(y—1)

C(ts) = (sAt—a)(y—sVi) \/(s/\ttx)('ysvt). (24)
(sVt—a)(y—sAt)
Proposition 3. (Reflection positivity of the Brownian bridge) For a < vy in Rand H = J, the kernel
C}/Vz is the covariance of a normalized Brownian bridge on the interval [w, ). This kernel is reflection positive
for (X,X4,0), where X = [a,v], X4 = [a,B] and 0(t) = a + v — t is the reflection in the midpoint.
The corresponding Hilbert space & is one-dimensional.

Proof. First we observe that

Cl/z(S—tX t—a)zcl/z(s—tx t—tX) s—a t—a SAt—ua

s—vy't—v v—s -t _')/—s 'y—t:'y—sAt'

so that we obtain for the associated normalized kernel

SAt—«
— c1/2 _ Y=sht _ sAt—wa [y—sVi
Clort) = Gy (s:t) = (s—zx)l/2(t—1x)1/2_ sVi—al\ly—sAt
y—t

Y—S

This is the kernel (24) of a normalized Brownian bridge on [«, 7].
For B := “t7, the reflection 6P is given by 6(t) := « + v — t, which leaves the kernel C3/?
invariant by Proposition 1. For a« < t,s < 5, we have

ANO(t) —a)(y—sVO(H) (s—a)(y—0(t)) s—a [t—«
s, 1) = C(s,0(8)) = 4| & — — .
(o) = €010 ste(t)—a)(v—meu)) (r—s)@0 o) Na—s\7-t

This is a positive definite kernel defining a one-dimensional Hilbert space. We conclude that the
kernel C is reflection positive for (X, X, 0), where X = [¢, 7] and Xy = [a, B]. [

7. Affine Actions and Fractional Brownian Motion

In this section we discuss reflection positivity for the affine isometric action of R corresponding to
fractional Brownian motion (B}?);cg. In Subsection 7.2 we shall encounter the curious phenomenon
that, for every H there exists a natural unitary involution 8 that leads to a reflection positive Hilbert
space, but only for H < % it can be implemented in such a way that 0bf = b, so that we obtain
a reflection positive affine action of (R,R, —id). In a third subsection we discuss increments of
a 1-cocycle (B¢)icr defining an affine isometric action and characterize cocycles with orthogonal
increments as those corresponding to multiples of Brownian motion.



Symmetry 2018, 10, 191 16 of 39

7.1. Generalities

If (v, &) with a;¢ = UsC + Py is an affine isometric action of R on the complex Hilbert space &,
then Proposition A2 implies that, up to unitary equivalence, £ = L?(R, o) for a Borel measure ¢ on R.
We may assume that

it _q or
(Uef)(x) = ™ f(x) and  Bi(x) = es(x) :_{ o forx#0

t forx =0.

Then second quantization leads to the centered Gaussian process X; := ¢(B;) whose covariance
kernel is given by

Co(s, t) = (es,er)e =r(t) +r(s) —r(t—s) for r(t)= /]R (1 — et 4 7 iuuz)dUT(zu) (25)

(Proposition A3). Below we only consider real Hilbert spaces. This corresponds to the situation
where the measure ¢ is symmetric. Then the function is also real and given by

do(u)

() :/R(l—cos(tu)) d :%Cg(t,t).

Lemma5. Let C: R x R — C bea continuous positive definite kernel with Cy = C(-,0) = 0. For ¢ € C(R),
we put

Cz () ::/Rg(t)Ct(x) dt:/RC(x,t)g(t) dt.

Then the subspace

{C:EeC(R0} with C(R)o:={¢eC(R / &)
is dense in the corresponding reproducing kernel Hilbert space H.

Proof. From the existence of the Hc-valued integral defining C, it follows that these are elements of
Hc. Let H; denote the closed subspace generated by the elements C¢, & € CZ°(IR)o.

If 5, € CP(R) is a 6-sequence, we obtain Cs, — 0. For ¢ € C°(R) with [, ¢(t) dt = 1, we have
& —on € C(R), so that Cz — Cs, € Hq and Cs, — 0 imply that C; € H;. Using a sequences of the
form ¢, := 0u(- —t) € CZ°(R), which converges to J;, we see that Cz, — C; for t € R, hence that
Hi1=Hc O

In the following we write S(R)o := {¢ € S(R): [ & =0}.

Corollary 3. Let a;¢ = UG + Bt deﬁne a continuous affine isometric action of R on the real Hilbert space
M. For § € S(R) we put Bg := [ &(t)Brdt. Then {Bg: & € S(R)o} generates the same closed subspace as

(Bt)ter.
Remark 12. (a) A function D: R — R with D(0) = 0 is negative definite if and only if

YD)+ D)~ D(s — 1)) 26)

C(s,t) := 5

is a positive definite kernel (Lemma 1). Then D(s) = C(s, s) yields

D(s —t) = C(s,s) + C(t, t) —2C(s, t)
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On S(R)g we therefore obtain with (26)

— 53 [T@nwpG—y)dvdy = [ Tnw)Cydxdy for GueS®y @)

(cf. [38] (p. 222) for a corresponding statement on more general homogeneous spaces).

(b) Write C(s,t) = (Bs, Bt) and D(t) = C(t,t) for a cocycle (Bt);cr of an orthogonal representation
(Ut)ter of R on the real Hilbert space & (see Section 3 and [12,13]). We also assume that the family (B:);er is
total in €. Then

(B, By) s—//é C(s, 1) di ds = —7//5 D(s—t)dtds for &n e S(R)o.

As & is generated by the (By);cr, the Hilbert space € can be identified with the reproducing kernel Hilbert
space He C S’ (R) corresponding to the positive definite distribution C, but the preceding argument adds
another picture. It can also be identified with the Hilbert space Hp obtained by completing S(R)q with respect
to the scalar product (27). Taking into account that S(R)o = {&': & € S(R)}, this is how we introduced the
Hilbert space Hpy in (A12).

7.2. Fractional Brownian Motion

For fractional Brownian motion with Hurst index H € (0, 1), we have
1
CH(s,t) = E(ys|2H + [tPH —|s — ) and DH(t) = CH(t,t) = |t|*H.

As in (25), the spectral measure ¢ (a Borel measure on R) of fractional Brownian motion is
determined by

ei’\tfl

CH(s 1) = [ &V do(d)  for etm_{ il ford £0

t for A = 0.

The corresponding realization is obtained by B; := ¢ € L?(R,0) =: & (Proposition A2).
According to [18] p. 40, the measure ¢ is given by

sin(tH)T'(14 2H)

do(A) = =

X |A|172H i

(see (A22) in Appendix E for a derivation of this formula).

Example 6. For H = 2, the spectral measure o is a multiple of Lebesgue measure:

sin(7t/2)0(2) | dA

This leads to a natural realization of Brownian motion by a cocycle of the multiplication representation of
R on L?(R) and, by Fourier transform, to the realization of Brownian motion as a cocycle for the translation

representation of R on L2(R).

Remark 13. Combining Remark 12 with (A12) in Section 4, we see that the Hilbert space Hyy can alternatively
be constructed from the scalar product

// |x—y]2dedy //@ Cny)dxdy for &,neSR)
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as the completion of S(R). This implies that the map
D: S(R) = S(R)o, ¢~ satisfies  ||DEllcn = [I¢m,

so that D extends to a unitary operator D: Hy — Hn. Here we write Hen C S’ (R) for the Hilbert space of
distributions defined by CH, obtained by completing S(IR) with respect to the scalar product (-, -)cn, defined
by the positive definite distribution kernel CH and associating to & € S(R)g the distribution Cg = (-, &) cH.
Note that

D(bf) = D(X[0,00) = X[t,00)) = 00 — 01,

where we consider the 6-functionals as elements of H -u with

O )en = [ [ 6@EWCH (xy)dxdy = [ CH(s,p)ey)dy = CE(s).

As a distribution, ds corresponds to the function CH which corresponds to the evaluation in s in the
reproducing kernel Hilbert space Heu C S'(R). Compare also with the corresponding discussion in [8,9] Ch. 7.
The inverse of the unitary operator D: Hy — Hn is given by

X <)
I Hew > Hu, 1) = [ _edy=— ["ewdy for e S®o.
Proposition 4. Consider the realization (bf!);cg of fractional Brownian motion in the Hilbert space € := Hpy,
the affine isometric R-action defined by

o't = Sfg+bp,

where SH denotes the translation by t on Hpyy, and the closed subspace & generated by (bH)~q. Then
t Y P 8 Y 0y )i>

(60)(x) := —=¢(—x)

defines a unitary involution with 0bf1 = bH, for t € R. Now (&, E,0) is reflection positive if and only if
H< %, so that we obtain in this case a reflection positive affine action. For H > %, the triple (€,E4, —0) is
also reflection positive, but it does not lead to a reflection positive affine action because —0b # —bf £ bH for
t>0.

Proof. By Example 2(a), the function DY (t) = [t|?! is negative definite on the additive group
(R,+) and it is reflection positive for (R,R;, —id) if and only if H < 1/2 by Example 2(b).
Accordingly, the reflection o(t) = —t on R leads to the twisted kernel

1
CHl(s, —t) = S (I + [H27 = [t +5*1)
on R which is positive definite if and only if DH is negative definite on (R4,id) (Lemma 1), which in

turn is equivalent to H < %
For H > %, the unitary involution —0 satisfies —Bbf{ = —bﬂ, which leads to the twisted kernel

(s, ) = (b, —6bf") = (b, —b1) = —CM(s, 1) = —%(ISI2H +[H |+ s 2.

As —DH(t) = —|t|?H is negative definite on the semigroup (R, id) if 5 < H < 1 (Example 2(c)),
the assertion follows. [

We conclude that the affine actions of R corresponding to fractional Brownian motion with Hurst
parameter H < % leads to a reflection positive affine action, and from the calculation in Example 3
we derive that the reflection positive function on (R, R, —id) corresponding to the constant function
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1 =20 € T(&) is given by @(t) = e 10172 = o=1/2 The preceding proposition also explains
why we obtain trivial reflection positivity for H = % since in this case (&, £, £60) are both reflection
positive.

Remark 14. For h > 0and H < % and the kernel Q" (x,y) := e Mx=vI* on &, we obtain with the same
arguments the positive definite functions ¢(t) = e on R

7.3. Cocycles with Orthogonal Increments

In this subsection we discuss the question when a cocycle (B¢)cg for an orthogonal representation
(U, H) of R has orthogonal increments in the sense that, for t; < t, < t3 < t4 we have

(Bt = Pry/ Bty = Brs) =0
(cf. [34]).
Proposition 5. The following are equivalent:

(i) B has orthogonal increments.

(i) Fors,t > 0, we have (Bt, B—s) = 0.

(iii) There exists a ¢ > 0 such that C(t,s) := (B, Bs) = 5(|s| + |t| —|s —¢t]) forall t,s € R. Ifc > 0,
then (c=V2@(Bt))tcr realizes a two-sided Brownian motion in T (H).

Proof. (cf.[34] Satz 8 for a variant of this observation)

(i) = (ii) follows with t; = —s,t) = t3 = 0and t4 = t.

(ii) = (i): Let H+ C H be the closed subspaces generated by the f; for £t > 0. Then (ii) means
that H4 L H_. Fort; <t; <tz <ty we now observe that

Bty — Bty = Pry (1 —1,) — Bto = Ut Pty —1,

and similary B;, — Bt, = U, Bt,—t,. Therefore

<ﬁf1 - ﬁfz' .Bt4 - lBt3> = <utzﬁt1*t2' ut3ﬁt4*t3> = <ﬁf1*f2'uf3*t2‘3f4*t3>
= (Bti—ts Pts—ty+ts—ts — Pts—ty) = 0.

(i) = (iii): Put ¥(t) := C(t,t) = ||Bt||> and note that this function is increasing for t > 0.
For 0 < s < t we have

C(s,t) = (Bs, Bt) = (Bs, (Bt — Bs) + Bs) = (Bs, Bs) = ¢(s),

and therefore
C(s,t) =9p(sAt) for t,s>0. (28)

Further,

1B = Bsl|? = C(t,£) + C(s,5) = 2C(t,5) = (t) + (s) —29p(s A t) = [(t) — P(s)],

so that translation invariance of this kernel leads to

18 = Bs|I* = w(lt = s1).

From the orthogonality of the increments, we further derive for 0 < s < ¢ the relation

Y(t) —p(s) = g(t —s),
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so that
Yla+b)=y(a)+y) for ab>0.

Since ¢ is continuous, there exists a ¢ > 0 with (t) = ct for t > 0, and therefore (28) yields
C(s,t) =c-sAtforts>0.
We likewise find some ¢’ > 0 with

C(s,t)=c"-|s|A|t| for s,t<O0.

Now 9(—t) = ¢(t) implies that ¢’ = ¢, and this completes the proof.
(iii) = (ii) follows from the fact that C(s,t) = 0 for ts < 0 holds for the covariance kernel of
Brownian motion. [J

If (£,&4,0) is reflection positive for an affine R-action, £, is generated by (B¢)¢>0 and 68 = p—_¢,
then the space £ is trivial if and only if

(Bs,Bt) =0 for ts<0,

which in turn means that  has orthogonal increments by Proposition 5. In view pf Proposition 5(iii),
Brownian motion can, up to positive multiples, be characterized as a process with stationary orthogonal
increments.

Remark 15. Consider the stochastic process (¢(B¢))icr associated to the cocycle (B¢)icr in €. We say that
the increments of this process are positively (negatively) correlated if, for t1 < ty < t3 < ty, we have

+(Bt, — Bty Bty — Brs) > 0.

As

(Bty = By, Bty — Bts) = (Ut Bry—ty, Uty Pry—t5) = (Uty—13Btr—t1, Bts—ts) = (Bra—ts — Bti—t3, Bta—t3),

we may w.l.o.g. assume that t3 = 0, i.e., t; <ty < 0 < t4. Therefore the process has positively (negatively)
correlated increments if and only if, for every t > O, the functions

Ci(s) := Cs,t) := (Bs, Br)

are increasing (decreasing) on (—oo,0]. Note that this implies in particular that C(s,t) > 0, resp., < 0 for
s<0<Ht
For fractional Brownian motion, we have for s < 0 < t

CH(s,t) = %((fs)ZH +PH _ (p—g)2H),

d
S CH(s,1) = H((t =) — (=21
is non-negative for H > % and non-positive for H < %, it follows that fractional Brownian motion has positively

correlated increments for H > 1 and negatively correlated increments for H < %

8. Perspectives

In this final section we briefly discuss some results that are possibly related to far reaching
generalizations of what we discuss in the present paper on the real line, resp., on its conformal
compactification S!.
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8.1. Helices and Hilbert Distances

Let G be a Lie group, K C G be a closed subgroup. We write X = G/K for the corresponding
homogeneous space and x( := ¢eK for the base point in X.
In [38] Def. 2.3, a kernel C: X x X — Ron X = G/K is called a Lévy—Schoenberg kernel if

(LS1) Cis positive definite and C,, = 0.
(LS2) The kernel r(s, t) := C(s,s) + C(t,t) — 2C(s, t) is G-invariant.

Then ¢(g) := r(xp, x) = C(x, x), where x = g.x, defines a function on G with

C(gK,hK) = 2(p(g) + y(h) — p(i'g)), 9)

so that ¢ is a negative definite K-biinvariant function with ¢(e) = 0 on G (Lemma 1). Conversely,
every such function defines by (29) a Lévy-Schoenberg kernel on G/K.

For a Lévy-Schoenberg kernel C, there exists a map ¢: X — £ into a real Hilbert space £ with
¢(x0) = 0, unique up to orthogonal equivalence (Lemma A1), such that

r(ny) = [E(x) = c)|* for xyeX

Then ¢ is called a helix and /7 is called an invariant Hilbert distance on X. The uniqueness of ¢
further implies the existence of an affine isometric action a: G — Mot (&) for which ¢ is equivariant.
Writing ao¢ = UgC + B¢, we then have ¢(gK) = B, for ¢ € G. In particular, any helix specifies an
orthogonal representation (U, ) of G.

Classification results for Lévy-Schoenberg kernels, resp., invariant Hilbert distances, resp.,
affine isometric actions of G with a K-fixed points, are mostly stated in terms of integral formulas
(Lévy—Khintchine formulas). Results are nown in various contexts:

for G locally compact and K compact ([39]); see [40,41] for locally compact abelian groups.

for the euclidean motion group G = E(d) 2 O4(R) = K ([38,42] p. 135)

for G compact ([38] Thm. 3.15); see [43] for G = SO, (R) and X = S¥.

for G/K Riemannian symmetric ([38] (Thm. 3.31) and [38] (Thm. 4.1) for G = SL,(R))

for G the additive group of a Hilbert space and K a closed subspace ([44]).

for G = O1,0(R) and K = O (R) and X the infinite dimensional hyberbolic space ([39] Thm. 8.1).
It is shown in particular that the kernel Q(x,y) = logcosh(d(x,y)) is negative definite, so that
all kernels e=5Q(%¥) = cosh(d(x,y))~® are positive definite; they correspond to the spherical
functions of X (cf. [13] Thm. 21, p. 79).

Example 7. (a) If € is a real Hilbert space and G = Mot(E) = &€ x O(E) its isometry group,
then (b, g) := ||b||*H defines for 0 < H < 1 a negative definite O(E)-biinvariant function on G with
P(e) = 0([31] Ex. 3.2.13(b)). The corresponding Lévy—Schoenberg kernel on & is

Cls,t) = S (IsIP + 1P = lls — £1*7)  with  r(s,t) = ||s —t]|*"

N —

(cf. [38] p. 135).
(b) The kernel

C(s,t) := %(d(s,eo) +d(t,eq) —d(s,t)) with r(s,t) =4d(s,t) (30)

on the sphere S, where d denotes the Riemannian metric on S and eg € S? is fixed. Here G = Oy (R) and
K = Oy(R) is the stabilizer of e ([38] p. 174, [23]). This means that the Riemannian metric on S® is a negative
definite kernel.

(c) From (a) it follows that for any real-valued negative definite function ¢ satisfying (e) = 0 on the
group G, the functions pH, 0 < H < 1, are negative definite as well ([38] p. 189).
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8.2. Brownian Motion on Metric Spaces

Definition 13. Let (M, d) be a metric space. In [23] a real-valued Gaussian process (B, )mem is called a
Brownian motion with parameter space (M, d) if there exists a point my € M with

E(ByBw) = = (d(m,mg) +d(n,mg) —d(m,n)) for m,ne M.

N~

Remark 16. For a metric space (M, d) a Brownian motion with parameter space (M, d) exists if and only if
the metric d: M x M — R is a negative definite kernel, which is equivalent to the kernels

C(n,m) = %(d(m, mo) +d(n,my) —d(m,n))

being positive definite for every mo € M (Lemma 1; see also [45] and [23] (Cor. 58)). This is verified for M = R%
in [45] (Thm. 7) and for M = S% in [45] (Thm. 5).

Definition 14. If d is negative definite, then there exists an isometric embedding n: M — & into a real Hilbert
space with n(mp) = 0 and then

1
Cln,m) = 3 ([l (m)l[ + ()l =l (m) =5 ()ll).
Example 7(a) then implies that the kernels

CH(n,m) = 2 (I (m) [P + () [P = [ (m) = y(m)|P7),  0<H<1,

N —

are positive definite as well. This suggests to call a Gaussian process (BL!) e p a fractional Brownian motion with
parameter space (M, d) and Hurst index H € (0,1) if there exists an mg € M with E(BYBE) = CH (n, m)
for n,m € M. Note that (¢(1(m)))mem yields a realization of fractional Brownian motion with parameter
space (M, d) in the Fock space T'(£). If M = G/ K is a homogeneous space, then the map 1 is called a fractional
Brownian helix (cf. [14] for the terminology).

For various aspects of fractional Brownian motion on R4, we refer to [19] and [46].

Problem 1. The natural analog of the function xg, which generates the realization of the fractional Brownian
motion in Hy has a natural higher dimensional analog in Xpa , the characteristic function of a half space.
+

Does this correspond to some “fractional Brownian motion” on R4?

8.3. Complementary Series of the Conformal Group

The function ||x||~* on R? is locally integrable if and only if # < d, and it defines a positive
definite distribution if and only if « > 0 ([8] Lemma 2.13). We thus obtain a family of Hilbert subspaces
Hy C C’“(Rd) for 0 < o < d. For a = 0 this space is one-dimensional, consisting of constant
functions.

From [8] (Prop. 6.1) we also know that, for 0 < a < d, the distribution ||x||~* is reflection positive
with respect to 6(x) = (—xp,x) ifand only ifa =0ord —2 < a < d.

Let G := Conf(R?) C Diff(S?) be the conformal group of R?, considered as a group of
diffeomorphisms of the conformal compactification S¥ (implemented by a stereographic projection).
We consider the kernels

Qx,y) = llx—yl and  Qulx,y):=[lx—yll™"
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We then have

Q(g(x),8(y)) = llag()|I'*Q(x, y)llag(y) > if  g(x),gly) € R™. (31)

In fact, this relation is obvious for affine maps g(x) = Ax+b, A € R* Oy(R). As the conformal
group is generated by the affine conformal group R? x (R* O,(R)) and the inversion o(x) := HXH = in
the unit sphere, it now suffices to verify the relation also for ¢. It is a consequence of

2 lyllx  |lxly 2
o(x —
o)~ o)l = | - ||y||2H e R
1 2 2 H]/—tz
= — —2(x,y) + [|x]1*) = 555
T W = 2@ ) 130 = gy e
combined with (o) )
y xy) ey
do(x)y = -2 x = ,
0 = R e T TP
where 7y is the reflection in x -, so that ||do(x)|| = ||x|| 2.
As a consequence, we obtain
Qu(gx,8.y) = [[dg(x) | 7> Qulx, y)ldg(y)[| /> (32)

(see [8] (Lemma 5.8) for the corresponding relation on the sphere S9.
The transformation Formula (31) implies in particular that the conformal cross ratio

CR(x,y,z,u) :=

is invariant under the conformal group.
In view of (32), we obtain with J¢(x) := [|dg(x)|| a representation

(U36) (%) = Jgr () 28 (g ")

on test functions. The same calculation as in [8] (Lemma 5.8) now implies that U* defines a unitary
representation of G on the space H,, specified by the scalar product

617“:—/]1@/ Y)Qu(x,y)dxdy = / / y)x —yl| “dxdy for &necSRY).
For ¢~!(x) = Ax + b, we have in particular
(Ug18)(x) = A" 2g(Ax +D),
and for the involution ¢(x) = ||x||~?x we have

(UsE) (x) = [[x[|* > (o (x))-

Remark 17. Up to the factor sgn(detg), this specializes for d = 1 and « = 2(1 — H) to the representation
UH for 3 < H < 1. We refer to Appendix D for more detailed discussion of this case.

As the kernel D(x,y) := |x —y|*, 0 < H < 1, on R? is negative definite,
the corresponding kernel

1
CHx,y) o= o (1P + Iyl = [lx = y27)
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is positive definite. We thus obtain on S(R%)y = {¢ e s( R%): ): [pa&(x)dx = 0} a positive semidefinite
hermitian form by

(G, m)en = /]Rd/]Rdg (y)CH(x,y) dx dy
[ LSl =y dxdy, &y € SR 3)
Example 8. For H = 1, we have
1
Clay) = 5 (I +llyll* = x = yII?) = (xy),

so that the corresponding reproducing kernel Hilber space is He = C%. For & € S(R?), we then have

@mc = (), where [2]:= [ e(x)vdx e R
is the center of mass of the measure ¢ dx.

Remark 18. In [47] (Thm. 7) Takenaga derives some “conformal invariance” of Brownian motion in R? but it
seems that his method only works on the parabolic subgroups of the conformal group stabilizing either 0 or oco.
So it would be interesting to use the complementary series representations of the conformal group to derive a
more complete conformal invariance in the spirit of the present paper for d > 1.

Remark 19. Similar arquments as in Remark 10 apply in the higher dimensional context: Since the
complementary series representations (U*, Hy,) of O1 4(R)" are irreducible, [1] (Prop. 5.20) implies that the
space HS of smooth vectors is nuclear. From the proof of [1] (Prop. 5.20(b)), we further derive that an element
¢ € Hy is a smooth vector if and only if it is a smooth vector for the maximal compact subgroup K = O4(R).
Considering H,, as a space of distributions on the sphere S*, it is not hard to see that H® = C*(S?) and hence
that Hy ™ = C~%°(S%) is the space of distributions on the sphere.

8.4. The Ornstein—Uhlenbeck Process

In this section we describe shortly the connection to the Ornstein—Uhlenbeck process. For that let
H=1 ThenY;:= q)(rel/z)([o,l]), t € R, is a stationary Gaussian process realized in H1/, = L?(R). Itis
the Ornstein—Uhlenbeck process. The corresponding covariance kernel is

s—t

e
C(t,s) :=E(Y:Ys) = / et/ 2 gy = o502 — p=ls=H/2 gor 5 <t
0

which is reflection positive with respect to (R, R, — idg ) because the kernel
C(—t,s) = e 5+1)/2

on R} is positive definite leading to a one-dimensional Hilbert space via the Osterwalder-Schrader
construction (cf. Example 1).

For 0 < H < 1, we also obtain by Y/ := ¢(t!x(91)) = q)(etHX[ole—t} ), t € R, in Hpy a stationary
Gaussian process. The corresponding covariance kernel is

e(t+s)H
C(t,s) = B(YsY;) = e TIHCH (75, 07ty = —5 (e72H em2tH _ o=t _ o75|2H)

1
= E(e(t*S)H +els=OH _ |p(s=0/2 _ plt=s)/22H)

= cosh((t —s)H) — 22171 sinh((s — t) /2)|* =: ¢(s — t).
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We then have
C(s,—t) = @(s +t) = cosh((t +s)H) — 2271 sinh((s + t) /2)[*
and
20(x) = ¥ 4 e7HY _ (¥/2 _ ¢=%/22H _ pHx 4 y=Hx _ oHx(] _ p=x)2H

_ efo eHx - <2H) -1 kfleka.
+ k:zl L )1

In Proposition 2 we have seen that this function is positive definite if and only if 0 < H < 1/2.
Hence C is reflection positive for 0 < H < 1/2.

Now let H = 1/2 so that C(t,s) corresponds to the Ornstein—-Uhlenbeck process. In this case
C(t,s) is invariant under the reflection 6(t) = —t. As x| ) is cyclicin L?(R.) for the dilation group,
there exists a unique unitary isometry V on L2(R;) with V (1, X[01]) = Te-tX[o,) for t € R. The latter
relation is is equivalent to e//2V (x(g 1)) = ¢™"/2x[g 1|, resp.,

V(X[O,t]) = tX[o,tfl] for t>0. (34)

Therefore V coincides with the unitary involution 6 corresponding to the symmetry of Brownian
motion under inverstion of t (see Remark 7(a), and also Lemma 6 below).

Note that (6¢)(x) = 1¢(1) also defines an isometric involution on L?(R*) having the same
intertwining properties with the dilation group as 6, but this involution does not fix x| 1)-

To derive a formula for the involution 8, we recall the Sobolev space H!(R).

Definition 15. Let H}(R) denote the Sobolev space of all absolutely continuous functions F: R — R satisfying
F(0) = 0and F' € L?(R). Then

LR, HIR), 10 = [ F5)ds= (0 f)

is a bijection. We define a real Hilbert space structure on H!(R) in such a way that I is isometric. The inverse
isometry is then given by F — F'.

Remark 20. (a) From the relation I(f)(t) = (f, btl/2>, it follows that H!(R) is the real reproducing kernel
Hilbert space with kernel C = C'/2, i.e., the covariance kernel of Brownian motion (Bt)cg.

(b) We observe that |F(t)| < ||F|||vt| for F € HLX(R) and t € R follows immediately from the
Cauchy-Schwarz inequality and ||b}'?||3 = CV/2(t,t) = |t|.

Lemma 6. There exists a uniquely determined isometric involution 8 on Lz(R+) satisfying
0(Xp,) = txpp1 for t>0.
It is given by

@2)(1) :/Omg(s) dsf%g(%) for t>0, (35)

Proof. First we observe that the family by = x|y, t > 0, is total in L%(R..). Since the family by = thy /t
satisfies (Et,gs> = (by,bs) = t A's (Remark 7), there exists a uniquely determined isometry 8 with
6(by) = by for t > 0. As (bt)s>0 is also total, 6 is surjective. Now 6(by) = t%bt = b for t > 0 implies
6> =1.
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Let 6 denote the involutive isometry of H! (R) specified by § o I = I 08, resp., 6(F') = 6(F)’. Then
we obtain

(OI(F))(t) = 1Bf) (1) = (BF X.0) = {f Oxpo1) = HF, Xjom1y) = H(F)(ET)

and thus
(6F)(t) = tF(t71).

For f = F/, this leads to

1

@5)(1) = BF)(0) = @F)(1) = Ft ) = TP 1Y) = [ fleyds— 177,
This proves (35). O

Remark 21. (a) Note that (35) has a striking similarity with the formula for Tj one finds in [28] p. 273.
This suggests these operators correspond to a discrete series representation of SLy(R), hence cannot be
implemented in the complementary series representation that we consider.

(b) From the explicit formula for 8, we can also make the natural map q from £, = L2([0,1]) C € =
L2(R) to the space € = C more explicit. It is given by

:/Olf(x)dx

This follows from

(f,6f) = //W u) du F(x) dx—/f ) dx—//f du_]/f dx.

Here x1) € &4 spans the one-dimensional subspace of O-fixed points, so that q: £, — & can be identified
with the projection onto Cx|g 1.

Takenaga'’s formula ([27])
B‘tg = (ct+ d)Bg.t —ct-Bgoo — d- Bgo, 9= (i Z) € SL,(R), t € Roo, g.t # o0,

defines for each g € SLy(R) on H}(R) 2 H1/2 a unitary operator which acts on the point evaluations

(bt)ter by
Uy by := b§ = (ct+d)bgs — ct - byoo —d - by,

where we put cbge = 0 for c = 0 (g.c0 = ), d - bgg = 0 ford = 0 (8.0 = o) and (ct +d)bg; = 0 for
ct +d = 0(g.t = ). On general functions F € H}(R), the operator Uy acts by

[

(ugF)(t) = (by, UgF> = <Ug_1bt,F> = (ct—|—d)F(g_1,t) —ctF(a/c) —dF(b/d), g_l _ (ﬂ Z) '

Note that all summands are well defined for ¢ = 0, d = O, resp., ¢t +d = 0 because
IF(8)] < |F]| - [f]"/2 implies
limtF(s/t) =0 for seR.
t—0
The relation (b8)! = btgh for g, h € SLy(R) now leads to

Ug'b = bf" = U b = U UG by for g h € SLy(R),tE R,
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and hence to UgUy, = Ug,. We thus obtain on H!(R) a continuous unitary representation of SL,(R).
Note that U_1 = —1, so that this representation does NOT factor through a representation of PSL, (R).
The most economical way to verify the assertion that the operators U, are unitary is to do that for
gt =at+bando.t = —+~! and then to verify that (b%)! = bfh holds forall ¢ € SL,(R) and h.t = at+b
or h.t = —t~1. As SL,(R) is generated by elements of this form, it follows that U defines a unitary
representation on H!(R) & Ha.

With the aforementioned conventions concerning expressions of the form tF(s/t) = 0 fort =0,
the representation is given by

(UgF)(t) = (ct+d)F(g~'.t) — ctF(a/c) — dF(b/d)

= (ct+d)F(g~'.t) —ct-F(g l.oo) —d-F(g~L0). (36)
If g~1.t = at + B with « > 0 is affine, then g1 = ({f \\//5%) and we get

(UgF)(t) = a/2(F(at + B) — F(B))-
For | := <(1) _01>,we have 7! = —], so that

(UjF)(t) = —t(F(—t7') — F(0)) = —tF(—t1).
We also note that (36) leads to

(USFY' (1) = e(.F) (1) + (et + ) (5. F)(O) g5z — <Fa/)
= c(F(g™"t) — F(g™"00)) + (ct +d) "} (g F)(1).
If g~1.t = at + B is affine, then
(UgF')(t) = a'/2F'(at + B)
yields the usual action of Aff(R) on L?(R).

Remark 22. Since we want to express this in terms of the derivatives, we observe that, formally, we expect
something like

P~ = Flg o) = 7, Pl = [ Flg) (571 (1) dx

1o I

oo l(o—1 t 1 ~—1
_ _/ F'(g7"x) i :/ F'(g " .x) iy
t —o0

(cx +d)? (cx+d)?
In particular, we have

1

(U;F)' (t) = —F(—=t ) =t t 2F(—t7 V) = —F(—t ) =t 'F/(—t71) = - /O_ F'(x)dx—t1F(—t71).

For ¢ = F/, this reads

1

(u,g)(t):—rlg(—rl)—/of E(x)dx for t#0.
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This formula describes the unique unitary involution on L?(R) mapping b; to b_,—1 (cf. Lemma 6).
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Appendix A. Existence of Affine Isometries

For amap y: X — H into a Hilbert space, the closed subspace H ., generated by all differences
v(x) —v(y), x,y € X, is called the chordal space of 7y (cf. [17]). The following lemma is an abstraction
of [48] Satz 1,3.

Lemma Al. Let X be a non-empty set, H be a real or complex Hilbert space and y: X — Hand v': X — H'
be maps with Ho, = H and H., = H'. For xg € X, consider the kernel

K (x,y) := (y(x) — v(x0), 7(y) — v(x0)) on X xX.
Then the following are equivalent:

(i) There exists an affine isometry V: H — H' with V oy =/
(i) K® = Kf;‘? for every xp € X.
(iii) Ky = Ki;? for some xp € X.

If H and H' are real, then these conditions are equivalent to

(@) Jy(x) =@ = 17" (x) = ' W) for x,y € X.
If (i)—(iii) are satisfied, then the affine isometry V in (i) is uniquely determined by the relation V oy = /.
Proof. (ii) = (iii) is trivial.
(iii) = (i): From [30] (Ch. I) it follows that there exists a unique unitary operator U: H — H with
U(y(x) = 7(x0)) = 7'(x) =7'(x0) forall xeX
Then we put V¢ := UZ — U(7y(x0)) + 7' (x0).
(i) = (ii): If V¢ = U¢ + b is an affine isometry with V oy = 7/, then
K2 (x,y) = (7' (x) =9 (x0), 7' (y) — 7' (x0)) = (Uy(x) — Ur(x0), Ur(y) — Uy(x0))
= (v(x) = 7(x0), 7 (y) = 7(x0)) = K3*(x,¥).
(iv) < (iii): The kernel D, (x,y) := ||7(x) — 7(y)|? satisfies
Dy (x,y) = [l7(x) = 7(x0) + 7(x0) — v ()|

= 7(x) = 7 (x0) 7 + 17 (x0) — ¥() > +2Re K3 (x,)
=K (x,x) + K3*(y,y) + 2Re K3 (x, )

and, conversely,
1
Re KX (x,y) = E(Dar(x,y) — D,y (x,x0) — Doy (y, X0))-
Therefore (iv) is equivalent to Re K$° = Re Kf;?. If H is real, this is equivalent to (iii). O

Appendix B. Stochastic Processes

Definition Al. Let (Q, X, i) be a probability space and (B,*B) be a measurable space. A stochastic process
with state space (B, B) is a family (X;)ie of measurable functions Xy: Q — B, where T is a set.
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(a) We call the stochastic process (Xi)ter full if, up to sets of measure 0, ¥ is the smallest -algebra for
which all functions X; are measurable.
(b) For B = R or C, we say that (X;)ict is square integrable if every X; is square integrable. Then the
covariance kernel
C(s,t) == E(XsXy)

on T is positive definite. If C(t,t) = E(|X;|?) > 0 for every t € T, then X; := X;//E(|X¢|2) is called the
associated normalized process. Its covariance kernel is

~ C(s, t)

C(s, t) = W for s, teT.

(c) On the product space BT of all maps T — B, there exists a unique probability measure v with the
property that, for t1,. ..ty € T, the image of v under the evaluation map evy,,_ s, : BT — B" is the image of u
under the map (Xy,, ..., Xy,). We call v the distribution of the process (X;)ict (1371, Thm. 1.5).

Definition A2. Let (X¢)ser be a centered K-valued stochastic process and o: G x T — T be a group acting
onT.

(a) The process (Xi)er is called stationary if, for every ¢ € G, the process (Xgt)icT has the
same distribution. Then we obtain a measure preserving G-action on the underlying path space KT by

(gw)(t) := w(gLt), resp., g.X¢ = Xgut.
(b) The process (X¢)teT is said to have stationary increments if, for to, t1, ..., ty, t € T, the random vectors

(th — Xt(]/ ce ,th — Xto) and (Xg-t1 — Xg-tof ceoy Xg.tn — Xg-to)
have the same distribution (cf. [34]).

Definition A3. ([49] Def. 2.8.1) A square integrable process (Z;);>q is said to be wide sense stationary if
the function t — E(Z;) is constant and there exists a function C: R — C such that C(s,t) = E(ZsZ;) =
C(s—t).

Appendix B.1. Processes with stationary increments

Proposition Al. (The flow of a process with stationary increments) Let (X;)¢eT be a K-valued stochastic
processand o: G x T — T,(g,t) — g.t be a G-action on T. Then the following are equivalent:

(i)  (X¢)ter has stationary increments.
(if) Foreveryty e T,
(g-w)(t) = w(g t) + w(ty) — w(g 'to) (A1)

defines a measure preserving flow on the path space KT satisfying

g.Xt = Xg.t + Xto — Xg.to' (A2)

Proof. (i) = (ii): For each g € G, we consider the map
Ty KT — KT, oo(w)(t) := w(g 1t) + w(ty) — w(g 'to). (A3)

Then
((7g)+Xp) (w) = X¢(Tg1w) = w(gt) + w(to) — w(g-to), (A9)

ie.,
((Tg)*Xt = ng + Xto — ngo/ resp., Xg.t = ((Tg)*Xt + X3~t0 — Xto‘
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Since, for every finite subset F C T, the random vector (Xg.t — Xg‘to)te r has the same distribution
as (Xt — Xy, )icr, the flow on KT defined by ¢ is measure preserving.

(ii) = (i): If there exists a measure preserving G-action on K satisfying (A2), then the distribution
of (Xg.t + Xty — Xg.ty)ter is the same as the distribution of (X;)cr. Subtracting Xj,, it follows that the
distribution of (Xg, — X¢.t))ter is the same as the distribution of (X; — Xy, )7, i.e., that (X¢)ter has
stationary increments. [

Remark A1. (a) If the K-valued process (X;)ier on (Q, X, ) is square integrable, then (X;);cT generates
a closed linear subspace Hy C L*(Q, ). The existence of a unitary representation (Ug)qcc on Hq with
U Xy = Xqt for g € G, t € T, is equivalent to the invariance of the covariance kernel

C(S, t) = E(ZX{) = <Xs, Xt>

(cf. [30] Ch. I). This condition is in particular satisfied if the process is stationary.
(b) For a square integrable process, it likewise follows that the existence of an action of G by affine isometries
(ag)gcc on the closed affine subspace A C L?(Q, ) generated by (Xy)ser satisfying

Xet =wagXy for geGteT
is equivalent to the independence from g € G of the kernel
Qg(t’s) = E((ng - Xg-to)(Xg-S - Xg'to)) fOT s,teT,

for some tg € T (and hence for all ty € T)) (Lemma Al). For a real-valued process (K = R), this condition is
equivalent to the G-invariance of the kernel

D(t,s) :=E((X; — Xs)?) for ts€T
on T x T (Lemma Al).
Lemma A2. Let (a¢);cRr be a continuous isometric affine R-action of the form
=W+ B for teREeH
on the real or complex Hilbert space H. If P is total in H, then the unitary representation (Uy)c is cyclic.

Proof. First proof: We write H = H & H1, where Ho = HU is the closed subspace of U-fixed vectors
and H; := Hg . Accordingly, we write B = By + B1. Then By: R — H, is a continuous homomorphism,
hence of the form By(t) = tvy for some vy € Hy. We conclude that dim Hy < 1, so that it suffices to
show that the representation on H; is cyclic. We may therefore assume from now on that HY = {0}.

Step 1: First we assume that Spec(U) is compact and does not contain 0. Then there exists an
¢ > 0 such that the operators Uy — 1 are invertible for |t| < e. For [t|,|s| < ¢, we then have

(ut - 1),55 = ,Bt+s - :Bs - ﬁt = (us - l)ﬁt’

so that
v:= (U —1)"'p for |t|<e

is independent of t. Now the relation fy = U;v — v holds for || < ¢, but since B is a continuous cocycle,
it follows for all f € R. Clearly, v € H is a U-cyclic vector.

Step 2: Now we consider the general case where H is complex. We write R* = |J,,cy Cn, where C,,
is relatively compact with 0 & C,,. If P is the spectral measure of U, we accordingly obtain a U-invariant
decomposition H = @,cnP(Cy)H into subspace on which U has compact spectrum not containing 0.
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Now our assumption implies that every H, is generated by the values of the H,-component of .
Step 1 now implies that each H,, is cyclic, and since representations on the subspaces H, are mutually
disjoint, the representation on H is cyclic.

Step 3: Finally, we consider the general case where H is real. Then we may choose the sets C;, C R
such that they are symmetric, i.e.,, C, = —C;;. Then the corresponding spectral subspaces of H¢ are
invariant under complex conjugation and we can proceed as in Step 2.

Alternative proof: A more direct argument can be derived from the work of P. Masani ([16];
see also [17]). For the element

= ” e !By dt
¢ /0 Pt
one shows that the shift operators
b
T(a,b) := Uy — U, —/ Updt = —T(b,a)
a

satisfy B = T(t,0)¢. Here the main point is to verify first the switching property ([16] Lemma 2.18)

T(a,b)(Bc —PBg) =T(c,d)(Ba— By) for ab,c,deR,
and that [~ e~'Ty(t,0) ds = 1 ([16] Thm. A.2). Then the assertion follows from

T(t,0)¢ = / eST(1,0)Bs ds = / ¢=T(s,0) B ds = By

0 0

([16] Thm. 2.19). O
Proposition A2. (Normal form of cocycles) Let (U, H ) be a continuous unitary one-parameter group and

B: R — H be a continuous cocycle. Then there exists a Borel measure o on R such that the triple (U, B, H) is
unitarily equivalent to the triple (U, B, L*(R, o)) with

eitx71
(Ef)(x) = f(x) and pu(x) = { w Jra7 o
t forx =0.
Proof. In view of Lemma A2, we may assume that the representation (U, H) is cyclic.

Step 1: First we assume that HY = {0}. According to Bochner’s Theorem, any cyclic unitary
one-parameter group (U, H ) with HY = {0} is equivalent to the multiplication representation on some
space L2(R*, 1) by (U;f)(x) = e** f(x). For this representation it is easy to determine the cocycles.
They are of the form

Br(x) = (€™ — 1)u(x),

where u: R — C is a measurable function with the property that, for every t € R, the function
(e™* — 1)u is square integrable. Replacing y by the measure
do(x) = 2 Ju(x) 2du(x),
we may assume that u(x) = 1, which leads to B¢(x) = "itfx_ 1
Step 2: If HY = H, then f: R — H is a continuous homomorphism, hence of the form B; = tv for
some v € H. The cyclicity assumption implies that H = Cv = L?(R, ) for the measure o = ||0||?dp.
Here the vector v corresponds to the constant function 1, so that ; = tv = t.

The assertion now follows by applying Steps 1 and 2 to the summands of the decomposition
H=HYe (HD:. O
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The following theorem is basically the Lévy-Khintchine Theorem for the group G = R (cf. [50]
(Thm 5.5.1), [23] (Thm. 32), and [48] for a different form).

Proposition A3. Let (X;);cpr be a complex-valued zero mean Gaussian process on (Q, %, u) with Xo = 0 and
stationary quadratic increments. Then there exists a uniquely determined Borel measure o on R such that

Cols,) =E(GX) = [ ety dotu) for es(u) = M1 / it (AB)

iu

A measure o on R arises for such a process if and only if

do(u)
/R T <. (A6)

The function

r(t) ::/R(l—eit”—i— itu )dL(u)

14+u2/) u?

is negative definite and satisfies L
r(t) +r(s) —r(t—s) = Co(s,t). (A7)
All other negative definite continuous functions satisfying (A7) are of the form 7(t) = r(t) + ity for some
neR

The measure ¢ is called the spectral measure of the process (Xt);cr-

Proof. Let A C L?(Q,%, 1) be the closed affine subspace generated by (X;)icr. As Xo = 0, this is
actually a linear subspace. Now Lemma A1 implies the existence of an affine isometric action (&t)cr
of R on A satisfying a; Xs = X, In particular, B := X; is a corresponding cocycle. Now the existence
of ¢ follows from Proposition A2.

Now we show that (A6) is equivalent to the square integrability of all (et)t#(] (Definition A1) and
the continuity of the function t — Cy(t, ) = ||e¢||3.

From

cos(fu) —1 ‘2 n ’sin(tu) ‘2 1+ cos?(tu) +sin®(tu) — 2 cos(tu) 21 — cos(fu)

es ()2 = | = -

u u

it follows that the square integrability of all ¢; with respect to ¢ is equivalent to
f(t) = /R 1_C;)wda(u) <oco forall teR.

If r > 0 and t is sufficiently small, then the integrand has a positive infimum on the interval
[—r, ]. Therefore the finiteness of all f(t) implies that all compact subsets of R have finite c-measure.
Since the function f(t) = 2C,(t, ) is continuous, for every e > 0, we have

oo>/:f(t)dt:./R/Og(lfcos(tu))dtda(u) :/R(efi““z”) do(u)

u? u u?

As the functionu — 1 — % has a positive infimum on [1, o), it follows that f| ul>1 Wu—(z”) < o0.
This implies that [ '711‘1(;'2) < o

do(u)

T < ® (cf. [50] Lemma 5.5.1). We claim that we obtain a continuous

Suppose, conversely, [
negative definite function

r(t) ::/R(l—e”“+ thu )W—/IR(l_eitqu it )da(”). (A8)

14+u2/) u? u 14+ u2 u
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We first show that the integrals exist. To this end, we observe that

1+ itu — et

:1_eztu+ 5
u

itu )1+u2

1— itu
( ¢ +1+u2 u?

Since all three summands are bounded, the existence of the integral (A8) defining r(t) follows.
The first two summands are bounded independently of ¢, and the third summand can also be written as

1+ itu — et

g = h(tu)t?,

where the function i: R — C is bounded. We conclude that all summands are locally uniformly
bounded in t. Therefore the continuity of the function r follows from Lebesgue’s Dominated

Convergence Theorem. Moreover, r is negative definite because the functions t — 1 — et and
t — it are.
We further have the relation
r(t) —i—@ —r(t—s) =Co(s, t) =E(XIX;) = /Res(u)et(u) do(u), (A9)

showing that C, is the positive definite kernel associated to the continuous negative definite function r,
hence in particular continuous.

Appendix C. Second Quantization and Gaussian Processes

Definition A4. ([37] Def. 1.6) Let T be a set and K = R or C. A K-valued stochastic process (X¢)er is said
to be Gaussian if, for all finite subsets F C T, the corresponding distribution of the random vector X = (X¢)ter
with values in KF is Gaussian.

Definition A5. Let H be a K-Hilbert space. A Gaussian random process indexed by H is a random process
(¢(v)) ey on a probability space (Q, X, P) indexed by H such that

(GP1) (¢(v))yey is full, i.e., the random variables ¢(v) generate the o-algebra ¥ modulo zero sets.
(GP2) Each ¢(v) is a Gaussian random variable of mean zero.
(GP3) E(¢(v)p(w)) = (v, w)y forv,w € H.

Remark A2. If T is a set, v: T — H a map and (¢(v)),cy is a Gaussian process indexed by H,
then (@(y(t)))ter is a Gaussian process indexed by T with zero means and covariance kernel

Cls,t) =E(p(r(1)e(v(s))) = (v(t), 7(s))-

For any function m: T — R, t — my, we obtain a Gaussian process (X )eT with mean vector (my)set by

X, = g(y(t)) + m.

If y(T) is total in H, then the corresponding Gaussian process is full.
Conwversely, every Gaussian process (X;)eT with mean vector (my)er is of this form. Here we may choose
H as the subspace of L2(Q, %, u) generated by the X; — my ([37] Thm. 1.10).

Definition A6. (Second quantization; [51]) For a real Hilbert space H, we write H* for its algebraic dual,
i.e., the set of all linear functionals H — R, continuous or not. Let T(H) := L*>(H*,~y, C) denote the canonical
Gaussian measure space on H*. This measure is defined on the smallest o-algebra 3. = g+ for which all
evaluations ¢(v)(a) := a(v), v € H, are measurable. It is determined uniquely by

]E(eiq)(v)) _ e—HUHZ/Z for veH.
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Considering the ¢(v) as random variables, we thus obtain the canonical centered Gaussian process (¢(v))pen
over H. It satisfies

E(p(v)) =0 and E(e(v)p(w))= (v,w) for v,we H.

Remark A3. (The unitary representation of Mot(H) on I'(H)) The group Mot(H) = H x O(H) of bijective
isometries of H has a natural unitary representation on T'(H) given by

U(b,g)F = ei¢(h)g*F, where  (g+F)(a) = F(gfl.zx) =F(aog).

In particular, the map
H—T(H), x> Uyql=eo®

is Mot(H )-equivariant with total range. The canonical Gaussian process over the real Hilbert space H satisfies

[lo—w]?

Q(v,w) := E(ei?(@)®)) = E(/?(®-0)) = =7 (A10)

Remark A4. The canonical Gaussian measure <y on the algebraic dual HY ,, = L2(R)* is called white noise
measure. The space of smooth vectors of the unitary representation (U2, L2(R)) of GL,(R) (see [9] (Ch. 7) for
this concept) can be naturally identified with the space C*(S'), considered as a subspace of Hy /5. It coincides
with the space Do in Hida’s book [37] (p. 304).

Appendix D. The Hilbert Spaces Hy, 0 < H < 1

Appendix D.1. The Scalar Product on Hy

In this section we give a short discussion about the complementary series representation in the
one dimensional case. For detailed discussion see [32] (p. 28) and [4] (Sect. 9).
For 3 < H < 1land ¢ 7 € S(R), we have

@H-1) [ Tl —yP 2ax
_ _ V' =7/, \2H-2 T (x — y)2H2
= (2H 1>( /_ RSV R A GICER RS

_ /yoo F(x )2 gy — {m(y _ x)ZH—l‘iw
[T EE (- y)H x4 [ﬁ(x B y)zH_lr"
y y

s n(y
_/g/ & |1 21){ dxdy

We accordingly obtain

=H [ [y sg“ o senly =) 4 gy (A11)

and thus

hm (7 2//@" y)sgn(y — x) dxdy

H—y
2/ K )dx—/yooé’(x)dx} :/IRﬂ(y)@dy: € miw)

It therefore makes sense to put H1 /5 := L%(R), so that we have Hilbert spaces H for % <H<I.
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In the form (A11), the scalar product (-, -) i is defined by a distribution kernel which is locally
integrable for any H > 0. We shall use this observation to define Hilbert spaces Hy for 0 < H < 1.
To find a more symmetric form of the scalar product, we calculate

Lorw)senty—olx vy == [ yp)r-w) ay [Ty 2T ay

X 1 X
- / ') (x — y)* dy

+2i[17(y)(y—X)2H\:o ZH/ x)* dy

- / _ 2H
H/Rn(y)Ix yI= dy.

We thus obtain from (A11) the simple form

1 Froaw
5 . [ ECm @)l -y axay. (A12)

Appendix D.2. Unitarity of the Representations U7, 0 < H < 1

L)

To verify the unitarity of the representations U, for H > %, we calculate for ¢, 77 € S(R)

<UHC / / i —T ) ) lad — be[2H dx dy
-1 18 ) e Py P [y
_/ /C |ad — be|?1-2 dx dy
() + AP 2fe(g ) + AP 2 [gx — gyF 20
so that unitarity follows from
¢ (gx) +d == hich implies gx—gyl _ |ad—bc| _ |e(g.x) +d|-[c(g.y) +d
a—cx lx—yl  la—cxlla—cy| lad — bc]

For H < % we use the fact that PGL, (R) is generated by the affine group Aff(R) and the map
o(x) = x~1. As the kernel function |x — y|>!! is translation invariant, the translations define unitary
operators U;(C)(x) :=&(x +b), b € R. For dilations ¢! (x) = ax, we have

(U3'E)(x) = sgn(a)|a|"&(ax) and (UJE) (x) = [a]"F1¢ (ax).
This leads to

gl ufly) = [ [ 1P ey (ay) fx = y P dwdy = [ [ FC' ) x -y dedy = (@),

The most tricky part is to verify that the operator (U¢)(x) := —|x|2H¢(x~1) is unitary on Hp.
Since U is an involution, it suffices to show that

(ug,m) =, Un) for ¢,neSR). (A13)

To verify this symmetry relation, we may assume that ¢ and # are real-valued. We first observe that

(Ug)'(x) = 2H sgn(x)|x[ 72171 (x7h) + [« 7272 (x 7).
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This leads to
(ugn) = //Hsgn x)|x| 7 e (g () |x — y [P dx dy (A14)
N E/R/R x| 72 () () |x — P dxdy.

The second summand in (A14) equals

1 2H+2 / o d / / L 12H
5 [ [ R e ) =y Sy = (x Xy dxdy,
which is symmetric in ¢ and #. The first summand in (A14) equals
d
. 2H+1 / -1 _ on d _ /  2H 5. %Y
[ Hegn@ R ey ()l =y Fay = = [ [ He(' ) - xy ax L.
With
o 2H dy ' 2H-1 dy
Lo =Pt = —2n [ ) —xyP sgn(t - xy)(—0) Y
—ZH/ |1—xy\2H Lsgn(1 — xy) dy,
we obtain for the first summand in (A14)
—2H2/ / y)|[1 —xy[H L sgn(1 — xy) dx dy.

Again, the symmetry of the integral kernel now implies that this expression is symmetric in ¢
and 1. We conclude that U defines a unitary operator on Hpy. This implies unitarity of the operators
U; for0 < H <}

Appendix E. The Spectral Measure of Fractional Brownian Motion

For Rez > 0, we have the integral representation of the Gamma function

T(z) = / e AT 14, (A15)
0
For 0 < « < 1, this leads to
0 dA
) — —-A%7
r(1—a) /0 e TR (Al6)

By partial integration, we further obtain

/0' (1—eMA1%dA = %/O e‘A;% - @ (A17)

This in turn leads to

2 = ﬁfo (1—e A 1"%dA for 0<a<1zeC\ (—co,0] (A18)
(cf. [31] p. 78). In fact, for z > 0 real, this follows from (A17) by dilation, so that the claim follows by
analytic continuation from the holomorphy of both sides. For z = i, we obtain from (A18)

o

cos(%) Re®/2 = Re(i*) = Ta—a)

/ (1—cosA)A"%dA for O<a<1. (A19)
0
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With - -
I'(l—a)'(a)= = A2
(1—a)T(a) sin(ta)  2sin(7wa/2) cos(ma/2) (A20)
we obtain - -
2r(1 - = )=— A21
(1-a) COS( 2 ) sin ()T («) (A21)
Thus
- n m I(1-3)I)
1—cosA)|A|71%dA = — _ 2)t\2)
/R( cos )| al(a)sin ()  T(1+a)sin(g)  T(1+a)
We further obtain for t € R by dilation
r-35)r(s)
1—costA)|A| 710 dA = =22 220 |1
L1 costh) AT A = SR
For H = 2a« this implies
H2H = I'(2H+1) / 1 —cosAt dA
- TH)TA=H) Je - [APH A
1 T(2H+1) (1 —cosAt)? +sin® At q_opy
_ / IAJ12H 4o
2T (H)I'(1—-H) Jr A2
1 T(2H+1) 211 11-2H
and therefore the spectral measure of fractional Brownian motion is
. . = : . A22
do(A) 2 T(HT( = H) |A| A = A A (A22)
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