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Abstract: In this study, the time–area curve of an ellipse is analytically derived by considering flow
velocities within both channel and hillslope. The Clark IUH is also derived analytically by solving
the continuity equation with the input of the derived time–area curve to the linear reservoir. The
derived Clark IUH is then evaluated by application to the Seolmacheon basin, a small mountainous
basin in Korea. The findings in this study are summarized as follows. (1) The time–area curve of
a basin can more realistically be derived by considering both the channel and hillslope velocities.
The role of the hillslope velocity can also be easily confirmed by analyzing the derived time–area
curve. (2) The analytically derived Clark IUH shows the relative roles of the hillslope velocity and the
storage coefficient. Under the condition that the channel velocity remains unchanged, the hillslope
velocity controls the runoff peak flow and the concentration time. On the other hand, the effect of the
storage coefficient can be found in the runoff peak flow and peak time, as well as in the falling limb
of the runoff hydrograph. These findings are also confirmed in the analysis of rainfall–runoff events
of the Seolmacheon basin. (3) The effect of the hillslope velocity varies considerably depending on
the rainfall events, which is also found to be mostly dependent upon the maximum rainfall intensity.

Keywords: time–area curve; Clark model; instantaneous unit hydrograph (IUH); channel veloc-
ity; hillslope velocity

1. Introduction

Flow velocity in a river basin is one of the key components that determine the over-
all shape of the basin’s response function. In large river basins, the hillslope velocity
or the travel time across hillslopes is assumed to be insignificant, compared to that in
streams [1]. however, in small river basins, the contribution from the hillslope is not negli-
gible, and must be properly considered in the representation of the basin response [2–4].

Most hydrologic models assume flow velocity over the entire basin to be uniform [5–8].
This assumption has been proven valid, especially in channel systems [9–11]. That is,
the channel velocity in an upstream part may be assumed to be the same as that in a
downstream part. Along with the assumption of a linear system, including the linear
reservoir and linear channel, the assumption of uniform velocity plays a key role in
developing various unit hydrograph models, like the geomorphological instantaneous
unit hydrograph (GIUH) model [12–14] and the Clark model [15].

Recent studies, however, have developed many instantaneous unit hydrograph (IUH)
models considering both the channel and hillslope velocity. The width function instanta-
neous unit hydrograph (WFIUH) is one such model which considers the effect from the
channel velocity as well as the hillslope velocity [1,10,16–19]. Notably, Gyasi-Agyei et al.
(1996) developed the dynamic hillslope WFIUH to generate the total runoff by combining

Water 2021, 13, 1707. https://doi.org/10.3390/w13121707 https://www.mdpi.com/journal/water

https://www.mdpi.com/journal/water
https://www.mdpi.com
https://orcid.org/0000-0002-9870-9717
https://orcid.org/0000-0002-9767-9923
https://orcid.org/0000-0002-6026-4919
https://doi.org/10.3390/w13121707
https://doi.org/10.3390/w13121707
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/w13121707
https://www.mdpi.com/journal/water
https://www.mdpi.com/article/10.3390/w13121707?type=check_update&version=1


Water 2021, 13, 1707 2 of 18

the runoff from the main channel network and that from the hillslope channel network [16].
Yang et al. (2002) adopted the WFIUH to consider the lateral flow to the main channel [17],
and D’Odorico and Rigon (2003) used the WFIUH to evaluate the relative effect from
the hillslope runoff on the total runoff [1]. Grimaldi et al. (2010) revised the WFIUH
by introducing the travel time function [10], whose advanced version is also called the
parsimonious WFIUH model (WFIUH-1par) [19].

There are also several models which consider the effect of hillslope and channel runoff
separately. First, the hydrologic Engineering Center-Hydrologic Modelling System (HEC-
HMS) provides an option to independently consider the hillslope runoff and channel runoff.
The total runoff is calculated as a sum of the hillslope runoff and channel runoff [20]. The
Soil and Water Assessment Tool (SWAT) also separately considers the hillslope and channel
runoff [21–23]. Notably, hoang et al. (2017) created a complete version of SWAT which con-
siders hillslope runoff, i.e., SWAT-HS [23]. Also, most two-dimensional distribution models
were developed to consider hillslope runoff, e.g., Areal Nonpoint Source Watershed Envi-
ronmental Response Simulation (ANSWERS) [24], Gridded Surface Subsurface hydrologic
Analysis (GSSHA) [25,26], MIKE-Systeme hydrologique Europeen (MIKE-SHE) [27,28],
CATchment FLOW (CATFLOW) [29], etc.

The flow velocity in a channel is easily measured, even though it is also complicated.
Sufficient information is generally available on the channel flow. however, the flow velocity
over the hillslope is rarely measured, and only a little information is available. It is
even more complicated to derive the representative value of hillslope velocity for a given
basin. This may be the reason why most synthetic unit hydrograph (UH) models do not
independently consider the hillslope velocity. Even though the application of the UH is
limited to a small basin, no synthetic UH model independently considering the hillslope
component is to be found in the literature [30–32].

This study concerns this issue, i.e., the effect of the hillslope velocity on the UH of a
basin. As an example, this study considers the Clark model. The Clark model is simple
and easy to interpret. As is widely known, the Clark IUH represents the direct runoff at
the basin outlet due to the instantaneous unit effective rainfall, without considering the
interception or infiltration losses, which occurred homogenously over the basin. This is also
the reason why the IUH theory applies to a small rather than a large basin [33]. The Clark
IUH considers both the translation and the storage effects of a basin, which is, in fact, the
result of applying the linear channel model and the linear reservoir model, respectively [15].
The so-called time–area curve can be derived by applying the linear channel model. The
time–area curve represents the portion of a basin in which the raindrops reach the basin
outlet at a given time. By multiplying the unit effective rainfall intensity by this time–area
curve, the inflow to the linear reservoir can be derived, from which the outflow becomes
the Clark IUH.

Recent studies on the Clark IUH have been focused on several issues. First, the
parameter estimation of the Clark IUH is still an important issue [34–37]. Due to the
nonlinear relationship between the concentration time and storage coefficient of the Clark
IUH, we may not expect to derive parameters which have physical meanings by applying
a simple method like the least squares method. The use of the mod-Clark or spatially
distributed Clark IUH method presents another important issue [38–40], namely the use of
radar data. Some new approaches for deriving the time–area curve can be found in [41–
43]. however, except for Jun and Yoo (2021) [44], consideration of the hillslope velocity in
Clark IUH cannot be found.

The objective of this study is to analytically evaluate the effect of the hillslope velocity
on the shape of the Clark IUH. First, the time–area curve of an elliptical basin is analytically
derived by considering both flow velocities in channel and hillslope. This time–area curve
is different from that in Jun and Yoo (2021), where they assumed the same flow velocity
both in the channel and the hillslope [44]. By considering an elliptical basin, it is possible
to analytically derive the time–area curve. The use of an ellipse to mimic the shape of a
real basin may not lead to a deterioration in the quality of the estimation of the response
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function from the basin [45,46]. The derived time–area curve is then used as an input to
the linear reservoir to derive the Clark IUH. The derived Clark IUH will be evaluated by
applying it to an elliptical basin with various sets of channel and hillslope velocities. Finally,
the derived Clark IUH will be applied to the Seolmacheon basin, a small mountainous
basin in Korea, to verify its applicability.

2. Analytical Evaluation of the Clark IUH with Different Channel and
Hillslope Velocities
2.1. Time–Area Curve of an Ellipse

Many researchers have assumed the shape of real basins to be elliptical [45,47–51].
This was because real basins could be modeled flexibly by an ellipse [52–54]. The hEC-
HMS also simplifies the shape of a real basin to an ellipse to derive the time–area curve,
and ultimately, the Clark IUH [55,56]. Recently, Jun and Yoo (2021) derived the time–
area curve of an ellipse under the condition that the channel and hillslope velocities are
identical [44]. however, this study assumes that the hillslope velocity could be different
from the channel velocity. In that sense, this study may be seen as an extension of work by
Jun and Yoo (2021) [44].

The assumptions introduced to derive the time–area curve of an elliptical basin are as
follows. First, the vertical axis of the ellipse is assumed to be the channel of the elliptical
basin. Second, the direction of the surface runoff is always perpendicular to the channel
flow. In fact, this assumption is generally accepted in the downstream part of a basin.
Actually, the direction of the flow on the hillslope could vary depending on the local
topography. It is generally known that the oblique flow direction from hillslope to channel
is common in the upstream basin, while the perpendicular direction is common in the
downstream basin [57–62]. These two assumptions are very common in analytical studies
of unit hydrographs [63–68]. It is also true that the assumption of perpendicular angle can
make the problem a bit simpler. This is another reason why this study did not take into
account whether the basin was located at the upstream or the downstream part.

To derive the time–area curve of an ellipse, the ellipse is assumed to be located
vertically on the origin with transverse diameter 2a and conjugate diameter 2b (see Figure 1).
The ellipse thus extends (−a, a) along the x-axis, and (0, 2b) along the y-axis. The y-axis in
this figure is assumed to be the main channel; also, the flow on the hillslope is assumed
to be perpendicular to the channel. An infinite number of raindrops contributing directly
to the rainfall excess, are then assumed to reach the surface of the elliptical basin evenly
in space. This concept is used to calculate how many raindrops will arrive at the outlet
of the basin, that is, the origin, at some given time. This is also related to the number of
raindrops having the same travel time to the basin outlet. As an example, consider a point
on the y-axis (0, y*). The raindrop at this point will travel the total distance of y* to the
basin outlet. The travel time becomes y* divided by the channel velocity. here, many other
raindrops having the same travel time can be found. The locations of these raindrops can
be easily found, as the flow velocity in the channel and that on the hillslope are given.
Notating the flow velocities in the channel and on the hillslope by v1 and v2, their ratio then
becomes m = v1/v2. As can be seen in Figure 1, the raindrops on the two line segments
connecting the point (0, y*) and the boundary of the elliptical basin have the same travel
time. It is obvious that the slope of the line segments is simply the value of m. If m = 1, the
slope becomes unity, as can be seen in Figure 1.
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Figure 1. Comparison of contributing line segments (thick solid line) having the same travel time for m = 1 and m = 2 (where
y* represents the channel length to make its travel time equivalent to both flows in the channel and hillslope).

As the ellipse considered in this study is symmetrical about the y-axis, the contributing
length of the line segments will be derived as twice that of the right-hand-side line segment.
The equation of the line passing the point (0, y*) and having the slope of m becomes:

y = y ∗ −mx (1)

The intersections of the line of Equation (1) and the ellipse are easily derived. First,
the x-coordinate of the intersection can be derived by solving the following equation:

x2

a2 +
(y ∗ −mx− b)2

b2 = 1 (2)
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Two solutions of this second-order equation are given as follows:

x1,2 =
m2a2(y ∗ −b)± ab

√
m2a2 + b2 − (y ∗ −b)2

m2a2 + b2 (3)

Firstly, it should be noted that the solutions of Equation (2) are available if y* is located
within the range (y∗min = 0 to y∗max =

√
m2a2 + b2 + b). here, y∗max is the longest travel

distance along the channel, i.e., the y-axis. If m is greater than 1, the travel length of
raindrops from the point of tangency in the hillslope of the basin to the basin outlet can
be shorter than y∗max. All the raindrops on the two slanted line segments connecting the
point (0, y*) and the boundary of the elliptical basin have the same travel time.

This study considered the raindrops reaching the surface of the elliptical basin evenly
in space. When it comes to the right-hand line segment, the points of values larger than x2
or smaller than x1 become situated outside the boundary of the basin. This means that the
line segment composed of the points inside the basin can only be considered as input data.
For example, when y* = b, the positive solution becomes x2 = ab

√
m2a2+b2

m2a2+b2 , and when y* =

2b, the positive solution becomes x2 = ma2b±ab
√

m2a2+2b2

m2a2+b2 . Also, when 2b ≤ y∗ < y∗max, the

difference between the two solutions becomes x2 − x1 =
2ab
√

m2a2+b2−(y∗−b)2

m2a2+b2 .
Using these solutions, the length l* of line segments with the same travel time can

be derived. The equivalent channel length y* can then be converted into the travel time t
by considering the channel flow velocity, i.e., y*/v1 = t. That is, the time–length curve is
derived as follows:

l ∗ (t) = 2
√

1 + m2 ma2(v1t−b)+ab
√

m2a2+b2−(v1t−b)2

m2a2+b2 , 0 < y∗ ≤ 2b
v1

= 2
√

1 + m2 2ab
√

m2a2+b2−(v1t−b)2

m2a2+b2 , 2b
v1
≤ y∗ < y∗max

v1

(4)

As a special case, the maximum of l* can be easily derived by letting the first deriva-
tive of Equation (4) about the travel length be zero. The maximum l* is derived when
y* becomes:

y∗ = b + am (5)

and the resulting maximum l* becomes:

l∗max = 2
√

1 + m2 m2a3 + ab2

m2a2 + b2 (6)

Finally, the above equations of the time–length curve can be converted into the time–
area curve by introducing a unit width, ‘1’ on the y-axis. Using the corrected width of
the line segment cos θ = 1/

√
1 + m2 considering its slope m, the area represented by the

sloped line segment can be represented as follows:

A(t) = 2 ma2(v1t−b)+ab
√

m2a2+b2−(v1t−b)2

m2a2+b2 , 0 < t ≤ 2b
v1

= 4 ab
√

m2a2+b2−(v1t−b)2

m2a2+b2 , 2b
v1
≤ t < y∗max

v1

(7)

This time–area curve can be said to be the runoff from the elliptical basin for the
instantaneous unit rainfall, derived by considering the linear channel concept. This time–
area curve will be used as an input to the linear reservoir to derive the Clark IUH.

2.2. Clark IUH of an Ellipse

To derive the Clark IUH, the time–area curve derived in the previous section should
be used as input to the linear reservoir. By incorporating the linear reservoir model S = KO,
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where S is the storage, O is the outflow, and K is the storage coefficient, the continuity
equation is expressed as follows:

dS
dt

= K
dO
dt

= I −O (8)

where I is the inflow to the linear reservoir. By substituting the inflow I in Equation (8) with
the time–area curve (Equation (7)) multiplied by the unit rainfall intensity, the solution can
be derived as follows:

O(t) =
1
K

exp(− 1
K

t)
t∫

0

A(s) exp(
1
K

s)v1ds (9)

The time–area curve A(t) in this equation was written in a compact form as follows to
explore the analytical solution:

A(t) = α(v1t− b) + β1

√
γ− (v1t− b)2, 0 < t ≤ 2b

v1

= β2

√
γ− (v1t− b)2, 2b

v1
≤ t < y∗max

v1

(10)

where α = 2ma2
√

2 cos 45◦
m2a2+b2 , β1 = 2ab

√
2 cos 45◦

m2a2+b2 , β2 = 4ab
√

2 cos 45◦
m2a2+b2 , and γ = m2a2 + b2 are all

constants for a given ellipse. First, when considering the time–area curve (0 < t ≤ 2b
v1

)
given by Equation (10), Equation (9) becomes as follows:

O(t) =
1
K

exp(− 1
K

t)

α cos 45◦
t∫

0

(v1s− b) exp(
1
K

s)v1ds + β1 cos 45◦
t∫

0

√
γ− (v1s− b)2 exp(

1
K

s)v1ds

 (11)

From the time–area curve in Equation (10), the analytical solution of Equation (9) can
be obtained by applying the method suggested by Jun and Yoo (2021) [44]. In Equation (11),
the first integration is straightforward. That is,

α cos 45◦
t∫

0

(v1s− b) exp(
1
K

s)v1ds = av1K cos 45◦
{
− exp(

1
K

t)(−tv1 + Kv1 + b) + (Kv1 + b)
}

(12)

However, the second integration in Equation (11) does not have the closed-form
solution. Thus, in this study, this integration was solved approximately using the Maclaurin
series [69]. The resulting solution is derived as follows:

β1 cos 45◦
t∫

0

√
γ− (v1s− b)2 exp( 1

K s)v1ds

≈ β1v1K cos 45◦

2
√

γ

{
− exp( t

K )(t
2v1

2 − 2Ktv1
2 − 2btv1

2 + 2K2v1
2 + 2bKv1

2 + b2 − 2γ)
+(2K2v1

2 + 2bKv1
2 + b2 − 2γ)

} (13)

Additionally, the time–area curve ( 2b
v1
≤ t < y∗max

v1
) in Equation (10) could also be han-

dled similarly, and the resulting solution is derived as follows:

β2 cos 45◦
t∫

2b/v

√
γ− (v1s− b)2 exp( 1

K s)v1ds

≈ β2v1K cos 45◦

2
√

γ

{
− exp( t

K )(t
2v1

2 − 2Ktv1
2 − 2btv1

2 + 2K2v1
2 + 2bKv1

2 + b2 − 2γ)

+ exp( 2b
v1K )(2K2v1

2 − 2bKv1
2 + b2 − 2γ)

} (14)

By combining Equations (12)–(14), the analytical form of the Clark IUH of an elliptical
basin can be derived by considering both the channel and hillslope velocity. That is, with
the flow velocities in the channel v1 and in the hillslope v2 for the given elliptical basin, the
shape of the Clark IUH can be uniquely and analytically determined.



Water 2021, 13, 1707 7 of 18

2.3. Application to an Elliptical Basin

As an example, this study considered an elliptical basin with an area of 188.50 km2.
The transverse and conjugate diameters were 20 and 12 km, respectively. Additionally,
for the derivation of the Clark IUH, the channel velocity was assumed to be 1 km/h
(approximately 0.28 m/s). The hillslope velocity was then determined by assigning four
different m values (i.e., m = 1, 2, 5, and 10). This study also considered four different storage
coefficients (i.e., 1, 3, 5, and 10 h) in order to find their effect on the shape of the Clark IUH.
Figure 2 compares the derived Clark IUHs.
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various values of m of the case that the storage coefficients (K) = 1 h (a); K = 3 h (b); K = 5 h (c); and K = 10 h (d).

Figure 2 shows that both the effect of m and the storage coefficient on the Clark IUH
are very clear. The effect of m can be easily found in Figure 2a, where a very small storage
coefficient was applied. For a small m, that is, when the hillslope velocity is very high, the
runoff peak flow is very high. As m becomes higher, the runoff peak flow becomes much
lower. however, in all cases of m, the peak time seems to remain almost unchanged. In fact,
this result is easily understandable, as in Figure 2a, the storage effect is almost negligible.

On the other hand, in Figure 2b–d, the storage effect becomes very significant in other
cases, where a very different peak time is derived. As a larger storage coefficient is applied,
a much smoother Clark IUH with lower runoff peak and longer peak time is derived. The
effect of the storage coefficient on the falling limb of the Clark IUH is also noticeable. Recall
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that the concentration time remains unchanged, regardless of the high storage coefficient.
The storage coefficient also controls the peak time but not the concentration time. The
concentration time is dependent upon the ratio between the channel and hillslope velocities,
or the value of m in this study. For reference, the concentration time of this basin was
estimated for each m value in Table 1. In fact, the concentration time could be estimated
simply by dividing y∗max by the channel velocity. Additionally, Table 1 shows the peak
flow and peak time that were derived for comparison with the concentration time.

Table 1. Comparison of concentration times (Tc), peak times (Tp) and peak flows (Qp) of the
Clark’s IUHs derived with different m and storage coefficient (K) for a circular basin with its area of
188.50 km2 and the channel velocity of 1 km/h.

m Tc
(h)

K = 1 h K = 3 h K = 5 h K = 10 h
Tp
(h)

Qp

(m3/s)
Tp
(h)

Qp

(m3/s)
Tp
(h)

Qp

(m3/s)
Tp
(h)

Qp

(m3/s)

1 17.63 12.80 44.72 14.26 40.35 15.48 36.07 17.27 27.97
2 27.09 13.72 28.04 16.63 26.20 18.93 24.32 22.78 20.37
5 56.51 15.25 12.27 20.63 11.95 25.04 11.58 33.13 10.66

10 106.23 16.48 6.24 24.01 6.17 30.35 6.09 42.75 5.85

3. Study Basin and Rainfall Events
3.1. Study Basin

This study analyzed the rainfall–runoff relationship of the Seolmacheon basin in Korea
(Figure 3). The Seolmacheon basin is a mountainous basin covered by various coniferous
and deciduous trees. The basin area is about 8.5 km2, and the length of the main channel is
about 8.8 km, with a slope of 3.3%. The soil is mostly sandy loam, and its depth is known
to be very shallow, i.e., less than 1 m in most areas [70]. The annual precipitation is about
1210 mm, and the mean temperature is around 11.5 ◦C. Most of the rainfall (about 70%)
occurs during the summer season, from June to September [71].
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Seolmacheon basin (b).

The Seolmacheon basin is an experimental basin managed by the Korea Institute
of Civil Engineering and Building Technology (KICT). This is the reason why this small



Water 2021, 13, 1707 9 of 18

basin has six rain gauges within it, measuring the rain rate every 10 min. The water stage
is also measured every 10 min at a bridge at the exit of the basin. The rating curve is
updated every year, and by applying the corresponding rating curve, the water depth data
can be converted into the runoff data. A flux tower at the center of the basin measures
various parameters to estimate the evaporation and transpiration. Several time-domain
reflectometry (TDR) sensors are also managed to measure the variation of soil moisture.

The method by Moussa (2003) [45] was applied to derive the equivalent ellipse repre-
senting the study basin. The method is based on the following four assumptions. First, the
center of the ellipse coincides with the center of the given basin. Second, the major axis of
the ellipse coincides with the major inertia axis of the basin. Third, the area of the ellipse
should be the same as that of the basin. Fourth, the ratios between the maximum and
minimum inertia moments in both the ellipse and the basin should be the same. Figure 3b
shows the equivalent ellipse that was derived for the Seolmacheon basin. In this figure, the
derived equivalent ellipse is overlapped by coinciding both the center and the major axes
of the basin. As the geometrical shapes of the basin and derived ellipse match well, the
derived equivalent ellipse is assumed to adequately represent the basin. The determined
transverse and conjugate diameters of the ellipse are 3.6 and 3.0 km, respectively.

3.2. Rainfall Events

A total of five rainfall events were selected for analysis in this study. These rainfall
events were the largest in each year from 2015 to 2019. Four events occurred during the
wet summer season from July to September, and the fifth was in October during Typhoon
Chaba. The biggest rainfall event among the five occurred on 28 August 2018, and lasted
39 h. The total rainfall amount was 315.1 mm, with a highest rainfall intensity of 53.0 mm/h
being recorded on 29 August at 14:40. The smallest event occurred on 25 July 2015, and
lasted 30 h. The total rainfall amount was 99.6 mm, and its highest intensity was 42.5 mm/h,
recorded on 25 July at 07:30.

The areal-average rainfall data was estimated by applying the Thiessen polygon
method, and the runoff data was derived by applying the rating curve to the water stage
data measured at the exit of the basin. The cross-sectional mean channel velocity was
also estimated using the runoff data and the cross-sectional area corresponding to the
water stage. For example, for the rainfall event in 2018, the peak channel velocity was
estimated to be 3.06 m/s, but for other rainfall events, the peak channel velocities were all
less than 2.5 m/s. Figure 4 shows the rainfall–runoff data used in this study. Also, Table 2
summarizes the detailed information about these rainfall events.

Table 2. Basic characteristics of the five rainfall-runoff events considered in this study.

Year Duration Total Rainfall
(mm)

Maximum
Rainfall Intensity

(mm/h)

Peak Discharge
(m3/s)

Maximum
Channel Velocity

(m/s)

2015 7/25 05:50–7/26 11:40
(30.0 h) 99.6 42.5 26.71 2.16

2016 10/02 22:50–10/03 05:50
(7.2 h) 124.8 35.4 33.46 2.46

2017 8/23 09:50–8/24 13:50
(28.2 h) 125.4 55.3 40.70 2.18

2018 8/28 13:10–8/30 03:40
(38.7 h) 315.1 53.0 90.78 3.06

2019 9/10 10:50–9/11 03:40
(17.0 h) 124.8 51.7 37.76 2.23
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Figure 4. Annual maximum rainfall-runoff events, which occurred in 2015 (a); 2016 (b); 2017 (c); 2018 (d); and 2019 (e),
analyzed in this study.

4. Results and Discussions
4.1. Clark IUH for Uniform Velocity Case (Baseline Case)

The analytically-derived Clark IUH in Section 2 is a function of the channel veloc-
ity, hillslope velocity, and storage coefficient. In this section, however, both the channel
and hillslope velocity were assumed to be identical (in this study, this case was used as
the baseline). This assumption is general for most IUH models [9–11,63]. Also, the peak
flow velocity measured at the exit of the basin was used for both the channel and hillslope
velocities. The use of the peak flow velocity was based on Rodriguez-Iturbe and Valdes
(1979) [63]. Additionally, as the storage coefficient variedso much depending on the rainfall
event, this study estimated the storage coefficient separately for each rainfall event. In this
step, the method proposed by Yoo et al. (2014) was used [37]. Yoo et al. (2014) showed
that the concentration time and the storage coefficient of the Clark IUH could be estimated
by analyzing the observed rainfall–runoff data [37]. The derived storage coefficient for
each rainfall event was then applied to the analytically-derived Clark IUH. Finally the
runoff hydrograph could be simulated by applying this analytically-derived Clark IUH.

To estimate the concentration time and storage coefficient of the Clark IUH using the
method by Yoo et al. (2014) [37], the effective rainfall and the direct runoff data had to
first be derived. In this study, the straight-line method was used to separate the direct
runoff from the total runoff, while the Φ-index method was used to estimate the effective
rainfall [33]. however, in this study, as the main channel of the Seolmacheon basin was
mostly dry, the separation of the direct runoff was not necessary. Using the derived effective
rainfall and direct runoff data, the concentration time and the storage coefficient were
estimated using the method of Yoo et al. (2014) for each rainfall event [37].

Figure 5 compares these two hydrographs derived for all five rainfall events. As shown
in this figure, the two observed and simulated runoff hydrographs were very similar to
each other. Even though the difference was not great, in the rainfall events observed in 2015
and 2016, the runoff hydrographs based on the analytically-derived Clark IUH showed a
slightly higher peak flow but shorter peak time. On the other hand, the opposite result was
derived in the rainfall event observed in 2018, that is, the runoff hydrograph based on the
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analytically-derived Clark IUH showed a slightly smaller peak flow but a slightly longer
peak time. Finally, in the other two rainfall events observed in 2017 and 2019, no obvious
difference in peak flow and peak time could be found.
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4.2. Clark IUH for Different Velocity Case (Consideration of the hillslope Velocity)

In this section, the hillslope velocity was assumed to be not necessarily equal to the
channel velocity. The hillslope velocity was determined by comparing the observed and
simulated runoff hydrographs using the minimum root mean square error. That is, under
the condition that the channel velocity is given by the peak flow velocity measured at
the exit of the basin, the hillslope velocity was determined by comparing the observed
runoff hydrograph and the simulated one. This procedure was repeated for all five rainfall
events, and thus, five different hillslope velocities were estimated. In this study, the ratio
between the channel velocity and the hillslope velocity was assumed to be within the range
of 1 to 20. Based on D’Odorico and Rigon (2003), the general ratio ranges from 5 to 20 [1].

Table 3 summarizes the estimation result of the hillslope velocity. Obviously, the hills-
lope velocity varied considerably depending on the rainfall event. The ratio between the
channel velocity and the hillslope velocity was estimated to be minimum 1 and maximum 6,
which is within the range from 1 to 20 assumed in this study based on D’Odorico and Rigon
(2003) [1]. The ratio for the rainfall events observed in 2017 and 2018 was estimated to be 1,
while for the rainfall event in 2019, it was 1.7. On the other hand, for the rainfall events
in 2015 and 2016, the ratio was 4.4 and 6.0, respectively. In the case where the difference
between the two runoff hydrographs compared in the previous section was large, the ratio
was estimated to be quite high.
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Table 3. Comparison of channel velocity (Vc), hillslope velocity (Vh), their ratio m, and concentration
time (Tc) estimated for each rainfall-runoff event.

Year Vc (m/s) Vh (m/s) m Tc (h)

2015 2.16 0.49 4.4 1.11
2016 2.46 0.41 6.0 1.24
2017 2.18 2.18 1.0 0.53
2018 3.06 3.06 1.0 0.38
2019 2.23 1.31 1.7 0.61

Figure 6 shows how the simulated runoff hydrographs became similar to the observed
one as the hillslope velocity was considered. The difference between the observed and
simulated runoff hydrographs almost disappeared. The effect of the hillslope velocity
was clearly dominant with regard to the peak time and peak flow, as in the rainfall event
observed in 2016; however, its effect could also be found in the sudden drop off after the
peak time, as in the rainfall event observed in 2019. The simulated runoff hydrographs
considering the proper hillslope velocity showed a one-step better fit in the falling limb.

Water 2021, 13, x FOR PEER REVIEW 13 of 19 
 

2016 2.46 0.41 6.0 1.24 
2017 2.18 2.18 1.0 0.53 
2018 3.06 3.06 1.0 0.38 
2019 2.23 1.31 1.7 0.61 

Figure 6 shows how the simulated runoff hydrographs became similar to the ob-
served one as the hillslope velocity was considered. The difference between the observed 
and simulated runoff hydrographs almost disappeared. The effect of the hillslope velocity 
was clearly dominant with regard to the peak time and peak flow, as in the rainfall event 
observed in 2016; however, its effect could also be found in the sudden drop off after the 
peak time, as in the rainfall event observed in 2019. The simulated runoff hydrographs 
considering the proper hillslope velocity showed a one-step better fit in the falling limb. 

(a) 2015 (b) 2016 (c) 2017 

(d) 2018 (e) 2019 

Figure 6. Comparison of the observed and simulated runoff hydrographs derived based on analytically-derived Clark 
IUH with different channel and hillslope velocity for the events occurred in 2015 (a); 2016 (b); 2017 (c); 2018 (d); and 2019 
(e). 

The qualitative evaluation result in the previous paragraph was also confirmed by 
the quantitative evaluation measures like the root mean square error (RMSE) and the co-
efficient of determination (R2). Table 4 summarizes the comparison result between the 
uniform velocity case (Section 4.1) and the different velocity case (Section 4.2). As shown 
in this table, the different velocity case of considering both the channel and hillslope ve-
locities provides a better fit than the uniform velocity case. Especially when m was very 
high (i.e., when the hillslope velocity is much lower than the channel velocity), the differ-
ent velocity case showed much better simulation result. 

Table 4. Comparison of the uniform velocity case and the different velocity case by the root mean 
square error (RMSE) and the coefficient of determination (R2) estimated by comparing the simulated 
runoff hydrographs to the observed. 

Year 
RMSE (m3/s) R2 

Uniform Velocity Different Velocity Uniform Velocity Different Velocity 

Figure 6. Comparison of the observed and simulated runoff hydrographs derived based on analytically-derived Clark IUH
with different channel and hillslope velocity for the events occurred in 2015 (a); 2016 (b); 2017 (c); 2018 (d); and 2019 (e).

The qualitative evaluation result in the previous paragraph was also confirmed by the
quantitative evaluation measures like the root mean square error (RMSE) and the coefficient
of determination (R2). Table 4 summarizes the comparison result between the uniform
velocity case (Section 4.1) and the different velocity case (Section 4.2). As shown in this
table, the different velocity case of considering both the channel and hillslope velocities
provides a better fit than the uniform velocity case. Especially when m was very high (i.e.,
when the hillslope velocity is much lower than the channel velocity), the different velocity
case showed much better simulation result.
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Table 4. Comparison of the uniform velocity case and the different velocity case by the root mean square error (RMSE) and
the coefficient of determination (R2) estimated by comparing the simulated runoff hydrographs to the observed.

Year
RMSE (m3/s) R2

Uniform Velocity Different Velocity Uniform Velocity Different Velocity

2015 1.748 1.268 0.887 0.942
2016 2.009 1.374 0.958 0.980
2017 1.439 1.439 0.947 0.947
2018 5.706 5.706 0.877 0.877
2019 2.141 2.086 0.912 0.917

Another interesting point can be seen in the comparison of concentration times. Table 5
compares the concentration times derived for three different cases; the first is based on the
observed rainfall-runoff analysis using the method by Yoo et al. (2014) [37], the second
is the uniform velocity case, and the third is the different velocity case for considering
both the channel and hillslope velocity. As a final outcome, the authors notices that the
concentration times estimated by considering both the channel and hillslope velocities
became very similar to those estimated by analyzing the observed runoff hydrograph. That
is, when considering the uniform flow velocity over the entire basin including the channel
and hillslope, the estimated concentration time was vastly different from reality. This result
is also in line with the definition of the concentration time. The concentration time simply
represents the time required for the raindrop located at the farthest point of a given basin
to reach the exit of the basin. This should be estimated by considering different channel
and hillslope velocities. This result shows that the hillslope velocity could play a key role
in estimating the concentration time. however, it should also be mentioned that the role
of the hillslope velocity is highly dependent on the rainfall event itself. In some rainfall
events, the effect of the hillslope velocity is very high, but in other cases, it is not. At this
time, what makes the difference is not clear.

Table 5. Comparison of concentration times estimated differently; one is based on the observed rainfall-runoff analysis
using the method by Yoo et al. (2014), another is that for the uniform velocity case, and the third considers both the channel
and hillslope velocity case.

Year

Concentration Time Tc (h)

Yoo et al. (2014) Uniform Velocity Case Considering both the Channel
and hillslope Velocity Case

2015 1.17 0.53 1.11
2016 1.42 0.47 1.24
2017 0.50 0.53 0.53
2018 0.22 0.38 0.38
2019 0.91 0.52 0.61

Additionally, to look for the key factor controlling the ratio between the channel and
the hillslope velocities, several scatter plots were made, including those shown in Figure 7.
Mean rainfall intensity, maximum rainfall intensity, total rainfall, and the channel velocity
were considered as independent factors. In the cases with the mean rainfall intensity, total
rainfall, and channel velocity, no obvious dependency could be found. however, in the
case considering the maximum rainfall intensity, a clear inverse proportionality could be
observed, as in Figure 7b. The correlation coefficient between the two was also found to
be higher than 0.9. Based on this finding, it could be concluded that the maximum rainfall
intensity controls the representative flow velocity in the hillslope region, which, in turn,
controls the shape of the runoff hydrograph. As the maximum rainfall intensity increases,
the hillslope velocity approaches the channel velocity. Except for the rainfall event which
occurred in 2018, the channel velocities of the rainfall events were all estimated similarly,
and thus, it was found that the concentration time of the Clark IUH was controlled by



Water 2021, 13, 1707 14 of 18

the hillslope velocity. This is the reason why the Clark IUH determined by considering
both the channel and hillslope velocities provided the most similar concentration times to
those based on the analysis of the observed rainfall–runoff data.
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4.3. Discussions

The findings in this study show that hillslope velocity can be a key factor in deter-
mining the shape of the basin IUH. The role of the hillslope velocity was also confirmed
in the application of the Clark IUH to the Seolmacheon basin, Korea. That is, in the case
of considering both the channel velocity and hillslope velocity, better results of runoff
simulation could be confirmed qualitatively and quantitatively. This result is in line with
various previous studies [1–3].

This study, however, is different from other studies in some respects. First of all, the
model considered in this study is a simple synthetic unit hydrograph. Most previous
studies were based on the distributed model [23–27]. Even though the hillslope velocity
was considered, its overall effect on the runoff at the exit of the basin could not be quantified
easily in the distributed models. This study thus has the technical ability to consider the



Water 2021, 13, 1707 15 of 18

overall effect of hillslope velocity on the shape of the basin response function. It was
very easy to compare the change of the shape of Clark IUH before and after consideration
of hillslope velocity, as shown in Figure 2.

The use of a synthetic unit hydrograph in this study has some advantages. One
important advantage is that the overall effect of the hillslope velocity could easily be
distinguished. Analytical derivation of the time–area curve and the Clark IUH is another
important advantage of this study, as the effect of hillslope velocity can easily be tracked.
Under the condition that the channel velocity remains unchanged, the hillslope velocity
was found to control the runoff peak flow, but not the peak time. The hillslope velocity also
controlled the concentration time. Also, the analytical time–area curve in this study can be
differentiated from the typical methods like the isosceles triangle and nonlinear curve, as
the time–area curve in this study can be derived by considering the translational effect in
the hillslope area [34,35,72–74].

However, these advantages also bring about disadvantages. First, it is not clear how
to determine the representative value of the hillslope velocity. This value was estimated
in this study for each rainfall event by minimizing the difference between simulated and
observed runoff hydrographs. Thus, the meaning of this value of hillslope velocity became
ambiguous. It was shown by the sensitivity analysis that the representative hillslope velocity
was related to the rainfall intensity. These fundamental limitations must be overcome with
more applications to basins, from small to large. Also, more measurements of the velocity on
various hillslopes could be helpful in overcoming the limitations of this study.

It was assumed that the perpendicular flow direction from hillslope to channel adopted
in this study is another limitation. As a future study, a more general case of considering
the oblique flow direction should be investigated. As the overland flow length is elongated
by considering the oblique flow direction, the role of hillslope can be differently quantified.
Finally, it should also be mentioned that this is just one application example. The findings
in this study may not be generalized quantitatively.

5. Conclusions

In this study, the effect of the hillslope velocity was investigated using the Clark
IUH. First, the time–area curve of an ellipse was analytically derived by considering
flow velocities within the channel and hillslope. Also, by applying the derived time–area
curve as an input to the linear reservoir, the Clark IUH was analytically derived. The
derived Clark IUH was then evaluated by considering various sets of channel and hillslope
velocities. Finally, the derived Clark IUH was evaluated by applying it to the Seolmacheon
basin, a small mountainous basin in Korea. The results of this study may be summarized
as follows:

First, the time–area curve of an ellipse was derived analytically, which was then used
to find the effect of the hillslope velocity on the shape of the time–area curve. The Clark
IUH was also derived analytically by solving the continuity equation, along with the input
of the derived time–area curve to the linear reservoir model. The derived Clark IUH was
found to be very sensitive to both the hillslope velocity and the storage coefficient. In
particular, it was possible to distinguish the effect of the hillslope velocity from that of the
storage coefficient. The hillslope velocity was found to control the runoff peak flow and
the concentration time. On the other hand, the storage coefficient controlled the peak time,
peak flow, and the shape of the falling limb of the Clark IUH.

Second, similar results were derived in the application of the Clark IUH to the Seol-
macheon basin in Korea. In particular, it was confirmed that the role of hillslope velocity is
a key factor in determining the concentration time of the given basin. When considering
both the channel and hillslope velocities, the concentration time was found to be most
similar to that derived by analyzing the observed rainfall–runoff events. however, it was
also found that the hillslope velocity varied considerably, depending on the rainfall event.

Finally, the maximum rainfall intensity was found to be the most important factor to
control the hillslope velocity. In fact, this finding is in line with previous studies, like those
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of Rodriguez-Iturbe et al. (1979), Bhaskar et al. (1997), and Sahoo et al. (2006) [11,75,76].
In those studies, the representative channel velocity was determined as the maximum
one for the given rainfall event. Similarly, the representative channel velocity should be
determined to be the maximum one by considering the maximum rainfall intensity. In fact,
this result can also be easily understood as both the runoff peak time and the concentration
time being controlled by the velocities in both the channel and hillslope.
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