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Abstract: The efficient management and remediation of contaminated fractured aquifers necessitate
an accurate prediction of the spatial distribution of contaminant concentration within the system.
Related existing analytical solutions are only applicable to single fractures and have not yet been
extrapolated to the aquifer scale where a network of connected fractures exists. The Random Walk
Particle Tracking (RWPT) method has been extensively adopted for concentration mapping in Discrete
Fracture Networks (DFNs), albeit at exorbitant computational costs and without efficiently accom-
modating complex physical processes (e.g., two-site kinetics). This study introduces an analytically
enhanced Spatiotemporal Random Walk (STRW) approach that facilitates the efficient time-dependent
mapping of contaminant concentration in DFNs. The STRW approach employs a distribution function
to simultaneously estimate the displacement of particles released through the system either instan-
taneously or over time. The STRW approach efficiently reproduced the contaminant concentration,
calculated using available analytical solutions under a range of fate and transport mechanisms. The
efficacy of the STRW approach is also confirmed in a synthetic impermeable DFN through replicating
the concentration maps produced using the RWPT method. The developed approach represents an
accurate and computationally efficient dynamic concentration mapping technique that can support the
effective operation, management, and remediation of fractured aquifers under contamination events.

Keywords: concentration mapping; contaminant transport; discrete fracture network; fractured
aquifers; random walk; single fractures

1. Introduction

Groundwater represents the major fraction of freshwater and provides about 50% of
the potable water supply around the globe [1]. This valuable resource is currently being
exploited due to expansive population growth, rapidly changing land use and land cover,
and ongoing climate change [2,3]. These drastic changes represent additional stressors
to existing shallow groundwater resources, necessitating the extraction of water from
larger depths where fractured hydrogeological formations most often exist [4]. Among
the different hydrogeological formations, fractured aquifers supply necessary drinking
and domestic water to hundreds of millions of people around the globe [5]. As a key step
to ensure the sustainability of such a valuable water source, accurate simulation of the
spatiotemporal propagation of contaminants in fractured aquifers is crucial for devising
efficient operation, management, and remediation strategies [6–9]. The accurate prediction
of temporal contaminant concentration maps is also crucial for contamination source
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identification [10,11], urban development planning [12,13], and groundwater contamination
risk assessments [14,15]. The scope and extent of such activities are typically determined
based on the nature of contaminant(s) present, the properties of the hosting environment,
as well as the contaminant–aquifer interactions. Contaminants existing in groundwater
systems are generally classified into solutes (e.g., dissolved minerals) and particulates
(e.g., fine particles and microorganisms) [16], where the latter has been proved to alter the
former’s behavior when both coexist in a groundwater system [17–19].

In fractured aquifers, fractures represent the preferential flow and transport pathways
and are typically connected to form a network. Fracture intersections are most often re-
ferred to as junctions and solid matrixes between fractures are typically characterized by
lower transmissivity yet higher storage capacity compared to open fractures [20–23]. Con-
taminant behavior in such systems is governed by a range of fate and transport mechanisms
(e.g., advection, hydrodynamic dispersion, matrix diffusion, decay, and deposition) [21,24].
Advection reflects the mass transport due to intrinsic groundwater velocity and conduit
(i.e., fracture or matrix) porosity [21]. Hydrodynamic dispersion (referred to as dispersion
hereafter) integrates the impacts of the following: (1) mechanical dispersion due to velocity
variation across the fracture; (2) molecular diffusion induced by the concentration gradient
in both the longitudinal and transvers directions [21]. Matrix diffusion excludes the con-
taminants from open fractures through penetration into the solid matrix [21]. The impact
of matrix diffusion is typically significant when the matrix porosity and the concentration
gradient across the fracture walls are significant. Decay is the process through which the
mass is reduced due to the degradable nature of the contaminant (i.e., radionuclides and
microorganisms) [21]. Deposition reflects the interaction between contaminant particles
and solid surfaces within the system (i.e., fracture walls and soil grains within the matrix)
and can be reversible, irreversible, or a combination of both (i.e., two-site kinetics) [25].
The impacts of these transport mechanisms typically depend on the physicochemical char-
acteristics of groundwater (e.g., velocity and ionic strength) and fractures (e.g., aperture
variability and matrix porosity) together with the intrinsic properties of the contaminant
(e.g., size, solubility, and surface charge) [21,24]. Aggregating the different contaminant
fate and transport mechanisms mathematically has been achieved at the scale of single
fractures through applying the principles of mass conservation, with the aim of simulating
the propagation of contaminants both spatially and temporally [20,26–32]. When the spatial
distribution of contaminant is of interest (e.g., reducing the treatment cost of pumped wa-
ter), a concentration profile (CP) is estimated across the fracture at predetermined instances
of time. On the other hand, a breakthrough curve (BTC) is quantified at prespecified
locations along the fracture when the temporal aspect of contaminant propagation is more
important (e.g., contamination source identification).

Several analytical solutions have been developed to estimate the BTC and CP in single
fractures under a range of fate and transport mechanisms [20,26,29,31]. Such analytical
solutions are developed in terms of the flux concentration, with the consensus that reformu-
lation in terms of volume-averaged (i.e., resident) concentration can be achieved through
the principles of mass conservation [33]. However, existing analytical solutions are only
applicable to single (or unconnected) fractures and cannot be extrapolated to the aquifer
scale where the fractures are connected to form a network. Accordingly, several approaches
have been suggested to simulate the contaminant fate and transport at the network scale,
including stochastic continua (SC) [34–36], the fracture continuum (FC) [37,38], continuous
time random walk (CTRW) [39,40], fractional derivative equations (FDEs) [41–43], and
discrete fracture network (DFN) [44,45].

SC approaches rely on resembling the fracture aquifer as two interacting continua rep-
resenting the highly transmissive fractures (i.e., mobile domain) and the poorly conductive
solid matrix (i.e., immobile domain), respectively, with an exchange function adopted to
simulate the contaminant transfer between the two domains [46]. It should be highlighted
that a fracture network can also be replaced by a single continuum only (i.e., an equivalent
porous media), depending on the fracture density and homogenization scale [47]. In the FC
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approach, in contrast, a grid is assumed to overlay the fracture network and the groundwa-
ter flow and contaminant transport problems are solved numerically over such grid [48].
The hydraulic conductivity of the resulting cells is determined based on the properties of the
contained fractures and are subsequently corrected to account for head gradient decrease
and flow path changes caused by mapping the fracture network into a grid [37,49]. The
CTRW and FDEs approaches adopt an empirical transition time distribution and a set of
spatiotemporal fractional derivatives to account for the non-Fickian contaminant behavior
in fractures, respectively [41]. The DFN modeling approach relies on conceptualizing the
fractures as a set of one-dimensional pipes connected in a network-like architecture, and
it has been suggested as the most accurate conceptualization approach [22,44,50–52]. As
extensive resources are typically required to exactly identify the properties of all fractures
existing in the aquifer (e.g., location, length, orientation, and hydraulic attributes), a set of
site-representative DFNs are generated stochastically based on limited in situ investigations
when the DFN modeling approach is adopted [53]. The results of this modelling approach
are, therefore, stochastic by nature and are typically obtained following a Monte Carlo
simulation. It should be highlighted that, when a DFN representation of the fractured
aquifer is adopted, previous related studies conceptualized the simulation of contaminant
behavior as two distinct sub-problems: (i) estimating the BTC at fracture intersections;
(ii) mapping contaminant concentration along each fracture within the network at specific
instances of time.

Several Lagrangian-based numerical methods have been developed to quantify the
contaminant BTC at the junctions of a DFN, for which the Time Domain Random Walk
(TDRW) approach has shown superiority in terms of accuracy and required computational
resources [54,55]. Convolving the analytical solutions developed for single fractures using
the temporal contaminant concentration at the fracture inlet has been recently suggested
as an efficient alternative for estimating the BTCs at the network junctions [56]. On the
other hand, the Random Walk Particle Tracking (RWPT) method has been extensively
adopted to map the contaminant’s concentration across DFNs as well as to estimate the
BTCs at the network junctions [49,57–59]. When such an approach is applied, a contami-
nant entering the DFN is represented by a plume of particles, each of which is advected
deterministically and dispersed randomly along the assigned fracture based on the flow
velocity and dispersion coefficient, respectively [60]. Despite the proven efficacy of the
RWPT in fractured aquifers, its application requires selecting a proper time step to prevent
particle overshooting [58,61]. In addition, accommodating the impact of complex transport
mechanisms (e.g., matrix diffusion and two-site kinetics) within the RWPT approach has
been a persisting computational challenge.

The main objective of the present study is, thus, to develop a Spatiotemporal Random
Walk (STRW) approach that can be employed to predict the CPs in single fractures and
to map the contaminant concentration in DFNs at prespecified instances of time while
considering a spectrum of fate and transport mechanisms. Specific objectives include the
following: (1) providing the mathematical basis of the STRW approach; (2) demonstrating
the efficacy of the STRW approach as a CP prediction tool in single fractures; (3) verifying
the capability of the SPTW approach to produce concentration maps in DFNs. It should be
highlighted that, compared to other concentration mapping approaches (e.g., the RWPT
method), the STRW approach adopts existing analytical solutions for contaminant behavior
in single fractures to describe the stochastic behavior of contaminants at the aquifer scale,
hence representing an analytically enhanced random walk method. The STRW approach,
thus, represents a flexible and more efficient tool, compared to RWPT, for mapping contam-
inant concentrations in fractured systems as it enables tracking all particles simultaneously
while considering a spectrum of transport mechanisms. This is, in fact, crucial for rapidly
and proactively evaluating the expected risk due to contamination as well as for efficient
aquifer operation, management, and remediation.
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2. Random Walk Approaches Used for Contaminant Transport Modeling in Discrete
Fracture Networks

As described earlier, contaminants present in fractured aquifers are primarily displaced
in open fractures based on the flow velocity (i.e., advection), velocity variation across the
fracture (i.e., mechanical dispersion), and concentration gradient (i.e., molecular diffusion).
In addition, they can be excluded from preferential flow paths (i.e., open fractures) through
reversible and irreversible deposition on fracture walls as well as matrix diffusion. Apply-
ing the mass balance principles to a control volume within the aquifer while considering
such fate and transport mechanisms has resulted in the well-known and widely adopted
Advection-Dispersion Equation (ADE) that can be applied using either the flux or volume-
averaged concentration [33]. While the ADE has been solved analytically in single fractures
while considering different initial and boundary conditions, its extension to DFNs is not
straightforward as this requires the definition of a representative elementary volume (REV).
However, the resemblance between the ADE and Fokker–Planck equation has been the
basis for developing efficient random walk-based modeling alternatives (i.e., the RWPT
and TDRW approaches) that can be applied in DFNs [29,30,49,54,55,59,62,63].

Under such resemblance, contaminant propagation in fractures is conceptualized as a
stochastic process in which the following are assumed: (i) particles move a deterministic
distance dx during a random travel time ∆t; (ii) particles travel a random distance ∆x within
a deterministic time step dt. The first conceptualization has been employed for the devel-
opment of the TDRW approach [27,61] and, thus, for estimating concentration BTCs. On
the other hand, the second conceptualization has been the basis of the RWPT method and,
therefore, for both BTC estimation and concentration mapping (or CP estimation) [64–66].
When the TDRW approach is employed, ∆t represents the total travel time based on all
of the considered transport mechanisms. Each mechanism-related travel time is, thus,
assumed to follow a representative statistical distribution [29], and the probability density
function of ∆t is subsequently used to estimate the BTC at a prespecified distance (i.e., dx)
measured from the injection location.

On the other hand, when the RWPT method is adopted, each particle is displaced at a
distance of ∆x to emulate the advection, dispersion, and reversible deposition processes [66].
Inspired by the Brownian nature of the dispersion process, the distance ∆x is assumed to
follow a normal distribution. The mass flux at a specific location is subsequently used to
estimate the concentration BTC [58]. When the RWPT method is applied considering the
matrix diffusion process, each particle is assigned a transfer probability that depends on
the fracture aperture, matrix geometry, and the fracture–matrix interface area available for
particle diffusion [67]. Calculating this probability is, in fact, computationally expensive
as it requires discretizing the fracture into a set of segments and tracking each particle
individually, where the required number of fracture segments is a function of dt [59].
Instead, matrix diffusion can be represented at the macroscopic level through a lumped
damping model that depends on the matrix porosity and diffusion coefficient [68]. However,
this modeling procedure assumes a homogeneous matrix with infinite storage capacity,
well mixed conditions in the fracture, and that matrix diffusion occurs perpendicular
to the fracture axis [69]. This macroscopic representation of matrix diffusion is, thus,
recommended for dense fracture networks when the system response is similar to that of a
porous media aquifer.

While the TDRW and RWPT approaches can be used for the same purpose (i.e., estimat-
ing the BTC at a specific location), the TDRW has been proved to be more computationally
efficient as it enables tracking all particles simultaneously [30,54,55]. However, extending its
application to concentration mapping requires discretizing each fracture within the network
into a set of segments and a subsequent sequential application over all segments, which is
computationally inefficient, particularly in dense networks. As such, the RWPT method is
typically adopted for concentration mapping in fractured aquifers despite its drawbacks.
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3. The Spatiotemporal Random Walk Approach

The process of concentration mapping in DFNs implies estimating the CP over each
fracture within the network. This CP is quantified based on the contaminant mass (i.e., the
number of particles) present at a specific location in the fracture. Under an instantaneous
injection at the inlet, the number of particles at a specific location reflects the frequency
of randomly generated travel distances according to a predetermined probability distri-
bution that considers the different fate and transport mechanisms. The STRW approach
presented in this study, thus, relies on using an analytical description for the travel dis-
tance’s probability distribution to estimate the CPs in single fractures. The development
and application procedure of this analytical description, as well as the application steps of
the STRW approach, are discussed in this section and are summarized in in Figure 1.

3.1. Step 1: Identifying the Contaminant Fate and Transport Mechanisms of Interest

As described earlier, several fate and transport mechanisms control the contaminant
behavior in single fractures. Different contaminants are affected by related specific mech-
anisms (e.g., size exclusion for colloids and decay for radionuclides); however, general
mechanisms include advection, mechanical dispersion, matrix diffusion, and deposition.
Several closed-form expressions were developed to describe contaminant behavior while
considering the different mechanisms, including the solution by Bear [70] for solutes in im-
permeable fractures, by Tang et. al. [20] and Sudiky and Frind [31] for solutes in permeable
fractures, and by Abdel-Salam and Chrysikopoulos [26] for particulates in permeable and
impermeable fractures. The first step of applying the STRW approach aims at determining
the type of contaminant of interest (i.e., identifying the fate and transport mechanism) as
well as the characteristics of the hosting environment (e.g., permeable or impermeable solid
matrix). Subsequently, an appropriate analytical solution describing contaminant behavior
in such environments is selected.

3.2. Step 2: Selecting the Time Instance(s) of Interest and Calculating the Corresponding Mass
Present in the Fracture

The second step of applying the STRW approach is to determine a time instance(s)
at which the CP is estimated. Such instances of time are selected depending on the pur-
pose of CP calculation or concentration mapping such as preparing a pumping schedule,
introducing treatment agents for remediation purposes, or monitoring the spatial evolution
of contaminants over time. Following the selection of the time instance(s) of interest, the
corresponding amount of contaminant (i.e., mass) present within the fracture is estimated.
Such an amount is calculated based on the analytical solution selected in the previous step
and is subsequently used for estimating the spatial distribution of the contaminant over
the full length of the fracture (i.e., CP calculation, as described in the next seps).

3.3. Step 3: Deriving an Analytical Expression for the Probability Distribution of Particle Displacement

Assuming an impervious single fracture with a length ℓ and an average aperture b,
where a contaminant mass Mo is injected instantaneously at the inlet, the mass of contami-
nant present over the full length of the fracture (MR) at time t can be estimated as follows:

MR(t) =
∫ ℓ

0
A f CIR(x, t)dx (1)

where Af [L2] is the cross-sectional area of the fracture, CIR(x,t) [ML−3] is the volume-
averaged concentration, x [L] is the distance measured from the fracture inlet, and t [T] is
the time. The probability distribution function of particle displacement Fx(x) at time t can
be accordingly estimated as

Fx(x)|t =
∫ x

0 A f CIR(x, t)dx
MR(t)

. (2)
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Kreft and Zuber [33] developed a relationship between CIR(x,t) and the flux concentra-
tion CIF(x,t) based on the principles of mass conservation at a distance x from the fracture
inlet. Such relationship can be represented as follows:

CIR(x, t) = −u
∂

∂x

(∫ t

0
CIF
(

x, t′
)
dt′
)

(3)

where u [LT−1] is the flow velocity within the fracture. It should be noted that the integral in
Equation (3) can be represented in terms of the flux concentration, assuming a continuous
injection with intensity Co at the fracture inlet as detailed in [33]. As such, through combin-

ing Equations (1)–(3) and using the axiom that
uA f Co

Mo
×
∫ t

0 CIF(0, t′)dt′ = Co, Equation (2)
can be replaced by

Fx(x)|t =
1 − CCF(x,t)

Co

1 − CCF(ℓ,t)
Co

(4)

where CCF(x,t) [ML−3] is the flux concentration, assuming a continuous injection of Co
at the fracture inlet. It should be emphasized that several closed-form expressions have
been developed to evaluate CCF(x,t)/Co for one-dimensional flow conditions while consid-
ering a wide spectrum of fate and transport mechanisms, including advection, dispersion,
and reversible deposition [70]; irreversible deposition [26]; and matrix diffusion [20,31],
as described in Step 1 of the application procedures of the STRW approach. As such,
Equation (4) represents a general analytical description for the statistical behavior of par-
ticle displacement in fractures under instantaneous injection. It should be highlighted
that this analytical description also inherits the same assumptions used for developing the
closed-form expressions of CCF(x,t)/Co.

It should be reiterated that Equation (4) was derived based on the assumption that
contaminant mass is introduced instantly at the fracture inlet. Closed forms of Equation (4)
(i.e., analytical expressions for Fx(x)) are, thus, presented in Section 4 for a range of mecha-
nisms under which analytical descriptions of CCF(x,t)/Co are currently available as well
as closed-form expressions for CIR(x,t) that can be developed for comparison purposes.
However, extending the applicability of the STRW approach to time-dependent injection at
the inlet is described in Section 5 when the method is applied in DFNs.

3.4. Step 4: Estimating the CP

For concentration mapping (i.e., estimating the CP) in single fractures, a number of N
particles are assumed to enter the fracture, and each is assigned a random displacement
based on the analytical description of Fx(x) developed in Step 3. The relative frequency
of particle displacement, fr(x), is subsequently estimated, and the mass present within
the fracture (determined in Step 2) is then fractioned among the histogram bins based
on the corresponding relative frequency. The volume-averaged concentration, CIR(x,t), is
finally calculated over the fracture length at the selected times as the mass present within
segmented volumes of the fracture as shown in Figure 1, and the corresponding CIF(x,t) can
also be calculated using the transformations presented in Kreft and Zuber [33]. It should
be noted that the probability density function for particle displacement, fx(x), can be used
instead of the relative frequency and can be subsequently used for CIR(x,t) and CIF(x,t)
calculations, as shown in Figure 1. Such a density function can be calculated through an
analytical or algorithmic (i.e., automatic) differentiation procedure.
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Figure 1. A flow chart describing the application procedure of the developed STRW approach in
single fractures under an instantaneous influent injection. It should be noted that the estimation
of CIR(x,t) in Step 4 can be achieved through the calculation of fr(x) or fx(x) following the process
represented by the red and blue arrows, respectively, where bw is the bin size used for relative
frequency calculation.

4. Method Verification in Single Fractures

Four different cases were designed to demonstrate the efficacy of the STRW approach
in mapping the contaminant concentration in single fractures by assuming the following:
(i) the fracture walls can be represented as two parallel plates with a unit width; (ii) steady
state flow conditions are fully developed within the fracture; (iii) the contaminant is
released instantaneously at the inlet; (iv) particles are not sorbed to the solid matrix when
matrix diffusion is considered. The fate and transport mechanisms as well as the analytical
solutions (in terms of flux concentration) used for comparison in such verification cases are
provided in Table 1, whereas a detailed description of each case is provided in the following
subsections. It should be highlighted that, in all verification cases, the STRW approach
was applied using 10,000 particles and was embedded within a Monte Carlo simulation
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of 1000 realizations in order to minimize the noise typically associated with estimates
from random walk approaches. The ensemble CPs are subsequently used as represented
solutions. It should be also mentioned that three instances of time were selected in all
verification cases for comparison purposes. Such time instances represent 50%, 100%, and
150% of the corresponding advection time in the fracture (i.e., ℓ/u).

Table 1. Fate and transport mechanisms and corresponding analytical solution used within the
different verification cases in single fractures.

Verification Case Fate and Transport Mechanisms Considered Reference for the Corresponding
Analytical Solution

Case 1 Advection, dispersion, and reversible deposition [70]
Case 2 Advection, dispersion, and irreversible deposition [26]
Case 3 Advection, dispersion, and matrix diffusion [20]
Case 4 Advection, size-dependent dispersion, and irreversible deposition [71]

4.1. Case 1: Advection, Dispersion, and Reversible Deposition in Single Fractures

This verification case was selected to verify the applicability of the STRW approach
under a set of primary transport mechanisms (i.e., advection, dispersion, and reversible
deposition). Under advection and dispersion only, Ogata and Banks [72] developed an
analytical description for CCF(x,t)/Co in semi-infinite single fractures, which can be adjusted
to account for linear, equilibrium, reversible deposition using a retardation factor R. Under
such adjustment, the solution by Ogata and Banks [72] can be represented as in Equation (5),
whereas Fx(x) can be described analytically using Equation (6):

CCF(x, t)
Co

=
1
2

[
er f c

(
x − ut

R√
4Dt

)
+ exp

( ux
RD

)
er f c

(
x + ut

R√
4Dt

)]
, (5)

Fx(x)|t =
2 − er f c

(
x− ut

R√
4Dt

)
− exp

( ux
RD
)
er f c

(
x+ ut

R√
4Dt

)
2 − er f c

(
ℓ− ut

R√
4Dt

)
− exp

(
uℓ
RD

)
er f c

(
ℓ+ ut

R√
4Dt

) . (6)

The STRW approach can subsequently be applied after replacing Equation (4) in
Figure 1 with Equation (6). As previously discussed, the STRW approach typically results
in CPs based on the volume-averaged concentration. However, analytical solutions for
contaminant transport in single fractures under instantaneous injection at the inlet con-
sidering advection, dispersion, and reversible deposition are available in terms of the flux
concentration [70]. As such, and to facilitate evaluating the performance of the STRW ap-
proach in this verification case, the analytical solution reported in Bear [70] is transformed
into a volume-averaged-concentration-based formula using Equation (3). The resulting
analytical description for CIR(x,t) is represented by Equation (7), and CP estimates based
on this equation are subsequently compared to those resulting from the STRW approach.

CIR(x, t) =
Mou

Q
√

4πDt

2e−
(x−ut)2

4Dt
√

4Dt
− u

√
πt
D

er f c
(

x + ut√
4Dt

) (7)

4.2. Case 2: Advection, Dispersion, and Irreversible Deposition in Single Fractures

This case was devised to test the ability of the STRW approach to emulate the spatial
aspect of colloid behavior in single fractures, where irreversible deposition is documented
as the primary retention mechanism [73–75]. Under continuous injection at the fracture
inlet, Abdel-Salam and Chrysikopoulos [26] developed an analytical formula to estimate
CCF(x,t)/Co in semi-infinite impervious fractures. Such an analytical formula can be used to
derive a corresponding closed-form expression for Fx(x). The analytical solution developed
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by Abdel-Salam and Chrysikopoulos [26] as well as that of Fx(x) can be, respectively,
represented as follows:

CCF(x, t)
Co

=
1
2

e
ux
2D

[
e−

ux
2D ξ er f c

(
x − utξ√

4Dt

)
+ e

ux
2D ξ er f c

(
x + utξ√

4Dt

)]
, (8)

Fx(x)|t =
2 − e

ux
2D

[
e−

ux
2D ξ er f c

(
x−utξ√

4Dt

)
+ e

ux
2D ξ er f c

(
x+utξ√

4Dt

)]
2 − e

uℓ
2D

[
e−

uℓ
2D ξer f c

(
ℓ−utξ√

4Dt

)
+ e

uℓ
2D ξ er f c

(
ℓ+utξ√

4Dt

)] (9)

where ξ is evaluated in terms of the lumped deposition coefficient (κ) as ξ =
√

1 + 8κD
ub2 .

Similar to Case 1, the STRW can be applied after replacing Equation (4) with Equation (9).
In addition, the analytical solution developed by Abdel-Salam and Chrysikopoulos [26],
represented by Equation (8), was used to derive a closed-form expression for CIR(x,t) based
on the transformation provided in [33] to facilitate the comparison to the STRW-based CPs.
This transformed analytical expression of CIR(x,t) can be written as

CIR(x, t) =
Mou

Q

 e−
(x−utξ)2

4Dt
√

4Dt
+

e−
(x+utξ)2

4Dt
√

4Dt
− u(1 − ξ)

4D
er f c

(
x − utξ√

4Dt

)
− u(1 + ξ)

4D
er f c

(
x + utξ√

4Dt

). (10)

4.3. Case 3: Advection, Dispersion, and Matrix Diffusion in Single Fracture–Matrix Systems

Matrix diffusion is a slow process through which particles transfer between open frac-
tures and the soil matrix due to concentration gradient across the fracture walls. Although
some particles may become trapped within the matrix, matrix diffusion has typically
been simulated as a reversible process that results in delayed and heavy-tailed BTCs.
Tang et al. [20] developed an analytical solution for CCF(x,t)/Co in single fractures when
matrix diffusion is considered. When only matrix diffusion, advection, and dispersion are
of interest, the analytical solution can be expressed as

CCF(x, t)
Co

=
2 × exp

( ux
2D
)

√
π

×
∫ ∞

x√
4Dt

exp
(
−u2x2 + 16D2τ4 + 4Dx2

16D2τ2

)
er f c

 θx2√De

4bDτ2
√

t − x2

4Dτ2

dτ (11)

where τ [−] is a dummy variable used for evaluating the integral in Equation (11), θ [−] is
the matrix porosity, and De [L2T−1] is the effective diffusion coefficient in the matrix. When
Equations (4) and (11) are coupled, an analytical description of Fx(x) can be developed for
the stochastic behavior of particle displacement in single fractures under the considered
mechanisms. To facilitate the comparison in this verification case, CPs estimated using
the analytical solution reported by Tang et al. [20] were directly converted into volume-
averaged concentration, as detailed in [33], and were subsequently compared to the STRW-
based CPs.

4.4. Case 4: Advection, Size-Dependent Dispersion, and Irreversible Deposition in Single Fractures

Colloids existing in groundwater may have different sizes that can be described
statistically using a lognormal distribution [32,76]. Accordingly, the aggregated behavior of
a plume of polydisperse colloids depends on the intrinsic transport mechanisms of each
particle. In such a case, colloid deposition has been described through the dimensionless
Damköhler number (Da), which is related to the lumped deposition coefficient, κ, as
Da = 12κu/(12De − 2κu) [55]. As the diffusion coefficient (i.e., De) is a function of the
particle size (d), both the particle dispersion and deposition are not consistent for all
particles within the plume. James and Chrysikopoulos [71] developed analytical solutions
for polydispersed colloid behavior in semi-infinite single fractures under a set of injection
schemes at the inlet. For continuous colloid release at the fracture inlet, the analytical
solution by James and Chrysikopoulos [71] is expressed in terms of the flux concentration:
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CCF(x, t)
Co

=
1
2

∫ ∞

0
fd(d)exp

(
Ue f f x
2De f f

)
×

exp

(
− Ωx

2De f f

)
er f c

 x − Ωt√
4De f f t

+ exp

(
Ωx

2De f f

)
er f c

 x + Ωt√
4De f f t

 (12)

where fd(d) [−] is the probability density function of particle size, Ω =
√

U2
e f f + 4Ke f f De f f ,

and Ueff [LT−1], Deff [L2T−1], and Keff [T−1] are the effective velocity, dispersion coeffi-
cient, and first order decay coefficient, respectively, for a plume of polydisperse colloids
undergoing irreversible deposition [71]. It should be highlighted that Ueff, Deff, and Keff
are all size-dependent and, thus, coupling Equations (4) and (12) results in a complex
analytical expression for Fx(x) that is not easy to employ. Alternatively, when the STRW
approach is applied in this case, each particle in the plume can migrate within the frac-
ture according to a particle-specific Fx(x) calculated using Equation (9), albeit employing
corresponding size-dependent Ueff, Deff, and Keff values. The total CP is subsequently
estimated as the summation of those based on single particles (i.e., particle-based CPs are
estimated similarly to those in Case 2 using the corresponding mass injected). Similar to
other verification cases, analytical CPs are estimated using Equation (12), are converted
into volume-averaged concentrations, and are subsequently compared to those estimated
using the STRW approach.

5. Method Application in Discrete Fracture Networks

As shown in Figure 1, the application of the STRW approach requires identifying
the following: (i) the mass existing within the fracture (or the fracture–matrix system) at
time t, Mo

[
C(ℓ,∞)

Co
− C(ℓ,t)

Co

]
; (ii) the relative frequency or probability density function of

particle displacement at time t (i.e., fr(x) or fx(x), respectively). Therefore, the application
of the STRW approach in a DFN requires prior identification of the BTCs at the network’s
junctions. This can be achieved through the application of available techniques (e.g., the
TDRW [62] or the convolution [56] methods). In addition, most of the fractures in a DFN
are subjected to temporal contaminant release at their inlets. As such, the direct application
of the STRW approach using Equation (4) is not appropriate.

Conceptualizing temporal contaminant release at the inlet as injecting a small mass
∆M at time W, the corresponding probability distribution function of particle displacement
for those within the mass ∆M can be described using Equation (4). This implies discretizing
the temporal contaminant release at the inlet into a set of regions with equal mass or
concentrations depending on whether the release regime is described in terms of mass or
concentration, respectively. The full distribution of particle displacement considering the
temporal contaminant injection can be subsequently evaluated through

Fx(x)|t =
∫ t

ti

1 − f (W)× CCF(x,t−W)
Co

1 − f (W)× CCF(ℓ,t−W)
Co

dW (13)

where ti [T] is the initial time of injection and f (W) is the function describing the temporal
contaminant release at the fracture inlet. The integral in Equation (13) cannot be evaluated
analytically in most cases, hindering the application of the STRW approach in DFNs.
Alternatively, estimating the CP in fractures considering a temporal contaminant release
at the fracture inlet can be achieved through the following: (1) replacing the total mass
injected by a set of n particles, each of which is released at time Wi; (2) estimating the CP
at time t due to particle i following the same procedures described in Figure 1, albeit after
replacing t with t −Wi in Equation (4); (3) evaluating the total CP over the fracture through
location-based summation. In order to map the contaminant concentration over the whole
DFN, these steps are repeated for every fracture where the contaminant may exist at time t.
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Determining this set of fractures, thus, requires scanning the BTCs at all junctions of the
network and subsequently determine the fractures that contain a mass fraction at time t.

6. Results and Discussion

For verification Case 1, the STRW-based CPs were estimated at 1.4, 2.9, and 4.3 days
assuming the following parameters: Mo = 10−3 g, u = 4 × 10−5 m/s, D = 2 × 10−5 m2/s,
b = 2.5 × 10−4 m, ℓ = 10 m, and R = 1.2 [62]. It should be noted that the values of
these parameters are similar to those employed in the study by Bodin et. al. [62]. The
STRW-based CPs were subsequently compared to those estimated using Equation (7).
As shown in Figure 2, the STRW approach effectively replicated the analytical CPs with
normalized root mean squared error (NRMSE) values of 3 × 10−3, 1 × 10−3, and 7 × 10−4

at 1.4, 2.9, and 4.3 days, respectively. In addition, the STRW approach could efficiently
support the intuitive understanding of the temporal contaminant behavior in fractures,
where the mass present within the fracture reduces over time. This mass can be indicated
by the area under the CP, which decreases as the time increases, as shown in Figure 2. It
should be noted that the NRMSE values used for CP comparison were estimated through
using corresponding maximum analytical concentrations as normalization factors.
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in Case 1.

In verification Case 2, a groundwater–colloid–fracture system with u = 1 m/year,
D = 0.25 m2/year, b = 125 × 10−6 m, ℓ = 5 m, κ/b2 = 6.4 × 10−3, and 3.2 × 10−2 m−1 was
employed [26], and the STRW-based CPs were estimated at 2.5, 5, and 7.5 years. Similar
parameter values were employed by Abdel-Salam and Chrysikopoulos [26]. As shown
in Figure 3, the STRW-based CPs perfectly matched those estimated using Equation (10),
with NRMSE values at 2.5, 5, and 7.5 years of 1.3 × 10−3, 7.1 × 10−4, and 6 × 10−4 for
κ/b2 equals 6.4 × 10−3 m−1 and 1.2 × 10−3, 8.6 × 10−4, and 1.1 × 10−3 when κ/b2 is
3.2 × 10−2 m−1. In addition to conserving the mass balance principles (i.e., contaminant
mass within the fracture decreases over time under instantaneous injection at the inlet),
the STRW approach efficiently preserved the conceptual impact of irreversible deposition
(i.e., reduced peaks under higher deposition levels).

When matrix diffusion is considered in verification Case 3, a fracture–matrix sys-
tem of ℓ = 1 m, b = 2.5 × 10−4 m, u = 4 × 10−5 m/s, D = 4 × 10−6 m2/s, θ = 0.05, and
De = 5 × 10−11 m2/s was employed [27], and 10−5 g of a conservative contaminant was
released instantaneously at the inlet. Similar parameter values were employed by De-
lay and Bodin [27]. Analytical and STRW-based CPs were subsequently estimated at
3.4, 6.9, and 10.4 h, and the STRW approach efficiently replicated the CPs evaluated analyt-
ically (based on the transformation of Equation (11)) as shown in Figure 4. The NRMSE
values were 9.8 × 10−4, 1 × 10−3, and 7.5 × 10−4 at 3.4, 6.9, and 10.4 h, respectively. Similar
to verification Case 1, the STRW approach efficiently preserved the principles of mass
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conservation, where the contaminant mass present within the fracture (indicated by the
area under the CP) decreases over time.
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in Case 3.

In verification Case 4, a plume of polydisperse colloids with a total mass of 100 g
is released instantly at the fracture inlet. The colloid diameter is assumed to follow a
lognormal distribution with a mean and standard deviation of 1 µm and 0.9 µm, respec-
tively [71]. A single Da value was assigned to the colloid plume, implying that each
particle follows a different deposition regime (as Da is a function of De and κ). The fracture
characteristics employed in this verification case were ℓ = 12 m, b = 1 × 10−4 m, and
u = 6.7 × 10−7 m/s [71], and the groundwater flowing within the fracture was assumed to
be at 20 ◦C. It should be noted that similar parameter values were adopted in the study
by James and Chrysikopoulos [71]. The STRW approach efficiently reproduced the CPs
estimated based on the transformation of the analytical solution presented in Equation (12)
at 104, 208, and 312 days, as shown in Figure 5. At the three instances of time, the NRMSE
values were 7.3 × 10−3, 6 × 10−3, and 17.6 × 10−3 at a Da value of 1 × 10−4.5 and were
2.3 × 10−2, 2.4 × 10−2, and 2.5 × 10−2 at a Da value of 1 × 10−3. At the different deposition
levels (i.e., Da values), the STRW approach also preserved the principles of mass conserva-
tions, where the mass present within the fracture (i.e., indicated by the area under the CP)
is observed to decrease over time, as shown in Figure 5.
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The results presented above support the efficacy of the STRW approach in producing
accurate CPs in single fractures for a range of fate and transport mechanisms. It should be
reiterated that, as the Fx(x) expressions used for particle displacement generation in single
fractures are analytical by-design, assumptions and limitations inherited in the underlying
analytical solutions (describing contaminant fate and transport) are directly transferable to
Fx(x). Despite the proven efficacy of the STRW approach in single fractures, extending its
application to the network scale is of a greater interest. As such, the performance of the
STRW approach was tested in the synthetic, impermeable DFN shown in Figure 6. It should
be reiterated that, when a fractured aquifer is conceptualized through a set of fractures
connected as a network, several DFN realizations are generated based on the stochastic
characteristics of the fracture properties (e.g., length, location, orientation, and aperture).
As such, the DFN shown in Figure 6 reflects only a single realization of the aquifer’s
geometric and hydraulic properties and has been synthesized in this verification case just to
demonstrate the efficacy of the STRW approach at the network level. The fracture aperture
across the network is assumed to follow a lognormal distribution with a mean and standard
deviation of 5 × 10−6 m and 5 × 10−12 m, respectively (Figure 6a). A total of 100 g of
conservative tracer (represented by 10,000 particles) was injected instantaneously along
the western boundary of the network, and the STRW approach was applied to map the
contaminant concentration over all fractures at 18.4 and 55.2 years. These instances of
time represent 50% and 150% of the average total advection time through the network.
Injected particles are assigned to fractures connected to the injection (i.e., west) boundary
based on the latter’s transmissivity, with a larger number of particles allocated to highly
transmissive fractures. Moving through the network, particles are partitioned at fracture
intersections, assuming a perfect mixing condition. It should be highlighted that velocities
in the fractures range between 0.26 and 7.93 m/year and are calculated based on a 100 m
head value at the western boundary, 99 m head value at the eastern boundary, and no-flow
condition at both the northern and southern boundaries (Figure 6b). A constant dispersivity
of 0.25 m is also assumed in all fractures, and the dispersion coefficient, thus, varies over
the fractures based on the corresponding velocity.

For comparison purposes, the RWPT method was also applied to simulate the spatial
distribution of contaminant concentration across the same DFN. It should be noted that
both the STRW and RWPT methods were applied within a Monte Carlo simulation with
1000 realizations to minimize the expected noise, as described earlier. The STRW-based
ensemble CPs matched those estimated using the RWPT method for the selected fractures
(Fractures 1, 2, and 3 indicated in Figure 6b) as shown in Figure 7. At the network scale, the
predictability of the STRW approach was consistent over time (Figure 8a), supporting the
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efficacy of the STRW as a concentration mapping tool in DFNs (a sample map is shown in
Figure 8b). It should be emphasized that the large deviations between the STRW- and RWPT-
based solutions shown in Figure 8a occur in fractures associated with highly dispersive
influent BTCs that extend over a large time period. Such BTCs are typically attributed to
significantly uncertain particle arrival times described by distributions with a large number
of outliers or multimodal distributions. Imitating such a situation necessitates reassembling
these BTCs into an immense number of particles. This workaround is challenging when
the RWPT method is employed as follows: (i) BTC estimation and concentration mapping
are coupled; (ii) the number of particles injected into the network is fixed and is typically
predetermined prior to the simulation. In contrast, when the STRW approach is utilized,
the number of particles used for concentration mapping may not be similar to that used for
BTC estimation, supporting the flexibility of the STRW approach.
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The results presented in this study support the efficacy of the STRW approach to accu-
rately map the contaminant concentration in single fractures and DFNs while considering
a range of fate and transport mechanisms (i.e., advection, dispersion, matrix diffusion,
irreversible deposition, and size-dependent transport). At the network scale and compared
to the RWPT method, the STRW is more flexible and efficient: (1) it can easily incorporate
several transport mechanisms, as long as a corresponding Fx(x) can be constructed ana-
lytically or numerically; (2) its application is considered to be a computational order of
O(Np × Nf) compared to an order of O(Np × Nf × Nt) when the RWPT method is employed,
where Np is the number of particles, Nf is the number of fractures containing a fraction
of contaminant at time t, and Nt is the number of time steps used by each particle to
migrate within each fracture when the RWPT method is applied; (3) the use of Monte Carlo
simulation can be avoided as Fx(x) can be easily converted into a corresponding density
function, fx(x), through a differentiation process that can be conducted either analytically
or numerically. The latter can further enhance the computational efficiency of the STRW
approach compared to the RWPT method. However, it should be highlighted that the
application of the STRW approach, particularly in DFNs, necessitates a prior estimation of
the BTCs at the fracture ends, which is implicitly embedded within the application of the
RWPT method. As such, the use of the RWPT method for concentration mapping can be
more efficient in DFNs with a fewer number of fractures or when the particle interaction
with the fracture surface and solid matrix is significantly rapid (e.g., in case of equilibrium
deposition). In contrast, the use of the STRW approach with the prior application of a rapid
BTC quantification method (i.e., the TDRW approach and the convolution method) can
be more computationally efficient in complex DFNs with larger numbers of intersected
fractures or when the particle residence time is significantly large. The latter typically
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occurs when the impact of matrix diffusion is significant or when complex particle–fracture
or particle–matrix interactions are present (e.g., under matrix diffusion or two-site kinetics).
However, it should be emphasized that errors inherited in BTCs estimated using the TDRW
approach or the convolution method are directly transferable to STRW-based concentra-
tion maps (or CPs). When coupled with a proper BTC quantification method, the STRW
approach produces CPs and concentration maps that can subsequently be used for the
following: (1) developing effective remediation programs through determining optimal
locations for treatment wells; (2) identifying possible locations for waste disposal such as
landfills and deep geological repositories; (3) estimating the potential contamination risk,
which can support urban development activities.
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7. Conclusions

This study describes the development of an analytically enhanced Spatiotemporal
Random Walk (STRW) approach that can be utilized to accurately map the time-dependent
contaminant concentration in single fractures and Discrete Fracture Networks (DFNs). The
core of the STRW approach is a distribution function that employs existing analytical solu-
tions in single fractures to describe the stochastic behavior of particle displacement in single
fractures and DFNs. Four verification cases were designed to evaluate the performance of
the STRW approach in single fractures. The normalized root mean squared error (NRMSE)
was used as an error estimator to evaluate the deviation of STRW-based concentration
profiles (CPs) from those estimated using corresponding analytical solutions. The four
verification cases included contaminant transport under the following conditions: (1) ad-
vection, dispersion, and reversible deposition; (2) advection, dispersion, and irreversible
deposition; (3) advection, dispersion, and matrix diffusion; (4) advection, size-dependent
dispersion, and irreversible deposition. In all of the four verification cases, the STRW
approach efficiently reproduced the corresponding analytical CPs at different instances of
time while considering different parameter levels with NRMSE values ranging between
6 × 10−4 and 2.5 × 10−2. At the network scale, the STRW approach efficiently replicated
the CPs estimated using the Random Walk Particle Tracking (RWPT) method in a synthetic
impermeable DFN at different instances of time. The STRW approach represents a step
forward for extending the applicability of analytical solutions developed in single fractures
to the network scale, as such solutions are the basis of particle displacement’s distribution
function used within the STRW approach. In addition, the STRW approach is a more
reliable concentration mapping technique in DFNs, compared to the RWPT method: (i) it
requires less computational operations; (ii) its integration with Monte Carlo simulations
for noise reduction can be avoided; (iii) it can easily accommodate complex transport
mechanisms (e.g., matrix diffusion and two-site kinetics) that are challenging to simulate
using the RWPT method. However, it should be noted that the application of the STRW
approach in DFNs must be preceded with a breakthrough curve (BTC) quantification pro-
cess, which can be more computationally efficient in complex DFNs with larger number of
interconnected fractures or when complex particle–fracture–matrix interactions are present.
Errors inherited in employed BTCs are, thus, directly transferable to STRW-based estimates
(i.e., CPs and concentration maps); therefore, efficient BTC quantification methods should
be coupled with the STRW approach. Overall, the STRW is an accurate, flexible, and com-
putationally efficient concentration mapping technique that can facilitate the evaluation of
the expected contamination risk in fractured aquifers and, thus, aid in the proactive and
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prompt decision-making process. Concentration maps estimated using the STRW approach
can also support the development of efficient operation, management, and remediation
strategies for fractured hydrogeological formations when contamination is realized. Future
related research can be directed towards the following: (1) investigating the performance of
the STRW approach under more complex transport mechanisms (e.g., decay-chain transport
and cotransport of multiple contaminants); (2) assessing the utility of the STRW approach
for aquifer characterization purposes (e.g., transport pathway identification); (3) evaluating
the extension of the STRW to heterogenous porous aquifers.
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