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Abstract: In this paper, the notion of cubic intuitionistic q-ideals in BCI-algebras is introduced.
A relationship between a cubic intuitionistic subalgebra, a cubic intuitionistic ideal, and a cubic
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1. Introduction

In 2012, Jun et al. [1] presented cubic sets, and afterward, this idea was connected to a few algebraic
structures ([2–18]). In 2017, extending the concept of a cubic set, Jun [19] established the idea of a cubic
intuitionistic set. He introduced the notions of the (left, right) internal cubic intuitionistic set, the double
left (right) internal cubic intuitionistic set, the cross left (right) internal cubic intuitionistic set, and the
(cross) external cubic intuitionistic set and investigated related properties. He applied this theory to
subalgebras and ideals in a BCK/BCI-algebra and obtained some useful results. He provided relations
between a cubic ideal and a cubic intuitionistic subalgebra in a BCK/BCI-algebra. Senapati et al. [20]
applied this theory to several ideals of BCI-algebras. Senapati et al. [21] also applied cubic intuitionistic
theory to subalgebras and closed ideals of B-algebras.

The cubic sets consider only the membership intervals and do not weight the non-membership
segment of the information entities. However, in reality, it is frequently difficult to express the
estimation of the membership degree by an exact value in a fuzzy set. In such instances, it is probably
simpler to depict vagueness and uncertainty in the real world using an interval value and an exact
value, rather than unique interval/exact values. Therefore, the hybrid form of an interval value
might be extremely valuable to depict the uncertainties because of one’s reluctant judgment in a
decision-making issue. For this reason, Jun presented the notion of the cubic intuitionistic set (CIS),
which is described by two components simultaneously, where one represents the membership degrees
by an interval-valued intuitionistic fuzzy set (IVIFS) and the other represents the membership degrees
by the intuitionistic fuzzy set (IFS). Clearly, the benefit of the CIS is that it can generously contain more
information to express the IVIFS and the IFS simultaneously. For example, assume a supervisor has to
evaluate the work of his/her colleagues. The colleague furnishes him/her with his/her self-examined
report saying that he/she had finished 10–20% and simultaneously has not accomplished 60–70%

Symmetry 2018, 10, 752; doi:10.3390/sym10120752 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0003-0399-7486
https://orcid.org/0000-0002-6709-836X
http://dx.doi.org/10.3390/sym10120752
http://www.mdpi.com/journal/symmetry
http://www.mdpi.com/2073-8994/10/12/752?type=check_update&version=2


Symmetry 2018, 10, 752 2 of 14

of the work assigned to him/her. After studying his/her document from the supervisor, he/she
gives his/her judgment under the IFS condition by saying that he/she disagrees with the completed
work by 30% and agrees to the the incomplete work by 20%. Then, in that case, CIS is defined as(
〈[0.10, 0.20], [0.60, 0.70]〉, 〈0.30, 0.20〉

)
. Consequently, this environment increases the level of precision

by enhancing the scope of the membership interval by considering a fuzzy set membership value
corresponding to it. As a result, it is a useful tool for dealing with the imprecise and ambiguous data
during the decision-making process under an uncertain environment.

In this paper, we present the idea of cubic intuitionistic q-ideals in BCI-algebras. We examine
the connection between a cubic intuitionistic subalgebra, a cubic intuitionistic ideal, and a cubic
intuitionistic q-ideal and give conditions for a cubic intuitionistic ideal to be a cubic intuitionistic
q-ideal. We set up characterizations of a cubic intuitionistic q-ideal and consider the cubic intuitionistic
extension property for a cubic intuitionistic q-ideal. We introduce the product of cubic intuitionistic
subalgebras, ideals, and q-ideals of BCI-algebras. Finally, we draw the conclusion and present some
topics for future research.

2. Preliminaries

In this section, we express some essential ideas related to BCI-algebras and cubic intuitionistic
sets over the universe of discourse T.

By a BCI-algebra, we denote an algebra T with a binary operation “∗” and a constant zero
fulfilling the accompanying axioms for all l, j, k ∈ T:

(i) ((l ∗ j) ∗ (l ∗ k)) ∗ (k ∗ j) = 0,
(ii) (l ∗ (l ∗ j)) ∗ j = 0,
(iii) l ∗ l = 0,
(iv) l ∗ j = 0 and j ∗ l = 0 imply l = j.

We can define a partial ordering “≤” by l ≤ j if and only if l ∗ j = 0.
If a BCI-algebra T fulfills 0 ∗ l = 0, for all l ∈ T, then we say that T is a BCK-algebra.

Any BCK/BCI-algebra T fulfills the following axioms for all l, j, k ∈ T:

(a1) (l ∗ j) ∗ k = (l ∗ k) ∗ j,
(a2) ((l ∗ k) ∗ (j ∗ k)) ∗ (l ∗ j) = 0,
(a3) l ∗ 0 = l
(a4) l ∗ j = 0⇒ (l ∗ k) ∗ (j ∗ k) = 0, (k ∗ j) ∗ (k ∗ l) = 0.

Throughout this paper, T always means a BCK/BCI-algebra without any specification.
A non-empty subset S of T is known as a subalgebra of T if l ∗ j ∈ S for any l, j ∈ S. A nonempty
subset I of T is known as an ideal of T if it fulfills:

(I1) 0 ∈ I and
(I2) l ∗ j ∈ I and j ∈ I imply l ∈ I.

A non-empty subset I of T is said to be an q-ideal [22] of T if it fulfills (I1) and:

(I3) l ∗ (j ∗ k) ∈ I and j ∈ I imply l ∗ k ∈ I, for all l, j, k ∈ T.

A BCI-algebra is said to be associative if (l ∗ j) ∗ k = l ∗ (j ∗ k), for all l, j, k ∈ T.
A BCI-algebra is said to be quasi-associative if it fulfills the following inequality:

(l ∗ j) ∗ k ≤ l ∗ (j ∗ k), for all l, j, k ∈ T.

Given two closed subintervals D1 = [D−1 , D+
1 ] and D2 = [D−2 , D+

2 ] of [0, 1], we characterize the
order “�” and “�” as follows:
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D1 � D2 ⇔ D−1 ≤ D−2 and D+
1 ≤ D+

2

D1 � D2 ⇔ D−1 ≥ D−2 and D+
1 ≥ D+

2 .

We additionally characterize the refined maximum (rmax) and refined minimum (rmin) as:

rmax{D1, D2} = [max{D−1 , D−2 }, max{D+
1 , D+

2 }]
rmin{D1, D2} = [min{D−1 , D−2 }, min{D+

1 , D+
2 }].

Denote by D[0, 1] the set of all closed subintervals of [0, 1]. In this paper, we use the interval-valued
intuitionistic fuzzy set:

A = {〈l, MA(l), NA(l)〉 : l ∈ T}

in which MA(l) and NA(l) are closed subintervals of [0, 1] for all l ∈ T. Furthermore, we use the
notations M−A(l) and M+

A(l) to denote the left end point and the right end point of the interval
MA(l), respectively, and thus, we get MA(l) = [M−A(l), M+

A(l)]. For effortlessness, we shall use
the symbol A(l) = 〈MA(l), NA(l)〉 or A = 〈MA, NA〉 for the interval-valued intuitionistic fuzzy set
A = {〈l, MA(l), NA(l)〉 : l ∈ T}.

Definition 1 ([19]). Let T be a nonempty set. By a cubic intuitionistic set in T, we denote a structure
Ã = {〈l, A(l), λ(l)〉 : l ∈ T} in which A is an interval-valued intuitionistic fuzzy set in T and λ is an
intuitionistic fuzzy set in T.

A cubic intuitionistic set Ã = {〈l, A(l), λ(l)〉 : l ∈ T} is basically shown by Ã = 〈A, λ〉.

3. Cubic Intuitionistic q-Ideals

In what follows, we simply use T to mean a BCI-algebra, unless otherwise specified.

Definition 2 ([19]). A cubic intuitionistic set Ã = 〈A, λ〉 in T is known as a cubic intuitionistic subalgebra of
T over the binary operator ∗ if it fulfills the following conditions:

(a) MA(l ∗ j)� rmin{MA(l), MA(j)},
(b) NA(l ∗ j)� rmax{NA(l), NA(j)},
(c) µλ(l ∗ j) ≤ max{µλ(l), µλ(j)},
(d) νλ(l ∗ j) ≥ min{νλ(l), νλ(j)},

for all l, j ∈ T.

Definition 3 ([19]). A cubic intuitionistic set Ã = 〈A, λ〉 in T is known as a cubic intuitionistic ideal of T if
it fulfills the following conditions for all l, j ∈ T:

(a) MA(0)� MA(l) and NA(0)� NA(l),
(b) µλ(0) ≤ µλ(l) and νλ(0) ≥ νλ(l),
(c) MA(l)� rmin{MA(l ∗ j), MA(j)},
(d) NA(l)� rmax{NA(l ∗ j), NA(j)},
(e) µλ(l) ≤ max{µλ(l ∗ j), µλ(j)},
(f) νλ(l) ≥ min{νλ(l ∗ j), νλ(j)}.

Definition 4. A cubic intuitionistic set Ã = 〈A, λ〉 in T is known as a cubic intuitionistic q-ideal of T if it
fulfills Conditions (a) and (b) in Definition 3 and for all l, j, k ∈ T:

(a) MA(l ∗ k)� rmin{MA(l ∗ (j ∗ k)), MA(j)},
(b) NA(l ∗ k)� rmax{NA(l ∗ (j ∗ k)), NA(j)},
(c) µλ(l ∗ k) ≤ max{µλ(l ∗ (j ∗ k)), µλ(j)},
(d) νλ(l ∗ k) ≥ min{νλ(l ∗ (j ∗ k)), νλ(j)}.
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We now outline the above definitions by utilizing the accompanying examples.

Example 1. Let T={0, a, b, c} be a BCI-algebra with the following Cayley table:

∗ 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Define a cubic intuitionistic set Ã = 〈A, λ〉 in T as follows:

T A = 〈MA, NA〉 λ = (µλ, νλ)

0 〈[0.5, 0.7], [0.1, 0.2]〉 (0.1, 0.8)
a 〈[0.4, 0.6], [0.2, 0.3]〉 (0.2, 0.7)
b 〈[0.2, 0.4], [0.3, 0.5]〉 (0.4, 0.5)
c 〈[0.2, 0.4], [0.3, 0.5]〉 (0.4, 0.5)

All the conditions of Definition 4 have been satisfied by the set A with the above values. A few
results are calculated below.
MA(a ∗ b) = MA(c) = [0.2, 0.4] = rmin{[0.5, 0.7], [0.2, 0.4]} = rmin{MA(a ∗ (c ∗ b)), MA(c)},
MA(a ∗ 0) = [0.4, 0.6]� [0.2, 0.4] = rmin{[0.2, 0.4], [0.2, 0.4]} = rmin{MA(a ∗ (c ∗ 0)), MA(c)},
NA(a ∗ b) = NA(c) = [0.3, 0.5] = rmax{[0.1, 0.2], [0.3, 0.5]} = rmax{NA(a ∗ (c ∗ b)), NA(c)},
NA(a ∗ 0) = [0.2, 0.3]� [0.3, 0.5] = rmax{[0.3, 0.5], [0.3, 0.5]} = rmax{NA(a ∗ (c ∗ 0)), NA(c)},
µλ(a ∗ b) = µλ(c) = 0.4 = max{0.1, 0.4} = max{µλ(a ∗ (c ∗ b)), µλ(c)},
µλ(a ∗ 0) = µλ(a) = 0.2 ≤ 0.4 = max{0.4, 0.4} = max{µλ(a ∗ (c ∗ 0)), µλ(0)},
νλ(a ∗ b) = νλ(c) = 0.5 = min{0.5, 0.8} = min{νλ(a ∗ (c ∗ b)), νλ(c)},
νλ(a ∗ 0) = νλ(a) = 0.7 ≥ 0.5 = min{0.5, 0.5} = min{νλ(a ∗ (c ∗ 0)), νλ(c)}.

Thus, Ã = 〈A, λ〉 is a cubic intuitionistic q-ideal of T.

Proposition 1. If Ã = 〈A, λ〉 is a cubic intuitionistic q-ideal of T, then it is order reversing.

Proof. Let l, j ∈ T be such that l ≤ j. Then, l ∗ j = 0. This implies MA(l) = MA(l ∗ 0)� rmin{MA(l ∗
(j ∗ 0)), MA(j)} = rmin{MA(l ∗ j), MA(j)} = rmin{MA(0), MA(j)} � MA(j), NA(l) = NA(l ∗ 0) �
rmax{NA(l ∗ (j ∗ 0)), NA(j)} = rmax{NA(l ∗ j), NA(j)} = rmax{NA(0), NA(j)} � NA(j), µλ(l) =

µλ(l ∗ 0) ≤ max{µλ(l ∗ (j ∗ 0)), µλ(j)} = max{µλ(l ∗ j), µλ(j)} = max{µλ(0), µλ(j)} ≤ µλ(j) and
νλ(l) = νλ(l ∗ 0) ≥ min{νλ(l ∗ (j ∗ 0)), νλ(j)} = min{νλ(l ∗ j), νλ(j)} = min{νλ(0), νλ(j)} ≥ νλ(j).
This completes the proof.

Proposition 2. Every cubic intuitionistic q-ideal Ã = 〈A, λ〉 of a BCI-algebra T fulfills the following
inequalities for all l, j ∈ T:

1. MA(l ∗ j)� MA(l ∗ (0 ∗ j)), NA(l ∗ j)� NA(l ∗ (0 ∗ j)), µλ(l ∗ j) ≤ µλ(l ∗ (0 ∗ j)), and νλ(l ∗ j) ≥
νλ(l ∗ (0 ∗ j)),

2. MA(0 ∗ l) � MA(0 ∗ (0 ∗ l)), NA(0 ∗ l) � NA(0 ∗ (0 ∗ l)), µλ(0 ∗ l) ≤ µλ(0 ∗ (0 ∗ l)), and
νλ(0 ∗ l) ≥ νλ(0 ∗ (0 ∗ l)).

Proof. The proof is straightforward.

We now examine the relationship between a cubic intuitionistic q-ideal and a cubic
intuitionistic subalgebra.

Theorem 1. If Ã = 〈A, λ〉 is a cubic intuitionistic q-ideal of T, then it is a cubic intuitionistic subalgebra.
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Proof. Let Ã = 〈A, λ〉 be a cubic intuitionistic q-ideal of T and l, j, k ∈ T. Then, substituting j for k
in Definition 4, we get MA(l ∗ j) � rmin{MA(l ∗ (j ∗ j)), MA(j)} = rmin{MA(l ∗ 0), MA(j)} =

rmin{MA(l), MA(j)}, NA(l ∗ j) � rmax{NA(l ∗ (j ∗ j)), NA(j)} = rmax{NA(l ∗ 0), NA(j)} =

rmax{NA (l), NA(j)}, µλ(l ∗ j) ≤ max{µλ(l ∗ (j ∗ j)), µλ(j)} = max{µλ(l ∗ 0), µλ(j)} =

max{µλ(l), µλ(j)} and νλ(l ∗ j) ≥ min{νλ(l ∗ (j ∗ j)), νλ(j)} = min{νλ(l ∗ 0), νλ(j)} =

min{νλ(l), νλ(j)}. Therefore, Ã is a cubic intuitionistic subalgebra of T.

Note that every cubic intuitionistic q-ideal of a BCI-algebra T is a cubic intuitionistic ideal of
T by putting k = 0 in Definition 4 and using (a3). However, the converse is not true, as seen in the
following example.

Example 2. Let T={0, a, b, c} be a BCI-algebra with the following Cayley table:

∗ 0 a b c
0 0 c b a
a a 0 c b
b b a 0 c
c c b a 0

Define a cubic intuitionistic set Ã = 〈A, λ〉 in T as follows:

T A = 〈MA, NA〉 λ = (µλ, νλ)

0 〈[0.6, 0.8], [0.1, 0.2]〉 (0.1, 0.9)
a 〈[0.4, 0.6], [0.2, 0.3]〉 (0.3, 0.6)
b 〈[0.3, 0.4], [0.4, 0.5]〉 (0.5, 0.4)
c 〈[0.2, 0.4], [0.4, 0.5]〉 (0.5, 0.4)

Then, Ã = 〈A, λ〉 is a cubic intuitionistic ideal of T, but not a cubic intuitionistic q-ideal of
T since MA(c ∗ a) = MA(b) = [0.4, 0.6] � [0.6, 0.8] = MA(0) = rmin{MA(c ∗ (0 ∗ a)), MA(0)},
NA(c ∗ a) = [0.2, 0.3]� [0.1, 0.2] = rmax{NA(c ∗ (0 ∗ a)), NA(0)}, µλ(c ∗ a) = 0.3 
 0.1 = max{µλ(c ∗
(0 ∗ a)), µλ(0)}, and νλ(c ∗ a) = 0.6 � 0.9 = min{µλ(c ∗ (0 ∗ a)), µλ(0)}.

We give a condition for a cubic intuitionistic ideal to be a cubic intuitionistic q-ideal.

Theorem 2. Every cubic intuitionistic ideal of an associative BCI-algebra T is a cubic intuitionistic q-ideal
of T.

Proof. Assume that Ã is a cubic intuitionistic ideal of an associative BCI-algebra T. For any l, j, k ∈ T,
we have MA(l ∗ k) � rmin{MA((l ∗ k) ∗ j), MA(j)} = rmin{MA((l ∗ j) ∗ k), MA(j)} = rmin{MA(l ∗
(j ∗ k)), MA(j)}, NA(l ∗ k) � rmax{NA((l ∗ k) ∗ j), NA(j)} = rmax{NA((l ∗ j) ∗ k), NA(j)} =

rmax{NA(l ∗ (j ∗ k)), NA(j)}, µλ(l ∗ k) ≤ max{µλ((l ∗ k) ∗ j), µλ(j)} = max{µλ((l ∗ j) ∗ k), µλ(j)} =
max{µλ(l ∗ (j ∗ k)), µλ(j)}, and νλ(l ∗ k) ≥ min{νλ((l ∗ k) ∗ j), νλ(j)} = min{νλ((l ∗ j) ∗ k), νλ(j)} =
min{νλ(l ∗ (j ∗ k)), νλ(j)}. Hence, Ã = 〈A, λ〉 is a cubic intuitionistic q-ideal of T.

Corollary 1. Let T be a BCI-algebra, which fulfills any one of the subsequent assertions:

(a) 0 ∗ l = l, for all l ∈ T
(b) l ∗ j = j ∗ l, for all l, j ∈ T.

Then, every cubic intuitionistic ideal is a cubic intuitionistic q-ideal.
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Corollary 2. Let T be a quasi-associative BCI-algebra, which fulfills any one of the following conditions, for all
l, j, k, p ∈ T,

(a) 0 ∗ (0 ∗ l) = l,
(b) 0 ∗ (j ∗ l) = l ∗ j,
(c) l ∗ j = 0⇒ l = j,
(d) k ∗ l = k ∗ j⇒ l = j,
(e) l ∗ k = j ∗ k⇒ l = j,
(f) (l ∗ j) ∗ (l ∗ k) = k ∗ j,
(g) (j ∗ l) ∗ (k ∗ l) = j ∗ k,
(l) (l ∗ j) ∗ (l ∗ k) = 0 ∗ (j ∗ k),
(i) (l ∗ j) ∗ (k ∗ p) = (l ∗ k) ∗ (j ∗ p),

then each cubic intuitionistic ideal is a cubic intuitionistic q-ideal.

Theorem 3. Let Ã = 〈A, λ〉 be a cubic intuitionistic ideal of T that fulfills: MA(l ∗ j)� MA(l), NA(l ∗ j)�
NA(l), µλ(l ∗ j) ≤ µλ(l), and νλ(l ∗ j) ≥ νλ(l), for all l, j ∈ T. Then Ã is a cubic intuitionistic q-ideal of T.

Proof. Assume that Ã is a cubic intuitionistic ideal of T and l, j, k ∈ T. Then, by using (a1) and from
Definition 3, we get:

MA(l ∗ k) � rmin{MA((l ∗ k) ∗ (j ∗ k)), MA(j ∗ k)}
= rmin{MA((l ∗ (j ∗ k)) ∗ k), MA(j ∗ k)}
� rmin{MA(l ∗ (j ∗ k)), MA(j)},

µλ(l ∗ k) ≤ max{µλ((l ∗ k) ∗ (j ∗ k)), µλ(j ∗ k)}
= max{µλ((l ∗ (j ∗ k)) ∗ k), µλ(j ∗ k)}
≤ max{µλ(l ∗ (j ∗ k)), µλ(j)}.

Similarly, we get NA(l ∗ k)� rmax{NA(l ∗ (j ∗ k)), NA(j)}, and νλ(l ∗ k) ≥ min{νλ(l ∗ (j ∗ k)), νλ(j)}.
Hence, Ã = 〈A, λ〉 is a cubic intuitionistic q-ideal of T.

The sets {l ∈ T : MA(l) = MA(0)}, {l ∈ T : NA(l) = NA(0)}, {l ∈ T : µλ(l) = µλ(0)}, and
{l ∈ T : νλ(l) = νλ(0)} are indicated by TMA , TNA , Tµλ

, and Tνλ
, respectively. These four sets are also

q-ideals of T.

Theorem 4. Let Ã = 〈A, λ〉 be a cubic intuitionistic q-ideal of T. Then, the sets TMA , TNA , Tµλ
, and Tνλ

are
q-ideals of T.

Proof. Assume that Ã is a cubic intuitionistic q-ideal of T. Then, it is obvious that 0 ∈ TMA ∩ TNA ∩
Tµλ
∩ Tνλ

. Let l, j, k ∈ T be such that l ∗ (j ∗ k) ∈ TMA ∩ TNA ∩ Tµλ
∩ Tνλ

and j ∈ TMA ∩ TNA ∩ Tµλ
∩ Tνλ

.
Then, MA(l ∗ (j ∗ k)) = MA(0) = MA(j), NA(l ∗ (j ∗ k)) = NA(0) = NA(j), µλ(l ∗ (j ∗ k)) = µλ(0) =
µλ(j), and νλ(l ∗ (j ∗ k)) = νλ(0) = νλ(j). Thus:

MA(l ∗ k) � rmin{MA(l ∗ (j ∗ k)), MA(j)} = rmin{MA(0), MA(0)} = MA(0),

NA(l ∗ j) � rmax{NA(l ∗ (j ∗ k)), NA(j)} = rmax{NA(0), NA(0)} = NA(0),

µλ(l ∗ k) ≤ max{µλ(l ∗ (j ∗ k)), µλ(j)} = max{µλ(0), µλ(0)} = µλ(0),

νλ(l ∗ k) ≥ min{νλ(l ∗ (j ∗ k)), νλ(j)} = min{νλ(0), νλ(0)} = νλ(0).

Since Ã = 〈A, λ〉 is a cubic intuitionistic q-ideal of T, we have MA(l ∗ k) = MA(0), NA(l ∗ k) = NA(0),
µλ(l ∗ k) = µλ(0), and νλ(l ∗ k) = νλ(0), i.e., l ∗ k ∈ TMA ∩ TNA ∩ Tµλ

∩ Tνλ
. Hence, the sets TMA , TNA ,

Tµλ
, and Tνλ

are q-ideals of T.
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Let Ã = 〈A, λ〉 be a cubic intuitionistic set in a nonempty set T. Given ([s1, t1], [s2, t2]) ∈
D[0, 1]× D[0, 1] and [θ1, θ2] ∈ [0, 1]× [0, 1], we consider the sets:

MA[s1, t1] = {l ∈ T|MA(l)� [s1, t1]},
NA[s2, t2] = {l ∈ T|NA(l)� [s2, t2]},

µλ(θ1) = {l ∈ T|µλ(l) ≤ (θ1)},
µλ(θ2) = {l ∈ T|µλ(l) ≥ (θ2)}.

Theorem 5. Let Ã = 〈A, λ〉 be a cubic intuitionistic q-ideal of T, then the sets MA[s, t], NA[s, t], µλ(θ), and
νλ(θ) are q-ideals of T for all [s, t] ∈ D[0, 1] and θ ∈ [0, 1].

Proof. Assume that Ã is a cubic intuitionistic q-ideal of T. For any [s, t] ∈ D[0, 1] and θ ∈ [0, 1], let l ∈ T
be such that l ∈ MA[s, t]∩NA[s, t]∩ µλ(θ)∩ νλ(θ). Then, MA(l)� [s, t], NA(l)� [s, t], µλ(l) ≤ θ, and
νλ(l) ≥ θ. Now, MA(0) = MA(j ∗ 0) � rmin{MA(j ∗ (l ∗ 0)), MA(l)} = rmin{MA(j ∗ 0), MA(l)} =
rmin{MA(0), MA(l)} � [s, t], NA(0) = NA(j ∗ 0) � rmax{NA(j ∗ (l ∗ 0)), NA(l)} = rmax{NA(j ∗
0), NA(l)} = rmax{NA (0), NA(l)} � [s, t], µλ(0) = µλ(j ∗ 0) ≤ max{µλ(j ∗ (l ∗ 0)), µλ(l)} =

max{µλ(j ∗ 0), µλ(l)} = max{µλ(0), µλ(l)} ≤ θ and νλ(0) = νλ(j ∗ 0) ≥ min{νλ(j ∗ (l ∗ 0)), νλ(l)} =
min{νλ(j ∗ 0), νλ(l)} = min{νλ(0), νλ(l)} ≥ θ. Thus, 0 ∈ MA[s, t] ∩ NA[s, t] ∩ µλ(θ) ∩ νλ(θ). Now,
letting l ∗ (j ∗ k), j ∈ MA[s, t] ∩ NA[s, t] ∩ µλ(θ) ∩ νλ(θ). This implies that:

MA(l ∗ k) � rmin{MA(l ∗ (j ∗ k)), MA(j)} � [s, t]

NA(l ∗ j) � rmax{NA(l ∗ (j ∗ k)), NA(j)} � [s, t]

µλ(l ∗ k) ≤ max{µλ(l ∗ (j ∗ k)), µλ(j)} ≤ θ

νλ(l ∗ k) ≥ min{νλ(l ∗ (j ∗ k)), νλ(j)} ≥ θ.

Therefore, l ∗ k ∈ MA[s, t] ∩ NA[s, t] ∩ µλ(θ) ∩ νλ(θ). Hence, MA[s, t], NA[s, t], µλ(θ), and νλ(θ) are
q-ideals of T.

Theorem 6. Let Ã = 〈A, λ〉 be a cubic intuitionistic set in T such that the non-empty sets MA[s1, t1],
NA[s2, t2], µλ(θ1), and νλ(θ2) are q-ideals of T for all ([s1, t1], [s2, t2]) ∈ D[0, 1]× D[0, 1], and (θ1, θ2) ∈
[0, 1]× [0, 1]. Then, Ã is a cubic intuitionistic q-ideal of T.

Proof. Suppose that for every ([s1, t1], [s2, t2]) ∈ D[0, 1]×D[0, 1] and (θ1, θ2) ∈ [0, 1]× [0, 1], MA[s1, t1],
NA[s2, t2], µλ(θ1), and νλ(θ2) are non-empty q-ideals of T. Assume that MA(0) � MA(d), that is
[M−A(0), M+

A(0)] � [M−A(d), M+
A(d)] for some d ∈ T. If we take s̃d = 1

2 [M
−
A(0) + M−A(d)], t̃d =

1
2 [M

+
A(0) + M+

A(d)], then MA(0) = [M−A(0), M+
A(0)] � [s̃d, t̃d] � [M−A(d), M+

A(d)] = MA(d). Hence,
0 /∈ MA[s̃d, t̃d]. This is a contradiction, and so, MA(0)� MA(l) for all l ∈ T. Similarly, NA(0)� NA(l),
µλ(0) ≤ µλ(l), and νλ(0) ≥ νλ(l) for all l ∈ T.

Now, let d, f , g ∈ T be such that MA(d ∗ g) � rmin{MA(d ∗ ( f ∗ g)), MA( f )}. Suppose that
MA(d ∗ g) = [(d ∗ g)−, (d ∗ g)+], MA( f ) = [ f−, f+], and MA(d ∗ ( f ∗ g)) = [(d ∗ ( f ∗ g))−, (d ∗ ( f ∗
g))+]. Assume that s̃0 = 1

2 ((d ∗ g)− + min{(d ∗ ( f ∗ g))−, f−}), t̃0 = 1
2 ((d ∗ g)+ + min{(d ∗ ( f ∗

g))+, f+}). Then, (d ∗ g)− � s̃0 � min{(d ∗ ( f ∗ g))−, f−} and (d ∗ g)+ � t̃0 � min{(d ∗ ( f ∗
g))+, f+}, which implies that:

MA(d ∗ g) = [(d ∗ g)−, (d ∗ g)+]� [s̃0, t̃0]

� [min{(d ∗ ( f ∗ g))−, f−}, min{(d ∗ ( f ∗ g))+, f+}]
= rmin{MA(d ∗ ( f ∗ g)), MA( f )}.

Thus, d ∗ g /∈ MA[s̃0, t̃0], but d ∗ ( f ∗ g), f ∈ MA[s̃0, t̃0]. This is a contradiction, and hence, MA
fulfills MA(l ∗ k) � rmin{MA(l ∗ (j ∗ k)), MA(j)}, for all l, j, k ∈ T. Similarly, we can prove that
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NA(l ∗ j) � rmax{NA(l ∗ (j ∗ k)), NA(j)}, µλ(l ∗ k) ≤ max{µλ(l ∗ (j ∗ k)), µλ(j)}, and νλ(l ∗ k) ≥
min{νλ(l ∗ (j ∗ k)), νλ(j)}, for all l, j, k ∈. Therefore, Ã = 〈A, λ〉 forms a cubic intuitionistic q-ideal
of T.

The characterizations of cubic intuitionistic q-ideal are given by the following theorem.

Theorem 7. If Ã = 〈A, λ〉 is a cubic intuitionistic ideal of T, then the accompanying assertions are identical:

(i) Ã is a cubic intuitionistic q-ideal of T,
(ii) MA(l ∗ j)� MA(l ∗ (0 ∗ j)), NA(l ∗ j)� NA(l ∗ (0 ∗ j)), µλ(l ∗ j) ≤ µλ(l ∗ (0 ∗ j)) and νλ(l ∗ j) ≥

νλ(l ∗ (0 ∗ j)), for all l, j ∈ T,
(iii) MA((l ∗ j) ∗ k)� MA(l ∗ (j ∗ k)), NA((l ∗ j) ∗ k)� NA(l ∗ (j ∗ k)), µλ((l ∗ j) ∗ k) ≤ µλ(l ∗ (j ∗ k))

and νλ((l ∗ j) ∗ k) ≥ νλ(l ∗ (j ∗ k)), for all l, j, k ∈ T.

Proof. (i)⇒ (ii) Let Ã = 〈A, λ〉 be a cubic intuitionistic q-ideal of T. Then, for all l, j ∈ T, we have:

MA(l ∗ j) � rmin{MA(l ∗ (0 ∗ j)), MA(0)} = MA(l ∗ (0 ∗ j)),

NA(l ∗ j) � rmax{NA(l ∗ (0 ∗ j)), NA(0)} = NA(l ∗ (0 ∗ j)),

µλ(l ∗ j) ≤ max{µλ(l ∗ (0 ∗ j)), µλ(0)} = µλ(l ∗ (0 ∗ j)),

νλ(l ∗ j) ≥ min{νλ(l ∗ (0 ∗ j)), νλ(0)} = µλ(l ∗ (0 ∗ j)).

Therefore, (ii)is fulfilled.
(ii)⇒ (iii) Let (ii) be fulfilled. For all l, j, k ∈ T, we have ((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k)) = ((l ∗ j) ∗ (l ∗
(j ∗ k))) ∗ (0 ∗ k) ≤ ((j ∗ k) ∗ j) ∗ (0 ∗ k) = ((j ∗ j) ∗ k) ∗ (0 ∗ k) = (0 ∗ k) ∗ (0 ∗ k) = 0. It follows from
Proposition 1 that:

MA((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k)) � MA(0),

NA((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k)) � NA(0),

µλ((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k)) ≤ µλ(0),

νλ((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k)) ≥ νλ(0).

Since Ã = 〈A, λ〉 is a cubic intuitionistic ideal of T, we have:

MA((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k)) = MA(0),

NA((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k)) = NA(0),

µλ((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k)) = µλ(0)

νλ((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k)) = νλ(0).

Using (ii), we get:

MA((l ∗ j) ∗ k) � MA((l ∗ j) ∗ (0 ∗ k))

= rmin{MA(((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k))), MA(l ∗ (j ∗ k))}
= rmin{MA(0), MA(l ∗ (j ∗ k))} = MA(l ∗ (j ∗ k)),

NA((l ∗ j) ∗ k) � NA((l ∗ j) ∗ (0 ∗ k))

= rmax{NA(((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k))), NA(l ∗ (j ∗ k))}
= rmax{NA(0), NA(l ∗ (j ∗ k))} = NA(l ∗ (j ∗ k)),

µλ((l ∗ j) ∗ k) ≤ µλ((l ∗ j) ∗ (0 ∗ k))

= max{µλ(((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k))), µλ(l ∗ (j ∗ k))}
= max{µλ(0), µλ(l ∗ (j ∗ k))} = µλ(l ∗ (j ∗ k)),
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νλ((l ∗ j) ∗ k) ≥ νλ((l ∗ j) ∗ (0 ∗ k)),

= min{νλ(((l ∗ j) ∗ (0 ∗ k)) ∗ (l ∗ (j ∗ k))), νλ(l ∗ (j ∗ k))}
= min{νλ(0), νλ(l ∗ (j ∗ k))} = νλ(l ∗ (j ∗ k)).

Hence, the inequality (iii) is also fulfilled.
(iii)⇒ (i) Let (iii) be valid. For all l, j, k ∈, we have:

MA(l ∗ k) � rmin{MA((l ∗ k) ∗ j), MA(j)}
= rmin{MA((l ∗ j) ∗ k), MA(j)}
� rmin{MA(l ∗ (j ∗ k)), MA(j)},

NA(l ∗ k) � rmax{NA((l ∗ k) ∗ j), NA(j)}
= rmax{NA((l ∗ j) ∗ k), NA(j)}
� rmax{NA(l ∗ (j ∗ k)), NA(j)},

µλ(l ∗ k) ≤ max{µλ((l ∗ k) ∗ j), µλ(j)}
= max{µλ((l ∗ j) ∗ k), µλ(j)}
≤ max{µλ(l ∗ (j ∗ k)), µλ(j)},

νλ(l ∗ k) ≥ min{νλ((l ∗ k) ∗ j), νλ(j)}
= min{νλ((l ∗ j) ∗ k), νλ(j)}
≥ min{νλ(l ∗ (j ∗ k)), νλ(j)}.

Therefore, Ã = 〈A, λ〉 is a cubic intuitionistic q-ideal of T. Therefore, the assertion (i) holds. The proof
is complete.

Next, we provide some other characterizations of the cubic intuitionistic q-ideal in the
following theorem.

Theorem 8. If Ã = 〈A, λ〉 is a cubic intuitionistic ideal of T, then the accompanying assertions are identical:

(i) Ã is a cubic intuitionistic q-ideal of T,
(ii) MA((l ∗ k) ∗ j) � MA((l ∗ k) ∗ (0 ∗ j)), NA((l ∗ k) ∗ j) � NA((l ∗ k) ∗ (0 ∗ j)), µλ((l ∗ k) ∗ j) ≤

µλ((l ∗ k) ∗ (0 ∗ j)), and νλ((l ∗ k) ∗ j) ≥ νλ((l ∗ k) ∗ (0 ∗ j)), for all l, j, k ∈ T,
(iii) MA(l ∗ j)� rmin{MA((l ∗ k) ∗ (0 ∗ j)), MA(k)}, NA(l ∗ j)� rmax{NA ((l ∗ k) ∗ (0 ∗ j)), NA(k)},

µλ(l ∗ j) ≤ max{µλ((l ∗ k) ∗ (0 ∗ j)), µλ(k)}, and νλ(l ∗ j) ≥ min{νλ((l ∗ k) ∗ (0 ∗ j)), νλ(k)}, for all
l, j, k ∈ T.

Proof. (i)⇒ (ii) This is the same as the above theorem.
(ii) ⇒ (iii) Assume that (ii) is valid. For all l, j, k ∈, we have MA(l ∗ j) � rmin{MA((l ∗ j) ∗
k), MA(k)} = rmin{MA((l ∗ k) ∗ j), MA(k)} � rmin{MA((l ∗ k) ∗ (0 ∗ j)), MA(k)}, NA(l ∗ j) �
rmax{NA((l ∗ j) ∗ k), NA(k)} = rmax{NA((l ∗ k) ∗ j), NA(k)} � rmax{NA((l ∗ k) ∗ (0 ∗ j)), NA(k)},
µλ(l ∗ j) ≤ max{µλ((l ∗ j) ∗ k), µλ(k)} = max{µλ((l ∗ k) ∗ j), µλ(k)} ≤ max{µλ((l ∗ k) ∗ (0∗ j)), µλ(k)}
and νλ(l ∗ j) ≥ min{νλ((l ∗ j) ∗ k), νλ(k)} = min{νλ((l ∗ k) ∗ j), νλ(k)} ≥ min{νλ((l ∗ k) ∗ (0 ∗
j)), νλ(k)}. Therefore, (iii) is fulfilled.
(iii)⇒ (i) Assume that (iii) is valid. If we take k = 0 in (iii), then:

MA(l ∗ j)� rmin{MA((l ∗ 0) ∗ (0 ∗ j)), MA(0)} = rmin{MA(l ∗ (0 ∗ j)), MA(0)} = MA(l ∗ (0 ∗ j)),

NA(l ∗ j)� rmax{NA((l ∗ 0) ∗ (0 ∗ j)), NA(0)} = rmax{NA(l ∗ (0 ∗ j)), NA(0)} = NA(l ∗ (0 ∗ j)),

µλ(l ∗ j) ≤ max{µλ((l ∗ 0) ∗ (0 ∗ j)), µλ(0)} = max{µλ(l ∗ (0 ∗ j)), µλ(0)} = µλ(l ∗ (0 ∗ j)),

νλ(l ∗ j) ≥ min{νλ((l ∗ 0) ∗ (0 ∗ j)), νλ(0)} = min{νλ(l ∗ (0 ∗ j)), νλ(0)} = νλ(l ∗ (0 ∗ j)).
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It follows from Theorem 7 that Ã = 〈A, λ〉 is a cubic intuitionistic q-ideal of T. The proof
is complete.

Theorem 9. (Cubic intuitionistic extension property for a cubic intuitionistic q-ideal) Let Ã = 〈A, λ〉 and
B̃ = 〈B, ϑ〉 be cubic intuitionistic ideals of T such that Ã . B̃, and MA(0) = MB(0), NA(0) = NB(0),
µλ(0) = µϑ(0), and νλ(0) = νϑ(0). If Ã is a cubic intuitionistic q-ideal of T, then so is B̃ = 〈B, ϑ〉.

Proof. Let l, j ∈ T. If we take r = l ∗ (0 ∗ j), then (l ∗ a) ∗ (0 ∗ j) = (l ∗ (0 ∗ j)) ∗ r = 0. Using Theorem 7,
we have:

MA((l ∗ r) ∗ j) � MA((l ∗ r) ∗ (0 ∗ j)) = MA(0) = MB(0)

NA((l ∗ r) ∗ j) � NA((l ∗ r) ∗ (0 ∗ j)) = NA(0) = NB(0)

µλ((l ∗ r) ∗ j) ≤ µλ((l ∗ r) ∗ (0 ∗ j)) = µλ(0) = µϑ(0)

νλ((l ∗ r) ∗ j) ≥ νλ((l ∗ r) ∗ (0 ∗ j)) = νλ(0) = νϑ(0).

Thus, MB((l ∗ r) ∗ j) � MA((l ∗ r) ∗ j) � MB(0) � MB(r), NB((l ∗ r) ∗ j) � NA((l ∗ r) ∗ j) �
NB(0)� NB(r), µϑ((l ∗ r) ∗ j) ≤ µλ((l ∗ r) ∗ j) ≤ µϑ(0) ≤ µϑ(r), and νϑ((l ∗ r) ∗ j) ≥ νλ((l ∗ r) ∗ j) ≥
νϑ(0) ≥ νϑ(r). Since B̃ = 〈B, ϑ〉 is a cubic intuitionistic ideal, it follows that:

MB(l ∗ j) � rmin{MB((l ∗ j) ∗ r), MB(r)} = MB(r) = MB(l ∗ (0 ∗ j))

NB(l ∗ j) � rmax{NB((l ∗ j) ∗ r), NB(r)} = NB(r) = NB(l ∗ (0 ∗ j))

µϑ(l ∗ j) ≤ max{µϑ((l ∗ j) ∗ r), µϑ(r)} = µϑ(r) = µϑ(l ∗ (0 ∗ j))

νϑ(l ∗ j) ≥ min{νϑ((l ∗ j) ∗ r), νϑ(r)} = νϑ(r) = νϑ(l ∗ (0 ∗ j)).

Using Theorem 7, we conclude that B̃ = 〈B, ϑ〉 is a cubic intuitionistic q-ideal of T.

4. Product of Cubic Intuitionistic Subalgebras, Ideals, and q-Ideals

In this section, we will provide some new definitions on the Cartesian product of cubic
intuitionistic subalgebras, ideals, and q-ideals in BCI-algebras.

Definition 5. Let Ã = 〈A, λ〉 and B̃ = 〈B, ϑ〉 be two cubic intuitionistic sets of T and S, respectively.
Then, the Cartesian product Ã × B̃ = ([MA × MB, NA × NB], [µλ × µϑ, νλ × νϑ]) of T × S is defined by
(MA × MB)(l, j) = rmin{MA(l), MB(j)}, (NA × NB)(l, j) = rmax{NA(l), NB(j)}, (µλ × µϑ)(l, j) =

max{µλ(l), µϑ(j)}, and (νλ × νϑ)(l, j) = min{νλ(l), νϑ(j)}, where MA ×MB | T × S → D[0, 1], NA ×
NB | T × S→ D[0, 1], µλ × µϑ | T × S→ [0, 1], and νλ × νϑ | T × S→ [0, 1] for all (l, j) ∈ T × S.

Remark 1. Let T and S be BCI-algebras. We define ∗ on T× S by (l, j) ∗ (u, v) = (l ∗ u, j ∗ v) for every (l, j),
(u, v) belonging to T × S, then it is clear that (T × S, ∗, (0, 0)) is a BCI-algebra.

Definition 6. A cubic intuitionistic set Ã× B̃ = ([MA ×MB, NA × NB], [µλ × µϑ, νλ × νϑ]) of T × S is
called a cubic intuitionistic subalgebra if it satisfies the following conditions, for all (l1, j1) and (l2, j2) ∈ T × S,

(i) (MA ×MB)((l1, j1) ∗ (l2, j2))� rmin{(MA ×MB)(l1, j1), (MA ×MB)(l2, j2)},
(ii) (NA × NB)((l1, j1) ∗ (l2, j2))� rmax{(NA × NB)(l1, j1), (NA × NB)(l2, j2)},
(iii) (µλ × µϑ)((l1, j1) ∗ (l2, j2)) ≤ max{(µλ × µϑ)(l1, j1), (µλ × µϑ)(l2, j2)},
(iv) (νλ × νϑ)((l1, j1) ∗ (l2, j2)) ≥ min{(νλ × νϑ)(l1, j1), (νλ × νϑ)(l2, j2)}.

Definition 7. A cubic intuitionistic set Ã× B̃ = ([MA ×MB, NA × NB], [µλ × µϑ, νλ × νϑ]) of T × S is
called a cubic intuitionistic q-ideal if it satisfies the following conditions: for all (l1, j1), (l2, j2), and (l3, j3) ∈
T × S,

(i) (MA ×MB)(0, 0)� (MA ×MB)(l, j) and (NA × NB)(0, 0)� (NA × NB)(l, j),
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(ii) (µλ × µϑ)(0, 0) ≤ (µλ × µϑ)(l, j) and (νλ × νϑ)(0, 0) ≥ (νλ × νϑ)(l, j),
(iii) (MA×MB)((l1, j1) ∗ (l3, j3))� rmin{(MA×MB)((l1, j1) ∗ ((l2, j2) ∗ (l3, j3))), (MA×MB)(l2, j2)},
(iv) (NA × NB)((l1, j1) ∗ (l3, j3))� rmax{(NA × NB)((l1, j1) ∗ ((l2, j2) ∗ (l3, j3))), (NA × NB)(l2, j2)},
(v) (µλ × µϑ)((l1, j1) ∗ (l3, j3)) ≤ max{(µλ × µϑ)((l1, j1) ∗ ((l2, j2) ∗ (l3, j3))), (µλ × µϑ)(l2, j2)},
(vi) (νλ × νϑ)((l1, j1) ∗ (l3, j3)) ≥ min{(νλ × νϑ)((l1, j1) ∗ ((l2, j2) ∗ (l3, j3))), (νλ × νϑ)(l2, j2)}.

For the Cartesian product of two subalgebras, we have the following theorem.

Theorem 10. Let Ã = 〈A, λ〉 and B̃ = 〈B, ϑ〉 be cubic intuitionistic subalgebras of T and S, respectively, then
Ã× B̃ is a cubic intuitionistic subalgebra of T × S.

Proof. For any (l1, j1) and (l2, j2) ∈ T × S, we have:

(MA ×MB)((l1, j1) ∗ (l2, j2)) = (MA ×MB)(l1 ∗ l2, j1 ∗ j2)

= rmin{MA(l1 ∗ l2), MB(j1 ∗ j2)}
� rmin{rmin{MA(l1), MA(l2)}, rmin{MB(j1), MB(j2)}}
= rmin{rmin{MA(l1), MB(j1)}, rmin{MA(l2), MB(j2)}}
= rmin{(MA ×MB)(l1, j1), (MA ×MB)(l2, j2)},

(NA × NB)((l1, j1) ∗ (l2, j2)) = (NA × NB)(l1 ∗ l2, j1 ∗ j2)

= rmax{NA(l1 ∗ l2), NB(j1 ∗ j2)}
� rmax{rmax{NA(l1), NA(l2)}, rmax{NB(j1), NB(j2)}}
= rmax{rmax{NA(l1), NB(j1)}, rmax{NA(l2), NB(j2)}}
= rmax{(NA × NB)(l1, j1), (NA × NB)(l2, j2)},

(µλ × µϑ)((l1, j1) ∗ (l2, j2)) = (µλ × µϑ)(l1 ∗ l2, j1 ∗ j2)

= max{µλ(l1 ∗ l2), µϑ(j1 ∗ j2)}
≤ max{max{µλ(l1), µλ(l2)}, max{µϑ(j1), µϑ(j2)}}
= max{max{µλ(l1), µϑ(j1)}, max{µλ(l2), µϑ(j2)}}
= max{(µλ × µϑ)(l1, j1), (µλ × µϑ)(l2, j2)},

and (νλ × νϑ)((l1, j1) ∗ (l2, j2)) = (νλ × νϑ)(l1 ∗ l2, j1 ∗ j2)

= min{νλ(l1 ∗ l2), νϑ(j1 ∗ j2)}
≥ min{min{νλ(l1), νλ(l2)}, min{νϑ(j1), νϑ(j2)}}
= min{min{νλ(l1), νϑ(j1)}, min{νλ(l2), νϑ(j2)}}
= min{(νλ × νϑ)(l1, j1), (νλ × νϑ)(l2, j2)}.

Hence, Ã× B̃ is a cubic intuitionistic subalgebra of T × S.

For the Cartesian product of two ideals of a BCI-algebra, we have the following theorem.

Theorem 11. Let Ã and B̃ be cubic intuitionistic ideals of T, then Ã× B̃ is a cubic intuitionistic ideal of T× T.

Proof. For any (x, y) ∈ T × T, we have (MA × MB)(0, 0) = rmin{MA(0), MB(0)} � rmin{MA
(l), MB(j)} = (MA ×MB)(l, j), (NA × NB)(0, 0) = rmax{NA(0), NB(0)} � rmax{NA (l), NB(j)} =
(NA × NB)(l, j), (µλ × µϑ)(0, 0) = max{µλ(0), µϑ(0)} ≤ max{µλ(l), µϑ(j)} = (µλ × µϑ)(l, j), and
(νλ × νϑ)(0, 0) = min{νλ(0), νϑ(0)} ≥ min{νλ(l), νϑ(j)} = (νλ × νϑ)(l, j).
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Let (l1, j1) and (l2, j2) ∈ T × T. Then:

(MA ×MB)(l1, j2) = rmin{MA(l1), MB(j1)}
� rmin{rmin{MA(l1 ∗ l2), MA(l2)}, rmin{MB(j1 ∗ j2), MB(j2)}}
= rmin{rmin{MA(l1 ∗ l2), MB(j1 ∗ j2)}, rmin{MA(l2), MB(j2)}}
= rmin{(MA ×MB)(l1 ∗ l2, j1 ∗ j2), (MA ×MB)(l2, j2)}
= rmin{(MA ×MB)((l1, j1) ∗ (l2, j2)), (MA ×MB)(l2, j2)},

(NA × NB)(l1, j2) = rmax{NA(l1), NB(j1)}
� rmax{rmax{NA(l1 ∗ l2), NA(l2)}, rmax{NB(j1 ∗ j2), NB(j2)}}
= rmax{rmax{NA(l1 ∗ l2), NB(j1 ∗ j2)}, rmax{NA(l2), NB(j2)}}
= rmax{(NA × NB)(l1 ∗ l2, j1 ∗ j2), (NA × NB)(l2, j2)}
= rmax{(NA × NB)((l1, j1) ∗ (l2, j2)), (NA × NB)(l2, j2)},

(µλ × µϑ)(l1, j2) = max{µλ(l1), µϑ(j1)}
≤ max{max{µλ(l1 ∗ l2), µλ(l2)}, max{µϑ(j1 ∗ j2), µϑ(j2)}}
= max{max{µλ(l1 ∗ l2), µϑ(j1 ∗ j2)}, max{µλ(l2), µϑ(j2)}}
= max{(µλ × µϑ)(l1 ∗ l2, j1 ∗ j2), (µλ × µϑ)(l2, j2)}
= max{(µλ × µϑ)((l1, j1) ∗ (l2, j2)), (µλ × µϑ)(l2, j2)},

and(νλ × νϑ)(l1, j2) = min{νλ(l1), νϑ(j1)}
≥ min{min{νλ(l1 ∗ l2), νλ(l2)}, min{νϑ(j1 ∗ j2), νϑ(j2)}}
= min{min{νλ(l1 ∗ l2), νϑ(j1 ∗ j2)}, min{νλ(l2), νϑ(j2)}}
= min{(νλ × νϑ)(l1 ∗ l2, j1 ∗ j2), (νλ × νϑ)(l2, j2)}
= min{(νλ × νϑ)((l1, j1) ∗ (l2, j2)), (νλ × νϑ)(l2, j2)}.

Hence, Ã× B̃ is a cubic intuitionistic ideal of T × T.

For the Cartesian product of two q-ideals of a BCI-algebra, we have the following theorem.

Theorem 12. Let Ã and B̃ be cubic intuitionistic q-ideals of T, then Ã× B̃ is a cubic intuitionistic q-ideal of
T × T.

Proof. Let (l1, j1), (l2, j2), (l3, j3) ∈ T × T. Then:

(MA ×MB)((l1, j1) ∗ (l3, j3))

= (MA ×MB)(l1 ∗ l3, j1 ∗ j3) = rmin{MA(l1 ∗ l3), MB(j1 ∗ j3)}
� rmin{rmin{MA(l1 ∗ (l2 ∗ l3)), MA(l2)}, rmin{MB(j1 ∗ (j2 ∗ j3)), MB(j2)}}
= rmin{rmin{MA(l1 ∗ (l2 ∗ l3)), MB(j1 ∗ (j2 ∗ j3))}, rmin{MA(l2), MB(j2)}}
= rmin{(MA ×MB)(l1 ∗ (l2 ∗ l3), j1 ∗ (j2 ∗ j3)), (MA ×MB)(l2, j2)}
= rmin{(MA ×MB)((l1, j1) ∗ ((l2, j2) ∗ (l3, j3))), (MA ×MB)(l2, j2)},

(NA × NB)((l1, j1) ∗ (l3, j3))

= (NA × NB)(l1 ∗ l3, j1 ∗ j3) = rmax{NA(l1 ∗ l3), NB(j1 ∗ j3)}
� rmax{rmax{NA(l1 ∗ (l2 ∗ l3)), NA(l2)}, rmax{NB(j1 ∗ (j2 ∗ j3)), NB(j2)}}
= rmax{rmax{NA(l1 ∗ (l2 ∗ l3)), NB(j1 ∗ (j2 ∗ j3))}, rmax{NA(l2), NB(j2)}}
= rmax{(NA × NB)(l1 ∗ (l2 ∗ l3), j1 ∗ (j2 ∗ j3)), (NA × NB)(l2, j2)}
= rmax{(NA × NB)((l1, j1) ∗ ((l2, j2) ∗ (l3, j3))), (NA × NB)(l2, j2)},
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(µλ × µϑ)((l1, j1) ∗ (l3, j3))

= (µλ × µϑ)(l1 ∗ l3, j1 ∗ j3) = max{µλ(l1 ∗ l3), µϑ(j1 ∗ j3)}
≤ max{max{µλ(l1 ∗ (l2 ∗ l3)), µλ(l2)}, max{µϑ(j1 ∗ (j2 ∗ j3)), µϑ(j2)}}
= max{max{µλ(l1 ∗ (l2 ∗ l3)), µϑ(j1 ∗ (j2 ∗ j3))}, max{µλ(l2), µϑ(j2)}}
= max{(µλ × µϑ)(l1 ∗ (l2 ∗ l3), j1 ∗ (j2 ∗ j3)), (µλ × µϑ)(l2, j2)}
= max{(µλ × µϑ)((l1, j1) ∗ ((l2, j2) ∗ (l3, j3))), (µλ × µϑ)(l2, j2)},

and (νλ × νϑ)((l1, j1) ∗ (l3, j3))

= (νλ × νϑ)(l1 ∗ l3, j1 ∗ j3) = min{νλ(l1 ∗ l3), νϑ(j1 ∗ j3)}
≥ min{min{νλ(l1 ∗ (l2 ∗ l3)), νλ(l2)}, min{νϑ(j1 ∗ (j2 ∗ j3)), νϑ(j2)}}
= min{min{νλ(l1 ∗ (l2 ∗ l3)), νϑ(j1 ∗ (j2 ∗ j3))}, min{νλ(l2), νϑ(j2)}}
= min{(νλ × νϑ)(l1 ∗ (l2 ∗ l3), j1 ∗ (j2 ∗ j3)), (νλ × νϑ)(l2, j2)}
= min{(νλ × νϑ)((l1, j1) ∗ ((l2, j2) ∗ (l3, j3))), (νλ × νϑ)(l2, j2)}.

Hence, Ã× B̃ is a cubic intuitionistic q-ideal of T × T.

5. Conclusions

Recently, Jun [19] studied a unique extension of cubic sets and its applications in
BCK/BCI-algebras. In this paper, we have applied this new notion of the cubic intuitionistic set
to q-ideals of a BCI-algebra and studied a few of their related characteristics in detail. In the future,
these definitions and fundamental results can be applied to some different algebraic structures, for
example Lie algebras and lattices. There are more topics today that could take advantage of this cubic
intuitionistic set theory. Like for example in DNA identification [23], in the genetic algorithm in order
to formalize the procedures [24], in genomics [25], in fuzzy logic-based networks, and in particular, in
complex networks [26].
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