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Abstract: Urban forms are human-made systems that display a close connection with fractal objects,
following organisation patterns that are not as random as believed. In this context, fractal theory
can be seriously considered as a powerful tool for characterizing land-use planning. By applying
the box-counting method and image-processing methods, the morphology and fractal metrics of
urban networks of Chilean cities were measured. This dimension shows a close correlation with area,
population and gross domestic product of each entity, revealing significant asymmetries regarding
their distribution throughout the country. Such asymmetries have influenced the current shape of
cities, issues concerning economic and social inequalities of urban development that still remain
in the territory and explained by social segregation process and the historical evolution of cities.
Additionally, some interesting allometric scaling laws obtained from these urban forms are also
reported. Our results suggest that the use of fractal metrics can be a meaningful and cheap tool for
characterizing the complexity of urban networks, providing useful and quick information about the
organisation and efficiency of urban planning in developing countries.

Keywords: fractal dimension; box-counting method; urban morphology; Chilean cities; developing
country

1. Introduction

Fractals are geometric structures omnipresent in our environment involved in different
scientific areas such as geology, medicine, biology, mathematics, physics, and even finance
and stock markets [1–5]. Although the concept of fractals was introduced a long time ago,
Mandelbrot [4] popularized and formalized its definition reporting many applications
particularly in the area of morphology of complex systems [6–8]. In this last one, cities and
urban forms are a topic of intense research [9,10]. Today, it is widely accepted that cities
and urban forms (see Figure 1a) are scale-free phenomena [11] showing characteristics
similar to self-similar and self-affine random fractals [9,12–22], although within a finite
range. For this last reason, these objects are also considered pre-fractal systems [23], as
usually observed in natural networks (Figure 1b).

The fractal dimension (D) is a positive real number measuring the degree of complexity
of a structured network and, in general, any fractal-like object [4]. Such dimension is
controlled by the dimension of the topological space where the system is embedded. If a
line in R has a dimension D = 1, a circle D = 2 in R2 and D = 3 for a sphere in R3 [24], a
fractal object has a dimension strictly comprised between the topological dimension and the
dimension of the embedding space [11]. In particular, the fractal dimension of most urban
networks projected on a plane typically falls within the range 1 < D < 2 [25,26], suggesting
that such structures do not necessarily saturate the embedding space owing to the different
ways that they organize into the territory. For this reason, the fractal dimension arises as an
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interesting parameter in smart city science, particularly for measuring the development
degree of urban systems [26–29].

Figure 1. Examples of fractal-like structured networks in our environment, (a) an example of urban
network (figure extracted from [30]) and (b), a natural network observed in a leaf.

Nevertheless, most research on this topic has been conducted in developed
countries [9,10,31], leaving a significant gap when dealing with urban structures in de-
veloping regions. In developing countries, the use of a fractal approach to describe the
morphology and organisation of urban networks is almost non-existent, constituting there-
fore a rich and still unexplored source of information for testing the usefulness of this type
of metrics. Most of these countries still battle against large poverty rates, social inequality
and territorial segregation on land-use planning (cf. Figure 2), issues stemming from
weak planning policies, poor connectivity, and a lack of regulation and prompt of building
industry, giving rise to different scenarios of territorial expansion still poorly characterized
from a quantitative point of view. Analyzing the influence of these elements on the spatial
structure of a city can be a complex and resource-intensive task that can, nevertheless,
roughly be achieved by introducing some elements of fractal geometry as suggested by [32].

In this case study, such elements were applied for characterizing a collection of cities in
Chile which is still considered an emerging economy among the global community [33,34].
These metrics have been used as a planning instrument for promoting sustainable de-
velopment [35], for studying land use and the dynamics of city expansion and urbaniza-
tion [36], or for gaining insight about the topological structure and complexity of urban
networks [37,38]. Fractal methods are conceptually simple to apply and they usually do
not require the use of sophisticated software or conducting extensive surveys. Many of
these methods, by the way, are not always available from public institutions in developing
countries. In such a context, this study could yield new information about the spatial
organisation of Chilean urban forms, as well the influence of local economical, geographical
and social conditions on them, in a simple and economical way from the analysis of aerial
information collected from remote sensing methods, making this approach an attractive
strategy for assessing the efficiency of land-use planning.

1.1. Evolution of Chilean Cities: A Brief Historical Description

To provide more insight about the current structure of Chilean networks, a historical
perspective about the evolution of Chilean cities warrants a brief description. According to
Bodini [39], Chilean urbanization starts with the arrival of Spanish conquerors at the end
of 16th century. The occupations initially assumed a military-type strategy and many of
them settled on indigenous regions, although not in the way known from Peru, Mexico or
Bolivia, to name a few. During this first chaotic period, the so-called central valley of the
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country consolidated developing intense agricultural activity and only few cities survived,
following the structure of Spanish cities and villages, demonstrated by the presence of
a central public square, a market, temples, and government buildings around or near
the square. During the Colonial period (17th–18th century), the base of urban networks
was developed. Some cities were re-established and settlements became consolidated
in the central zone, together with minor occupations (villages) . Most cities show more
homogeneous morphologies, obeying to the flat topography of the central valley, except
for some coastal cities (e.g., Valparaíso). Cities organise in regular grids, a heritage of
Spanish foundation, formed by streets and blocks fairly similar between them where a
main square in the center can be clearly distinguished facilitating the development of
public and commercial activities. The development of churches, convents, squares, gardens
and channels, was intensively observed, structuring wide communication routes for the
passage of cattle, later transformed into promenades. Natural forms as rivers and hills,
especially in largest cities, constituted barriers facilitating the spatial segregation of the
population [40].

Figure 2. Different urban scenarios in Chile. (a,b) A typical camp and poor area in the periphery of
a city (picture extracted from [41,42]), (c) a typical middle-class neighbourhood (picture extracted
from [43]) and (d) a high-income district in the east-side of the capital. The panoramic view shows
the financial district of the capital, also known as “Sanhattan” (picture extracted from [44]).

During the 19th century, large economic, social and cultural modifications took place,
shaping many of the country’s cities. Although some political processes stopped demo-
graphic and urban development at the beginning of this period, some cities consolidated as
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important exchange points on the Pacific coast (e.g., Valparaíso). Chile shows the first signs
of order and political stability, reactivating the economic activities and the organization of
the territory. During the second half of this century, the urbanization process accelerates
together with the incorporation of communication technologies; demographic growth is
notorious showing well-defined territorial limits supported on international treaties and
well-structured urban–regional systems. This structure remains even today. Chilean cities
also show large similarities in agreement with the physical–geographical characteristics of
the territory [39].

During the 20th century, the country experiences a rapid population growth, intense
migration fluxes and a territorial impact caused by economic and industrialisation policies.
Cities show significant surface growth, many of them transforming into metropolitan areas
with complex functions and shapes, particularly those located close to Santiago (the capital).
This pattern of segregation can be observed even today, particularly in the central zone giv-
ing rise to an asymmetric expansion of services along the country (e.g., financial, education
and healthcare). In addition, new cities establish in the south of Chile and between 1930
and 1960 cities evolve towards urban poles concentrating around 60% of the population.
The first conurbations were set-up (e.g., Valparaíso-Viña del Mar), consolidating as large
metropolitan areas. The capital of Chile shows strong growth to the end of 1960, explained
by the large attractive qualities of the city, its services and migratory fluxes from the coun-
tryside, although, poverty is also a daily picture of the country [40]. In the extreme south of
Chile, cities’ growth isolated and disconnected. The agrarian reform, during the 60’s and
70’s, changed the historical structure of benefits and ownership for farmers living in rural
areas. The aim of the reform was established by the need for modernizing the production of
the agrarian sector [45], introducing significant changes in land-use distribution with many
properties coming under state control and influencing the rural–urban population mobility
that started at the beginning of the century [46]. Infrastructure works, road network im-
provement, the creation of new regional universities and nationalization of some industries
influenced the expansion of cities and increased the effects of poverty, particularly in the
periphery. Some institutions were created for promoting policies about urban organisation,
the construction of large buildings and liberalisation of land markets [39].

During the 80’s, the consolidation of urban conglomerates comprising more than
100,000 inhabitants was achieved. The urbanisation level exceeds 80% of the total of
the country explained by industrialization strategies. Many of such industries are still
concentrated in the central zone of the country [47]. Evidence of this behavior presents in
the processes of internal migration and the redistribution of the population [48], as well the
idea about the importance of regions and cities as strategic territories [49]. These processes
led to the current urban map of the country. Even today, numerous camps and precarious
settlements can be observed in the periphery of many cities, with high levels of poverty
(Figure 2a,b). At the same time, a middle class emerged during the last 30 years, improving
living conditions and concentrated in urbanized sectors (Figure 2c). However, these social
groups are still far from the high standards of living exhibited by high-income groups in
Chile (Figure 2d), a reflection of strong asymmetries still dominant in the country.

2. Methodology
2.1. Region of Study

In the present study, 23 urban forms were analysed distributed throughout the territory.
This cadaster considers 16 larger cities in Chile, all of them corresponding to regional
capitals, and 7 more cities of smaller area and population that were included for comparison
purposes. In the north, the next cities were considered: Arica, Iquique, Antofagasta,
Copiapó and La Serena; Valparaíso, Santiago (R.M.), and Rancagua were chosen in the
central region; Talca, Chillan, Concepcion, Temuco, Valdivia and Puerto Montt in the
south and finally; Coyhaique and Punta Arenas in the austral region. Santiago is the
largest city and capital of the country. The characteristics of these entities can be observed
in Table 1. Information about network structure was obtained from the Department of
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Spatial Data Infrastructure [50], a governmental agency belonging to the Ministerio de
Bienes Nacionales which manages geospatial information of Chile [51]. The urban area
enveloping each network and the political division of the country were obtained from the
same institution [52]. The delimitation and estimation of perimeter and center of mass
of each network was conducted on the software QGIS. The distance between each city to
Santiago, denoted by x, was also included in Table 1, as well the distance to the coastline
(denoted by y). A strictly positive value of x corresponds to cities in the north, x = 0 for
Santiago (R.M.), and x < 0 for southern cities.

Table 1. Cadaster of Chilean cities ordered from north to south. Big cities: 1 to 16 ; small cities:
17 to 23.(1) khab = thousands of habitants, (2) MUS$ = millions of dollars (conversion rate used
1US$ = CLP$950 at 25 September 2022). Datasets were obtained from [53,54].

Pop. Poverty GDP/Region x y
# City (khab) (1) (khab) (1) (MUS$) (2) (km) (km)

1 Arica 248.8 29.3 7.4 1661.9 0
2 Iquique 225.0 27.8 19.3 1467.4 0
3 Antofagasta 428.7 35.4 41.4 1092.4 0
4 Copiapo 172.4 14.9 18.7 676.5 61.1
5 La Serena 510.4 57.0 9.9 398.5 0
6 Valparaiso 1032.9 117.3 8.8 100.6 0
7 R.M. 7014.0 624.0 11.9 0 88.2
8 Rancagua 266.3 23.8 11.4 −77.3 105.0
9 Talca 237.3 25.7 7.8 −235.9 61.9
10 Chillan 199.2 27.4 6.0 −372.2 72.1
11 Concepción 781.8 88.4 8.7 −429.6 0
12 Temuco 303.6 44.9 6.6 −609.3 68.1
13 Valdivia 177.3 17.4 7.6 −741.8 11.7
14 Puerto Montt 270.6 28.3 8.7 −910.2 0
15 Coyhaique 61.3 3.3 11.9 −1349.4 59.8
16 Punta Arenas 142.5 8.3 12.1 −2186.3 0

Average 754.5 73.3 12.4 -
Min. 61.3 3.3 6.0 -
Max. 7014.0 624.0 41.4 -

18 Calama 191.4 20.3 41.4 1232.7 135.6
19 Ovalle 121.6 13.5 9.9 322.8 48.1
20 R.M. (east side) 907.7 34.2 11.9 12.2 98.6
21 Curicó 164.4 16.6 7.8 −175.1 85.0
22 Linares 101.4 11.1 7.8 −276.9 87.7
23 Osorno 173.8 18.3 8.7 −818.7 48.9
24 Los Angeles 219.1 29.5 8.7 −468.9 81.7

Average 268.5 20.5 13.7 -
Min. 101.4 11.1 7.8 -
Max. 907.7 34.2 41.4 -

2.2. Morphological Indices

To analyse the morphological characteristics of urban forms, delimitation and image-
processing work was carried on every unit as observed in Figure 3. Although there is not
yet a clear methodology to delineate the envelope perimeter P of a urban network [55],
which is a fractal structure itself, an approximate polygonal joining the vertices of each
network was drawn. Taking this into account, some classical dimensionless morphometric
indices were estimated: the form factor F, the compactness ratio C and the elongation index
E. These parameters are typically used as rough descriptors of drainage basins; however,
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they can be also used in this case given the similarities with the structure of urban networks.
These parameters are defined as follows [56,57]:

F =
A
L2 , C =

2
√

πA
P

, E =
2
√

A√
πL

(1)

where P is the envelope perimeter of each urban form, A the plane area and L a characteristic
length. Considering the free-scale character of urban forms [11], it is difficult to find such
length for a city. One possible measure is the length of the longest street or avenue of a
network. However, this choice could yields to ambiguous values. The diameter of form
diam(V) seems to overcome this problem, where V denotes the set of points and lines
constituting the network. This parameter can be estimated as [58]:

L = diam(V) = max{‖x− y‖ : x, y ∈ V} (2)

Figure 3. A typical sequence of image processing used to obtain the structure and shape of street
networks, in this case Chillán city (#10, Table 1). (a) The street network directly extracted from public
data [50]. (b) A delineation of the network by adopting criteria proposed in [52] and (c) delimitation
of the masking area.

By following the observations from Horton [59], when F = π
4 ≈ 0.79 we deal with a

perfectly circular shape and for F = 1 we have squared-shapes. The compactness ratio C
measures, instead, the closeness of the object respect to a circular shape. When C < 0.5, we
deal with objects of low circularity, and circular or likely circular otherwise. Notice that
the definition of C given by Equation (1) is the square root of the circularity index used
for fluvial systems. The values of C do not depend on the size of the form [27]. The basin
elongation E reads as the ratio of the diameter of a circle of the same area as the basin to
the diameter of the system [60], then it is not unusual to classify an urban region from
the value of this index, i.e., circular (0.9 ≤ E ≤ 1.0), oval (0.8 ≤ E ≤ 0.9), less elongated
(0.7 ≤ E ≤ 0.8), elongated (0.5 ≤ E ≤ 0.7), and more elongated (E < 0.5) [60]. The linear
density ρ of the road network is another morphological parameter of interest, that reads as:

ρ =
Z√
A

, (3)

where Z is the total length of the streets. This relation is usually adopted for characterising
fluvial networks topology [59,61] and it can be interpreted as an Euclidean measure of the
degree of saturation of the system.

2.3. Fractal Dimension of Networks

The first formal notion of the topological dimension D of a given set F was given by
Hausdorff–Besicovitch [24]. This definition determines this parameter as:

D = inf{s ∈ R+ : Hs(F) = 0}, (4)

whereHs(F) = limδ→0(Hs
δ(F)) withHs

δ(F) = inf{s : ∑∞
i=1|Ui|s}, Ui denoting a countable

collection of sets covering F (δ is the size of each covering subset Ui). This definition is
based on the concept of topological covering of a set, not necessarily connected, leading
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to fractional dimensions (i.e., non-integer), particularly when dealing with non-Euclidean
geometry objects (e.g., Cantor set, Koch curve, Sierpinski set, etc.). Based on this idea, the
box-counting method [24] arises as a practical tool frequently applied to measure the fractal
dimension of complex systems such as a network. Although some authors have offered
some warnings about the reliability of this method [62,63], the box-counting technique can
be still considered the best empirical tool to estimate the fractal dimension in almost any
complex planar structure [10,11,64].

This method is applied by the software Fractalyse developed at THEMA Laboratory
and mostly used for characterizing urban forms [18,22,65]. In the present study, this soft-
ware was fed with raster and vector images obtained from different SIG data bank [50,51].
Every image was later analyzed by using image-processing tools in QGIS and Matlab
software. Figure 3 shows a typical sequence issue from this procedure. Each network
can be covered by a finite number of N(s) squared-boxes of side s. The box-size s can be
reduced step-by-step by following an arithmetic or a geometric progression, increasing the
number of boxes covering the figure. According to this method, the fractal dimension of a
given network (D f ) can be calculated as follows [24,66]:

D f = lim
s→0

log(N(s))
log( 1

s )
(5)

The parameter D f can be extracted from the slope of the linear part of the curve
log(N(s)) vs. log(s). Such linearity is defined into a range of box-sizes, let us say [smin, smax].
Beauvais and Montgomery [62] proposed a method to properly chose this range avoiding
finite size effects [67] and leading to values strictly comprised into the range 1< D f <2. In
Fractalyse, these points can be easily chosen. Given the variable map scales of our images,
the next limits were defined, smin =1 m. and smax =2048 m. The choice of smin agrees
with the minimum resolution of each image. With these assumptions, the values of D f
were estimated within a 95% confidence band, with an associated mean error denoted
by ∆ f . This dimension was calculated for map scales ranging from 1:25,000 to 1:500,000.
Notice that the variability of D f is almost negligible into the range 1:50,000 to 1:250,000 as
observed in Figure 4, suggesting an appropriate scale to analyse these networks. According
to this criterion, the scale 1:100,000 was finally adopted for this study.

Figure 4. Variability of D f for different map scales E. This referential plot corresponds to Chillán
(#10 in Table 1). Minimum, average and maximum values of this parameter were included for
reference. The horizontal line is a global average.

3. Results
3.1. Morphometry and Patterns of Chilean Street Networks

First, we provide a graphical description about the planar shape of urban forms as
depicted in Figure 5. The center of mass of each unit was included for reference (black
dots). Arica, Iquique, Antofagasta and La Serena (1, 2, 3 and 5 in Figure 5) are northern
cities developing along the coastline. For these entities, the Pacific Ocean becomes a natural
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frontier limiting their development to the West. These units also locate into desert-like
environments where living conditions are adverse for human development (e.g., extreme
water scarcity, high temperatures during the day, extreme cold during the night, etc.). The
expansion of these cities essentially occurs in the north–south direction, leaving only very
small settlements and villages to expand towards inner valleys. On the other hand, as a
consequence of poor land-urban planning several precarious settlements are observed in
local ravines. These places are, however, exposed to large-scale debris flow risks issue
from intense rains during the summer, making these living conditions a typical picture
of the north and extreme north of the country. Towards the center of Chile, urbanization
increases notoriously. This is the case of Santiago, Rancagua and Valparaíso (see 6, 7 and
8 in Figure 5). Except for this last city, one of the most important ports in the country, most
cities in the center tend to develop in valleys around rivers. Santiago and Rancagua show a
radial-like expansion with a downtown very strong in commerce and services. This type
of expansion was inherited from the historical process of foundation and conquest. Most
of the inner migratory fluxes towards this area are explained by its high concentration of
schools, universities, companies and industries.

Figure 5. Shape of Chilean cities analysed in the present study. 1. Arica, 2. Iquique, 3. Antofagasta,
4. Copiapo, 5. La Serena, 6. Valparaiso, 7. Santiago, 8. Rancagua, 9. Talca, 10. Chillan, 11. Concepción,
12. Temuco, 13. Valdivia, 14. Puerto Montt, 15. Coyhaique and 16. Punta Arenas (the center of mass
was drawn as black points).

Towards the south of the country cities, large and small, show limited spatial develop-
ment due to the effects of cordillera de la Costa. This is the case for Concepción, Valdiva
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and Puerto Montt (11, 13 and 14 in Figure 5). Dendritic forms, as those described by Batty
and Longley [9,13], can also be observed in this case. Most of these cities also develop
around rivers. Temuco (12 in Figure 5) is another city developing around a river stream,
although it growths far from the coast. This city is strongly influenced by indigenous
culture developing in a relatively flat landscape, whose expansion is not limited by geo-
graphical effects. This city is one of the poorest in the country currently affected by internal
guerrillas and terrorism, prompting migratory fluxes to other cities and deceleration of the
urbanization process.

In austral regions, the territory is disaggregated forming a very discontinuous land-
scape. This has significantly limited the possibilities of expansion for many of these cities,
as in the cases of Coyhaique and Punta Arenas (15 and 16 in Figure 5). The area and
population of these entities are lower than many of the cities of the cadaster and they
have not evolved significantly over the last 30 years. These units are still affected by the
effects of poor connectivity in the country, which is particularly notorious to the south
of the city of Puerto Montt. The urban complexity of these entities is low, the climate is
hostile and the level of services is precarious and expensive, making them unattractive
for prompting migratory fluxes to these regions. Finally, the cities of Copiapó, Talca and
Chillan can be observed in the same figure (4, 9 and 10). These cities grow up into the
Central Depression, one the macro-forms of Chilean landscape, and they do not have major
geographical restrictions to expand except by Copiapó, which is limited by the presence of
mountains and Copiapo River where intense agricultural activity is carried out. Talca and
Chillan show radial growth patterns that are also typical of plain areas, as also revealed by
Santiago or Rancagua.

Figure 6 shows some street network patterns. Figure 6a, 6k, 6h and 6b show the grids
extracted from Arica, Iquique, Antofagasta and La Serena, respectively. These entities show
an almost homogeneous distribution of its built area, except by La Serena that shows some
signs of density concentration towards the upper sectors, leaving the coast less populated.
These features are also shared by Valparaíso (Figure 6e). This city mostly organizes over its
surrounding hills and both, population and construction area, decreases towards the coast-
line, particularly around the port that today suffers a gentrification phenomenon. Camps
and middle-class neighborhoods prolifer over the hills, where poverty, precariousness and
social insecurity dominate. In addition, a general abandonment state of the city is observed
throughout the region, inducing inner migratory displacements towards the nearest city,
Viña del Mar. All these elements have significantly contributed to shape the current state of
street networks, not only in Valparaiso, but in the whole country as a consequence of the
accelerated growth of Chile during the last 30 years. This characteristic was mentioned by
Bettencourt [32].

Figure 6c, 6f and 6g show the grid patterns of Concepción, Temuco and Valdivia,
respectively. Once again, no significant concentration poles can be observed in Temuco due
to the relatively flat character of its urban landscape. However, isolated growth poles do
appear in Concepción, Valdivia and Puerto Montt which exhibit a fingering-like pattern.
This growing pattern explains by a phenomenon called diffusion-limited aggregation
described by Batty [12]. Once again, in these cities educational and commercial activities
are concentrated downtown. Remote urban poles are also explained by the presence of
important industries related to timber and steel production and manufacturing, although
sometimes with high environmental costs. These cities also grow around large rivers
that have served to improve people’s life quality, tourism activities and land-valuation,
pushing intense building activity around it. It is also important to point out that most of
the regions showing growing poles far from downtown, frequently show serious transport
connectivity issues. This characteristic has pushed people to use private transport (e.g., cars,
motorcycles), contributing to increased country-wide motorization rates and the pollution
and saturation of cities. Figure 6d,j show the networks of Coyhaique and Punta Arenas.
These entities are of very low complexity as discussed in Section 1.1.
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Figure 6. Network patterns of Chilean cities. (a) Arica, (b) La Serena, (c) Concepción, (d) Punta Are-
nas, (e) Valparaíso, (f) Temuco, (g) Valdivia, (h) Antofagasta, (i) Santiago, (j) Coyhaique, (k) Iquique.
The map scale is E = 1:100,000.

Finally, Figure 6i shows the network pattern of Santiago. The contrasts with the rest of
units is clear. This city shows a visibly higher urban density, with radial-like expansion
directions. In general, Santiago has grown in a flat valley surrounded by hills, two of
them depicted in the same plot (large white gaps in the northeast and southwest. The
public transport connectivity works reasonably well particularly near downtown, but its
quality and frequency decreases to the periphery. The structure of the city has pushed
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the appearance of social segregation poles. The wealthiest social classes have moved
towards the northeast sectors, while middle classes have settled in central cordons and over
the periphery. This peripheral band also concentrates the poorest and vulnerable social
groups, particularly in the extreme north and south sectors. These sectors group marginal
neighborhoods, where precariousness, social insecurity and a lack of good-quality health
and education services become a daily picture. In addition, over the past decades a strong
phenomenon of organised crime has emerged there, such that several neighborhoods
are today dominated by the presence of gang members closely related with theft and
drug dealing activities. In addition, large groups of foreign migrants have settled there,
issues from the collapse of migratory regulations. These new phenomena have negatively
impacted the interest of the private sector to invest in them and create better projects for
housing purposes. The progress of these regions has been then relegated almost exclusively
to the role of public institutions.

Table 2 reports the perimeter P, area A, morphological indices E, F, C and ρ for large
and small cities and Figure 7 compares these parameters. Figure 7a, for instance, shows
the frequency distribution of E, F, C. Two significant peaks of index E arise in this plot,
one at E = 0.4 and another one at E = 0.55. However, F and C show only one peak
at F = C = 0.1. In addition, Figure 7b reveals that these indices do not show a large
variability when compared with A, leading to the mean values 0.52 ± 0.16, 0.23 ± 0.14
and 0.18 ± 0.05, for E, F, C, respectively. Whatever the case, both plots indicate that the
shapes of Chilean cities are very irregular and complex, very influenced by topographical
factor, the development of natural frontiers and proximity to the capital of the country.
In addition, Table 2 also included the estimation of the box-counting fractal dimension
D f . No significant correlations arise when comparing D f with network’s density and the
morphological indices already introduced, within an arbitrary ±10% scattering band (cf.
Figure 7c,d). This behaviour suggests that the fractal dimension is an index evolving almost
independently of the remaining morphometric indices.

Figure 7. (a) Frequency distribution of morphological indices F, C, E. (b) Parameters F, C, E versus
the area of each network A. (c) D f versus ρ and (d) D f versus F, C, E. The horizontal lines are global
averages to data. The shadowed region (in green) is an arbitrary ±10% scattering band.
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Table 2. Morphometric indices of Chilean cities ordered from north to south.

A P Z ρ E F C D f
# City (km2) (km) (km) (km−1) (-) (-) (-) (-)

1 Arica 29.1 101.7 594.4 20.5 0.55 0.24 0.19 1.495
2 Iquique 33.3 106.3 652.5 19.6 0.49 0.19 0.19 1.450
3 Antofagasta 36.4 117.4 773.3 21.3 0.28 0.06 0.18 1.489
4 Copiapo 23.3 108.5 472.6 20.3 0.32 0.08 0.16 1.470
5 La Serena 69.3 289.3 1365.6 19.7 0.45 0.16 0.10 1.538
6 Valparaiso 138.2 361.9 2566.9 18.6 0.42 0.14 0.12 1.535
7 R.M. 782.5 1092.0 13,274.9 17.0 0.57 0.26 0.09 1.733
8 Rancagua 53.9 209.2 959.5 17.8 0.84 0.56 0.12 1.476
9 Talca 40.6 152.7 799.1 19.7 0.63 0.31 0.15 1.471

10 Chillán 31.2 122.5 547.8 17.6 0.65 0.33 0.16 1.438
11 Concepción 116.9 385.4 1993.4 17.1 0.37 0.11 0.10 1.518
12 Temuco 44.5 135.4 707.4 15.9 0.44 0.15 0.18 1.462
13 Valdivia 25.5 135.4 438.6 17.2 0.57 0.26 0.13 1.401
14 Puerto Montt 31.7 129.7 598.2 18.9 0.43 0.15 0.15 1.447
15 Coyhaique 9.3 33.6 169.0 18.2 0.70 0.36 0.32 1.299
16 Punta Arenas 26.1 99.2 460.1 17.6 0.39 0.12 0.18 1.425

Min. 9.3 33.6 169.0 15.9 0.28 0.06 0.09 1.299
Max. 782.5 1092.0 13,274.9 21.3 0.84 0.55 0.32 1.733

Average 93.2 223.8 1648.3 18.5 0.50 0.22 0.16 1.478

17 Calama 24.1 112.6 462.9 19.2 0.56 0.25 0.15 1.553
18 Ovalle 9.5 40.0 216.4 22.9 0.49 0.19 0.27 1.460
19 RM (east side) 145.0 164.7 2226.1 15.3 0.63 0.31 0.26 1.712
20 Curicó 25.9 124.7 448.9 17.3 0.47 0.18 0.14 1.522
21 Linares 13.1 51.7 230.1 17.6 0.62 0.30 0.25 1.461
22 Osorno 26.1 89.1 460.2 17.6 0.62 0.30 0.20 1.552
23 Los Angeles 26.4 111.1 359.6 13.6 0.60 0.28 0.16 1.483

Min. 9.5 40.0 216.4 13.6 0.47 0.18 0.14 1.460
Max. 145.0 164.7 2226.1 22.9 0.63 0.31 0.27 1.712

Average 38.6 99.1 629.2 17.7 0.57 0.26 0.21 1.535

3.2. Fractality of Urban Networks

In this section, we show that some quantitative and graphical relations can be es-
tablished by analysing the variables introduced in Table 2, by following the guidelines
proposed by Shen [26] and Bettencourt [32]. First, Figure 8a compares D f and the area A
of each entity. This area does not considers satellite towns and neighborhoods adjacent
to the peripheral of the city. A dataset, obtained from Shen [26] who studied a number of
American cities, was included for comparison purposes in the same plot. Once again both
sets, Chilean and American cities, can be well characterized by the next fit:

D f = α̂ + β̂ ln(A), (6)

where (α̂, β̂) are fitting parameters estimated with the software IGOR Pro. For Chilean networks
we obtain the values (α̂, β̂) = (1.16, 0.081), whereas Shen [26] reported (α̂, β̂) = (0.75, 0.17).
The values obtained for Chilean cities are strictly valid into the range
9.5 km2 ≤ A ≤ 782.5 km2. In addition, the relation between population and area of Chilean
cities was depicted in Figure 8a (see inset). In this case, both variables can be fit by a power-law
function of the type POP = kAt, where k = 4.11× 10−3 and t = 1.12. An interesting
feature of this comparison is that the slope β̂ is different between Chilean and American cities,
intercepting at ao ≈ 65 km2, such that for A > ao the fractal dimension measured in American
cities exceeds the values of Chilean entities. Notice that around the same point ao, a slight
asymmetry on the population distribution arises. The fractal dimension of networks also dis-
plays a significant concentration into the range 20 km2 < A < 100 km2, leaving two isolated
points at the head and tail of the plot. In general, it is possible to conclude that the most
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populated cities present higher fractality indices as a result of higher levels of complexity
and urbanization, leaving the rest of the cities with lower complexity degrees where the
fractal dimension is relatively homogeneous. This pattern shows how asymmetric the
economic and urban development in the country is, as remarked by Lopez [68].

Figure 8. (a) Relation between D f vs. POP for all the entities. Data obtained from [25,26] were in-
cluded for comparison. Straight lines are given by Equation (6) (SUA = small urban areas, MSA = mid-
size urban areas, MA = metropolitan areas, LMA = large-metropolitan areas; according to [69]).
(b) Relation between D f vs. A. American cities were included for comparison. Continuous lines are
given by Equation (7) (inset: POP vs. area A ; Mhab = millions of inhabitants. Continuous line is
given by POP = kAt, with k, t fitting parameters.)

A similar exercise can be conducted when comparing the fractal dimension and the
population POP of each city, another significant variable of urban development. A clear
ordering pattern also arises between both variables as depicted in the plot of Figure 8. Error
bands were included for reference, as well as data obtained from some developed cities
extracted from the studies from Shen [26] and Lagarias [25]. Once again, both datasets can
be fitted by the next function:

D f = α + β ln(P), (7)

where α, β are fitting parameters. Meanwhile for Chilean networks, we obtain the values
(α, β) = (1.51,0.11), on the other side we obtain (α, β) = (1.41, 0.15) and (α, β) = (1.51, 0.04)
for American and European cities, respectively. The relations presented in Equations (6) and (7)
were also reported by Shen and Bettencourt [26,32]. However, the slope of the curve β is
once again different for every dataset. According to Batty et al. [14], this parameter can be
interpreted as a population saturation rate of the territory, showing different degrees of
urban land use. Coincidentally, only Spanish cities fall within the fit calculated for Chilean
dataset (given by the continuous red line), maybe explained by historical arguments de-
scribed in Section 1.1. On the other hand, most of Chilean networks can be classified as
small and mid-sized urban areas, that is, SUA and MSA range shown in Figure 8, with
only one point in the large-area range (Santiago). The fractal dimension of Chilean units
distributes shows large differences from one kind of city to another. This feature is not
necessarily observed in developed cities dataset included in this study, which shows a
more uniform spread.
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From the previous results, it is clear that area and population are two variables closely
correlated with the fractal dimension of networks. Both variables give rise to a new
parameter called built area to population elasticity [32] defined as:

ν =
∆ log(A)

∆ log(POP)
, (8)

The concept of elasticity of demand is a parameter of interest in economics and refers
to the degree to which demand responds to a change in an economic factor. According to
Bettencourt [32] this parameter can be adapted for a better comprehension in the context
of city science. Equation (8) leads to the value ν = β̂/β = 0.081/0.11 ≈ 0.74 for Chilean
urban forms. However, Molinero and Thurner [70] reported ν = 5/6 ≈ 0.83 for European
cities, whereas the American cities explored in this research lead to ν = 0.17/0.15 ≈ 1.13.
Therefore, by one hand, clear differences on this parameter can be observed from one
region to another. However, on the other hand, if American cities show that ν > 1, for
Chilean cities we obtain ν < 1. The first case suggests that the relation area/population
demand follows an elastic-like behavior, whereas the second one, indicates that population
changes faster than built area. This last feature can be interpreted as a weakness of market
conditions to provide proper coverage to housing demand. In the case of Chile, such
features can be easily corroborated throughout territory, worsening in recent decades due
to weak public policies incapable of prompting local market conditions and public–private
alliances to provide sufficient housing to social groups that cannot access to bank loans.
This observation has been objectively corroborated by Castillo and Forray [71].

3.3. Allometric Laws for Chilean Cities

If in the previous section we showed that the fractal dimension is closely related to
the urban area and the population of each city, in this section we show that it is possible to
establish allometric relationships between some of the geomorphic parameters introduced
in Table 2 and the area of each entity. To this concern, Figure 9 displays some scaling laws
obtained from the analysis of urban forms in Chile. In particular, Figure 9a,b suggest that
the diameter and perimeter of each entity can be fitted by the next generalized function:

ζ = mAn, (9)

where ζ is a characteristic length of the network (= L or P), A the area of each city and (m, n)
new fitting parameters. When ζ = L the next values (m1, n1) = (2.86, 0.45) were obtained
(see Figure 9a). Hack’s law [72] was included in the same plot for comparison. Surprisingly,
Hack’s coefficients, (m, n) = (1.40, 0.60), are closer to the present measurements. To this
concern, it is interesting to recall that Hack’s law was obtained from the analysis of streams
networks, by considering ζ as the length of the mainstream. When ζ = P (Figure 9b), the
values (m2, n2) = (11.6± 2.3, 0.68± 0.03) were obtained. In this case, the exponent n is
even closer to Hack’s exponent.

Figure 9c,d plot the relation between ρ and Z versus A, where Z is the total length of
roads of each network. In particular, Figure 9d it follows that:

Z ∝ Aβ (10)

where β = 0.98. This last value is very close to 1, such that Z ∝ A. From Equation (3), it is
readily deduced that ρ ∝ C, where C is a constant. Figure 9c supports this scaling into a
±20% arbitrary scattering band, such that 15.9 km−1 ≤ ρ ≤ 21.3 km−1, suggesting that ρ is
an almost homogeneous parameter across the country.
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Figure 9. Allometry of Chilean cities. Relationship between area A and (a) the diameter of each
network L, (b) the envelope perimeter P, (c) the the linear density ρ and (d) the total length of
each network Z. Shadowed regions (in green) are arbitrary scattering bands. Continuous lines are
power-law fitting functions to data.

According to Batty [9], the exponent involved on Equation (9) is related to the fractal
dimension of the present collection of networks, D̄1, in the form n2 = D̄1/2. This parameter
can be interpreted as a rough measure of the overall fractal degree of such collection. If such
a set is constituted by pure fractals objects, that overall value should be the same regardless
of the calculation method. To this concern, two additional estimators were introduced for
comparison, let us say (D̄2, D̄3). All these parameters are defined as follows:

D̄1 = 2n2 , D̄2 =
1
N

N

∑
i=1

Di , D̄3 =
∑N

i=1 Di Ai

∑N
i=1 Ai

(11)

where N is the size of dataset. When N =16 we obtain D̄1 = 1.36± 0.06, D̄2 = 1.478 and
D̄3 = 1.617; whereas D̄2 =1.495 and D̄3 = 1.621 for N = 23 (the total data of this study).
Then, no significant differences arise when increasing sample’s size (N), but a significant
departure can be observed from one estimator to another, such that 1.36 ≤ D̄i ≤ 1.62
for i = 1, 2, 3. This result reveals that the geometrical features of urban forms considered
in this study are far from thos observed in pure fractals (e.g., Cantor, Koch curves set).
Indeed, their characteristics are closer to those typically observed in self-affine structures,
an observation recently remarked by Martinez et al. [73] working with natural networks
in Chile.

Finally, Figure 10 compares D f and the gross domestic product (GDP) differentiated
by region (Figure 10a) and by country (Figure 10b). In both cases D f ∝ GDP, characterised
by slight positive slope fits. This behaviour reflects that high-income regions usually lead
to increasing demands for territorial expansion and then, an increasing degree about the
complexity of the systems. This observation has been supported by Batty et al. [9]. Paradox-
ically, Santiago (R.M.), Antogafasta and Calama do not fall into the fitting curve shown in
Figure 10a, even though these two last ones contribute the most to Chile’s GDP, due to in-
tense mining industry activities. However, such contribution has not resulted in significant
urban expansion, nor an improvement of the public infrastructure in those regions [74].
This feature is shared by many cities in the country and it is reasonably well captured by
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the fractal dimension. Figure 10b shows once again a positive correlation between D f and
the global income of countries, where Chile remains at the tail of the distribution.

Figure 10. D f versus the Gross Domestic Product (GDP) at (a) regional level and (b) by country (the
parameter D̄2 was used for these estimations).

4. Discussion

In this study, the box-counting method was applied for estimating the fractal di-
mension of numerous urban networks distributed throughout the Chilean territory. This
method presents as a reliable and robust predictor of this parameter as remarked by D’Acci
et al. [10]. We have shown that the fractal dimension is significantly correlated with the
area (A) and population (POP) of urban structures as depicted in Figure 8. In total, two fits
were proposed to characterize such correlations (Equations (6) and (7)). Although similar
fits were already proposed in the literature (see e.g., [26,32]), they are governed by different
slopes. This simple result reveals that Chilean cities have progressively occupied the terri-
tory at variable saturation rates, which at the same time depend on the local topographical
and industrialisation conditions. In addition, the governing parameters of these fits are
different compared to similar structures observed in developed countries, suggesting that
local cultural and economical factors also help to shape the structure of urban forms. In
Chile, the current shape of street networks was the result of an accelerated, but inorganic
growing process, particularly during the 20th century. This process still presents serious
vulnerabilities owing to poor application of efficient land-use public policies.

In the same context, if urban structures in developed cities expand showing good level
of territorial connectivity, good transportation systems and high levels of industrialisation,
this is not necessarily the situation observed in developing regions. On the other hand,
developed cities try to avoid as much as possible, the appearance of exclusion poles. How-
ever, although the Chilean state has strongly fought against poverty and social segregation,
social ghettos still remain in peripheral areas of Santiago (the capital) and in many other
cities. These asymmetries, inherited since the country’s foundation, have led to strong con-
centration of services, companies, industries and public institutions in the capital, leaving
remote regions under a permanent state of under-development.

To emphasize these characteristics, Figure 11 displays the longitudinal distribution
of different metrics, with Santiago (R.M.) playing the role of a center of coordinates and x
the distance to Santiago (indicated in Table 1). Figure 11a shows that there is no significant
variability of the fractal dimension with respect to x, except for Santiago, Punta Arenas and
Coyhaique (the austral cities). The low values of D f for these last forms are in agreement
with their low level of development, by contrast the rest of dimensions show almost similar
values. Figure 11b,c show that population and area also increase towards Santiago, a conse-
quence of the concentration of services already mentioned. Such an effect is particularly
notorious within the range −1000 km ≤ x ≤ 1000 km. Figure 11d shows that linear density
is slightly higher for northern cities, which houses most of the country’s population.
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Figure 11. Longitudinal distribution of different metrics (x = 0 for RM.; x > 0 for northern cities and
x < 0 for southern cities). (a) D f , (b) POP (measured in thousands of people hHab), (c) A and (d) ρ.
Global averages were included for reference (dashed lines).

Regarding the morphometry of Chilean urban forms, the indices introduced indicated
in Table 2, e.g., F, C, E, show that Chilean cities display very amorphous shapes. This
feature can be easily corroborated in Figures 5 and 6. These last figures also suggest that
elongated patterns are the dominant feature of these networks, explained by the strong
influence imposed by natural barriers along the territory as the Pacific Ocean to the West,
Cordillera de la Costa and Central Depression and Cordillera de los Andes to the East.
Then, urban patterns are not only ruled by economical restrictions, but also by the action of
the natural characteristics of landscape, together with local environmental characteristics
of each region, (e.g., climate, local culture, connectivity, quality of life).

Concerning Equation (10), functional relations of this type have been used for describ-
ing the topological structure of fluvial networks [75,76] stating that β = D̃/2, where D̃
can be seen, once again, as another estimator of the overall fractal dimension of a given
collection of structures. If this formula is accepted for this study, it yields to the value
D̃ ≈ 1.96. This last one is indeed very close to two suggesting that these systems saturate
the available territory in accordance with the space-fillingconcept proposed by Phillips [77].
However, this result contradicts once again the variability of the parameter D f , whose
values are strictly lower than two. Subsequently, although Equation (10) reveals clear
ordering patterns for the present urban forms, an overall fractal degree cannot be obtained
from this relation.

Following this discussion, the results obtained from Equation (11) emphasize the idea
that urban forms behave as self-affine fractal structures, more than self-similar objects. The
factors already discussed could explain these patterns. Despite these characteristics, the
similarities observed in the structure of urban and natural networks are no less surprising.
For example, if the diffusion mechanisms involved in a river network are controlled by
natural forces, (e.g., the hydrological cycle, climate influence or the erosive power of
streams), the diffusion of an urban form is essentially governed by the need for territorial
expansion, land availability, land use, income distribution and rules imposed by public
policies, among many other factors. The comprehension about the origin of such similarities,
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also observed when studying the topology of supply water systems [78], still remains an
open question in network science [79].

Finally, it was shown that through the application of routine fractal metrics, it is
feasible to obtain significant information about the territorial organization of cities in Chile,
in a practical, simple and economical way. This country, still considered as a developing
region, can be seen as an interesting source of information in South America for comparing
existing databases, most of them built from data obtained in developed contexts. Although
some quantitative relations hold, fractal metrics help to describe some asymmetries about
urban development arising throughout Chilean territory and an inelastic-like behaviour
with respect to area/population demand, that is, in Chile, the population grows faster
than the rate areas are built, and public policies have failed to avoid the effects of this
phenomenon. Indeed, the current situation of the country still shows a strong degree of
concentration in the capital and some nearby cities. However, a poor urban development
and connectivity remains further away, particularly at extreme northern and southern
regions. These properties are a consequence of the accelerated development of the country
in recent decades, but also of some deficits in the construction of an efficient, intelligent
and balanced urban planning.

5. Conclusions

Characterizing an urban network is a complex task that can be reasonably achieved
with fractal metrics. In this case study, we show that fractal theory provides valuable
information about the spatial organization of cities in a simple, quick, and cost-effective
manner. This is the first significant effort to provide a fractal characterization of Chilean
urban networks by measuring the box-counting fractal dimension D f of different Chilean
cities, together with morphometric indices typically used for characterizing branched struc-
tures. These cities display different degrees of fractality, a sign of unequal expansion rates
and land-use planning across the country. Such characteristics can be explained by an
asymmetric distribution of services, location of industrialisation degree, employment pos-
sibilities and quality of life from one region to another. These differences have also induced
rural–urban migration disputing territories and resources associated with industrial pro-
cesses and extractive functions such as mining and agriculture, while leaving extreme cities
in a persistent state of isolation and poor development. In addition, strong correlations
were observed between fractal dimension, area and population. Although some of them
were already reported in the literature, the parameters involved in them show significant
differences between developed and developing countries. Citizen income, private/public
investment, market conditions and the cultural and organisational historical heritage have,
perhaps, contributed to the current structure of urban forms. A significant correlation with
the gross domestic product was also reported, suggesting that the country’s income and the
degree of investment in building are important variables behind the development of cities.

With these elements, it is possible to affirm that the current shape of Chilean urban
networks is the combined result of many factors (culture, economics, public policies)
together with the action of natural barriers, imposing clear restrictions for urban expansion.
Fractal theory is able to capture these characteristics, leading to reasonable results that help
us better understand the spatial organisation of cities in developing countries. However, it
is necessary to mention some limitations of these metrics. First, all of the analyses conducted
consider planar structures; however, cities expand in all spatial directions. Consequently,
when we discuss fractality we must also consider how cities expand in the vertical direction
as reported by Dupuy [13]. Another limitation of this study relates to the time-evolution
of cities. The fractal degree of a city must also take into account how urban structures,
territorial expansion, land use, and population mobility evolve over time. A dedicated
study focusing on the variability of these parameters could significantly help to better
understand how market conditions, economics, population mobility and environmental
conditions have shaped the current state of cities. Finally, in this study we assign a single
value of fractality to each city, assuming that these structures behave as homogeneous
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structures. Nevertheless, this is a simplistic approach. Cities also develop showing different
geometrical structures into a given network. Perhaps a multi-fractal analysis and the
determination of additional indices as the ht-index proposed by Jiang [80,81] could help in
this regard, and will certainly represent the focus of a future study.
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