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Abstract: Data assimilation for unconfined seepage analysis has faced significant challenges due to
hybrid causes, such as sparse measurements, heterogeneity of porous media, and computationally
expensive forward models. To address these bottlenecks, this paper introduces a physics-informed
neural network (PINN) model to resolve the data assimilation problem for seepage analysis of unsat-
urated earth–rockfill dams. This strategy offers a solution that decreases the reliance on numerical
models and enables an accurate and efficient prediction of seepage parameters for complex models
in the case of sparse observational data. For the first attempt in this study, the observed values are
obtained by random sampling of numerical solutions, which are then contributed to the synchronous
constraints in the loss function by informing both the seepage control equations and boundary
conditions. To minimize the effects of sharp gradient shifts in seepage parameters within the re-
search domain, a residual adaptive refinement (RAR) constraint is introduced to strategically allocate
training points around positions with significant residuals in partial differential equations (PDEs),
which could facilitate enhancing the prediction accuracy. The model’s effectiveness and precision are
evaluated by analyzing the proposed strategy against the numerical solutions. The results indicate
that even with limited sparse data, the PINN model has great potential to predict seepage data and
identify complex structures and anomalies inside the dam. By incorporating coupling constraints,
the validity of our PINN model could lead to theoretically viable applications of hydrogeophysical
inversion or multi-parameter seepage inversion. The results show that the proposed framework
can predict the seepage parameters for the entire research domain with only a small amount of
observation data. Furthermore, with a small amount of observation data, PINNs are able to obtain
more accurate results than purely data-driven DNNs.

Keywords: data assimilation; unsaturated seepage; physics-informed neural networks; deep learning;
earth–rock dams

1. Introduction

Underground seepage analysis has been of great significance in geotechnical engineer-
ing, groundwater hydrology, and geophysical hydrology [1,2]. With respect to earth–rock
dams, earthen embankments may occasionally experience internal erosion and structural
instability due to seepage anomalies within the embankments or foundations. Because un-
derground seepage is usually found in areas that are relatively difficult to directly observe,
relying solely on experimental methods may not be sufficient to gain a comprehensive
understanding of this complex phenomenon, let alone accurately predict trends. As a
complementary alternative to experimental research, numerical simulation can play a vital
role in improving scientific prediction capabilities by constructing mathematical models
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that accurately describe complex physical behaviors. In this sense, accurate modeling of
seepage analysis requires precise quantitative information, which involves the distribution
of medium parameters. For instance, parameters like permeability and porosity directly
affect the redistribution of seepage within an earth–rockfill dam [3] in the seepage model.
Similarly, parameters including concentration, location, and permeability of porous me-
dia play a critical role in accurately predicting the distribution of downstream pollutant
concentrations in models of underground pollutant migration [4]. In addition, the precise
characterization of reservoir rock properties, such as permeability, porosity, and other
relevant parameters, is crucial for oil production prediction [5]. In fact, significant spatial
heterogeneity is typically observed in parameters linked to porous media. Factors such as
the number and distribution range of wells can affect the accuracy of the distribution of
subsurface hydrological parameters during intrusive hydrogeological testing. Furthermore,
these parameters often exhibit a scaling effect, which can lead to uncertainties when ex-
trapolating small-scale models to larger study areas using various scaling strategies. This
essentially restricts the advancement of seepage analysis and makes it difficult to fully
understand underground seepage through numerical simulation.

Within this context, data assimilation has drawn a significant amount of attention in
the underground seepage field, especially for parameters inversion. It also holds great
importance to use indirect observation data, which are relatively easier to obtain but
sparse, to infer the seepage parameters in the case of complex seepage problems. Since
the ensemble Kalman filter (EnKF) was proposed by Evensen [6], a data assimilation
approach that uses a set of samples has been successfully utilized in various fields, such
as meteorology [7], hydrology [8], petroleum [9], remote sensing [10], etc. Derivative
algorithms have been developed to address specific issues in these domains. In addition
to EnKF and its derivatives, several other probability estimation methods have also been
proposed for the data assimilation of subsurface seepage, including generalized likelihood
uncertainty estimation [11], Markov chain Monte Carlo [12], hydraulic tomography [13],
and the particle-filter instrument method [14].

Previous studies have established that a specific numerical model can accurately rep-
resent the underlying physical process [15,16]. However, numerical models may not fully
comprehend all the processes of reality when addressing complex issues. In fact, improper
numerical models during the data assimilation process can impact parameter estimation
and compromise the reliability of future predictions. The potential of recent deep learning
frameworks has been demonstrated for applications like automatic analysis [17], rule ex-
traction [18], and prediction of unknown states based on sparse data [19]. The process of
acquiring knowledge from limited, sparse data has been greatly facilitated by the increase in
computational power and continual improvement in deep learning models. Mao et al. [20]
utilized deep learning techniques to obtain prior velocity information using 5000 forward
models that acted as a driving force for data assimilation. Tang et al. [21] combined con-
volutional neural networks with recurrent neural networks (RNNs) for data assimilation
in channelized systems, which dramatically reduced prediction uncertainty. The reported
method has also been extended to the three-dimensional case [22]. Kang et al. [23] pro-
posed the integration of the convolutional autoencoder (CAVE) with the Kalman filter
for assimilating time-delay hydrogeophysical observation data. Their approach’s effec-
tiveness was attributed to a dataset that included 30,000 training samples and 3000 test
samples. The enlightenment of these implementations shows that traditional data-driven
deep learning methods often prioritize data learning while ignoring the effective integration
of fundamental physical laws and physics-informed constraints. Improving the network’s
generalizability requires using more training datasets and extending the training duration.
However, the process of acquiring hydrological parameters, crucial for data-driven deep
learning, could be rather difficult and may result in sparse or noisy labeled data. Further-
more, the cost associated with obtaining label data, even through numerical simulation
methods or experiments, is quite high [24], making it extremely difficult to construct large
training datasets.
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Instead of learning solely from hydrological data (e.g., solution of the states on certain
points in parameter space), the already known governing equations can also be utilized
to constrain (or even drive) the learning process to compensate for the data insufficiency.
Some studies have explored the integration of both approaches to exploit their respective
strengths and overcome this limitation. Raissi et al. [25] proposed a neural network to solve
non-linear partial differential equations (PDEs) for forward and inverse problems, which
represents the prototype of physics-informed neural networks (PINNs). The successful
application of PINNs for parameter estimation has achieved milestones since then. To
determine nano-optical materials’ permittivity parameters, Chen et al. [26] employed
PINNs and compared them to numerical solutions obtained by the finite element method.
For dynamic prediction for the petroleum industry, Xue et al. [27] developed a deep network
model for pressure field determination driven by reservoir physics-data seepage, with a
performance comparable to a purely data-driven neural network.

In the underground seepage field, PINNs have also been employed to predict the
saturated seepage parameters. Tartakovsky et al. [28] employed PINNs to estimate the
heterogeneous permeability and the permeability function that alters as the hydraulic
head increases. He et al. [29] presented a multi-physics-informed deep neural network
for estimating space-dependent hydraulic conductivity, hydraulic head, and concentra-
tion fields. Zhang et al. [30] incorporated soft and hard constraints into PINNs for both
forward and inverse calculations in groundwater seepage models. In contrast, only a
few studies have been conducted on the problem of unsaturated seepage using PINN
techniques. Depina et al. [31] utilized PINNs to calculate unsaturated groundwater flow
by making use of Richards’ equation to obtain the parameters of the van Genuchten model.
Shadab et al. [32] predicted phreatic surface profiles using PINNs.

However, predicting parameters for saturated–unsaturated seepage analysis is still
a challenge, particularly in the case of earth–rockfill dams with limited sparse data. The
difficulties remain unsolvable because the unsaturated and saturated–unsaturated areas
of earth–rockfill dams have distinct characteristics (such as hydraulic conductivity) that
differ from the saturated areas. In reality, the gradients of seepage parameters exhibit a
dramatic change not only at the interface between saturated and unsaturated areas but also
at the boundaries of abnormal bodies [33]. The initial PINNs framework has encountered
issues with accurately estimating seepage parameters [25] since the training points are
chosen randomly, through which the process may inevitably miss those domains where the
seepage parameters are distributed with dramatic variations.

To mitigate this impact, the residual adaptive refinement (RAR) [34] is introduced for
the first attempt to strategically add training points around locations with high residuals of
the PDEs, which could thereby guarantee the enhancement in prediction accuracy. Building
upon previous research [35], this study also utilizes the smoothed finite element method
(SFEM) for forward computation to first verify and obtain the numerical solutions (i.e.,
water head (h), hydraulic conductivity (k)). More importantly, the numerical solutions are
subsequently randomly sampled to generate observed values, which are then employed
with the seepage control equation, and boundary conditions are informed as the hybrid
constraints in the loss function. To optimize, we combine both the Adam and the L-BFGS
algorithms to train neural networks simultaneously, upon which the number of training
epochs can be adjusted automatically when faced with different problems. Through
extensive comparisons and analysis, we reported the prediction accuracy of the proposed
methodology against numerical solutions and demonstrated its stability in addressing
prediction challenges in complex earth–rockfill dam applications.

2. Methods
2.1. Seepage-Governing Equation

The problem of unsaturated pressure-free seepage of the earth–rockfill dams is illus-
trated in Figure 1. The research domain is divided into saturated zone Ωw and unsaturated
zone Ωd by the atmospheric pressure headline EG.
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Figure 1. Schematic diagram of saturated–unsaturated seepage in an earth–rockfill dam.

The PDEs of governing flow derived by Richards [36] assume that the flow follows
Darcy’s law independent of soil saturation. Under steady flow conditions, the net flow of a
soil unit shall be zero. In cases where the maximum or minimum hydraulic conductivity is
parallel to the x-axis or y-axis, the PDE governing the flow can be expressed as follows:

∂

∂x
(kx(uw)

∂h
∂x

) +
∂

∂y
(ky(uw)

∂h
∂y

) = 0, (1)

where h is the total head (i.e., pressure head plus elevation head); kx(uw) and ky(uw) are the
hydraulic conductivities in the x and y directions, respectively, which are dependent upon
the pore water pressure uw.

The boundary conditions of the equation describe the hydraulic properties at the
geometric boundary of the seepage region. As illustrated in Figure 1, the corresponding
boundary conditions are as follows:

(1) The boundary conditions of AE and DF head of upstream and downstream reser-
voir water are

h(x, y) |Γ1= h0(x, y). (2)

(2) The bottom boundary (AD) is impermeable and meets the discharge bound-
ary condition:

qn |Γ2= v · n = 0, (3)

where v is the velocity, n is the vector of the upward normal unit, and the flow rate in the
upward normal direction is equal to zero.

The saturated–unsaturated seepage theory posits that the hydraulic conductivity of
soil depends not only on the soil properties but also on the soil matrix suction. Since the
pore air pressure equals atmospheric pressure, matrix suction is also equal to the negative
pore water pressure. The volumetric water content function describes the stored water
volume as a function of matric suction (φ), which is equivalent to negative pore water
pressure when the air pressure is zero. Hydraulic conductivity is a function of volumetric
water content and, thus, indirectly, a function of pore water pressure.

Van Genuchten [37] proposed a simple soil water content pressure head curve equation
and derived a closed analytical expression for the hydraulic conductivity coefficient in
the unsaturated zone through a special form of the equation. According to a technique
developed by van Genuchten, the unsaturated zone volumetric water content function can
be generated using a closed-form equation requiring curve-fitting parameters:

θw = θres +
θsat − θres[

1 + (αφ)n]m (4)

The hydraulic conductivity function is estimated from the saturated hydraulic con-
ductivity and volumetric water content functions. The parameters in the equation are
generated from the curve-fitting parameters of the volumetric water content function and
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the saturated hydraulic conductivity coefficient. The closed-form equation for the hydraulic
conductivity coefficient in the unsaturated zone is

kw(φ) = ksat

{
1 − (αφ)n−1[1 + (αφ)n]−m

}2

[
1 + (αφ)n]m/2 (5)

Among them, α = 0.005, n = 2, and m = 1 − 1/n are the curve-fitting parameters that
control the shape of the volumetric water content function. θsat is the saturated volumetric
water content, which is given as 0.5; θres is the residual volume water content, which is given
as 0.1; ksat is the saturated hydraulic conductivity coefficient; and kw(φ) is the hydraulic
conductivity coefficient in the unsaturated zone.

Without loss of generality, this study first employs the smoothed finite element method
(SFEM) [35] to perform forward seepage modeling, generate observation data, and validate
the effectiveness and precision of the trained surrogate models.

2.2. Neural Network Implementation
2.2.1. Structure of Neural Network

In this paper, a fully connected neural network (FC-NN) architecture was employed,
characterized by full interconnection between neurons in adjacent layers. Compared to
convolutional neural networks (CNNs) and recurrent neural networks (RNNs), FC-NNs
have a simpler and more interpretable structure. It can flexibly learn complex relationships
between inputs without assuming specific input order or spatial structure, making it more
useful for solving seepage problems that involve different types of input data. The FC-NN
structure facilitated the flow of information across the networks, as the output of each layer
served as input for the subsequent layer. The specific architecture of the neural network is
as follows:

N0(x) = x, x ∈ Rdin , (6)

Nl(x) = σ(W l Nl−1(x) + bl) ∈ RNl , f or 1 ≤ l ≤ L − 1, (7)

NL(x) = (WLNL−1(x) + bL) ∈ Rdout . (8)

where NL(x) : Rdin → Rdout represents the architecture of the neural network, indicating
that the network consists of a total of L layers, including the input layer and the output
layer; Nl(x) represents the neurons in the l-th layer; N0 represents the input layer; NL

represents the output layer; σ represents the activation function; and W and b represent the
weight matrix and bias vector, respectively.

Figure 2 illustrates the schematic diagram of the seepage data assimilation method
based on PINNs. The left portion of the figure depicts the architecture of the FC-NN.
This FC-NN architecture comprises four hidden layers, with each hidden layer consisting
of 50 neurons. The parameter θ represents the set of parameters in the neural network,
including the weights (W) and bias (b). Considering the requirement for computing
second-order derivatives in solving the PDE of the seepage field, the tanh function, which is
infinitely differentiable, is employed as the activation function. To initialize the parameters
of the neural network, we employed the Glorot uniform [38], commonly referred to as
the Xavier uniform distribution initializer. This method can effectively resolve the tough
issues of gradient explosion and gradient vanishing when used in conjunction with the
tanh function. The neural network takes the coordinate parameters x and y as inputs, while
h̃ and k̃ are the outputs at the current epoch. The middle part of Figure 2 illustrates the
components of the loss function, which include the PDE constraint, boundary condition
constraint, and observation value constraint. FN represents the PDE (Equation (1)); Bd
represents the Dirichlet boundary condition (Equation (2)); Bn represents the Neumann
boundary condition (Equation (3)); n represents the unit orthogonal vector; N is the index
of the point used for training; and P represents the index of the observed point and
corresponds to its coordinates. The gradient of the network output with respect to the input
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is calculated by loss function with automatic differentiation (AD) [39], which facilitates
subsequent parameter updates using the Adam and L-BFGS optimization algorithms.
Through iterative training, optimal neural network parameters θ* are obtained, capable of
guaranteeing precise predictions of h and k.
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Figure 2. Schematic diagram of seepage field data assimilation based on PINNs: the left is the
architecture of fully connected neural network; the middle is the hybrid constraints composed
of PDEs, boundary conditions, and observation points; the right is the optimal neural network
parameters obtained after optimization training.

2.2.2. Loss Function

Neural network training is a fundamental process aimed at minimizing the loss func-
tion progressively. Since PINNs incorporate PDEs, boundary conditions, and observation
data into the loss function, ensuring that the model’s predictions comply with the underly-
ing physical laws. The form of the loss function used in this paper is defined as follows:

L(θ; Γ) = L f (θ; Γ f ) + Lb(θ; Γb) + Lp(θ; Γp), (9)

with
L f (θ; Γ f ) =

1∣∣∣Γ f

∣∣∣ ∑
x∈Γ f

∥∥∥∇T(k∇h(x))
∥∥∥2

2
, (10)

Lb(θ; Γb) =
1

|Γb| ∑
x∈Γb

∥B(ũ, x)∥2
2, (11)

Lp(θ; Γp) =
1∣∣Γp
∣∣ ∑

x∈Γp

∥ũ − u∥2
2, (12)

where Γf and Γb are the sets of residual points corresponding to the PDEs and the boundary
conditions used for training, respectively. Typically, these residual points are obtained
through random sampling within the domain. Additionally, Γp represents the set of
observation points used to train the neural network; ũ represents the output (i.e., h̃ and k̃)
of the neural network; u represents the corresponding observed values (i.e., h and k); and B
represents the boundary conditions associated with the PDEs.

2.2.3. Automatic Differentiation

When applying the PINNs to assimilate seepage data in earth–rockfill dams, it is
essential to calculate the derivative of the network output with respect to the input. To
accomplish this, we use an automatic differentiation (AD) technique [39], which is an accu-
rate and efficient approach for computing derivatives in a computational graph involving
forward propagation and backpropagation. AD calculates the derivative by performing
backpropagation on the calculation graph, decomposes the differential process of the func-
tion into a series of simple basic operations, and then uses the chain rule to calculate the
derivative. Therefore, AD offers more precise derivatives compared to numerical differ-
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entiation methods, as it is not affected by truncation or round-off errors. Widely used
deep learning frameworks such as TensorFlow [40] and PyTorch [41] incorporate built-in
AD modules.

2.2.4. Residual-Based Adaptive Refinement

Since the points used to compute residuals are randomly sampled within the study
domain during the training process, it is not guaranteed that the training points have
a continuous distribution at steep gradients for the seepage-governing equation whose
solution is unknown. Designing an optimal distribution of training points for solving
unknown problems remains a difficult task when training neural networks. The model
in this study presents intricate internal structures, leading to rapid changes in boundary
gradients, which may potentially have an impact on the accuracy of network predictions.

To address this, the RAR algorithm [34] is introduced, which focuses on increasing the
density of training points in areas with high residual of the PDE until the mean residual is
down to threshold ε. This refinement of training points allows the model to capture the
behavior of the solution more effectively in gradient distortion regions, thereby enhancing
the accuracy of network predictions. This method is used in Section 3.3 for improving the
prediction accuracy of the complex model. See Table 1 for the workflow.

Table 1. The workflow of the RAR method.

Workflow of the RAR Method

Step 1: Select a set of the initial points Γ and train the PINNs for a limited number of iterations.
Step 2: Calculate the mean PDE residual by the average of values at a set of randomly sampled
points in area S.
Step 3: Stop if the residual is within the threshold. Otherwise, add new points with the largest
residual points in S to Γ, retrain the network, and go to Step 2.

2.2.5. Workflow Process

Here, we give a brief overview of the model training process workflow, which is
as follows:

(i) Construct a PINN with the defined loss function (Equation (9)) and FC-NN. The
inputs of the neural network are x and y, and the outputs are h and k.

(ii) Initialize the network parameters (W and b) using the Glorot uniform.
(iii) Perform training using the Adam optimization algorithm for 30,000 epochs with a

0.0001 learning rate. Subsequently, switch to the L-BFGS optimization algorithm
to continue training until the difference between the loss function values of two
consecutive epochs falls below a specified tolerance.

(iv) For the complex model in Section 3.3, apply the RAR method to further improve the
accuracy of the calculations.

In this paper, L2 relative errors are used to quantify the error between the prediction
results (h̃ and k̃) and the numerical solutions (h and k) and to evaluate the performance of
the neural network model:

εh =

√∫
Ω [h(x)− h̃(x)]

2
dx√∫

Ω h2(x)dx
, (13)

εk =

√∫
Ω [k(x)− k̃(x)]

2
dx√∫

Ω k2(x)dx
(14)

The surrogate model obtained after training can directly predict the seepage field
parameters. The training process is illustrated in Figure 3. It should be noted that within
the framework of PINNs, both observations of h and k are utilized during the training,
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allowing simultaneous predictions of h and k. Accordingly, for Equation (1), we can unify
the forward problem (solving for state h) and the inverse problem (estimating parameter k)
within the PINNs framework and thus achieve the objective of data assimilation.
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Figure 3. Training process of the proposed neural network model.

3. Numerical Experiments
3.1. Homogeneous Rectangular Dam

Model 1 is a typical Muskat problem, in which the dam is 10 m high and 5 m wide,
and the water level upstream and downstream are fixed at 10 m and 2 m, respectively.
The saturated hydraulic conductivity is set as ksat = 1 m/day. In the research domain,
there are a total of 2091 points; for the numerical solution by SFEM, we randomly sample
60 points as the observed data. During the neural network training, we randomly sample
1024 points within the research domain and 200 points on the boundaries as training points.
Figure 4 presents the predicted results of the surrogate model and the comparison with the
numerical solution.
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The residual analysis demonstrates high consistency between the predicted results
of the surrogate model and the numerical solution. This can be attributed to the powerful
inference capabilities of deep learning, which allows precise predictions of seepage parame-
ters at arbitrary locations within the research domain once the model training is completed.
The L2 relative errors between the predicted h and k and the numerical solution are as low
as 0.0023 and 0.0105, respectively. In addition, the influence of the number of observation
points was investigated and shown in Figure 5. This figure also shows the comparison
of results between purely data-driven DNNs and the PINN method. For a small number
of observation data (in this case, Γp < 60), the error in estimated k and h with data-driven
DNNs is larger than the error computed with the PINN method. However, when a larger
amount of observation data is used for training (Γp > 70), the data-driven DNN method
starts to be more accurate than the PINN method. Therefore, using sufficient observation
data during training can obtain accurate results without physical constraints. Additionally,
increasing the number of observation points may further decrease the error. However, in
practical engineering, only sparse observation data can often be collected. It can also be
seen from this figure that once a sufficient number of observation points is reached, the
reduction in prediction error almost disappears, leading only to increasing computational
complexity. The convergence curve of the loss function is shown in Figure 6.
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Figure 6. Convergence curve of the training process for the homogeneous rectangle dam.

The spatial distribution of high errors is graphically represented on the right side of
the Figure 4. As well, Figure 7 shows the density distribution of the residual between
the predicted results and the numerical solution. The majority of errors for the h and k
predictions are concentrated in the range of −0.01–0.01, indicating a close resemblance
between the surrogate model predictions and the numerical solution. The integration of
hybrid physical constraints into the trained surrogate model is further confirmed by the
analysis of the residual diagram presented in Figure 4. This demonstrates that promising
prediction results can be achieved under the hybrid constraints of sparse observation points
and numerical models.
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When exclusively employing the Adam optimization algorithm, multiple experiments
are required to determine the optimum number of training epochs. In other words, insuf-
ficient training epochs may result in a surrogate model that does not meet the required
standards of accuracy. Conversely, excessively high training epochs do not necessarily lead
to significant improvements in accuracy since the Adam optimization algorithm works as a
stochastic gradient descent algorithm [33]. To address this issue, the L-BFGS optimization
algorithm is employed after training with the Adam algorithm to further enhance the accu-
racy of the network model. Table 2 presents the L2 relative errors for two distinct training
strategies. As a result of the training strategy with both Adam and L-BFGS, the need to
manually adjust the number of training epochs across different models is eliminated. The
number of training epochs automatically adapts to more complex models.

Table 2. The L2 relative error between the prediction results of the rectangle dam and the numerical
solution (each method is calculated independently five times).

L2 Relative Error of h L2 Relative Error of k

Adam 0.0028 0.0391
Adam, L-BFGS 0.0029 0.0189

3.2. Trapezoidal Dam

In this section, a homogeneous trapezoidal dam model was designed with 12 m height,
4 m width at the dam top, 52 m width at the dam bottom, and the slope ratio is 1:2. The
water levels upstream and downstream are 10 m and 2 m, respectively. The saturated
hydraulic conductivity is set as ksat = 1 m/day. In the research domain, there are a total
of 6171 points. For the numerical solution of SFEM, we randomly sample 180 points as
the observed data. During the neural network training, we randomly sample 2048 points
within the research domain and 400 points on the boundaries as the training points.

Figure 8 shows the surrogate model predictions as compared to the numerical solution.
The L2 relative errors between the predicted h and k and the numerical solution are as low
as 0.0045 and 0.0133, respectively. These results demonstrate that the data assimilation
method based on PINNs can also provide sufficient stability for irregular geometric models.

In order to verify the prediction performance of PINNs in large-scale point situations.
A core wall was designed in the trapezoidal dam model, and the number of points in the
study domain was increased to 35,496. We randomly sample 1064 points as the observed
data. During the neural network training, we randomly sample 2048 points within the
research domain and 400 points on the boundaries as the training points. The results are
shown in Figure 9. The L2 relative errors between the predicted h and k and the numerical
solution are as low as 0.0058 and 0.0388, respectively. The errors of these two models were
successfully controlled within −0.03–0.03 (Figure 10). Figure 11 presents the convergence
curves of the loss function during the training process.
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3.3. Hybrid model of trapezoidal dam 

Figure 10. Residual distributions: (a) residual distribution of h for homogeneous trapezoidal dam;
(b) residual distribution of k for homogeneous trapezoidal dam; (c) residual distribution of h for
trapezoidal dam with core wall; (d) residual distribution of k for trapezoidal dam with core wall.
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Unlike traditional numerical simulation methods that require fine mesh division for
irregular geometries, PINNs possess meshless properties and can be applied to models
with arbitrary complex geometries, thus avoiding the need for expensive memory and
calculation costs. The proposed methodology does not specify a fixed number of epochs
for neural network training. Instead, the training terminates when the loss function reaches
a predefined threshold, determined by the specified tolerance (i.e., the difference between
the loss function values of two consecutive epochs). Consequently, the number of epochs
may differ from one model to another with different structures. As illustrated in Figure 11,
employing an equivalent number of training points for model training results in a higher
error in the final loss function for the model encompassing a larger number of points in the
research domain.

3.3. Hybrid model of trapezoidal dam

To validate the effectiveness of the proposed method in the more intuitive prediction
of the seepage parameters of dams with complex structures, we investigate cases with
various auxiliary structures, as reported by Lei et al. [35]. A hybrid model of a trapezoidal
dam, which contains a core wall and drainage and leakage channels, was designed. In
the preceding two sections, the training approach for surrogate models involved joint
training using the Adam optimization algorithm and the L-BFGS optimization algorithm.
However, this method’s training points were randomly chosen and remained fixed in
number, posing challenges in ensuring an optimal distribution of training points when
dealing with complex models. Due to the large gradient changes at the boundaries of
these internal structures, in order to obtain more accurate prediction results, the RAR
method is used, and the ε of the RAR method is set to 0.012. There are a total of 9665
points in the research domain. We randomly sample 950 points as the observed data (this
includes sampling 8% of points in areas where leaks may exist). During the neural network
training, we randomly sample 2048 points within the research domain and 400 points on
the boundaries as the training points.

Figure 12 presents the results obtained through the combination of the Adam and
L-BFGS optimization algorithms for joint training, while Figure 13 illustrates the enhanced
training achieved by integrating the RAR method with the two optimization algorithms.

By comparing and analyzing Figures 12 and 13, it can be found that incorporating
the RAR algorithm in the training process proves to be quite beneficial for complex cases
of predicting the location and shape of the drainage, the seepage channel, the core wall,
and especially for quantitatively estimating the values of the seepage parameter. And the
residual distribution is concentrated in a smaller range (Figure 14). The added points (black
dots) are quite close to the sharp interface, which indicates the effectiveness of the RAR
method. For the complex model, while the addition of training points during the training
process can cause oscillation of the loss curve since the added training points may have a
large error, this has no negative impact on the final prediction results (Table 3).



Water 2024, 16, 1041 13 of 17

Water 2024, 16, x FOR PEER REVIEW  13  of  17 
 

 

To validate the effectiveness of the proposed method in the more intuitive prediction 

of  the seepage parameters of dams with complex structures, we  investigate cases with 

various auxiliary structures, as reported by Lei et al. [35]. A hybrid model of a trapezoidal 

dam, which contains a core wall and drainage and leakage channels, was designed. In the 

preceding two sections, the training approach for surrogate models involved joint training 

using the Adam optimization algorithm and the L-BFGS optimization algorithm. How-

ever, this method’s training points were randomly chosen and remained fixed in number, 

posing challenges  in ensuring an optimal distribution of  training points when dealing 

with complex models. Due to the large gradient changes at the boundaries of these inter-

nal  structures,  in order  to obtain more accurate prediction  results,  the RAR method  is 

used, and the  𝜀  of the RAR method is set to 0.012. There are a total of 9665 points in the 

research domain. We randomly sample 950 points as the observed data (this includes sam-

pling 8% of points in areas where leaks may exist). During the neural network training, 

we  randomly  sample  2048  points within  the  research  domain  and  400  points  on  the 

boundaries as the training points. 

Figure 12 presents the results obtained through the combination of the Adam and L-

BFGS optimization algorithms for joint training, while Figure 13 illustrates the enhanced 

training achieved by integrating the RAR method with the two optimization algorithms. 

 

Figure 12. Hybrid model of trapezoidal dam: surrogate model predictions compared with numeri-

cal solutions (Adam and L-BFGS). The red box shows the location of leakage channels and drainage. 

 

Figure 12. Hybrid model of trapezoidal dam: surrogate model predictions compared with numerical
solutions (Adam and L-BFGS). The red box shows the location of leakage channels and drainage.

Water 2024, 16, x FOR PEER REVIEW  13  of  17 
 

 

To validate the effectiveness of the proposed method in the more intuitive prediction 

of  the seepage parameters of dams with complex structures, we  investigate cases with 

various auxiliary structures, as reported by Lei et al. [35]. A hybrid model of a trapezoidal 

dam, which contains a core wall and drainage and leakage channels, was designed. In the 

preceding two sections, the training approach for surrogate models involved joint training 

using the Adam optimization algorithm and the L-BFGS optimization algorithm. How-

ever, this method’s training points were randomly chosen and remained fixed in number, 

posing challenges  in ensuring an optimal distribution of  training points when dealing 

with complex models. Due to the large gradient changes at the boundaries of these inter-

nal  structures,  in order  to obtain more accurate prediction  results,  the RAR method  is 

used, and the  𝜀  of the RAR method is set to 0.012. There are a total of 9665 points in the 

research domain. We randomly sample 950 points as the observed data (this includes sam-

pling 8% of points in areas where leaks may exist). During the neural network training, 

we  randomly  sample  2048  points within  the  research  domain  and  400  points  on  the 

boundaries as the training points. 

Figure 12 presents the results obtained through the combination of the Adam and L-

BFGS optimization algorithms for joint training, while Figure 13 illustrates the enhanced 

training achieved by integrating the RAR method with the two optimization algorithms. 

 

Figure 12. Hybrid model of trapezoidal dam: surrogate model predictions compared with numeri-

cal solutions (Adam and L-BFGS). The red box shows the location of leakage channels and drainage. 

 

Figure 13. Hybrid model of trapezoidal dam: surrogate model predictions compared with numerical
solutions (Adam, L-BFGS, and RAR). The red box shows the location of leakage channel and drainage.

Table 3. The L2 relative error between the prediction results of the hybrid model of trapezoidal dam
and the numerical solution (each method is calculated independently five times).

L2 Relative Error of h L2 Relative Error of k

Adam, L-BFGS 0.0052 0.0538
Adam, L-BFGS, and RAR 0.0040 0.0489

It is also observed that PINNs perform better performance in learning the spatial
distribution of h compared to k, as the spatial distribution of h is relatively simpler. As the
complexity of the model increases, there is a corresponding increase in the L2 relative error.
This relevance can be attributed to the rapid gradient changes in hydrologic parameters
from the internal structure boundary to the background, leading to larger prediction errors
for the surrogate model.
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Figure 15 illustrates the convergence curves of the training process by comparing the
effects of two different training strategies on the convergence of the loss function. The
results indicate that the first strategy yields higher loss function values compared to the
second strategy at the end of network training.
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When using the RAR method for training, the training process benefits from a better
distribution of training points at locations where the gradient of the seepage parameter
changes rapidly. This leads to an encouraging convergence and further reduction in the
value of the loss function, as shown in Figure 15, which ultimately improves the prediction
accuracy of the surrogate model.

4. Conclusions

This work focuses on the seepage data assimilation of unsaturated earth–rockfill dams
and develops a PINNs framework to reduce reliance on numerical models with sparse
observation data. The results demonstrate that the method proposed in this paper can
accurately predict hydrological parameters even with sparse observation data, yielding
commendable outcomes.

In this framework, the governing equation of the seepage, the boundary conditions,
and the observation data are incorporated into the loss function as hybrid constraints. To
minimize the impact of rapid gradient changes in seepage parameters within the research
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domain, the RAR algorithm is employed to generate a proper distribution with high
residuals of the PDEs for accuracy assurance.

In particular, the prediction results obtained by the proposed framework meet both
the specified physical laws and the boundary conditions. This scheme has the potential
to eliminate the necessity of grid subdivision or numerical discretization. It also avoids
the computational overhead associated with extensive matrix operations in forward cal-
culations, which reduces the computational complexity. It is worth mentioning that the
computational burden of the trained network with a surrogate model is minimal since it
does not depend on the quantity of training datasets. It is possible to predict the seepage
parameters for the entire research domain with only a small amount of observation data.
The proposed methodology could offer a more cost-effective alternative solution compared
to data-driven deep learning methods.

This study investigates and compares the influence of three different training strategies
on the prediction accuracy of the surrogate model. It can be concluded that incorporating
the RAR algorithm into the joint training of both Adam and L-BFGS optimization algo-
rithms leads to improved convergence of the loss function, as well as enhanced prediction
accuracy. Furthermore, this study also explores the impact of the number of observation
points on the prediction accuracy. The results demonstrate that increasing the number of
observation points contributes to reducing the prediction error; however, over-reliance on
observation data could lead to increased exploration costs.
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