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Abstract: Anaerobic digestion (AD) is an efficient wastewater bioprocess, suitable for treating agroin-
dustrial residues with high organic loads and characterized by both a low environmental impact
and energy generation. This process is conformed by several chemical and biological reactions in an
oxygen free atmosphere, that degrades high molecular weight organic compounds into carbon diox-
ide and methane mainly but also into traces of hydrogen and ammonia. This process is potentially
unstable to volatile fatty acids (VFA), and the alkalinity. variations and is satisfactorily described
by the non-linear AM2 model. In this contribution, the AM2 model is modified to include a more
general expression for the pH, a cheap and continuous measurement, and also to add more detail
in the interactions of the VFA, bicarbonates, and the alkalinity, key factors in the process stability.
The stability of the AM2 modified model is explored through a rigorous bifurcation analysis that
identifies unstable operation zones and viability of operation trajectories as a function of the dilution
rate. Finally, an experimental validation is carried out to show the feasibility and accuracy of the
proposed modifications.

Keywords: anaerobic digestion; AM2; AMOCO; stability; alkalinity

1. Introduction

Anaerobic digestion (AD) is an appealing bioprocess for agroindustrial wastewater
treatment that shows many advantages when compared to other treatments [1–5]. For in-
stance, AD may have profit returns from energy production and a direct way of recycling nu-
trients [2,6]. However, unexpected changes in temperature, hydraulic or organic overloads
and the presence of inhibitory substances may negatively affect the digester stability [7–9].
Under these circumstances, the digester becomes unstable due to the accumulation of
volatile fatty acids (VFA) drastically lowering the digester pH (acidification) [10]. If the
perturbation that produces the digester instability is not mended in an early stage, the
global failure of the digestion process is expected [11,12]. This is one of the reasons why
most of the researches are focused on finding new ways to improve the AD performance
by implement monitoring techniques and advanced control schemes that guarantee the
stability of the digester [13–21]. On the other hand, many other researches [1,22–24] are
focused on the regulation of a parameter known as alkalinity to reach the stability of the
digestion process, in particular, Ripley et al. [10] proposed a methodology to measure the
intermediate alkalinity (IA), which evaluates alkalinity between pH 5.7 and 4.3 and in
conjunction with the partial alkalinity (PA) and the total alkalinity (TA), quantify the buffer
capacity in the digestor of the the VFA, bicarbonates and the sum of both, respectively,
allowing to prevent the acidification and washout of the biomass of the AD process. For
instance, Palacios-Ruiz et al. [22] proposed the simultaneous control of VFA and the total
alkalinity in anaerobic digesters. The control scheme is conformed by an output feedback
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control and an extended Luenberger observer that is used to estimate the uncertainties
corresponding to the controlled states, while in the literature a common variable associated
to alkalinities is the IA:PA ratio.

There are several models developed in the literature to describe the AD process [1,24–30].
Some models [31,32] have as the main objective to display a high precision representation
of the biological processes that occur during the degradation of organic matter through
AD. Nevertheless, these models are characterized by a large number of equations and
parameters that makes them unsuitable for practical applications on real AD processes
such as estimation or control tasks. The Anaerobic Digestion Model 2 (AM2) proposed
by Bernard et al. [33] is conformed by a reduced number of equations, provide an ade-
quate precision of the AD processes by considering two biological reactions and elemental
physicochemical balances, while maintaining a mathematical simplicity. Regardless of the
mentioned advantages that the AM2 model presents, it does not explicitly consider the
alkalinities, i.e., the partial (PA), the intermediate (IA) and the total alkalinity (TA), and
their ratios. In several studies [10,16,34] it has been shown that the IA:PA and IA:AT ratios
are of paramount importance for process monitoring, surveillance, and control purposes. In
this regard, several robust control schemes have been proposed to regulate state variables
along with the alkalinities by introducing mild modifications to the model, such that the
effect of strong ions can be considered more explicitly [1,35].

On the other hand, stability analysis of mathematical models provides important
information on the qualitative behavior of the system that is being modeled. For instance,
the stability analysis might show not only the equilibrium regions for the system but also
the detection of stable regions of the system. In other words, the stability analysis provides
limit values for the main system variables that assure its stable operation. Several stability
analysis have been developed [36–38] for a number of anaerobic digestion models whose
results have been considered in the development of monitoring and robust control schemes.
Thus, the main focus of this contribution is to include several modifications to the AM2
model in order to directly evaluate the IA:PA ratio and to report a bifurcation and a stability
analysis of the modified model, which allows to define the stable operation zones of the
process. The proposed modifications emerge from the chemical balance of the ionic species
involved in the AD process and by including the pH as an additional algebraic variable,
then, the relations that allow the direct evaluation of the IA:PA and IA:TA ratios are derived.
This paper is organized as follows: in Section 2, the proposed modifications to the AM2
model are shown and developed for the inclusion of the alkalinity factor as a variable, in
Section 3, the stability analysis of the modified model is discussed with a special focus
on the results obtained on the behavior of the IA:PA and IA:TA ratios for the stable and
unstable zones. Finally, in Section 4, conclusions and future work are discussed.

2. Modifications to the AM2 System

The AM2 model [33] has some of the desirable characteristics for control design, since
it is a relatively simple model but with a satisfactory prediction of the AD process dynamic
behavior. This model describes the acidogenesis and methanogenesis stages, contains six
state variables and has the following structure:

Ẋ1 = [µ1(S1)− αD]X1 (1)

Ẋ2 = [µ2(S2)− αD]X2 (2)

Ṡ1 = (S1,in − S1)D− k1µ1(S1)X1 (3)

Ṡ2 = (S2,in − S2)D + k2µ1(S1)X1 − k3µ2(S2)X2 (4)

Ż = D(Zin − Z), (5)

ĊTI = (CTI,in − CTI)D + k4µ1(S1)X1 + k5µ2(S2)X2 −QCO2
(6)

where X1

(
kg L−1

)
is the acidogenic biomass, X2

(
kg L−1

)
is the methanogenic biomass,

S1

(
kg L−1

)
is the soluble chemical oxygen demand (COD), S2

(
mol L−1

)
is the VFA con-
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centration, Z
(

mol L−1
)

is the sum of strong ions, and CTI

(
mol L−1

)
is the total inorganic

carbon (TIC). D
(

d−1
)

is the dilution rate, defined as D ≡ F/V, where V (L) is the reactor

volume and F
(

L d−1
)

is the volumetric flow, α (−) is the suspended biomass fraction in

the liquid phase (0 ≤ α ≤ 1), ki

(
mol kg−1

)
, for i = 1, 2, 3, 4, 5, are yield coefficients and

QCO2

(
mol d−1

)
is the molar flow of gaseous CO2, defined as

QCO2
= kLa

(
CCO2

− KH PCO2

)
, (7)

with kLa
(
m s−1) as a liquid-gas mass transfer coefficient, CCO2

is the disolved and not
dissociated CO2 concentration, that Bernard et al. [33] assumed to be mainly the H2CO3
specie, KH (kPa) as the Henry constant, and PCO2 is the partial pressure of the gaseous CO2,
defined by

PCO2
=

η −
√

η2 − 4KH PTCCO2

2KH
, (8)

where η = KH PT + CCO2
+

qCH4
KLa , CCO2

= CTI + S2 − Z, PT is the total pressure in the

digester, and qm

(
mol d−1

)
is the methane molar flow, given by

qCH4
= k6µ2X2. (9)

The expression µ1(S1)
(

d−1
)

represents a Monod-type specific growth rate for acido-

genic microorganisms while µ2(S2)
(

d−1
)

represents a Haldane type specific growth rate
for methanogenic microorganisms, where it is assumed that the VFA at high concentrations
induces microbial growth inhibition. The Monod and Haldane microorganisms growth
kinetics are given respectively by

µ1 =
µ1 maxS1

KS1 + S1
(10)

µ2 =
µ2 maxS2

KS2 + S2 + S2
2/KI2

(11)

with µ1 max

(
d−1

)
as the maximum growth rate for acidogenic bacteria, KS1

(
kg L−1

)
as the

half saturation constant, µ2 max

(
d−1

)
as the maximum growth rate for methanogenic archaea,

KS2

(
mol L−1

)
as the half saturation constant, and KI2 (mol L) as the inhibition constant.

The acidogenic balance, with the reaction r1 = µ1(S1)X1 is represented by

k1S1
r1→ X1 + k2S2 + k4CO2

and the methanogenic balance, with the reaction r2 = µ2(S2)X2 is given by

k3S2
r2→ X2 + k5CO2 + k6CH4

where k1(−) is the yield coefficient for COD degradation, k2
(
mmol g−1) is the yield co-

efficient for VFA production, k3
(
mmol g−1) is the yield coefficient for VFA consump-

tion, k4
(
mmol g−1) and k5

(
mmol g−1) are the yield coefficient for CO2 production and

k6
(
mmol g−1) is the yield coefficient for CH4 production.
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Physicochemical Relationships

The AM2 model has been validated for several substrates and operating conditions [22,39]
however, modifications can be made in its structure in order to include the process alkalin-
ity by considering the physicochemical equilibrium of the dissociated and undissociated
species and by including the effect of pH.

Considering the balance of species developed by Bernard et al. [33], the total VFA
consider both dissociated and un-dissociated species, i.e.:

S2 = [S2H] +
[
S−2
]

(12)

where S−2
(

mmol L−1
)

and S2H
(

mmol L−1
)

are the ionized and un-ionized acid species
respectively, while the TIC can be represented as:

CTI = [H2CO3] +
[
HCO −

3
]
+
[
CO 2−

3

]
+ [CO2] (13)

[H2CO3],
[
HCO −

3
]
,
[
CO 2−

3

]
and [CO2] are the carbonic acid, bicarbonate, carbonate,

and the aqueous carbon dioxide concentrations, respectively. Due to the normal stable
operation conditions of AD processes, in the pH range of 6–8 in [33] it was considered that
the bicarbonates are partially dissociated, while the VFA are completely dissociated, i.e.,
CTI ≈

[
HCO −

3
]
+ CCO2

and S2 ≈
[
S−2
]
, however if the pH is different from the proposed

range, i.e., pH < 6 or pH > 8, the approximation has less accuracy, therefore to measure the
alkalinity using the typical methodology [10] and to include all the pH ranges operating
conditions of an anaerobic digester, the full balances (12) and (13) must be considered.

To compute ion concentrations, the following equilibrium relationships are considered:

S2H −−⇀↽−− S−2 + H+

H2O + CO2(aq) −−⇀↽−− H2CO3

H2CO3 −−⇀↽−− HCO −
3 + H+

HCO −
3 −−⇀↽−− CO 2−

3 + H+

H2O −−⇀↽−− HO− + H+

where the anions are S−2 , HCO 2−
3 , CO 2−

3 and OH−, while the common cation is H+.
The respective equilibrium constants under ideal conditions for each dissociation in

aqueous medium are

Kac =

[
S−2
]
H+

[S2H]
(14)

K′c =
[H2CO3]

[H2O][CO2]
(15)

Kc1 =

[
HCO −

3
]
H+

[H2CO3]
(16)

Kc2 =

[
CO 2−

3

]
H+[

HCO −
3
] (17)

Kw =

[
OH−

]
H+

[H2O]
(18)

Kc ≈ [H2CO3][CO2]
−1 (19)

where
[
H+
]
= 10−pH is the hydrogen ion concentration, and

[
OH−

]
is the hydroxil

concentration, while [H2O] is the concentration of water that can be considered constant,
therefore, it is possible to replace K′c with Kc = K′c[H2O] ≈ constant and Kw[H2O] ≈
1× 10−14 such that Kc = [H2CO3][CO2]

−1 and
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H+
[
OH−

]
= 1× 10−14 ⇒

[
OH−

]
= 10−(14−pH).

Thus, the hydroxil concentration can be determined through pH measurements. Fur-
thermore, by requiring electroneutrality ion balance in the solution, the following equation
is obtained:

Z + H+ =
[
HCO −

3
]
+ 2
[
CO 2−

3

]
+
[
S−2
]
+
[
OH−

]
(20)

Considering the derivation above, it is possible to evaluate all the chemical species
concentrations as functions of both pH and the AM2 state variables as follows:

[S2H] =
H+S2

Kac + H+
=

S2

1 + 10pHKac
(21)

[
S−2
]

=
KacS2

Kac + H+
=

10pHKacS2

1 + 10pHKac
(22)

[CO2] =
H+2CTI

(1 + Kc)H+2 + KcKc1H + KcKc1Kc2
(23)

[H2CO3] =
KcH+2CTI

(1 + Kc)H+2 + KcKc1H + KcKc1Kc2
(24)

[
HCO −

3
]

=
KcKc1H+CTI

(1 + Kc)H+2 + KcKc1H+ + KcKc1Kc2
(25)[

CO 2−
3

]
=

KcKc1Kc2CTI

(1 + Kc)H+2 + KcKc1H+ + KcKc1Kc2
(26)

According to Bernard et al. [33], in Equation (8) the CCO2
concentration is computed as

CCO2
= CTI +S2−Z, that is based on the simplified expressions for CTI ≈

[
HCO −

3
]
+ CCO2

and S2 ≈
[
S−2
]

proposed by Bernard et al. [33] for pH around 7, however for a broader
region of pH, these approximations are no longer useful, thus we propose to compute
CCO2

= [CO2] with Equation (23). In addition, by using Equation (20) and the ions concen-
trations, it is possible to establish a direct relationship between Z and H+ knowing CTI and
S2 in the following form

Z = θ1
(
H+
)
CTI + θ2

(
H+
)
S2 + θ3

(
H+
)

(27)

where θ1, θ2, and θ3 are functions of the hydrogen ion concentration:

θ1(H) =
H+ + 2Kc2(

1 + 1
Kc

)
H+2

Kc1
+ H+ + Kc2

(28)

θ2(H) =
Kac

Kac + H+ (29)

θ3(H) =
1× 10−4

H+ −H+ (30)

and similarly, a relationship to determine the amount of acid required to perform the
titration at a desired pH can be defined as

Z = θ1

(
10−pHi

)
CTI + θ2

(
10−pHi

)
S2 + θ3

(
10−pHi

)
+
[
F−
]

where [F−] is the concentration of the strong acid titration solution required for a established
pH. The pHi (with i = 1, 2) is the pH established to evaluated the partial (i = 1) and total
(i = 2) alkalinity [10].
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Thus, the following relationships depicting the different alkalinities in the digestor
are obtained:

PA = Z− θ1,1CTI − θ2,1S2 − θ3,1 (31)

TA = Z− θ1,2CTI − θ2,2S2 − θ3,2 (32)

IA = TA− PA, (33)

where PA is defined as the partial alkalinity, TA is the total alkalinity, and IA is intermediate
alkalinity and Z is described in Equation (27). Here

θi,j = θi,j

(
10−pHj

)
, i = 1, 2, 3, j = 1, 2,

while pH1 = 5.75, since this value is linked to the alkalinity due to the bicarbonates, and
pH2 = 4.3, since at this value the buffer capacity of both the bicarbonates and the VFA is
measured [10].

The proposed modification of the AM2 model allows us to compute the alkalinities
using Equations (31)–(33), however they require the pH, which can be obtained by solving
the nonlinear Equation (27). To avoid this inconvenient, it is possible to replace the dynam-
ics of the sum of strong ions (Z), i.e., the Equation (5), with the dynamics of the hydrogen
ion concentration, H+ = 10−pH, that has the following form:

Ḣ+
= −

[
k4θ1

(
H+
)
+ k2θ2

(
H+
)]

µ1(S1)X1

+
[
k3θ2

(
H+
)
+ k5θ1

(
H+
)]

µ2(S2)X2 +
[
θ1
(
H+

in
)
− θ1

(
H+
)]

CTI,inD (34)

+
[
θ2
(
H+

in
)
− θ2

(
H+
)]

S2,inD +
[
θ3
(
H+

in
)
− θ3

(
H+
)]

D + θ1
(
H+
)
QCO2

where H+
in is the inflow hydrogen ion concentration that must satisfy the electroneutrality

θ1
(
H+

in
)
CTI,in + θ2

(
H+

in
)
S2,in + θ3

(
H+

in
)
= Zin.

Hence, it is possible to perform a process bifurcation and stability analysis that includes
the partial, intermediate, total alkalinities, and IA:PA ratio as depicted in the following Section.

3. Bifurcation Analysis

The bifurcation and stability analysis are performed in equilibrium points of a nonlin-
ear dynamical system described by ordinary or partial differential equations. The state of
the system is defined by the relationships between the state variables and the parameters,
which do not depend on the state variables, but these can assume different numerical
values. It is important to know how variation of a parameter affects the solution of a given
system, since small changes may have a drastic effect on the qualitative behavior. This is
known as bifurcation [40].

The equilibrium points of the modified AM2 model that now considers the pH and
the IA:PA ratio is obtained by setting the time derivatives in balances of Equations (1)–(6)
equal to zero, i.e.,

0 = [µ1(S∗1)− αD]X∗1
0 = [µ2(S∗2)− αD]X∗2
0 = (S1,in − S∗1)D− k1µ1(S∗1)X∗1
0 = (S2,in − S∗2)D + k2µ1(S∗1)X∗1 − k3µ2(S∗2)X∗2
0 = D(Zin − Z∗)
0 = (CTI,in − C∗TI)D + k4µ1(S∗1)X∗1 + k5µ2(S∗2)X∗2 + Q∗CO2
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where ∗ represents the equilibrium point values. To find the equilibrium points it is also
necessary to take into account Equations (7)–(9), (23) and (27). Hence, for each dilution rate,
D
(

d−1
)

, up to six possible equilibrium points (EPi) are obtained representing:

EP1 ( ) The washout of both biomasses, for D ≥ 0.
EP2 (�) The washout only of the methanogenic biomass, for 0 < D < D∗, with

D∗ = µ1(S1,in)/α.
EP3 The washout of the acidogenic biomass only (with two possible equilibrium points):

EP3a (�) for D− < D < D+, with D− = max
{

µ2(S2,in)
α , µ2 maxKI2

α(KI2+2S2,in)

}
and D+ = µ2 max

α(1+
√

KS2 /KI)
,

EP3b (F) for 0 < D < D+.

EP4 The survival of both biomasses (with two possible equilibrium points):

EP4a (H) for D− < D < D+ with D− = min

{
µ1(S1,in)

α ,
µ2

(
S2,in+

k2
k1
(S1,in−S∗1)

)
α

}
and D+ = min

{
µ1(S1,in)

α , µ2 max
α(1+
√

KS2 /KI)

}
,

EP4b (N) for 0 < D < D+.

Notice that for a high enough COD inflow concentration, such that

S1,in ≥
KS1(1+

√
KS2 /KI)√

KS2 /KI+
µ1 max
µ2 max

−1
, it holds that D+ = D+, i.e., that the acidogenic biomass can

survive after the washout of the methanogenic biomass, while for a small enough COD in-

flow concentration, such that S1,in ≤
KS1(1+

√
KS2 /KI)√

KS2 /KI+
µ1 max
µ2 max

−1
, it holds that D∗ = D+ and even for

smaller COD inflow concentrations with µ1(S1,in) < µ2(S2,in) it holds that D∗ = D+ = D−

and EP4a completely disappears, representing that the methanogenic biomass can survive
after the washout of the acidogenic biomass. Therefore, the number and position of the
bifurcation points depend on the kinetic parameters and inflow concentrations.

Table 1 summarizes the process variables at each possible equilibrium. The acidogenic
and methanogenic biomasses (X∗1 and X∗2 ) as well as the COD (S∗1), the VFA (S∗2) and the
sum of strong ions (Z∗) have analytical solutions for the six cases, while pH∗ and CTI must
be evaluated numerically by solving the set of nonlinear equations

C∗TI = CTI,in + α(k4X∗1 + k5X∗2 ) + Q∗CO2
(35)

Zin = θ1

(
10−pH∗

)
C∗TI + θ2

(
10−pH∗

)
S∗2 + θ3

(
10−pH∗

)
(36)

that depend on the other variables.
Finally, the stability properties for each possible equilibrium point can be evaluated

using the indirect Lyapunov method by computing the eigenvalues of the Jacobian matrix,
which depends on the particular value of the parameters, the dilution rate, and the inflow
concentrations.
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Table 1. Equilibrium points.

Total Only Only Acidogenic Washout Without Washout

Variable Washout Methanogenic Root 1 Root 2 Root 1 Root 2
Washout (ρ = 1) (ρ = −1) (ρ = 1) (ρ = −1)

EP1 ( ) EP2 (�) EP3a (�) EP3b (F) EP4a (H) EP4b (N)

Conditions D > 0 0 < D < D∗ D− < D < D+ 0 < D < D+ D− < D < D+ 0 < D < D+

X∗1 0 S1,in−S∗1
αk1

0 S1,in−S∗1
αk1

X∗2 0 0 S2,in−S∗2
αk3

k2(S1,in−S∗1 )+k1(S2,in−S∗2 )
αk1k3

S∗1 S1,in
αKS1D

µ1 max−αD S1,in
αKS1D

µ1 max−αD

S∗2 S2,in S2,in
KI2
2

[
µ2 max

αD − 1 + ρ
√( µ2 max

αD − 1
)2 − 4 KS2

KI2

]
Z∗ Zin Zin Zin Zin
C∗TI CTI,in CTI,in + αk4X∗1 Solution of: C∗TI = CTI,in + α

(
k4X∗1 + k5X∗2

)
+ Q∗CO2

H+∗ H+
in Solution of: Zin = θ1

(
H+∗)C∗TI + θ2

(
H+∗)S∗2 + θ3

(
H+∗)

QCO2
0 0 kLa

(
[CO2]

∗ − KHP∗CO2

)
PCO2

[CO2]
∗

KH

[CO2]
∗

KH

η∗−
√
(η∗)2−4KHPT [CO2]

∗

2KH
with η∗ = KHPT + [CO2]

∗ + q∗m
KL a

qCH4
0 0 k6

S2,in−S∗2
k3

D k6
k2(S1,in−S∗1 )+k1(S2,in−S∗2 )

k1k3
D

[CO2]
∗ H+∗C∗TI/

[
(1 + Kc)

(
H+∗)2

+ KcKc1H+∗ + KcKc1Kc2

]
PA∗ † Zin −Θ1,1C∗TI −Θ2,1S∗2 −Θ3,1
IA∗ † (Θ1,1 −Θ1,2)C∗TI + (Θ2,1 −Θ2,2)S∗2 + Θ3,1 −Θ3,2
TA∗ † Zin −Θ1,2C∗TI −Θ2,2S∗2 −Θ3,2

† Θi,j = θi

(
10−pHj

)
.

4. Discussion
4.1. Bifurcation of an Analytical Case Study

Regarding Table 1 there could be up to 5 bifurcation points for the dilution rate: D∗,
D−, D−, D+, and D+. For these particular parameters, the dilution rates D+ and D+

coalesce, therefore in the bifurcation diagrams they appear as the same line. These bifurca-
tion points can produce both changes in the number of possible equilibrium points and
changes in the stability properties of these equilibrium points. Regarding the number of
equilibrium points, there can be simultaneously up to 6 different equilibrium points. In
particular, the behavior of both the COD and the acidogenic biomass for the total washout
(EP1) and acidogenic washout (EP3a and EP3b) are identical, with S∗1 = S1,in and X∗1 = 0,
while the behavior of the COD for the methanogenic washout (EP2) is identical to the
behavior without washout (EP4a and EP4b) and equal to S∗1 = αKS1D/(µmax1 − αD) and
X∗1 = (S1,in − S∗1)/αk1, respectively. On the other hand, the behavior of both the VFA
and the methanogenic biomass for the total washout (EP1) and methanogenic washout
(EP2) are identical, with S∗2 = S2,in and X∗2 = 0, in contrast with the behavior of the
VFA and the methanogenic biomass for the acidogenic washout and without washout;
for these cases, the VFA in EP3a and EP4a are identical (S∗2 = (KI2/2)[µmax2 /αD − 1 +√
(µmax2 /αD− 1)2 − 4KS2/KI2]) and this VFA concentration is higher than the VFA concen-

tration for EP3b and EP4b (S∗2 = (KI2/2)[µmax2 /αD− 1−
√
(µmax2 /αD− 1)2 − 4KS2/KI2]),

which are also identical between them, while the methanogenic biomass reaches different
concentrations for all these cases (EP3a, EP3b, EP4a, and EP4b, respectively) and, given that
the methane production depends on the VFA and methanogenic biomass concentrations,
the methane flow rate also reaches different values for each of these cases.

Finally, since the behavior of the TIC concentration and the hydrogen ion concentration
(or pH) are given by the TIC and electroneutrality balances, in Equations (35) and (36), and
they depend on the behavior of the VFA and the acidogenic and methanogenic biomass
concentrations, then the TIC and the hydrogen ion concentrations are different for each
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class of equilibrium points (EP1, EP2, EP3a, EP3b, EP4a, and EP4b, respectively) and, as a
consequence, the CO2 flow rate is also different for each class of equilibrium points.

With respect to the stability properties of the model, in general for a fixed value of the

dilution rate with S1,in ≥
KS1(1+

√
KS2 /KI)√

KS2 /KI+
µ1 max
µ2 max

−1
which is the more common case, equilibrium

points for total washout (EP1,  ) are unstable nodes for D < D∗ and they are globally
asymptotically stable nodes for D > D∗. Equilibrium points for washout only of the
methanogenic biomass (EP2, �) are unstable nodes for D < D− and asymptotically stable
nodes for D− < D < D∗. Equilibrium points for the first roots of both the washout
only for the acidogenic biomass (EP3a, �) and without washout (EP4a, H) are saddle
points (unstable) for all their interval of existence, D− < D < D+ and D− < D < D+,
respectively, while the second roots of the washout only for the acidogenic biomass (EP3b,
F) are unstable nodes for all their interval of existence D− < D < D+, in contrast with the
second roots of the equilibrium points without washout (EP4b, N) that are stable nodes for
all their intervals of existence 0 < D < D+.

In order to illustrate a particular case of the previous discussion, Figures 1–4 show
the bifurcation analysis of the modified AM2 model using the parameters described in
Table 2 [33,41], with respect to the dilution rate. In all these figures the lines represent
stable equilibrium points, the dashed lines represent unstable equilibrium points and the
dotted lines indicate the bifurcation points for the dilution rate; the markers represent the
regions for each class of equilibrium, thus  represents the region for EP1,� for EP2,F for
EP3a, � for EP3b, H for EP4a, and N for EP4b. In particular, Figure 1 shows bifurcation and
stability for the state variables, thus Figure 1a,b describes the acidogenic and methanogenic
biomass behavior, respectively, while Figure 1c–e shows the behavior of COD, VFA, and
TIC. Finally, Figure 1f shows the predicted pH. On the other hand, Figure 2a,b shows the
behavior of the methane and CO2 gas flow rates, respectively, while Figure 3a–c depicts
the partial, intermediate, and the total alkalinities’ behavior, respectively. Finally, Figure 4
shows the behavior of the IA:PA ratio.

Table 2. Parameters for the simulation of the modified AM2 model [33]. The values of the physico-
chemical equilibrium constants are at standard conditions.

Parameter Value Parameter Value

µ1 max 1.2 d−1 KS1 7.1 kgCOD m−3

µ2 max 0.74 d−1 KS2 9.28 molVFA m−3

k1 72.14 kgCOD kg−1
X1

KI2 256 molVFA m−3

k2 116.5 molVFA kg−1
X1

α 0.5 (−)
k3 268 molVFA kg−1

X2
kLa 19.8 d−1

k4 50.6 molCO2 kg−1
X1

KH 0.175 molCO2 m−3kPa−1

k5 343.6 kgCO2
kg−1

X2
PT 100 kPa

k6 453.0 molCH4 kg−1
X2

Kac 1.65× 10−5 M
S1,in 30 kgCOD m−3 Kc 5.28
S2,in 175 molVFA m−3 Kc1 4.2× 10−7 M

CTI,in 165 molCO2 m−3 Kc2 4.69× 10−11 M
pHin 6.5 (−)

For the particular parameters and operating conditions (see Table 2) used to produce
Figures 1–4, there are four bifurcation points at D− = 0.78 d−1, D− = 0.85
d−1, D+ = D+ =: D+

+ = 1.08 d−1, and D∗ = 1.94 d−1. Notice that for this particular
case 0 < D− < D− < D+ = D+ < D∗, therefore, the washout of the methanogenic
biomass occurs before the washout of the acidogenic biomass, as can be seen in Figure 1a,b.
For D < D− the only stable equilibrium point is EP4b, i.e., with both biomasses remaining
alive, while for D− < D < D+ there are two stable equilibrium points, one is EP4b and the
other is EP2, i.e., both biomasses alive or only the acidogenic biomass alive, respectively.
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Then, for D+ < D < D∗ EP2 is the only stable equilibrium point and only acidogenic
biomass survives and finally, for D > D∗ both biomasses are washed out (EP1).

Thus the anaerobic digestion process can operate correctly in 0 < D < D+, where
EP4b exists and is asymptotically stable. As seen in Figure 1c,d, the stable COD and VFA
concentrations approach zero for low dilution rates and increases monotonically as the
dilution rate increases. In particular, as D increases, approaching D∗, the COD concentration
approaches S1,in due to the decrease of the acidogenic biomass, and for D > D∗ there is
only one possible equilibrium point: S1 = S1,in. On the other hand, the VFA concentration
has two possible stable equilibrium points for D− < D < D+ (EP4b and EP2), while for
D+ < D < D∗ the only stable equilibrium is S2 > S2,in (EP2), because the acidogenic biomass
produces more VFA and finally, for D > D∗ the only possible equilibrium point is S2 = S2,in
(EP1). As seen in Figure 1e, the behavior of the TIC concentration is qualitatively similar to
that of the VFA with respect to the number and stability of equilibrium points.

Finally, the stable equilibrium points for the pH in the system is alkaline for EP4b
(0 < D < D+) and becomes acid for EP2 (D− < D < D∗), while in the washout of both
biomasses (D > D∗) it becomes equal to the pH of the inflow (see Figure 1f). Notice that
the behavior of the pH is similar to the TIC concentration.

As seen in Figure 2, the maximum methane production rate appears with a dilution
rate between D− and D+, while for D > D+ the methane production disappears due to
the washout of the methanogenic biomass, and the CO2 flow keeps increasing due to its
production associated to the acidogenic biomass and the physicochemical equilibrium
that produces a desorption. Because of this, the qCO2

keeps increasing even when both
biomasses have been washed out.

In Figure 3, it can be observed that the behavior of the alkalinities is similar to the
behavior of the VFA and the TIC. In particular, the total and partial alkalinities are quali-
tatively similar to the VFA concentration (compare Figure 3a,c with Figure 1d), while the
intermediate alkalinity is qualitatively similar to the total inorganic carbon concentration
(compare Figure 3b with Figure 1e). However, due to the behavior of the stable equilibrium
points for the pH in the system (see Figure 1f), for 0 < D < D+ EP4b has positive partial
alkalinities (see Figure 3a). Notice that the partial alkalinity can become negative if the pH
of the process is below pH1 = 5.75, however, due to the parameters used here, this is not
the case.

Finally, Figure 4a,b shows the behavior of the IA:PA and IA:TA ratios, respectively.
An indirect regulation of the concentration of VFA will keep the system in the stable zone,
since in previous studies it has been demonstrated that regulating the VFA will ensure the
stability of the process [1,42] and the knowledge of the stable and unstable zones allow to
propose operation paths in order to avoid process acidification, possibly leading to failure.

Ripley et al. [10] proposed that the IA/PA ratio should be IA/PA < 0.3 to have
operational stability [39]. Although this criterion may seem arbitrary, it is interesting to
note that this value coincides exactly with the stable operating zone D < D+, both for
the IA/PA radio (Figure 4b) and for the IA/TA ratio (Figure 4b), so this criterion is fully
justified for preventing acidification and the consequent system failure. Furthermore, in [1],
where a pH operating range 6 < pH < 8 was considered and some simplifications were
made accordingly, a minimum physicochemically possible ratio IA/TA was established as
IA/TAmin = 0.22. In the present work, where a wide range of pH was considered, and no
major simplifications were made, it was found that for D < D− (i.e., in the stable zone),
minimal ratios IA/PA, and IA/TA were obtained as IA/TAmin = 0.18 (Figure 4b) and
IA/PAmin = 0.22 (Figure 4a) respectively, which is also congruent with [1].
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Figure 1. Bifurcation and stability analysis of the modified AM2 model with the parameters in
Table 2. (a) acidogenic biomass, (b) methanogenic biomass, (c) COD, (d) VFA, (e) CTA, and (f) pH
with bifurcations at D− = 0.78 d−1 D− = 0.85 d−1, D+ = D+ = 1.08 d−1 and D∗ = 1.94 d−1. The
continuous lines with black markers represent stable EP, the dashed lines with red markers represent
unstable EP, and the dotted lines are the bifurcation points, while the shape of markers indicates the
regions for each EP:  = EP1, � = EP2,F = EP3a, � = EP3b, H = EP4a, and N = EP4b.
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Figure 2. Bifurcation and stability analysis for gas flows of the modified AM2 model with Table 2
parameters. (a) Methane flow and (b) CO2 flow. The continuous lines with black markers represent
stable EP, the dashed lines with red markers represent unstable EP, and the dotted lines are the
bifurcation points, while the shape of markers indicates the regions for each EP:  = EP1, � = EP2,
� = EP3a,F = EP3b, H = EP4a, and N = EP4b.
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Figure 3. Bifurcation and stability analysis for alkalinities of the modified AM2 model with the
parameters in Table 2. (a) Intermediate alkalinity, (b) partial alkalinity, and (c) total alkalinity. The
continuous lines with black markers represent stable EP, the dashed lines with red markers represent
unstable EP, and the dotted lines are the bifurcation points, while the shape of markers indicates the
regions for each EP:  = EP1, � = EP2, � = EP3a,F = EP3b, H = EP4a, and N = EP4b.



Water 2022, 14, 1634 13 of 17

Figure 4. Bifurcation and stability analysis for (a) IA:AP ratio and (b) IA:AT ratio of the modified
AM2 model with the parameters presented in Table 2. The continuous lines with black markers
represent stable EP, the dashed lines with red markers represent unstable EP and the dotted lines
are the bifurcation points, while the shape of the markers indicates the regions for each EP:  = EP1,
� = EP2, � = EP3a,F = EP3b, H = EP4a, and N = EP4b.

4.2. Predictions of an Experimental Case Study

According to Equations (31) and (32) and the electroneutrality condition given in
Equation (27) it holds that[

θ1

(
10−pH

)
− θ1,1

]
CTI +

[
θ2

(
10−pH

)
− θ2,1

]
S2 = PA−

[
θ3

(
10−pH

)
− θ3,1

]
[
θ1

(
10−pH

)
− θ1,2

]
CTI +

[
θ2

(
10−pH

)
− θ2,2

]
S2 = TA−

[
θ3

(
10−pH

)
− θ3,2

]
then, if pH, PA and TA are known, it is possible to estimate CTI and S2 by simultaneously
solving the previous equations that are linear with respect to CTI and S2 to obtain:

CTI =
[PA− (θ3 − θ3,1)](θ2 − θ2,2)− [TA− (θ3 − θ3,2)](θ2 − θ2,1)

(θ1 − θ1,1)(θ2 − θ2,2)− (θ1 − θ1,2)(θ2 − θ2,1)
, (37)

S2 =
[TA− (θ3 − θ3,2)](θ1 − θ1,1)− [PA− (θ3 − θ3,1)](θ1 − θ1,2)

(θ1 − θ1,1)(θ2 − θ2,2)− (θ1 − θ1,2)(θ2 − θ2,1)
. (38)

Alcaraz-González et al. [1] reported the experimental data of pH, TA, PA, VFA, and
TIC in an AD process operation, carried out in an up-flow fixed-bed bioreactor for the
treatment of red wine vinasses, with a useful volume of 0.982 m3. For further details, see [1].
In particular, the pH, TA, and PA experimental data are presented here in Figure 5, while
Figure 6 shows the VFA and CTI experimental data. Then, considering the experimental
data of Figure 5, it is possible to predict the VFA and CTI concentrations with Equations (37)
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and (38) to validate the correlations proposed here for alkalinities using the values of Kac,
Kc, Kc1, and Kc2 reported in Table 2. However, it is important to mention that the gaps in the
experimental data in Figures 5b,c and 6a,b are missing data due to sensors malfunction or
maintenance, mainly in the time periods 5.95 d < t < 6.5 d and 8.9 d < t < 9.6 d, nevertheless,
this does not affect the validation.
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Figure 5. Experimental data: (a) pH, (b) partial alkalinity, and (c) total alkalinity.

In Figure 6a,b, the comparison of the measured variables of CTI and VFA carried out
by Alcaraz-González et al. [1] and the estimation made by the proposed model are shown.
Particularly, in Figure 6a it can be seen that the model performs an accurate prediction of
CTI, even for abrupt changes. For instance, at approximately t = 7.2 d the alkali input
flow rate decreased, causing a decrease in the pH that also affected the CTI concentration.
Something similar is also seen in Figure 6b, where an accurate prediction is also observed
for the VFA concentration, with respect to the experimental data.
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Figure 6. Predictions of the experimental data: (a) TIC and (b) VFA.

5. Conclusions

The proposed AM2 model reveals the interactions between the state variables and the
alkalinity, bicarbonates, and acid equilibrium thanks to the inclusion of the pH behavior.
The analytical and numerical roots of the proposed AM2 model shed light to all the possible
scenarios of the AD process, where the process failure is identified with the death/washout
of the biomass. In addition, bifurcation diagrams that were built as a function of the dilution
rate provides the expected steady states while the stability analysis helps in the definition
of safe operation intervals, avoiding unstable zones. Bifurcation diagrams also showed
the possibility for VFA regulation, which may induce the inhibition of the methanogenic
biomass through the alkalinity. Finally, a set of experimental data of the pH, the TA, and
the PA of a fixed bed reactor was used to predict the values of the TIC and the VFA, both
state variables of ionized species, allowing to validate the accuracy and robustness of the
modified model by including the physicochemical relations of the strong ions.
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