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Abstract: The purpose of the present study is to analyze the effect of different discrete representations
of the continuous bubble size distribution function on the flow structure in a bubble column reactor.
Poly- and monodisperse media were considered, such that the mathematical expectation of the bubble
size in the polydisperse case was equal to the bubble size in the monodisperse case at the same
volumetric bubble contents. For these computations the normalized variances of the velocity profiles
of the carrier and the disperse phases, the volume fraction of the disperse phase, and the specific area
of the interfacial surface were determined. The normalized variances were calculated from a reference
scenario with a detailed resolution of the bubble size distribution function with ten bubble classes.
It was shown that with increase of the average bubble sizes mono- and polydisperse approaches
provide converging solutions. A modified hybrid discretization of the bubble size distribution
function with four classes of bubbles was shown to predict the flow structure with normalized
variance less than 5% over the entire computational domain for all monitored parameters.

Keywords: bubble column reactor; bubbly flow; polydisperse media; numerical simulation;
Euler–Euler approach; discrete bubble size distribution function

1. Introduction

Ascending bubble flows with the gravity force as the main driver are a common
feature of many natural and technological processes. Typical industrial applications of
such flows are bubble column reactors (BCRs). These apparatus are used in many areas of
human activity, such as water treatment and purification [1], greenhouse gas elimination [2],
hydrogen and biofuel synthesis [3,4], or production of biochemical substances [5]. All of the
above shows that studies of the processes occurring in the BCRs are of great importance.

As a rule, the flows in the BCR are polydisperse; this circumstance plays an important
role in the formation of both the global structure of the flows [6,7] and the local properties
of the working media of reactors [4,8].

The description of the bubble size distribution (BSD) in the framework of the poly-
disperse Euler–Euler approach can be implemented in various ways. The simplest one is
similar to the monodisperse description, but the bubbles have the same size only locally;
herewith they can vary in space. The local size of the bubbles is taken to be equal to the
Sauter mean diameter [9], which ensures that the total bubble surface is preserved, and is
important in problems with intensive interphase mass transfer. At low relative velocities
this approach is sufficient. However, at phase velocity nonequilibrium, averaging the
bubble diameter results in errors in the calculation of interphase forces, which in turn
affects the overall flow pattern.

A detailed description of polydispersity within the Euler–Euler approach can be
provided by the Population Balance Model (PBM) [4,10] with a population balance equation.
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This model makes it possible to describe the change in the spectrum of bubble sizes at
each spatial point but the computational algorithm becomes noticeably more complicated
because of the integral–differential nature of the equation.

Another approach which is a subclass of the PBM is based on the introduction of
a set of classes of monodisperse bubbles that differ in size (the MUltiple SIze Group or
MUSIG model) [11]. The original model has the same velocity for each bubble class and
is called homogeneous MUSIG, while its variant with separate velocity for each class is
called the inhomogeneous or heterogeneous MUSIG model [12]. A fixed number of classes
and ranges of bubble sizes in the classes are chosen to include all possible bubbles. Sets
of the conservation equations are written for each class. Such an approach provides a
unified description of the working medium. However, this approach is also quite resource-
demanding due to the need to solve additional sets of nonlinear equations.

Due to the significant increase in computational resources required, it seems reasonable
to assess the influence of the parameters of the discrete representation of the (BSD) function
on the flow structure for the regimes where polydispersity is the determining factor.

There are a number of papers dealing with the discretization parameters of the BSD.
An unsteady simulation of the BCR was performed in [13] with only two classes for the
13 mm/s surface velocity case, while a monodisperse approach was sufficient for the
3 mm/s surface velocity. The two classes for the 13 mm/s case were chosen to resolve a
change in the sign of the lateral lift force at 6 mm bubble diameter. There are other investi-
gations [14,15] which show that for gas surface velocities below 5 mm/s the monodisperse
approach is sufficient.

Numerical simulations of the BSD have been performed in [7,16]. With 17 classes of
bubbles it was shown [7] that good prediction can be obtained for most of the bubble size
range [0.5 mm, 16.5 mm], while the probability of small bubbles was underestimated by
the model. Reducing the number of classes [16] from 17 to 14 provides better correlation
with experimental data.

A detailed investigation of the effect of the number of bubble classes was carried
out in [17]. It was shown that seven classes of bubbles were sufficient for the detailed
description of the flow in the BCR in terms of liquid velocity, bubble velocity and bubble
volume fraction. However, for the prediction of the interfacial area, 15 classes were selected
in the computations. In the subsequent study [18] it was shown that the heterogeneous
MUSIG outperformed the original homogeneous version. The same results were obtained
in [19] for the simplified heterogeneous MUSIG model with algebraic equations for bubble
slip velocities with 13 classes of bubbles for the bubble size range [1 mm, 25 mm].

It should be noted that all of these studies deal with the uniform BSD and it is not clear
how the bubble swarm behaves with bubble sizes ranging from fractions of a millimeter to
a few millimeters.

The paper presents the results of a numerical study of the dynamics of poly- and
monodisperse flows in a column-type bubble reactor. The mathematical expectation of the
bubble size for a polydisperse medium was assumed to be equal to the bubble size in a
monodisperse medium. Bubbles with characteristic sizes in the range db = 0.25–1.0 mm
are considered; the volume content of the dispersed phase at the inlet boundary was the
same in all cases and was equal to 0.0037. Different discretization parameters of the BSD
function were chosen to estimate their influence on the flow structure in the BCR.

According to the results of the numerical simulation, the fields of phase velocities,
bubble volume fraction and the interfacial area, which influence the intensity of interphase
processes, were analyzed. On the basis of the obtained data, an optimal number of classes,
as well as the discretization parameters of the BSD function, were chosen in order to obtain
a consistent solution in the whole range of the input parameters considered.
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2. Mathematical Model
2.1. Basic Assumptions of the Model

A mathematical model of the flow of a polydisperse bubble medium in a bubble
column reactor is presented. The model is based on the Euler–Euler approach to the
description of multiphase flows (see, for example, [20]). Within the framework of this
approach, each phase is considered as a continuum occupying the entire volume, at each
point of which the volume fraction of the phase α is specified. In this case, the densities
of each of the phases are calculated as α · ρ0, where ρ0 is the density of the substance of
the corresponding phase. In addition to the description of the polydispersity and the
interaction of the bubbles (subscript b) and the carrier phase (subscript l), attention is paid
to the analysis of the effect of turbulence on the two-phase flow.

In this study, flows are characterized by values of the dispersed phase volume fraction
less than 0.01, which allows bubble–bubble interactions to be to neglected.

2.2. Description of Polydispersity of Bubbly Medium

The description of the polydispersity of the working medium is carried out in the
framework of the multiclass heterogeneous model of the BSD, which takes into account the
different speeds of each bubble class (the heterogeneous MUSIG model, [12]). The BSD is
approximated by a piecewise constant function describing N bubble classes. Each of the
classes is characterized by the constant bubble diameter dib, the volume fraction αib and
the bubble number density nib, where i is the class number. These quantities are related
to each other as dib = ((6αib)/(πnib))

1/3. Then the volume fraction of the liquid can be
represented as follows:

αl = 1−
N

∑
i=1

αib. (1)

The initial BSD corresponds to the experimental data and can be expressed by the
log-normal distribution for the bubble number density [21]:

F(nb) =
1

dbσ
√

2π
· exp

(
−[ln(db)− µ]2

2σ2

)
, (2)

where db is the bubble diameter, and µ and σ are the mathematical expectation and stan-
dard deviation with respect to ln(db). The mathematical expectation M and the standard
deviation D with respect to db are determined by the formulas:

M = exp(µ + 0.5 · σ2), D = M ·
√
[exp(σ2)− 1]. (3)

In Equation (3), the value M corresponds to the most probable bubble for a given
distribution and will be referred to below as the characteristic bubble size. The monodisperse
case is obtained by integrating over the entire interval of bubble sizes, producing a single class
of bubbles with a size equal to the most probable bubble size. In this sense, the monodisperse
approach can be treated as a polydisperse approach with only one class of bubbles.

The equations of conservation of mass, momentum and number density of the bubbles
are formulated for each class.

2.3. Governing Equations

In the framework of the Euler–Euler approach the Navier–Stokes equations, account-
ing for the N bubble classes, can be written as follows:
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∂αibρ0
ib

∂t
+ div

(
αibρ0

ibVib

)
= Diα,

∂αibρ0
ibVib

∂t
+ div

(
αibρ0

ibVibVib + pE
)
= Sib,

∂αlρ
0
l

∂t
+ div

(
αlρ

0
l Vl

)
= 0,

∂αlρ
0
l Vl

∂t
+ div

(
αlρ

0
l VlVl + pE− τ

)
= Sl .

(4)

The following notation is used: V is the velocity vector, p is the pressure, E is the unity
tensor, S is the source term responsible for the interphase momentum transport, D is the
source term responsible for the bubble dispersion due to turbulence and τ is the strain rate
tensor with its components expressed as:

τmn = 2 · µe f f · Smn, Smn =
1
2

(
∂vm

∂xn
+

∂vn

∂xm

)
, µe f f = µlam + µturb + µBIT , (5)

where µe f f is the effective dynamic viscosity, equal to sum of the dynamic viscosity of
the medium µlam, the turbulent viscosity µturb and an additional member, responsible for
turbulence modification due to presence of bubbles µBIT .

The density of the gas inside the bubbles ρ0
ib depends on both the external pressure

of the carrier medium and on the pressure created by the surface tension, and can be
expressed as follows:

ρ0
ib =

p + 2Σ/Rib
<bT0

, (6)

where Σ is the surface tension (assumed to be equal to 0.072 H/m), Rib is the bubble radius
for the ith class, T0 is the ambient temperature and <b is the specific gas constant.

The set of Equation (4) is supplemented by the conservation equation for the bubble
number density for each class i:

∂nib
∂t

+ div(nibVib) = Din. (7)

2.4. Interphase Momentum Exchange

The details of the interphase momentum exchange processes are discussed below. Cor-
responding source terms in the governing equations include: the buoyancy force, the drag
(Stokes) force, the lift (Saffman) force, the virtual mass force and the wall lubrication force:

Sib = FiB + FiD + FiL + FiWL + FiVM, Sl = −
N

∑
i=1

(FiD + FiL + FiWL + FiVM). (8)

2.4.1. Buoyancy Force

The buoyancy force is the main driver of flow development in the column and is
expressed as the difference between the Archimedean and gravitational forces:

FiB = αib · (ρib − ρl) · g. (9)

2.4.2. Drag Force

The expression for the Stokes drag force acting on bubbles of class i can be written in
the following form:
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FiD =
3
8
· ρl

Rib
αibCiDVirel |Virel |, Virel = Vl −Vib. (10)

In the general case, when the Reynolds number of the relative motion of the phases
Reip = (ρlVireldib)/µlam cannot be considered small, it is necessary to introduce a correction
function fip for the Stokes drag coefficient, which takes into account the inertia of the flow
around the bubbles, their possible asymmetry, flows in the bubbles, etc. Thus, the drag
coefficient can be written as CiD = 24 · fip/Reip. During the calculations, several options
were considered to determine the function fip. In Ref. [22], the following expression for the
correction function is proposed, based on experimental data:

fip =



2/3, Reip < 1.5

0.6208 Re0.22
ip , 1.5 < Reip < 80

2− 4.41 Re−0.5
ip + 7.75 · 10−17 Re5.756

ip , 80 < Reip < 1500

0.10875 Reip, Reip > 1500

(11)

This expression describes the dynamics of small bubbles, but does not take into account
the possible deformation of the interfaces and the loss of sphericity.

The shape of the bubble may be different from spherical if the pressure changes
significantly on scales of bubble size. Assuming that the main reason for the pressure
variation is gravity, then the effect of the pressure gradient is determined by the Eötvös
number Eoi = g(ρl − ρib)d2

ib/Σ, which is the ratio of the hydrostatic pressure of a liquid
column whose height is equal to the size of the bubble to the pressure produced by the
surface tension force. At Eo < 1 the bubble remains spherical, at Eo > 1 the bubble loses its
sphericity, acquiring at the initial stage the shape of an ellipsoid. In Ref. [23], a correlation
was proposed for the drag coefficient CiD based on the Reynolds numbers Reip and Eoi:

CiD =
√

CD(Reip)2 + CD(Eoi)2

CD(Reip) =
16

Reip

(
1 +

2
1 + 16/Reip + 3.315/

√
Reip

)
CD(Eoi) = 4 · Eoi/(Eoi + 9.5), Eoi < 5

(12)

In this study, expression (12) for the drag force was used.

2.4.3. Lift Force

The Saffman force occurs when particles move in a stream with significant velocity
gradients. The resulting force is normal to the particle relative velocity vector. Although the
value of this force is usually much smaller than the Stokes force, it can have a noticeable
effect on the structure of the flow and the distribution of bubbles.

The expression for the Saffman force was initially obtained under a number of assump-
tions, in particular, for the case of low Reynolds numbers of relative motion (Stokes flow),
which are not applicable to the problems considered.

For the range of flow parameters of practical interest, the formula proposed in [24]
was chosen. Here the expression for the Saffman force can be written as:

FiL = CiLαibρlVirel × rotVl . (13)

The coefficient CiL is often taken to be constant, ranged in 0.1–0.5, depending on the
type of problem.

Based on a large set of experimental data on the ascent of a single bubble in a liquid
layer with a transverse linear velocity gradient, the following expression for the coefficient
CiL was proposed in [25]:
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CiL = min
[
0.288 tanh(0.121 Reip), f (Eoi)

]
, Eoi < 4,

f (Eoi) = 0.00105 Eo3
i − 0.0159 Eo2

i − 0.0204 Eoi + 0.474.
(14)

When calculating the Saffman transverse force, expression (14) was used in this study.

2.4.4. Virtual Mass Force

It is well known that the effect of added masses in bubble flows plays an important
role. This effect is associated with an increase of the bubble inertia due to the inclusion
of the ambient liquid in relative motion. The expression for the added mass force can be
written as:

FiVM = 0.5αibρl

(
DbVib

Dt
− DlVl

Dt

)
. (15)

2.4.5. Wall Lubrication Force

Near the channel walls, the flow is characterized by a significant gradient of the
velocity and asymmetry in the flow around a separate bubble, resulting in repulsion of
the bubble from the wall. This effect can be important in the formation of the bubble flow
structure and can lead to flow stratification. The expression for the wall force can be written
as follows [12]:

FiWL = −CiWLαibρl [Virel − (Vib · nW) · nW ]2 · nW . (16)

Here nW is the normal to the nearest wall.
Coefficient CiWL is calculated using the following formula:

− CiWL = 0.47 ·max

{
0,

1
6.3
· [1− yW/(10 dib)]

yW · [yW/(10 dib)]
0.7

}
. (17)

Here yW is the distance to the nearest wall.

2.5. Turbulence

Typical flows in the BCR are turbulent. The presence of a dispersed phase can lead
to both the generation and dissipation of turbulence, depending on the flow parameters.
An analysis of the influence of these processes on the flow structure in the BCR is of a
great interest. In this paper, the k − ω SST turbulence model [26] is implemented with
additional source terms describing the generation of turbulence due to the relative motion
of the bubbles and the carrier phase:

∂ρlk
∂t

+ div(ρlVlk) = P̃− β∗ρlωk + div[(µlam + σkµturb)grad(k)] + Sbk,

∂ρlω

∂t
+ div(ρlVlω) = αkω

ρl
µturb

P̃− βρlω
2 + div[(µlam + σωµturb)grad(ω)]+

2(1− F1)ρlσω2 ·
1
ω

∂k
∂xj

∂ω

∂xj
+ Sbω,

µturb =
ρla1k

max(a1ω, ΩF2)
.

(18)

Here k is the turbulence kinetic energy and ω is the specific dissipation rate. All
constants and closing relations are taken from [26].

2.5.1. Turbulence Generation and Dissipation by Bubbles

The modified model of Troshko and Hassan [27], originally developed for the k− ε
turbulence model, is used here to account for the effect of the generation of turbulence by
the bubbles. Corresponding source terms in the equations for k and ω can be written as:
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Sbk =
3
8

CiD
Rib

αibρl |Virel |3, Sbω = 0.8
k

µturb
Sbk, (19)

An additional term responsible for the effect of turbulence generation in the expression
for the effective viscosity (5) is calculated based on Sato model [28]:

µBIT = 1.2 · αibρl Rib|Virel |. (20)

2.5.2. Bubble Path Dispersion

The dispersion of bubbles due to turbulent velocity fluctuations in the carrier phase is
accounted for by introducing an additional diffusion term in the equations for the volume
fraction of bubbles and the bubble number density [29]:

Diα =
1
Sc

div
(

µe f f

ρl
grad(αib)

)
, Din =

1
Sc

div
(

µe f f

ρl
grad(nib)

)
. (21)

Here Sc is the Schmidt number with Sc = 0.83; the value is based on the comparison
with experimental data of other authors [29,30].

Thus, the set of the conservation equations and closing relations for flows in the BCR
are formulated.

2.6. Numerical Method

An algorithm and a computer code are developed for the numerical implementation
of the model described above.

The algorithm is based on a common approach using the finite volume method and
unstructured grids. Special attention is paid to the discretization of the convection and
diffusion terms, both of which are discretized with second-order accuracy. The convection
term is discretized using a second-order upwind discretization that satisfies the total
variation diminishing (TVD) criterion. Three types of TVD limiters were tested: minmod,
vanLeer and superbee. The minmod limiter was used in the computations due to the high
stability of the resulting computational scheme.

The source terms resulting from the interphase interactions usually have nonlin-
ear components which can affect the stability of the solution. To overcome this effect,
a linearization of implicitly calculated source terms was introduced, especially for the
drag force.

The coupling of the pressure and velocity fields was performed by the modified
SIMPLE (Phase Coupled-SIMPLE) algorithm, taking into account the effects of multiphase.
The PC-SIMPLE includes not only the major liquid phase fluxes in the calculation of
pressure corrections but also the minor fluxes of the bubble phase. Rhie–Chow interpolation
is used to avoid non-physical oscillations when updating the pressure and velocity fields.

The resulting discretized equations are solved by iterative methods such as
Gauss–Zeidel with successive over-relaxations. The pressure correction equation is solved
by the preconditioned conjugate gradient method with incomplete zero-filling Cholesky
decomposition as preconditioner.

A detailed description of the basis of the numerical method can be found in [31].
The developed mathematical model, numerical methods and computer code have

been extensively tested on the flows under study [20,32,33].

3. Problem Statement
3.1. Simulation Domain and Conditions

Since the main goal of this study is to analyze the effects of the description of the poly-
dispersity of the working medium of the BCR, a series of calculations were carried out using
various parameters of the piecewise constant representation of the BSD. Different numbers of
classes N and different characteristic sizes of bubbles M were considered at their constant flow
rate. Flows in axisymmetric BCRs due to Archimedes’ force are considered using a simplified
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axisymmetric formulation. In Refs. [34,35] it was shown that such an approach allows the
main features of the flows under study to be captured.

The analysis is performed for flows in a vertical cylindrical BCR with a coaxial aerator
at the bottom and the top open.

Figure 1 shows a schematic diagram of an axisymmetric BCR; reactor diameter is
D = 0.07 m and reactor height is H = 0.65 m. The carrier phase is water. The disperse phase,
in the form of polydisperse gas bubbles, enters the column through a coaxial axisymmetric
bottom mounted aerator (d = 0.05 m).

Figure 1. Schematics of a bubble column reactor.

A cross-section at a height of h = 0.48 m, depicted in the scheme, is used as a reference
cross-section for the presentation of flow parameters.

Normal conditions for ambient gas at the free surface are assumed.
Simulations were carried out on a mesh of 50 cells along the radial coordinate and

90 cells along the axial coordinate, with the mesh denser toward the solid boundaries
to provide detailed boundary layer resolution to meet both multiphase and turbulence
requirements. Independent mesh sensitivity studies were performed and the presented
mesh was selected as adequate. The time step ∆t was chosen equal to 10−2 s with a
normalized convergence criterion of 10−6 for each independent variable.

3.2. A Discrete Approximation of the BSD Function

The initial BSD can be described by the lognormal function (2). To determine the most
efficient variant of the piecewise constant approximation of this function, three sets of approx-
imations are used, denoted by R1, R2 and R3. The entire interval of bubble size variation
is replaced by the range [dmin, dmax], where dmin = exp(µ − 3σ), dmax = exp(µ + 3σ),
which corresponds to 99.7% of all bubbles. The R1 distribution approximation is uniform with
respect to the variable db in the range [dmin, dmax]; the entire range is divided into N classes,
each class having the same width with respect to db. The R2 distribution approximation is
uniform with respect to the variable ln(db); the range [ln(dmin), ln(dmax)] is divided into N
classes, the width of each class with respect to ln(db) is the same. The R3 approximation is
a hybrid R2–R1: the first N/2 classes are uniformly distributed with respect to the variable
ln(db) in the range [ln(dmin), µ]; the subsequent N/2 classes are uniformly distributed with
respect to the variable db in the range [exp(µ), dmax].

The distribution approximation of type R1 is used for validation purposes. A set of
different numbers of classes is used with N = [1. . . 10], covering a range from a monodisperse
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approach to a detailed polydisperse one. The validation is performed for the characteristic
bubble size M = 0.5 mm.

The lognormal distributions under consideration correspond to four characteristic
bubble sizes M: 0.25 mm, 0.375 mm, 0.5 mm and 1.0 mm. Five combinations of the
number of classes and distribution approximation options are introduced: (N = 1, R1),
which corresponds to monodisperse bubbles, (N = 4, R3), which corresponds to a compact
economic distribution, (N = 7, R1) and (N = 7, R2), which allow a qualitative description
of the polydisperse medium, and (N = 10, R3), which provides a detailed description of the
polydisperse bubble flow.

The discretized BSDs for the characteristic bubble size db = 0.25 mm are shown in
Figure 2, with the exception of the monodisperse one, since it is elementary. It is worth
noting some features of these distributions.

Figure 2. BSD function and piecewise approximations. The characteristic bubble size is db = 0.25 mm.
(a) N = 7, R1; (b) N = 7, R2; (c) N = 4, R3; (d) N = 10, R3.

It can be seen that the distribution (N = 7, R1) does not describe the features of the
distribution of small bubbles, providing for this domain only one class for bubbles from 0
to 0.25 mm. The distribution (N = 7, R2) resolves small bubbles at the expense of details for
large bubbles. The distribution (N = 4, R3), despite some roughness, singles out a class for
small and medium bubbles. The distribution (N = 10, R3) is the most detailed, describing
both small and large bubbles well over the entire range.

4. Results and Discussion
4.1. Algorithm Verification

To assess the convergence of the algorithm by the number of classes N, the following
parameters are used: the interfacial area Sint, the bubble volume fraction αb, the bubble velocity
Vb and the liquid velocity Vl. The bubble volume fraction, interfacial area and bubble velocity are
calculated as follows:
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αb =
N

∑
i=1

αib,

Sint =
N

∑
i=1

nib · πd2
ib,

Vb =
N

∑
i=1

(αibVib)/αb.

(22)

The overall averaged values are used to monitor the convergence to a stable solution
as N increases, as well as the deviation of solutions with number of classes N and N-1.

Figure 3 shows the averaged values of the variables mentioned above and the nor-
malized deviation of the variable values compared to the solution obtained for N-1 bubble
classes as a function of the number of classes. Due to the averaging procedure, these values
represent the entire flow behavior. Figure 3 shows the averaged values of the above vari-
ables as a function of the number of classes and the normalized deviation of the variable
values compared to the solution obtained for N-1 bubble classes. Due to the averaging
procedure, the values represent the entire flow behavior.

Figure 3. Distributions of flow parameters as a function of the number of bubble classes. The characteristic
bubble size db = 0.25 mm; (a) the bubble volume fraction; (b) the interfacial area density; (c) the bubble
velocity; (d) the liquid velocity.

It can be seen that the monodisperse approach overpredicts the total gas holdup within a
column as well as the interfacial density. With increasing N the solution tends to converge
to the polydisperse solution, with normalized deviation tending to the vicinity of zero at
N ≥ 5 for the bubble volume fraction, the interfacial area density and the bubble velocity.
The differences between the variants are less than 1% at N = 4, indicating that sufficient detail is
captured to estimate the integral flow parameters. However, the fluid velocity, despite having
the lowest normalized deviation, also has the lowest rate of deviation decay, approaching 0 at
N > 6. Thus, a converged solution in terms of N can be obtained at N = 7.
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4.2. An Impact of Characteristic Bubble Size and Parameters of Approximation of the BSD
Function on the Flow Structure

Some results of the BCR flow simulation are presented below. The radial profiles of the
bubble volume fraction αb (Figure 4), the interfacial surface area Sint (Figure 5), the bubble
velocity Vb (Figure 6) and the carrier phase velocity Vl (Figure 7) are shown.

The data correspond to the reference cross-section (see Figure 1) for three characteristic
bubble sizes (0.25 mm, 0.5 mm and 1 mm) and four variants of approximations: (N = 1, R1),
(N = 4, R3), (N = 7, R1) and (N = 10, R3).

Figure 4. Radial profiles of the bubble volume fraction in the reference cross-section (see Figure 1)
per different characteristic bubble sizes: (a) M = 0.25 mm; (b) M = 0.5 mm; (c) M = 1.0 mm.

Figure 5. Radial profiles of the interfacial area density in the reference cross-section (see Figure 1)
for different characteristic bubble sizes: (a) M = 0.25 mm; (b) M = 0.5 mm; (c) M = 1.0 mm.
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Figure 6. Radial profiles of bubble velocity in the reference cross-section (see Figure 1) for different
characteristic bubble sizes: (a) M = 0.25 mm; (b) M = 0.5 mm; (c) M = 1.0 mm.

Figure 7. Radial profiles of liquid velocity in the reference cross-section (see Figure 1) for different
characteristic bubble sizes: (a) M = 0.25 mm; (b) M = 0.5 mm; (c) M = 1.0 mm.
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It can be seen that for small bubbles (db = 0.25 mm) there is a significant differ-
ence between the monodisperse and polydisperse approaches in all studied parameters.
As the bubble size increases (db = 1.00 mm), the profiles of the volume fraction and the
velocity of the carrier phase coincide for the two approaches. It should also be noted
that, although the variant (N = 4, R3) has fewer bubble classes than (N = 7, R1), it gives a
solution close to (N = 10, R3) for the volume fraction and the interfacial area, in contrast to
(N = 7, R1). A comparison with the experimental data [22] for db = 0.5 mm shows that the
option (N = 4, R3) is preferable.

The main emphasis is placed on the comparison of the obtained solutions with the
“reference” solution for the case (N = 10, R3) as the most detailed representation of the BSD
function. The comparison was carried out using the normalized variance of the obtained
solution and the “reference” solution in the entire domain for a set of characteristic values
of the polydisperse flow, such as the velocities of the carrier and dispersed phases, the
volume fraction of the bubbles, and the interfacial area. The normalized variance was
estimated according to the formula:

σnorm(φ) =

√√√√[Ncells

∑
i=1

(φi − φ∗i )
2/Ncells

]
/max(|φ∗|), (23)

where φ is the comparable variable for the solution under study and φ∗ is the same variable
in the same cell for the “reference” solution.

Below are plots of the weighted variances, σnorm, as a function of case number and
bubble diameter, db. For the case numbers, 1 stands for (N = 1, R1), 2 stands for (N = 4, R3),
3 stands for (N = 7, R1) and 4 stands for (N = 7, R2) (Figures 8–11).

Figure 8. Distribution of a weighted variance σnorm for the bubble volume fraction, αb.

Figure 9. Distribution of a weighted variance σnorm for the interfacial area density, Sint.
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Figure 10. Distribution of a weighted variance σnorm for the bubble velocity, Vb.

Figure 11. Distribution of a weighted variance σnorm for the liquid velocity, Vl .

Based on the analysis of all four distributions, a general conclusion can be drawn: as
the characteristic size of the bubbles increases, the difference between all approaches is
leveled and, even for the monodisperse approach, the difference with the reference one
turns out to be small: it is 5% for the interfacial area and about 1% for other quantities
for a bubble diameter of 1 mm. However, for a bubble diameter of 0.5 mm, the difference
between the monodisperse and polydisperse approaches becomes significant (up to 20%).
The difference increases with decreasing bubble diameter.

For 0.5 mm bubbles the normalized variance decreases monotonically and the solution
approaches the reference one with increase of N (variation of the parameters of the BSD
function approximation): from monodisperse (N = 1, R1), then through distributions
(N = 4, R3), (N = 7, R1) and ending with (N = 7, R2).

However, for the smallest bubble considered, with a diameter of 0.25 mm, this behavior
changes. Using the distribution (N = 4, R3), a solution can be obtained that is close to the
variant (N = 7, R2) and has a smaller difference from the “reference” one than (N = 7, R1).
This can be explained by the fact that, in the case of the distribution (N = 7, R1), small
bubbles corresponding to the left side of the BSD function are not resolved at all in the
simulation. However, their influence is important since they have the ability to accumulate
in stagnation or recirculation zones, significantly influencing the flow parameters and
changing the flow structure. Although the distribution (N = 4, R3) is coarser than (N = 7, R1),
it still describes the behavior of small bubbles.

5. Conclusions

The numerical simulation of the dynamics of polydisperse and monodisperse flows
in the BCR was performed to clarify the effect of the parameters of the piecewise constant
approximation of the BSD function.
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It was found that with increasing of bubble size the normalized variances of the
bubble volume fraction, the liquid velocity, and the specific density of the interfacial surface
calculated for the polydisperse and monodisperse descriptions of the BCR working medium
decrease. In particular, for bubbles with a characteristic size of M = 1.0 mm, the normalized
variance is about 1% for the velocity and 5% for the density of the interfacial surface.

The discrete approximation of the BSD function with the uniform distribution of bins
with respect to ln(db) (R2) provides a better solution, in terms of normalized variances,
than that with the uniform bins with respect to db (R1), due to the correct resolution of the
domain of small bubbles (with db < M).

A hybrid approximation of the BSD function R3 has been proposed which is uniform
with respect to ln(db) for bubbles with sizes smaller than M and uniform with respect to db
for sizes larger than M. Such an approximation is potentially preferable with substantially
large bubble sizes up to (db > 6 mm).

The hybrid approximation of the BSD (R3) with four classes of bubbles provides better
results than the original R1 approximation with seven classes and is comparable to the
R2 approximation with seven classes of bubbles. The obtained results were compared
with the results for the R3 approximation with 10 classes of bubbles as well as with
the experimental data, and demonstrated qualitative and quantitative agreement. This
makes the proposed approach promising for flow pattern prediction and robust due to low
computational resource requirements.
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