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Abstract: Water utilities face the challenge of addressing physical leaks generated from the aging of
water distribution systems and the need for more innovative practices to manage water infrastructure
efficiently. Water leakages are typically modeled using extended period simulations based on
Bernoulli’s equation. However, this approach must be revised since traditional methods do not
appropriately simulate variations induced by regulating valves. In this study, the authors developed
a mathematical model based on the mass oscillation equation, which is well-suited for predicting
water leakages while accounting for system inertia from regulating valves. This approach is versatile
and can be applied to all parallel pipe systems. A comprehensive practical application involving
two parallel pipes has been conducted. The aim is to provide engineers and designers with a tool to
assess the total volume of water leaks caused by regulating valves in real-world water distribution
networks. Furthermore, the study includes a comparative analysis with a single pipe configuration
to illustrate how parallel systems lead to increased leaks in contrast to simpler pipe setups.

Keywords: rigid water column model; mass oscillation equation; parallel pipes; valve maneuvers;
water leakages; water distribution networks

1. Introduction

Water leakages are a current issue faced by developed and developing countries world-
wide. They account for a significant portion of the total water loss in water distribution
systems and constitute physical water loss. Water leakages can be identified in pipelines,
household connections, and seepage from water storage tanks [1,2]. Furthermore, leaks
occur at the installation sites of control, measurement, and safety equipment [2]. Leakages
tend to be more pronounced in developing countries when compared to developed ones.
According to data from IBNET [3], water leakages in certain South American countries
can reach as high as 30% or more, whereas in Australia and the United States of America,
they exceed 10%. The higher the incidence of water leakages, the greater the expenditure
water utilities incur for water production, resulting in higher user costs. In this context,
two Sustainable Development Goals (SDGs) are interconnected with water leakages [4,5]:
(i) ensuring access to clean water and sanitation and (ii) promoting sustainable cities and
communities. Water leakages result from various factors, including the aging infrastructure
leading to material deterioration over time, the utilization of deficient technologies, inade-
quate pressure management programs, improper maintenance of water infrastructure, and
adherence to local regulatory frameworks [6–8].

At present, water utilities are addressing the issue of water leakages through the
implementation of digital twin technology, which comprises several layers [9–12]:

• A Geographical Information System (GIS) that describes water infrastructure;
• Sensors to measure hydraulic variables in the system;
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• Supervisory Control and Data Acquisition (SCADA) systems collect data from sensors
placed in situ and transmit it to a central station through a communication system;

• Smart Metering for network control and customer service;
• A computerized maintenance management system;
• A hydraulic model designed to simulate water leakages in water distribution systems.

Additionally, artificial intelligence techniques to predict future water losses in water
installations have been implemented in water distribution systems [13,14]. The greater the
water leakages, the higher the energy expended in production [15,16].

Hydraulic models are crucial in assessing and mitigating water leakages, forming
the foundation for robust digital twin models. In 1990, Jowitt and Xu [17] introduced an
algorithm based on the Hazen–Williams formula and linear theory methods to quantify
and minimize water leakages in water distribution systems. Similarly, Giustolisi, Savic, and
Kapelan [18] developed a steady-state model for simulating water distribution systems,
utilizing classical hydraulic equations, pressure-driven demand, and accounting for leak-
ages, including elevation considerations. Water leakages are evaluated using steady-state
formulations, such as EPANET 2.2 or other commercial software packages, in conjunction
with a water balance framework [19–21].

While the steady-state approach, also known as extended period simulation, is com-
monly used by water utilities to calculate water leak volumes, it falls short when system
inertia must be factored into the calculations. This is particularly relevant when regulating
valves operating within water distribution systems. When a regulating valve is manip-
ulated, it introduces specific oscillations not captured by extended period simulations,
potentially leading to underestimation or overestimation of water leak volumes. Con-
sequently, Coronado-Hernández et al. (2023) [22] introduced a mathematical model to
compute water leakages in single pipelines, considering system inertia.

Inertial models can be used to simulate transient phenomena. There are two types
of inertial models: (i) water hammer or elastic models, which consider the elasticity of
the pipe and the water, and (ii) mass oscillation or rigid models, which neglect these
factors [23,24]. In this study, the authors developed a mathematical model based on
the mass oscillation equation, which is well-suited for predicting water leakages while
accounting for system inertia from regulating valves. It is paramount to emphasize the
need for more inertial models in the current literature for predicting water leakages in water
distribution systems. The authors are pioneering the implementation of this approach for
single installations. The proposed model neglects effects related to suspended particles [25]
and biofilm formation [26].

This ongoing research aims to develop more advanced models that consider system
inertia in more complex water installations to analyze water leakages. Initially, a general
formulation applicable to all parallel pipes is demonstrated based on the mass oscillation
equation, pressure-head-dependent and pressure-head-independent consumption, and the
Swamee–Jain equation. Subsequently, a practical application involving two parallel pipes
is presented as an example of how the developed model can be employed.

2. Mathematical Model
2.1. Assumptions

Parallel hydraulic installations are a set of pipes that start at an initial node and end at
a common node. It is implied that water flows in all parallel pipes reach an end node, and
then a standard pressure head is obtained over time. In addition, water leakages should be
considered within a water balance at the common node. The total flow rate at the common
node must be computed as the sum of water flows and leakages passing in all parallel pipes.
Parallel pipes can have different lengths, internal pipe diameters, absolute roughness values,
opening/closing maneuvers in regulating valves, and accessories. Parallel systems have a
maximum of four pipes, but two are usually presented in most hydraulic installations.

The numerical resolution of a set of algebraic-differential governing equations for
simulating water leakages in parallel pipelines considering variations of the system inertia is
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developed in this section. An analytical solution to the equations is not available; therefore,
the numerical resolution is conducted using the solver ODE23 of the Simulink library in
Matlab, which is used for solving nonstiff differential equations involving two simultaneous
single-step formulations (second and third order) [27]. Boundary and initial conditions are
presented, and parallel water pipeline examples are solved. The continuity and momentum
equations form a pair of quasi-linear ordinary differential equations regarding each parallel
pipe’s water flow rate and pressure head.

The proposed model has the assumptions as follows:

• Water movement is simulated using the mass oscillation equation [23,24];
• Friction losses are calculated based on the absolute roughness, internal pipe diameter,

and Reynolds number, a common practice in the current literature [28];
• Minor losses are computed using a dimensionless coefficient;
• A resistance coefficient is used for evaluating valve losses in a hydraulic grade line.

2.2. Governing Equations

This section presents the governing equations to study the problem of computing
water leakage volume in parallel pipe systems considering maneuvers in regulating valves.
Figure 1 presents a plan view illustrating a general schematic of multiple parallel pipes.
Each pipe within this configuration possesses unique characteristics, including its internal
diameter, absolute roughness, length, minor loss coefficient, and a resistance coefficient
associated with a regulating valve.
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Figure 1. Plan view illustrating a general schematic of n parallel pipes.

a. Mass oscillation equation

This equation considers the system inertia, which must be considered when open-
ing/closing maneuvers in regulating valves are acting. The equation neglects pipe and
water elasticity since water leakages tend to reduce pressure surges.
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For the total parallel pipes (n), the following equation follows the behavior of water
movement [24]:

dQi
dt

=

[
zu − zc − pc

γw

]
gπd2

i

4li
− 2 fiQi|Qi|

πd3
i

−
Rv,iQi|Qin|gπd2

i
4li

− 2∑ km,iQi|Qi|
πlid2

i
(1)

where zu = pipe elevation in the first node, zc = pipe elevation in the common node,
pc = pressure in the common node, γw = water unit weight, f = friction factor, Q = water
flow rate, d = internal pipe diameter, l = pipe length, ∑ km = minor losses coefficient,
Rv = resistance coefficient of a regulating valve, and g = gravitacional aceleration. The
subscript i refers to an analazed parallel pipe.

b. Continuity equation

The continuity equation should be established, considering the water balance guide-
lines recommended by the International Water Association (IWA) or the national regulations
endorsed by local government authorities. In all cases, the water balance should encompass,
at the very least, factors such as domestic consumption (Qd), commercial consumption (Qc),
industrial consumption (Qi), official consumption (Qo), physical leakages (Ql), illegal use
(Qie), and flow by metering error (Qm), among other variables.

To establish the water balance, it is crucial to consider both pressure-head-dependent
(PHDC) and pressure-head-independent (PHIC) consumption.

PHIC can be modeled based on a coefficient modulation (C) over time and the mean
value of an analyzed consumption. For instance, domestic consumption can be simu-
lated with the expression Qd = CdQd, where Cd = coefficient modulation for domestic
consumption, and Qd = mean value of Qd. Similarly, the remaining PHICs can be modeled.

Regarding the PHDC, only physical leakages will be considered because water utilities
are grappling with significant issues concerning the quantity of water lost from water
distribution systems. For a parallel pipe, the water leakages can be calculated as [18]:

Ql,i = K f ,i

(
pc

γw

)β

(2)

where K f = emitter coefficient and β = exponent coefficient.
The exponent coefficient can be varied from 0.5 to 2.5. A value of 0.5 corresponds

to a typical behavior found in many hydraulic installations. In addition, the exponent
coefficient (β) must be the same for all analyzed pipes. In Equation (2), the n parallel pipes
maintain a consistent average pressure across the lines, corresponding to the shared node’s
pressure head.

The proposed model is built upon a prior calibration of the emitter coefficient and
exponent coefficient in Equation (2) for an extended period simulation.

To establish the water balance, it is essential to considered that the n pipes must
transport both PHDCs and PHICs. In this case, only domestic, industrial, commercial, and
official consumption and physical leakages in all n parallel pipes are considered for the
water balance. Consequently, the continuity equation is as follows:

Q1 + Q2 + · · ·+ Qi + · · ·+ Qn = CdQd + CiQi + CcQc + CoQo + K f ,1

(
pc

γw

)β

+ K f ,2

(
pc

γw

)β

+ · · ·+ K f ,i

(
pc

γw

)β

+ · · ·+ K f ,n

(
pc

γw

)β

(3)

Rearranging the terms in Equation (3) in function of the pressure head in the common
node, Equation (4) is established:

pc

γw
=

(
Q1 + Q2 + · · ·+ Qi + · · ·+ Qn − CdQd − CiQi − CcQc − CoQo

K f ,1 + K f ,2 + · · ·+ K f ,i + · · ·+ K f ,n

) 1
β

(4)

c. Friction factor equation
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The Swamee–Jain equation has been used to compute the friction factor. The friction
factor in the turbulence zone varies as a function of absolute roughness, internal pipe
diameter, and Reynolds number. This equation has been extensively applied within the
Reynolds number range of 3 × 103 to 3 × 108 and absolute roughness (ks) ranging from
10−6 to 2 × 10−2 mm. It encompasses a wide range of important pipe materials, includ-
ing Polyvinyl Chloride (ks = 0.0015 mm), Concrete Cylinder Pipe (ks = 0.12 mm), and
High-density Polyethylene (ks = 0.007 mm), among others. The Swamee–Jain equation is
presented as follows:

fi =
0.25[

log
(

ks,i
3.7di

+ 5.74
Re0.9

i

)]2 (5)

where Re = Reynolds number (Re = vidi
υ ). Here, υ = kinematic viscosity and vi = water

velocity of a parallel pipe.

2.3. Numerical Resolution

To solve the system of algebraic differential equations, it is necessary to determine
the number of equations and corresponding variables. This set of formulations comprises
Equations (1), (4) and (5), which must be applied to the i parallel pipes. The variables in this
problem are Qi, pc/γw, and fi. The numerical resolution involves a total of 2i + 1 equations,
all with the same number of variables. This implies that analyzing water leakages in a
parallel pipe system and considering maneuvers in a regulating valve has a unique solution.
The numerical resolution is carried out using the Simulink library in Matlab. Table 1 lists
the total number of variables that need to be computed over time depending on the number
of parallel pipes in an analyzed system. Based on the information reported in Table 1, if
i = 1, then the mathematical model is used to simulate the case of a single pipeline, which
was the first solution conducted by the authors.

Table 1. Total variables depending on the number of parallel pipes.

i Variables Total Variables

1 (single pipeline) Q1, f1, and pc/γw 3
2 Q1, f1, Q2, f2, and pc/γw 5
3 Q1, f1, Q2, f2, Q3, f3, and pc/γw 7

. . . . . . . . .
n Q1, f1, Q2, f2, Q3, f3,. . ., Qn, fn, and pc/γw 2n + 1

Since the mathematical model developed by the authors can be used to quantify the
total water leakage volume for maneuvers in regulating valves, it is necessary to establish
the initial condition given during the extended period simulation in order to know the
initial water flow rate in all parallel pipes (Q1(0), Q2(0),. . ., Qn(0)). The emitter ( K f

)
and

exponent (β) coefficients must be computed during an extended period simulation that
requires the calibration of these parameters.

3. Practical Application and Data
3.1. Application to the Case of Two Parallel Pipes

The case of two parallel (n = 2) pipes is considered in this research, as shown in
Figure 2. More complex installations can be analyzed with the mathematical model since
this model is entirely general.
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The corresponding formulations can be written as shown in Table 2.

Table 2. Algebraic-differential equation system applied to the case of two parallel pipes.

Description Formula Equation No.

Mass oscillation equation applied to the first parallel pipe dQ1
dt =

[
zu−zc−

pc
γw

]
gπd2

1
4l1

− 2 f1Q1|Q1|
πd3

1
− Rv,1Q1|Q1|gπd2

1
4l1

− 2∑ km,1Q1|Q1|
πl1d2

1

(6)

Mass oscillation equation applied to the second parallel pipe dQ2
dt =

[
zu−zc−

pc
γw

]
gπd2

2
4l2

− 2 f2Q2|Q2|
πd3

2
− Rv,2Q2|Q2|gπd2

2
4l2

− 2∑ km,2Q2|Q2|
πl2d2

2

(7)

Continuity equation pc
γw

=

(
Q1+Q2−Cd Qd−Ci Qi−Cc Qc−Co Qo

K f ,1+K f ,2

) 1
β (8)

Swamee–Jain equation applied to the first parallel pipe f1 = 0.25[
log

(
ks,1

3.7d1
+ 5.74

Re0.9
1

)]2 (9)

Swamee–Jain equation applied to the second parallel pipe f2 = 0.25[
log

(
ks,2

3.7d2
+ 5.74

Re0.9
2

)]2 (10)

This problem involves a set of five equations with initial conditions given as
Q1(0) = Q1,0 and Q2(0) = Q2,0. It constitutes a well-posed problem, the solution
of which describes the system’s behavior. Q1,0 and Q2,0 are computed through an ex-
tended period simulation. The objective is to calculate the five unknown variables:
Q1, Q2, f1, f2, and pc/γw. The system’s behavior is determined through the numeri-
cal resolution of Equations (6)–(10). The problem’s boundary conditions are defined by a
reservoir located upstream and a regulating valve downstream, representing the classical
boundary conditions.

3.2. Data

An analysis using an extended period simulation of a two-parallel pipes system revealed
that the initial flow rate conditions were Q1(0) = 0.078 m3/s and Q2(0) = 0.045 m3/s,
similar to the scheme depicted in Figure 2. The characteristics of the two parallel pipes
are as follows: d1 = 250 mm, l1= 1200 m, d2 = 200 mm, l2 = 1100 m, ∑ km,1 = 3, ∑ km,2 = 5,
Rv,1 = 240 ms2/m6, Rv,2 = 190 ms2/m6, and ks,1 = ks,2 =0.0015 mm. The pipe elevation
at the first node (zi) is 35 m, while at the common node (zc) it is 0 m. The mean values
of water flow rate for domestic (Qd) and official consumption (Qo) are 65 and 22 L/s,
respectively. A kinematic viscosity of 1 × 10−6 m/s2 was considered for the analysis. The
remaining consumption Qi and Qc are null in this application. Figure 3 shows consumption
patterns for both domestic and official purposes throughout the first 180 s. The calibration
process, conducted during an extended period simulation, yielded emitter coefficients of
K f ,1 = 0.0085 m3/s/m0.5 and K f ,2 = 0.0045 m3/s/m0.5, with an exponent coefficient β of 0.5.
The regulating valve is initially opened, followed by a partial closure, and it ultimately returns
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to its initial position in terms of the percentage of opening. During this time, modulation
coefficients of 0.3 and 0.4 are observed for domestic and official consumption, respectively.
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4. Results

The numerical resolution of the five unknown variables (Q1, Q2, pc
γw

, f1, and f2) was
accomplished by analyzing data from the two parallel pipes, as depicted in Figure 4. The
simulation was conducted for the initial 180 s.

The analysis of these five variables was conducted. Figure 4a shows the water flow
rate patterns for both pipes. The minimum value is 45.1 L/s (at 13.0 s) for pipe 1, while
pipe 2 reaches a minimum value of 35.9 L/s (at 4.5 s). After t = 45 s, both pipes exhibit
nearly identical trends, with constant values of 60.6 L/s for pipe 1 and 37.5 L/s for pipe 2.
However, the variable Q2 displays some fluctuations over time, reaching a second peak
value of 41.4 m at 30.0 s. The pressure head pulses at the common node are presented
in Figure 4b. The initial pressure head value is 53.06 m. Rapidly, the partial closure
of both regulating valves causes the pressure head to decrease to a minimum value of
17.41 m at 12.0 s. Subsequently, the pressure head increases and stabilizes at around 28.75 m
(at 60.0 s). Figure 4c illustrates the friction factor for both parallel pipes, with values varying
from 0.0137 to 0.0152 for pipe 1 and from 0.0146 to 0.0152 for pipe 2.

The total flow rate (QT) and flow rate of leaks (QTl) were computed for the two parallel
pipes. These two formulations are used to elucidate the extent of water volume leakage
during transient events involving regulating valves. The results of these variables are
illustrated in Figure 5. It becomes evident that a higher emitter coefficient corresponds to
an increased water volume leakage, as exemplified by pipes 1 and 2. Furthermore, the total
flow rate (Q1 + Q2) exhibits a comparable pattern to the total flow rate of leaks (QTl). The
occurrences of maximum and minimum water flow coincide with the extreme values of
water leakages. For example, the minimum values for both total water flow and water flow
from leaks are 82.54 L/s and 52.24 L/s, respectively, occurring at t =12.0 s. For the initial
180 s, the injected water volume to the system is 17.46 m3, while the water leakage volume
is 12.35 m3.
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Figure 5. Analysis of water flow and leakages in parallel pipes.

Finally, a comparison was conducted between a single pipe installation and the parallel
installations under analysis, as illustrated in Figure 6. The characteristics of the single pipe
match those of Pipe 1 in the parallel system. It was observed that higher pressure head
values at the end of the system were achieved with an increased number of parallel pipes.
Consequently, the parallel pipe configuration led to a greater quantity of water leakages
when compared to a single installation. In this analysis, the total water leakage during the
first 180 s in the single pipe amounted to 7.57 m3, which was lower than the value obtained
in the parallel system (12.35 m3).
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5. Discussion

The proposed model is well-suited for assessing transient events occurring within
a timeframe, given its consideration of system inertia [23]. The term dQ/dt is employed
to account for valve maneuvers. Utilities typically utilize extended period simulation to
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implement strategies for addressing water leakages in water distribution systems [9]. This
is crucial as it enables more accurate computation.

Detecting leaks in water distribution systems poses a challenge for water utilities.
Nevertheless, once leaks have been identified, the proposed model can be employed to
assess water volume losses under various valve maneuver scenarios. Neither the extended
period simulation (which serves as the current leak prediction model) [16] nor the proposed
model (which incorporates system inertia for enhanced accuracy) can pinpoint the exact
locations of leaks.

The PDE system, or elastic model equations, represents the more intricate formulations
for transient events, entailing the analysis of water and pipe elasticity. However, suppose
water cannot compress or expand during a transient event or the pipe cannot deform its
thickness. In that case, system inertia can be examined using a rigid column approach, as
proposed by our model [29]. Leaks operate similarly to water-release orifices; consequently,
they reduce head pressure.

A mathematical model for the accurate determination of water volume leakages in
all parallel pipe systems, which is based on the mass oscillation equation (rigid water
column model), has been presented in this research. It signifies a novel advancement in
the current literature, as no governing equations have been previously documented for
modeling this situation. The proposed model permits the computation of water leakages
even when regulating valves are acting, which implies that the system inertia is considered
in calculations. In this sense, the mathematical model is more robust than the extended
period simulation in this scenario. The mathematical model is presented in a general
way and can be used to analyze parallel pipe systems. The numerical resolution includes
the mass oscillation equation to know the behavior of water movement, the analysis of
pressure-head-dependent and pressure-head-independent consumption, and the friction
factor computation.

Based on the results of the practical application, some remarks can be drawn:

• The practical application is composed of two parallel pipes, and its results can be used
for engineers and designers to compute the total leakage volume when two regulating
valves are operated following different maneuvers. The mathematical model shows
that each problem of parallel pipe requires 2i + 1 equations to be solved. In this case
(i = 2), the variables to compute are Q1, Q2, pc

γw
, f1, and f2. Due to the regulating

valves acting, the pressure head patterns are changing even for constant consumption
(domestic and official), ranging from 53.06 m to 28.75 m. The two parallel pipes’ water
flow and friction factor patterns are different and should be separately computed.

• When more parallel pipes are added to reinforce a line, the amount of water volume
of leakages is increased since, during the operational time, water installations have
more orifices along their length, provoking more water losses. It is then of the utmost
importance to reduce the number of parallel pipes during the design stage to save
energy production in the injected water flow.

The primary limitation of the proposed model is that it has not been specifically
designed for complex installations. The current research serves as an initial phase, laying
the groundwork for extending this methodology to more intricate networks. Additionally,
it is noteworthy that the numerical resolution of the proposed model is more intricate
compared to the extended period simulation, resulting in a longer computational time.

In summary, the proposed model can calculate water leaks in much greater detail than
the quasi-static models that are usually used. Thus, the rigid inertial model is suitable
for detecting rapid flow variations (for example, rapid regulating valve maneuvers) with
greater precision.
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Abbreviations
The following abbreviations were used in this research:

C: coefficient modulation (−)
d: internal pipe diameter (m)
f : friction factor (-)
K f : emitter coefficient (m3/s/m0.5)
ks: absolute roughness (m)
g: gravitational acceleration (m/s2)
i: a specified pipe (-)
l: pipe length (m)
n: number of parallel pipes (-)
t: time (s)
pc: pressure in the common node (Pa)
Rv : resistance coefficient of a regulating valve (ms2/m6)
Re: Reynolds number (-)
Q: water flow rate (m3/s)
Qc: commercial consumption (m3/s)
Qd: domestic consumption (m3/s)
Qi: industrial consumption (m3/s)
Qo: official consumption (m3/s)
Ql : physical leakages (m3/s)
Qie: illegal use (m3/s)
Qm: flow by metering error (m3/s)
v: water velocity in a pipe (m/s)
zi: pipe elevation in the first node (m)
zc: pipe elevation in the common node (m)
υ: kinematic viscosity (m/s2)
β: exponent coefficient of leakages (-)
∑ km : minor losses coefficient (-)
γw: water unit weight (N/m3)
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