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Abstract: The solute transport in the fractured rock is dominated by a single fracture. The geometric
characteristics of single rough-walled fractures considerably influence their solute transport behavior.
According to the self-affinity of the rough fractures, the fractal model of single fractures is estab-
lished based on the fractional Brownian motion and the successive random accumulation method.
The Navier–Stokes equation and solute transport convective-dispersion equation are employed to
analyze the effect of fractal dimension and standard deviation of aperture on the solute transport
characteristics. The results show that the concentration front and streamline distribution are inhomo-
geneous, and the residence time distribution (RTD) curves have obvious tailing. For the larger fractal
dimension and the standard deviation of aperture, the fracture surface becomes rougher, aperture
distribution becomes more scattered, and the average flow velocity becomes slower. As a result,
the average time of solute transport is a power function of the fractal dimension, while the time
variance and the time skewness present a negative linear correlation with the fractal dimension. For
the standard deviation of aperture, the average time exhibits a linearly decreasing trend, the time
variance is increased by a power function, and the skewness is increased logarithmically.
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1. Introduction

Solute transport analysis in fractured rock is critical in many applications, such as
geological storage of nuclear waste [1], landfill [2] and pollutant migration with groundwa-
ter [3]. Due to the geological actions and engineering disturbances, the fracture geometry
involving aperture distribution and surface roughness is commonly heterogeneous and
anisotropic [4,5], which significantly influences the solute transport characteristics of a
rock mass.

The single fracture is a basic component unit of fractured rock, which is the theoretical
basis of solute transport in complicated rock [6–11]. Many studies have been conducted on
the parallel plates of a single fracture. For instance, Edson and Thomas [12] have prelimi-
narily emphasized that the average aperture and the standard deviation of aperture have an
important influence on the solute transport breakthrough curve using a three-dimensional
parallel version of the test and numerical simulation. Yu and Lei [13] combined the smooth
parallel plate model and the local cubic theorem to transform the three-dimensional model
into a two-dimensional plane model. The results show that the concentration front be-
comes more heterogeneous when the fracture aperture decreases. However, the surface
roughness and aperture distribution of natural fractures are random and irregular [14,15].
To investigate the relationship between the solute transport characteristics and the het-
erogeneous distribution of aperture and surface roughness, Wang and Zhou [16] carried
out a numerical simulation of a single fracture with different fracture roughness, and the
results showed that the concentration front of a rough fracture has obvious unevenness
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and anisotropy. Jeong and Song, Zou et al., and Stoll et al. [17–19] studied the relationship
between the solute transport characteristics and normal pressure by numerical simulation
and indicated that fracture roughness and normal stress have a great influence on solute
transport. From the solute transport simulations, with respect to the different fracture
geometric characteristics, [20] found that the solute transport breakthrough curve and
residence time distribution curve have obvious early arrival and long tail phenomena.
Wang et al. [21] analyzed the effects of roughness and normal pressure on fluid flows and
solute transport characteristics in three-dimensional rough fractures under constant normal
stiffness boundary conditions, and the results showed that solute dispersion transport
behavior became more obvious with the increase of normal pressure and the Hurst value.
However, the quantitative analysis of fracture geometry on solute transport characteristics
is insufficient, and there are few studies considering the influence of the standard deviation
of aperture on solute transport.

According to the above studies, the aperture and roughness can lead to an uneven
distribution of concentration fronts and streamlines, and the solute transport breakthrough
curve and residence time curve produce early arrival and long tail. In order to describe these
types of uneven changes quantitatively, most scholars adopt the fastest arrival time, median
time and peak time to analyze the changes, and the influence mechanism is explained by
comparing the variation in the residence time curve. For example, Hu et al. [22] adopted
the fastest breakthrough time to quantitatively analyze the solute penetration curve, and
the variation of the residence time distribution curve was used to describe the overall
transport speed. Zou and Cvetkovic [23] used the fastest time, median time and peak time
to describe the variation characteristics of the solute penetration curve. Wang et al. [24]
used the solute penetration curve and residence time distribution curve to analyze the
influence of different contact deformations on solute transport in fractures. Wang et al. [21]
compared the mean and standard deviations of particle travel time under different normal
pressures and fractal dimensions to analyze the variation of the Peclet value (ratio of
convection rate to diffusion rate). It can be concluded that the fastest arrival time and peak
concentration time are mainly used to express the distribution characteristics of the solute
penetration curve, but they cannot reflect the speed of the overall transport. However,
the question of how to quantify the asymmetric distribution and tailing characteristics for
the residence time curve is still lacking in most previous studies. In order to address the
above problems, the fractional Brownian motion and the successive random accumulation
method are proposed to generate the self-affinity of the rough fractures. The Navier–Stokes
equation and solute transport convective-dispersion equation are employed to simulate
the solute transport process through single rough-walled fractures with different fractal
dimensions and standard deviation, in which the average time, time variance and time
skewness are used to quantify the overall solute transport speed, dispersion characteristics
and tailing phenomenon, respectively. The relationships between the average time, time
variance, time skewness and fracture roughness, and aperture distribution are established.

2. Generation of Rough-Walled Fracture

Based on the self-affinity of the fracture surface, fractal geometry theory is employed
to describe the irregular morphology of rough fractures [22,25,26]. In three-dimensional
fractional Brownian motion, a single-valued continuous random function, z (x,y), is defined
to represent the variation in the surface elevation in space. For the arbitrary distance, h, the
steady-state increment (z(x + h,y) z(x,y)) or (z(x,y + h) z(x,y)) obeys the normal distribution
with mean zero and variance δ2. The self-affinity of a fractional Brownian motion increment
can be stated as: {

〈[z(x, y)− z(x + rh, y)]〉 = 0
〈[z(x, y)− z(x, y + rh)]〉 = 0

(1)
〈
[z(x, y)− z(x + rh, y)]2

〉
= r2(3−D)

〈
[z(x, y)− z(x + h, y)]2

〉〈
[z(x, y)− z(x, y + rh)]2

〉
= r2(3−D)

〈
[z(x, y)− z(x, y + h)]2

〉 (2)
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where <·> is the mathematical expectation, D is the fractal dimension, and r is the constant.
The variance is expressed as:

δ2
rh =


〈
[z(x, y)− z(x + rh, y)]2

〉〈
[z(x, y)− z(x, y + rh)]2

〉 (3)

δ2
h =


〈
[z(x, y)− z(x + h, y)]2

〉〈
[z(x, y)− z(x, y + h)]2

〉 (4)

Combining F Equations (3) and (4) gives:

δ2
rh = r2(3−D)δ2

h ⇒ δrh = r3−Dδh (5)

where δ2
rh and δ2

h are the variance subjects to the elevation increments rh and h, respectively.
According to the successive random addition method, in each step of subdivision, the

fracture surface is divided into the square subdomain, and the center points and midpoints
are linearly interpolated by averaging the elevation of the neighbor corner points. At the
same time, a random elevation from the normal distribution N

(
0, ∆2

n
)

is added to each
point and

∆2
n = δ2

0

(
1− 24−2D

)/(
22(3−D)

)n

to guarantee the self-affinity Equation (5). In this way, the lower surface of the fracture is
quantified by z1 (x,y), and the upper fracture surface z2 (x,y) can be obtained by the shear
displacement method from Wang et al. (1988):

z2(x, y) = z1(x + xd, y + yd) + u (6)

where (xd, yd) is the r shear displacement.
The fracture aperture function b(x,y) can be expressed as:

b(x, y) =
{

z2(x, y)− z1(x, y) if z2(x, y) > z1(x, y)
0 otherwise

(7)

A typical example of fracture generation and its aperture distribution associated with
the fractal dimension D = 2.5, mean aperture b = 0.5 mm and standard deviation δ = 0.11
mm are shown in Figure 1. As shown in Figure 1c, the aperture distribution from numerical
generation is obtained as b = 0.502 mm and δ = 0.11 mm, which are close to the input values.
Therefore, the successive random addition method is valid for generating rough-walled
fractures.
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3. Solute Transport Model in Rough Fracture

For the isothermal, incompressible, and homogenous single Newtonian steady flow,
the fluid motion in a single rough-walled fracture can be solved using the Navier-Stokes
and continuity Equations [27,28]:

∇ · u = 0 (8)

ρ(u · ∇)u− µ∇2u = −∇p (9)

where ρ, u, P, and µ are the fluid density, velocity vector, fluid pressure and dynamic
viscosity, respectively.

For the numerical simulations, the fracture surfaces are considered non-slip bound-
aries. As shown in Figure 2, the fluid flow occurs under the hydraulic gradient from the
inflow boundary on the left side to the outflow boundary on the right side; the residual
boundaries are specified as impermeable.
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As demonstrated by Bodin et al. [29,30], the physical mechanism of solute transport in
fractured rock mass includes advection, dispersion and diffusion, diffusion from a fracture
to a matrix in a matrix, fracture surface and matrix adsorption, radioactive decay and
chemisorption. For simplicity, the solute transport behavior of the fractures is concentrated
in the advection and dispersion. The advection and dispersion Equations of rough-walled
fractures can be expressed as:

∂C
∂t

=
∂

∂x

(
Dxx

∂

∂x
+ Dxy

∂

∂y

)
+

∂

∂y

(
Dyx

∂C
∂x

+ Dxx
∂C
∂x

)
− ∂

∂x
(C · ux)−

∂

∂x
(
C · uy

)
(10)

where C, u, t and D are the solute concentration, average velocity, time and diffusion
coefficient, respectively.

The initial and boundary conditions yield:

C(x, y, z, 0) = 0 (11)

Cin|x=0,t>0 = C1 (12)

∂C
∂n

∣∣∣∣
x=l,t≥0

= 0 (13)

where L is the fracture length along the flow direction, and n is the normal outward vector
to the boundary.

COMSOL Multiphysics is a multi-physical field coupling simulation software based
on the finite element method. It is widely used in flow and solute transport simulations
in fractured rock, and its reliability has been fully verified [22,25,31]. In this study, the
fracture surfaces generated by successive random addition methods are exported into the
dxf format and then imported into COMSOL to form a three-dimensional solid model
of rough fracture by block cutting, as shown in Figure 2. The laminar flow module and
dilute material transfer module are applied to analyze the flow and solute transport process
through the three-dimensional rough fractures. In order to ensure the calculation accuracy,
the number of rough fracture model elements is controlled at about 2.5 million.

4. Results and Analysis
4.1. Concentration Distribution

In order to investigate the effect of the fracture geometry on the solute behavior, the
size of all the rough fracture models was fixed as 20 mm × 20 mm, and the mean aperture
was 0.5 mm. The fractal dimension varied from 2.1 to 2.5, while the standard deviation
ranged from 0.07 to 0.15. The total simulation time was 1500 s, the inflow boundary
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concentration was set as 1 mol/L, the dispersion coefficient was 2.03 × 10−9 m2/s, and the
pressure difference between the inflow boundary and outflow boundary was 0.05Pa.

As shown in Figure 3, four groups of aperture distributions are presented with D = 2.1,
2.5, and δ = 0.07, 0.15, respectively. For D = 2.1 and δ = 0.07, the aperture distribution is
compact, and the spatial variation is gentle, while for D = 2.5 and δ = 0.15, the aperture
distribution is dispersed, and the spatial variation is drastic. The results show that, with the
increase of the fractal dimension and standard deviation of aperture, the fracture surface
becomes more rough-walled and fluctuated.
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Corresponding to Figure 3, the concentration distribution and streamlined distribution
of the four groups are shown in Figure 4. The distribution of the concentration fronts and
streamlines is inhomogeneous. With the increase of the fractal dimension and standard
deviation of fracture aperture, the streamlines turn to be more tortuous, and the flow
distribution becomes more uneven, which leads to the enhancement of the inhomogeneity
of the concentration front. The results show that the geometrical characteristics of rough
fractures have an important effect on their solute transport characteristics.

4.2. Breakthrough Curve

In order to quantify the influence of fracture geometry on solute transport behaviors,
the average time t, time variance s2 and time skewness skt are used to represent the speed,
dispersion and tailing of solute transport, respectively. The solute transport breakthrough
curve (BTC) and residence time distribution curve (RTD) are shown in Figure 5. The
average time t of solute transport is calculated by selecting the fastest time tmin and the
peak time tmax arriving at the outflow boundary as:

t =

∫ tmax
tmin

f (t)tdt∫ tmax
tmin

f (t)dt
(14)
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The time variance s2 and time skewness skt of the residence time distribution curve is
calculated on the basis of average time:

s2 =

∫ tmax
tmin

f (t)(ti − t)2dt∫ tmax
tmin

f (t)dt
(15)

skt =

∫ tmax
tmin

f (t)( ti−t
s )

3
dt∫ tmax

tmin
f (t)dt

(16)
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Figure 6 shows the breakthrough curve and average time of the solute transport from
different fractal dimensions and the standard deviation of aperture. The average arrival
time of solute transport increases with the growth of the fractal dimension and standard
deviation of aperture. This is because the increase in fracture roughness makes the flow
velocity slow and then leads to an increase in the average time of solute transport. As shown
in Figure 7a, the average time increases nonlinearly with the increase of fractal dimension.
The relationship between the average time and fractal dimension can be approximated by
a power function as below:

t = a1Db1 + c1 (17)
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As shown in Figure 7b, the average time increases linearly with the increase of the
standard deviation of aperture. The relationship between the average time and standard
deviation of aperture is described by:

t = a2δ + b2 (18)

where a, b and c are constants.
Figure 8 shows the time variance of solute transport from different fractal dimensions

and the standard deviation of aperture. The time variance decreases with the increase
of fractal dimension and increases with the increase of standard deviation, respectively.
As shown in Figure 8a, with the increase of fractal dimension, the time variance linearly
decreases. The relationship between time variance and fractal dimension can be expressed
as:

s2 = a3D + b3 (19)
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Figure 8. (a) Time variance versus fractal dimension; (b) time variance versus standard deviation of
aperture.

As shown in Figure 8b, with the increase of standard deviation of aperture, the time
variance nonlinearly increases. The relationship between the time variance and standard
deviation of aperture can be described by a power function:

s2 = a4δb4 (20)

Figure 9 shows the RTD curves from different fractal dimensions and the standard
deviation of aperture. The RTD curves are generally asymmetric and behave in a tailing
manner. With the increase of fractal dimension, the RTD curves skew to the right. The
increase of the standard deviation of aperture makes the right part of the RTD curves flatter.
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Figure 9. (a) RTD curves of different fractal dimensions; (b) RTD curves of different standard
deviation of aperture.

As the fractal dimension increases, the fastest time tmin increases, and the peak time
tmax decreases. However, the intermediate area of the RTD curves becomes narrow, in-
dicating that a larger standard deviation can lead to a wide-ranging distribution of RTD
curves. However, with the increase of the standard deviation of aperture, the preferential
flow is more easily formed to decrease the fastest time tmin and increase the peak time tmax.
Therefore, the larger range of the time distribution results in a greater time variance.

Figure 10 shows the variation of time skewness for different fractal dimensions and
the standard deviation of aperture. With the increase of fractal dimension, the curve
symmetry is enhanced, but the tailing and skewness decrease. For the increase of the
standard deviation, the curve symmetry is weakened, but the trailing is more pronounced,
and the skewness increases.
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As shown in Figure 10a, the linear relationship between time skewness and the fractal
dimension can be expressed as:

skt = a5D + b5 (21)

As shown in Figure 10b, the nonlinear relationship between time skewness and
standard deviation can be stated as:

skt = a6 ln δ + b6 (22)

5. Conclusions

The solute transport behavior through single fractures is greatly affected by the aper-
ture distribution and surface roughness; a systematic approach is still required to quantify
the asymmetric distribution and tailing characteristics of RTD curves with respect to the
geometrical characteristics of single fractures. In order to evaluate the effect of fracture
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geometry on the solute transport behaviors, the rough-walled fractures are generated based
on fractional Brownian motion and the successive random addition method. The Navier–
Stokes and solute transport convective-dispersion equations are solved by the COMSOL
software. The average time t, time variance s2 and time skewness skt are obtained to
describe the speed, dispersion and tailing of solute transport. The main conclusions are as
follows:

(1) The geometric model of rough-walled fractures is successfully generated by the
successive random addition method, which can guarantee consistency between the
output and input values. With the increased fractal dimension and standard deviation,
the fracture roughness becomes larger, and the aperture distribution becomes more
scattered, which can make the streamline more tortuous, the flow distribution more
uneven, and the concentration front more inhomogeneous.

(2) With the growth of fractal dimensions, the average time of solute transport increases
nonlinearly, and the time variance decreases linearly, respectively. The RTD curve
skews more to the right, and the middle region turns to be more concentrated. The
curve symmetry is enhanced, the tailing degree is weakened, and the time skewness
is decreased.

(3) With the increase of the standard deviation, the average time and the time variance
of solute transport increase linearly and nonlinearly, respectively. The right part of
RTD curves turns to be flatter with a larger range of time distribution, and the tailing
degree is enhanced. Therefore, the curve symmetry is weakened while the skewness
is increased.

(4) Based on the curve fitting, the average time of solute transport linearly increases with
the standard deviation and the fractal dimension by the power function. The time
variance has a linear decreasing relationship with fractal dimension and a power
function increasing relationship with standard deviation. The time skewness has a
linear decreasing relationship with fractal dimension and a logarithmic increasing
relationship with standard deviation.
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