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Abstract: Mean wind profiles within a unit-aspect-ratio street canyon have been estimated by solving
the three-dimensional Poisson equation for a set of discrete vortex sheets. The validity of this
approach, which assumes inviscid vortex dynamics away from boundaries and a small nonlinear
contribution to the growth of turbulent fluctuations, is tested for a series of idealised and realistic
flows. In this paper, the effects of urban geometry on accuracy are examined with neutral flow over
shallow, deep, asymmetric and realistic canyons, while thermal effects are investigated for a single
street canyon and both bottom cooling and heating. The estimated mean profiles of the streamwise
and spanwise velocity components show good agreement with reference profiles obtained from the
large-eddy simulation: the canyon-averaged errors (e.g., normalised absolute errors around 1%) are
of the same order of magnitude as those for the unit-aspect-ratio street canyon. It is argued that the
approach generalises to more realistic flows because strong spatial localisation of the vorticity field
is preserved. This work may be applied to high-resolution modelling of winds and pollutants, for
which mean wind profiles are required, and fast statistical modelling, for which physically-based
estimates can serve as initial guesses or substitutes for analytical models.

Keywords: computational fluid dynamics (CFD); stratification; urban geometry; vortex dynamics;
wind direction

1. Introduction

Mean wind profiles are needed for many applications. In wind engineering, a vertical
profile of the horizontal wind speed is often prescribed at the inlet [1,2], while rough
estimates of the wind loading are based on representative wind profiles [3]. In pollutant
dispersion modelling, mean wind profiles (Since the mean vertical velocity is typically
assumed to be zero, ‘mean wind profiles’ is used hereafter to refer to vertical profiles of
the horizontal velocity components only.) lie at the heart of Gaussian plume [4] and opera-
tional dispersion [5,6] models. In atmospheric science, mean wind profiles are required to
parameterise the effects of urban geometry [7].

Commonly used wind profiles are the logarithmic, for example, [8], and exponen-
tial [9] profiles. They are strictly applicable only in certain situations, for example, within
the inertial sublayer [10] or where the mixing length is constant [11]. They do not ap-
ply within the urban canopy layer (UCL) [12,13], though they have been extended to the
roughness sublayer [14,15]. Given the sensitivity of urban flow and dispersion to inflow
boundary conditions [16,17], more accurate profiles within the canopy layer are desirable.

An alternative approach has been developed by Furtak-Cole and Ngan [18]. Applying
techniques from vortex dynamics [19,20], in which the vorticity field is approximated by a
piecewise constant distribution, mean wind profiles within various urban canyons were
predicted with a relative error of ∼30% (with respect to a reference “truth” obtained from
CFD) and a normalised absolute error of ∼1% (based on the wind speed at the roof level).
The vortex method yields fast estimates of the wind profiles within the UCL (calculations
are easily performed on a basic desktop computer) and improved accuracy compared
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to the exponential and logarithmic profiles. Briefly, the method assumes that the mean
circulation within urban canopies is strongly influenced by intense layers of vorticity (or
“vortex sheets”) at solid boundaries [21], which define a basis for reduced-order modelling.
Although the method does not account for nonlinearity, the basis can be applied to the
estimation of mean flows within urban canopies so long as the linear contribution to the
growth of turbulent fluctuations is comparable to the nonlinear one. The method has
been tested successfully for neutral flow, different wind directions, and relatively uniform
geometries (e.g., a unit-aspect-ratio street canyon, a small building array, and a small
courtyard).

The applicability of the vortex method to real cities is unclear. In most cities, the
aspect ratio (AR ≡ H/W or the ratio of building height to street width) may deviate
significantly from unity, for example, [22,23]. Since multiple vortices may exist for two-
dimensional street canyons with AR & 1.5, for example, [24,25], the method developed for
AR ∼ 1 and a single coherent vortex may need to be modified for deep canyons. Similar
caveats apply to shallower canyons, for example, flow in the isolated roughness (AR . 0.3)
and wake interference (0.3 . AR . 0.65) regimes, where the flow is less dominated by
the canyon vortex, and inhomogeneous domains, which cannot be described by a single
number like the aspect ratio. Furthermore, a method based on approximating the vorticity
may not be well-suited to stratified flow, which cannot be described in terms of a vortical
component only. Assessing the applicability of the vortex method to stratified flow is
necessary because important phenomena like the urban heat island, for example, [26,27]
and pollutant trapping by temperature inversions, for example, [28,29] cannot be simulated
using neutral flow.

This study investigates the applicability of the vortex method to a series of progres-
sively more realistic configurations. The key scientific questions are: (i) does the method
need to be modified to account for geometric or thermal effects? (ii) is the accuracy of
the estimated wind profiles maintained for realistic urban canopies? (iii) what are the
physical reasons why the method is able to extend to a more realistic flow? The vortex
method and the CFD configurations are reviewed in Section 2. The vortex method is
applied to neutral flow over domains of varying geometrical complexity and stratified
flow with bottom heating or cooling. Results for different geometries and stratifications are
presented in Sections 3 and 4, respectively. The extent to which the method generalises to
realistic canopies is discussed in Section 5. The benefits and limitations of the method are
summarised in Section 6.

2. Methodology
2.1. Vortex Method

The vortex method seeks to define a set of basis functions that can be used to estimate
spatially averaged wind profiles. The basis functions are obtained from a simplified set of
equations rather than the governing equations (for neutral, inviscid flow). More precisely,
the basis functions are obtained by solving the Poisson equation for an approximate vorticity
distribution. The original equations are recovered if the original vorticity distribution is
used, though there is no dimensional reduction to be had in this case; however, if the
vorticity exhibits strong spatial localisation, attention can be focused on a piecewise constant
distribution in which the vorticity components have prescribed values in certain regions
and are zero elsewhere, leading to potentially large computational savings. Although
a piecewise-constant vorticity distribution may appear to be a severe approximation,
the same idea underlies standard models in vortex dynamics such as vortex patches
or ellipsoids [19], numerical techniques such as contour dynamics [30], and reduced-
eddy models in geophysics [31]: the equations of motion are not violated because closed
vortex lines may be defined within a uniform-vorticity region. Since the real vorticity
distribution is continuous, the accuracy of the approximation depends on the degree of
spatial localisation. For flow within urban canopies, one may expect the magnitude of the
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velocity gradients and vorticity to be large near solid boundaries and the roof level (see
Ngan and Lo [21] for confirmation in the case of a single street canyon).

By definition, the contribution of each basis function should be independent of the
others. Strictly speaking, this implies that nonlinear effects should be small so that the non-
linear contribution to turbulent fluctuations is small compared to the linear one. In practice,
a linear basis may constitute a useful approximation for a fully turbulent flow so long as
the linear contribution is sufficiently large. For flow over a single street canyon, the growth
of fluctuations within a street canyon is well-predicted by the linearised dynamics [32]. For
a real urban canyon, the linear term of the turbulent kinetic energy (TKE) budget equation
may be comparable to or larger than the nonlinear one near the roof level [33]; similar
results have been obtained for a single street canyon (not shown).

For the basis to be applied to the estimation of mean wind profiles, calibration is
required, as with statistical or machine learning approaches [34–36], which require training
data (i.e., measurements or baseline numerical simulations) to derive statistical coefficients.
In this study, calibration constants, namely factors that depend on the geometry and the
mean flow or vortex sheet strength, are obtained for a specific geometry and wind direction.
The usefulness of the method hinges on whether these calibration constants can be applied
to other cases (e.g., wind directions).

The procedure outlined above is now summarised. The formulation for unit-aspect-
ratio street canyons [18] is generalised by allowing for an arbitrary number of vortex sheets
and vorticity components. Mathematical details may be found in Appendix A.

1. Definition of the vortex sheets. Since strong velocity gradients occur near solid walls
with no-slip boundary conditions, vorticity components are strongly localised near
them. The vorticity field is, therefore, decomposed into a set of fixed, uniform vortex
sheets located at the top (<t, the highest building height), bottom (<b, street level) or
side (<s) walls; for uneven geometries, intermediate vortex sheets (<i) may be located
on top of buildings. Figure 1 shows schematic illustrations of the vortex sheets for the
domains considered in this study. In theory, all three vorticity components may be
included for each vortex sheet; however, the predictive value of the method is lower
if more basis functions are included as more calibration data are required. A subset of
vorticity components and vortex sheets is, therefore, considered for the cases analysed
in Section 3. Hereafter, the shorthand term ‘vorticity sheet’ refers to the combination
of a vortex sheet location and vorticity component.

2. Solution of Poisson equation. Velocity basis functions, 〈vj,ωk
i 〉, are obtained for vortex

sheet j with vorticity component ωk and unit vorticity magnitude by solving a three-
dimensional Poisson Equation (A4) and horizontally averaging the Green’s function
(or numerical solution). The Green’s function encapsulates the effect of the building
geometry on the flow induced by a specific vorticity sheet. The Poisson equation
is solved using a geometric-algebraic multi-grid solver and a free-slip boundary
condition on solid surfaces; the boundary conditions are otherwise identical to the
CFD model (Section 2.2), as is the computational mesh (Section 2.3).

3. Synthesis. Mean wind profiles in the canyon interior are obtained by linear superposi-
tion, i.e., by summing over vortex sheets and vorticity components:

〈ui〉(z) = ∑
j,ωk

αj,ωk 〈vj,ωk
i 〉(z), (1)

where i = {x, y} and the αj,ωk may be interpreted as weights that represent the
strength of each vorticity sheet. The angle brackets denote the horizontal (fluid-
only) average over the computational domain. The entire set of vorticity sheets (i.e.,
three vorticity components at each solid surface) could be included; however, this
necessitates additional training data (see the calibration step below). To avoid the
possibility of overdetermining or biasing the results, reduced sets are considered.
They can be determined through an objective procedure (see Appendix B).
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4. Calibration. The weights are obtained by calibrating the basis functions against ref-
erence velocity data. The αj,ωk are taken to be proportional to the strength of each
vorticity sheet, i.e.,

αj,ωk ≡ Cj,ωk γj,ωk (2)

where γj,ωk is the circulation of the vorticity sheet. Assuming that the structure of
the vorticity sheets is unchanged with the wind direction, θ, the Cj,ωk depends on
the geometry only, i.e., they are essentially geometric constants; this assumption may
be tested by applying the Cj,ωk to other wind directions. Minimising the residual
between the true profile,

〈
u(t)

i

〉
, and the estimated profile at a specific θ,

r =
∫ zt

zb

(
∑
j,ωk

αj,ωk
〈

vj,ωk
i

〉
−
〈

u(t)
i

〉)2

dz, (3)

yields the geometric constants. The integral is taken over the interval, [zb, zt], where
zb lies above the viscous boundary layer at the bottom, and zt is the (mean) canopy
height. Unless otherwise stated, the geometric constants correspond to the wind
direction θ = 45°. The local tangential velocity, 〈ui〉s, is used to calculate γj,ωk . Note
that γj,ωk but not Cj,ωk is a function of θ.

5. Matching. Since inviscid vortex dynamics are assumed, the interior vortex solution
must be matched to the no-slip boundary condition at the ground. A logarithmic
profile is introduced between the ground and the top of the log layer, i.e., zb, by
defining the friction velocity from the log-law prediction. By construction, the log
profile exerts no influence on the predicted profile in the interior, z > zb. For typical
urban canyons, the streamwise velocity profile is not logarithmic near the ground: the
log profile is chosen simply for convenience.

The implementation differs slightly from [18]. First, a more objective procedure is
adopted for the determination of the profile near the ground. In the present study, zref is
defined by restricting it to the top of the log layer, i.e., y+ ∼ 200, for example, [37], where
y+ is the distance in normalised wall units. Compared to the previous choice for a single
street canyon, zref = 0.25H, the width of the log layer (with roughness length z0 = 0.1 m)
decreases to 0.08H: thus, the vortex prediction covers a wider region. Second, the tangential
velocity at the vortex sheets, 〈ui〉, is obtained by direct averaging of the reference velocity
data rather than extrapolation from the centre.

2.2. CFD Configurations

Although this study is not primarily concerned with the analysis of CFD simulations,
CFD data are required to calibrate the vortex method and define reference profiles. Both
neutral and stratified simulations are considered. The governing equations in the latter case
are given by the non-hydrostatic Boussinesq equations; in the neutral case, all temperature
terms are dropped.

Neutral simulations for the idealised and realistic canyons were performed using
OpenFOAM, a finite-volume library for partial differential equations [38,39], improved
delayed detached eddy simulation (IDDES) [40] and implicit filtering. IDDES is used
instead of a more computationally efficient method based on the Reynolds-Averaged
Navier–Stokes equations because the calibration and testing require accurate reference
data; it is well-established that RANS is less accurate than LES and LES-like methods [41].
The configuration of the neutral simulations follows [18]. Crank–Nicolson time-stepping is
combined with a Gauss scheme for advection and second-order Gauss linear upwinding
for the velocity divergence. There are periodic boundary conditions at the horizontal and
Dirichlet at the top. The Spalding [42] wall function (implemented in OpenFOAM as
nutUSpaldingWallFunction) is applied to solid surfaces. It prescribes the turbulent viscosity
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as a function of the wall-normal distance by correcting the shear stress at the wall. Although
the small-scale vorticity field depends on the mesh details and wall function, the mean
velocity profiles show limited sensitivity (Appendix C).

Stratified simulations for a unit-aspect-ratio street canyon were conducted with the
Parallelized Large-eddy Simulation Model, PALM [43], with implicit filtering and a 1.5-
order subgrid scheme [44,45]. PALM has been used in many studies of urban boundary
layers [46–48], including stratified ones [49]. The configuration of the stratified simulations
follows Wang and Ngan [50]. The velocity boundary conditions are identical to the neutral
case; a Prandtl layer with z0 = 0.1 m is used for the wall function. With respect to the
temperature, a fixed value T0 = 300 K is prescribed at the inlet, while there is a radiation
boundary condition at the outlet. Following [51–53], the heating is specified by fixing
the temperature of the bottom boundary, i.e., the ground temperature is specified as
Tb − T0 ≡ ∆T, where ∆T denotes the heating or cooling.

In all cases, the mean flow is forced by external forcing. For the neutral simulations
in OpenFOAM, a wind speed of 3 m s−1 is specified at the upper lid; for the stratified
simulations in PALM, a constant external pressure gradient of −0.0006 Pa m−1 is applied.
The forcing is rotated to vary the wind direction. The default time step ∆t ∼ 0.1 s, and the
domain-averaged Courant number is always less than unity. After an initial spin-up of
4000 s, the data are averaged over 1000 s. All of the results shown below are time-averaged
(indicated by the overbar).

2.3. Computational Domains

A wide range of urban geometries is investigated. Schematic illustrations of the
computational domains are shown in Figure 1, namely shallow or deep (Figure 1a), step-up
(Figure 1b) and step-down (Figure 1c) canyons, and realistic neighbourhoods (Figure 1d,e)
canyons. For the idealised canyons (Figure 1a–c), the streamwise (x) direction (θ = 0°) is
perpendicular to the canyon axis, while the spanwise (y) direction (θ = 90°) is parallel to it.
The canyons have width W and length L, the buildings are of width W/2, and the domain
dimensions are listed in Table 1. For realistic geometries, the horizontal dimensions and
building heights vary. For the homogeneous neighbourhood (Figure 1d), the mean building
height is 41 m, the standard deviation is 4.5 m and AR ∼ 1− 3; for the heterogeneous
neighbourhood (Figure 1e), the mean building height is 48 m, the standard deviation is
28 m and the tallest building is 100 m. In both cases, a buffer region of width 40 m is applied
around the periphery of the domain. The domain dimensions and building heights are
summarised in Table 1.

An isotropic grid spacing ∆ = 1 m is used away from the walls for the OpenFOAM
simulations and throughout the computational domain for the PALM simulations. The
resolution is consistent with recent urban CFD studies, for example, [50]. For the idealised
canyons only, mesh refinement is applied in the immediate vicinity of the walls only by
introducing an additional mesh layer so that the finest horizontal resolution is ∆ = 0.5 m.
Grid convergence tests are described in Appendix D.
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(a) (b) (c)

(d) (e)

Figure 1. Urban geometries and vortex sheets (a) shallow or deep canyon; (b) step-up canyon;
(c) step-down canyon; (d) homogeneous neighbourhood (Whampoa, Hong Kong); (e) heterogeneous
neighbourhood (Central, Hong Kong). The vortex sheets are indicated in colour: roof level, <t

(violet); ground level, <b (yellow); intermediate, <i (red); sidewall, <s (green). There are several
intermediate and sidewall vortex sheets, denoted as <ik and <sk , for the asymmetric and realistic
canyons. Computational domain parameters are described in Table 1.

Table 1. Computational domain parameters. Lx, Ly, Lz denote the domain dimensions; H, W, L are
the building dimensions. For more complicated domains, Hu is the height of upstream building, Hd
is the height of the downstream building and Havg is the mean building height.

Canyon AR Lx Ly Lz W H L Illustration

Shallow 0.25 5H 3H 5H 200 m 50 m 150 m Figure 1a
0.5 3H 3H 5H 100 m 50 m 150 m Figure 1a

Deep 1 2W 3W 5H 50 m 50 m 150 m Figure 1a
3 2W 3W 5H 50 m 150 m 150 m Figure 1a

Step-up - 2W 3W 5Hd 50 m Hu: 50 m;
Hd: 100 m 150 m Figure 1b

Step-down - 2W 3W 5Hu 50 m Hu: 100 m;
Hd: 50 m 150 m Figure 1c

Whampoa ∼1.4 480 m 480 m 200 m - Havg:
41.4 m - Figure 1d

Central ∼2 260 m 140 m 500 m - Havg: 48 m - Figure 1e

2.4. Validation

The OpenFOAM configuration for neutral flow (Section 2.2) is validated against the
wind tunnel data of [54], which correspond to measurements of the flow over a set of
street canyons with AR = 1. As in recent urban CFD studies, for example, [55,56], the
validation is performed using an idealised geometry rather than a realistic one because
wind-tunnel or in situ measurement data are not available. Since the mean wind speed and
Reynolds numbers for idealised and realistic geometries are similar (see Section 2.2 and
Table 1), one may expect the model’s overall performance to be broadly similar in the latter
case. Vertical profiles of the mean streamwise velocity and TKE evaluated at different
streamwise locations show good agreement between IDDES and the wind-tunnel data
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(Figure 2). Statistical performance measures [57] indicate a successful validation: fractional
bias FB ∼ 0.02–0.05, the normalised mean square error NMSE ∼ 0.03–0.06, fraction of data
FAC2 ∼ 0.9 and correlation coefficient R ∼ 1. Given that the vortex method is concerned
with mean velocity profiles rather than fine-scale turbulence statistics, we conclude that the
neutral-flow simulations with OpenFOAM can serve as a baseline truth against which the
vortex method can be tested.

(a)

0 1 2

〈u〉/〈Us〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

Wind tunnel

IDDES

(b)

−0.5 0.0 0.5 1.0 1.5 2.0

〈u〉/〈Us〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

(c)

−0.5 0.0 0.5 1.0 1.5 2.0

〈u〉/〈Us〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

(d)

−0.5 0.0 0.5 1.0 1.5 2.0

〈u〉/〈Us〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

(e)

−0.5 0.0 0.5 1.0 1.5 2.0

〈u〉/〈Us〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

(f)

0 1 2

〈TKE〉/〈TKEs〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

(g)

0 1 2

〈TKE〉/〈TKEs〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

(h)

0 1 2

〈TKE〉/〈TKEs〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

(i)

0 1 2

〈TKE〉/〈TKEs〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

(j)

0 1 2

〈TKE〉/〈TKEs〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

Figure 2. Validation of the IDDES model (OpenFOAM) for neutral flow over a 2-D street canyon. Nor-
malised mean streamwise velocity and TKE validation of IDDES (solid line) against wind tunnel exper-
iment [54] (filled circles) at (a,f) x/W = −0.4; (b,g) x/W = −0.25; (c,h) x/W = 0; (d,i) x/W = 0.25;
(e,j) x/W = 0.4. Reference values for the streamwise velocity and TKE, 〈Us〉 and 〈TKEs〉, represent
averages of the IDDES data over the shear layer, 1 ≤ z/H ≤ 1.5.

The PALM configuration for stratified flow over a street canyon is validated against
wind-tunnel measurements of flow over a regular array of cubic buildings [58]. To ensure
that the plan and frontal area ratios match the experiment, the aspect ratios of the nominal
canyon units along the x and y directions are 1 and 0.5, respectively. The agreement between
the current LES results and the experimental data is generally good (Figure 3). For the
most unstable case, the fractional bias FB ∼ 0.02–0.06, the normalised mean square error
NMSE ∼ 0.04–0.08 and fraction of data FAC2 ∼ 0.96. The validation confirms that PALM
is able to simulate credible reference profiles for stable and unstable stratification.
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(a)

−0.2 0.2 0.6 1.0

〈u〉/〈Us〉
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

Rb = -0.198 (LES)

Rb = 0 (LES)

Rb = 0.25 (LES)

Rb = -0.19 (Experiment)

Rb =0 (Experiment)

Rb =0.11 (Experiment)

Rb =0.43 (Experiment)

(b)

−1.0 −0.5 0.0 0.5 1.0

(T− Tw)/|Ti − Tw|
0.0

0.5

1.0

1.5

2.0

2.5

z/
H

Rb = -0.198 (LES)

Rb = 0.25 (LES)

Rb = -0.19 (Experiment)

Rb =0.11 (Experiment)

Rb =0.43 (Experiment)

Figure 3. Validation of the LES model for stratified flow over a regular array against the wind-tunnel
data of Uehara et al. [58]: (a) streamwise velocity; (b) temperature. The bulk Richardson number Rb
is defined in Equation (14).

2.5. Errors

From the predicted and true profiles, 〈u(p)
i 〉 and 〈u(t)

i 〉 respectively, the absolute and
relative errors are defined by,

εa =
1

UrefH

(∫ z2

z1

(
〈u(p)

i 〉 − 〈u
(t)
i 〉
)2

dz
)1/2

, (4a)

εr = εa

(
1

UrefH

(∫ z2

z1

〈u(t)
i 〉2dz

)1/2
)−1

. (4b)

For convenience, εa, εr refer to (z1, z2) = (0, H) and ε′a, ε′r refer to (z1, z2) = (zb, H),
where zb = 0.08H is the top of the log layer. Uref is a reference velocity, the streamwise
velocity at z/H = 1, where the unnormalised streamwise errors are maximised. Although
the relative error is independent of H and Uref, εr can be anomalously large when the mean
flow is weak and the denominator (i.e., |〈u(t)

i 〉|) is small. The reference velocity is defined
using the roof-level value rather than a canyon average because the latter is very small:
for AR = 3, the canyon average, Uavg, is approximately three orders of magnitude smaller
than Uref. Both εa and εr are considered because neither definition is appropriate for all
situations. For example, small absolute errors yield large relative errors when u(t) is close
to zero.

3. Geometric Effects

In this section, the applicability of the vortex method to neutral flow over different
building geometries is investigated.

3.1. Shallow Canyons

The accuracy of the vortex method may depend on the aspect ratio because the
assumptions underlying the vortex method may not be satisfied for certain flow regimes.
Hence shallow canyons with AR = 0.25 and 0.5, belonging to the isolated roughness (IR)
and wake interference (WI) regimes [59,60], respectively, are examined. For convenience,
results for AR = 1 or skimming flow (SF) are also shown.

As AR increases, the canyon-wide circulation (Figure 4a–c) becomes increasingly
dominated by the strong central vortex (Figure 4d–f). The vorticity is strongly localised at
the roof and bottom levels for all three regimes; however, the normalised turbulent kinetic
energy (TKE) within the canopy increases for the shallower canyons (panels Figure 4g–i).
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The mean horizontal velocity components can be estimated with the same vorticity sheets
(Figure 1a) as for AR = 1 see [18] (Figure 3):

ux : Ωshallow ≡ {(<b, ωy), (<t, ωy)} (5a)

uy : Ωshallow ≡ {(<s, ωz)}. (5b)

This is a reasonable assumption because the structure of the mean flow and the
localisation of the vorticity sheets are similar for AR . 1. By symmetry, only a single
sidewall vortex sheet is required. Each vorticity sheet extends along the full length of the
canyon in the spanwise direction. Strictly speaking, the contribution of <s to ux could be
included; however, it is very small (see Appendix B for an analysis for AR = 3).

Figure 4. Flow structures in the x− z plane for uniform street canyons with a mean flow perpendicular
to the canyon axis (θ = 0°): (left) AR = 0.25; (middle) AR = 0.5; (right) AR = 1. (a–c) Temporally
and spatially averaged streamlines; vertical velocities are plotted in colour; (d–f) spatially averaged
vorticity magnitude normalised by the maximum value, ||~ω||∗; (g–i) vertical profiles of the TKE and
||~ω||∗. The TKE is normalised using 〈Ūref〉, the IDDES streamwise velocity at z/H = 1.

The estimated and true wind profiles for θ = 0° are compared in Figure 5. For all three
regimes, there is very good agreement in the interior, but large deviations at the bottom,
where the log profile is applied. The canyon-averaged relative errors satisfy εr ∼ 0.30 and
0.13 for ux and uy, respectively, while εa ∼ 0.017 for the absolute errors. Similar results are
obtained for other θ ∈ [0°, 90°] except for uy at θ = 90°. The reasons for this are discussed
in Section 3.2.
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Figure 5. Vertical profiles of normalised velocities for AR ≤ 1 and θ = 0°. Estimated (solid lines)
and IDDES (dashed lines) profiles are compared for: (a,d) AR = 0.25; (b,e) AR = 0.5; (c,f) AR = 1.
Streamwise (top) and spanwise (bottom) velocities are normalised by 〈Ūref〉, the IDDES streamwise
velocity at z/H=1. Henceforth this definition of 〈Ūref〉 is used for all vertical profiles.

The estimates are not strongly affected by the increase in the normalised TKE for the
shallower canyons. The relative error actually increases slightly from the IR to SF regimes,
though there is a smaller decrease in the absolute error.

3.2. Deep Canyons

Deep canyons with AR > 1 are commonplace in cities with tall skyscrapers. Since
multiple vortices may occur inside them [24], accuracy may be affected. A deep canyon
with AR = 3 is examined below.

In agreement with previous studies [61,62], the large vortex of the shallow canyons is
replaced by a pair of vortices (Figure 6a). The spanwise vorticity is maximised at the roof
level, with smaller contributions from the sidewalls and bottom (Figure 6b). The vorticity
magnitude has a similar appearance (not shown), but a signed vorticity component is more
appropriate for a flow with multiple vortices. Despite the appearance of a second vortex,
the vorticity in the bottom half of the canyon is relatively weak. The normalised TKE is
also small, away from the roof level.
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Figure 6. Flow structures for a deep canyon with AR = 3 and θ = 0°. (a) Temporally and spatially
averaged streamlines; (b) spanwise vorticity; (c) vertical profiles of the TKE and spanwise vorticity.
As in Figure 4, the streamlines and vorticity field are averaged in the spanwise direction.

From the appearance of the TKE and vorticity profiles, vortex sheets can be defined
similarly to the shallow canyons, i.e., by using Ωdeep ≡ Ωshallow (Figure 1a). To allow for
a fair assessment of the method, the geometric constants for θ = 45° are used for other
wind directions, even though the vorticity structure may change. Mean wind profiles are
plotted for different θ in Figure 7: for ux, the inflection point near the middle of the canyon
is not captured; for uy, agreement tends to be better, but there are large relative errors for
θ = 90°. The agreement at 90° for both ux and uy improves when the geometric constants
are calculated at 90° rather than 45°, i.e., εr for ux decreases from 66% to 30%. Given that
the flow structure for θ = 90°, namely a channel-like flow, differs qualitatively from other
wind directions, this is unsurprising. Nevertheless, a useful approximation to the actual
uy profile is still obtained using the “wrong” vortex sheets and geometric constants: the
monotonic structure is preserved, and there is still residual skill. The canyon-averaged
errors for different θ are listed in Appendix F, Table A6.

At θ = 45°, the accuracy decreases compared to the shallow canyons (Figure 5) since
the inflection point near z/H = 0.5 in the ux profile is missed. This can be attributed to the
neglect of the second vortex, which appears in the lower half of the canyon. A potential
solution is discussed in Section 5.

The dependence of the errors on the aspect ratio is summarised in Figure 8. At 45°
(panel a), the relative errors are maximised in the WI regime, which is where the interaction
between turbulent wakes is strongest. There is similar behaviour for ux but not uy at 90°
(panel b); this discrepancy can be attributed to the application of the geometric constants
for 45° to the special case of channel flow at 90°. When the calibration is also done at 90°,
the uy error is also maximised in the WI regime (not shown).
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Figure 7. Vertical profiles of normalised velocities for the deep canyon (AR = 3) and various θ. Mean
streamwise (top) and spanwise (bottom) profiles are shown for the vortex method (dotted black line)
and IDDES (dashed blue line). (a,f) θ = 0°; (b,g) θ = 30°; (c,h) θ = 45°; (d,i) θ = 60°; (e,j) θ = 90°.
The mean streamwise velocity at z/H = 1 is used for the normalisation.
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Figure 8. Variation of the canyon-averaged relative errors with AR at (a) θ = 45°; (b) θ = 90°.

3.3. Asymmetric Canyons

By contrast with the idealised geometries of Sections 3.1 and 3.2, street canyons in real
cities may not be formed by buildings of identical height. An asymmetric street canyon
(Figure 1b,c) is formed by upwind and downwind buildings of unequal height, Hu and Hd.
A key parameter characterising this geometry is the building ratio,

BR ≡ Hd/Hu. (6)

A step-up canyon corresponds to BR > 1 (Figure 1b) and a step-down canyon to BR < 1
(Figure 1c).

We consider several step-up and step-down cases (Table 2). For BR > 1, Hd ≡ W
is fixed and Hu varied, while for BR < 1, Hu ≡ W is fixed and Hd varied. Since the
boundary conditions are identical to those for the shallow and deep canyons, flow over an
infinite array of asymmetric canyons is simulated. Despite the superficial resemblance, the
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configurations are rather different from isolated step-up and step-down canyons [63,64].
Neither isolated asymmetric canyons nor asymmetric infinite arrays are entirely represen-
tative of typical urban neighbourhoods, but periodic boundary conditions are adopted
here to minimise the computational cost and to facilitate comparison with the shallow and
deep canyons.

Table 2. Step-up and step-down canyon parameters.

Canyon BR W Hu Hd L

Step-up
4 50 m 25 m 100 m 150 m
2 50 m 50 m 100 m 150 m

1.33 50 m 75 m 100 m 150 m

Step-down
0.75 50 m 100 m 75 m 150 m
0.5 50 m 100 m 50 m 150 m

0.25 50 m 100 m 25 m 150 m

Flow structures for step-up (BR = 2) and step-down (BR = 0.5) canyons are illus-
trated in Figure 9. In both cases, two vortices appear inside the canyon. For the step-up
canyon (Figure 9a–c), the primary vortex is located between the walls of the two build-
ings (−0.5 < x/W < 0.5), while a secondary vortex is located above the upwind building.
For the step-down canyon (Figure 9d–f), the upper vortex spans the entire width of the
canyon (−0.5 < x/W < 1.0), while the lower vortex is confined between the buildings
(−0.5 < x/W < 0.5). The effect of the lower building on the TKE and vorticity profiles is
more obvious for the step-down canyon, presumably because the flow within the step-up
canyon is dominated by the downwind wall. Aside from the strong vorticity gradient
introduced by the lower building of the step-down canyon, the spatial localisation of the
vorticity and TKE do not differ significantly from the deep canyon (Figure 6).

The choice of vortex sheets (Figures 4b,c) follows the structure of the vorticity field.
In addition to the intense layers of vorticity at the walls, there is a new layer above the
lower building. This, therefore, suggests the following arrangement of vorticity sheets
(Figure 1b,c),

ux : Ωstep−up ≡ {(<b, ωy), (<iu , ωy), (<t, ωy)}, (7a)

ux : Ωstep−down ≡ {(<b, ωy), (<id , ωy), (<t, ωy)}, (7b)

uy : Ωstep−up, Ωstep−down ≡ {(<s1 , ωz), (<s2 , ωz)}, (7c)

where <iu and <id are intermediate vortex sheets located on top of the upwind and down-
wind buildings, respectively, and <s1 ,<s2 are the sidewall vortex sheets. <iu and <id are
restricted to the rooftops because, by contrast with <t, intense vorticity does not extend
across the canyon.

The wind profiles for streamwise (ux) and spanwise (uy) velocities are shown in
Figure 10. The results are averaged over −1 < x/W < 0.5 for the step-up cases and
−0.5 < x/W < 1 for the step-down cases. The true ux step-up profiles for BR ∈ [1.33, 4]
resemble that for the deep canyon, indicating that the influence of the lower building is
weak, but the true step-down profiles for BR ∈ [0.25, 0.75] show an inflection point around
the roof level of the lower building. The relative errors for ux increase from BR < 1 to
BR > 1, while those for uy are approximately constant. For the cases with an inflection point
in ux, the accuracy of the estimate is compromised (e.g., εr ∼ 0.9) when the intermediate
vortex sheet is excluded. Although the profiles are more complicated than those for the
shallow and deep canyons, the agreement is generally quite good, despite the nonlinearity
of the profiles. The dependence of the errors on BR is depicted in Appendix E, Figure A6.
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Figure 9. As in Figure 4 but for asymmetric canyons. (Top) step-up canyon (BR = 2); (bottom)
step-down canyon (BR = 0.5). (a,d) Temporally and spatially averaged streamlines; (b,e) spatially
averaged vorticity magnitude; (c,f) vertical profiles of the normalised TKE and vorticity magnitude.

Figure 10. Vertical profiles of normalised velocities for step-up (BR > 1) and step-down (BR < 1)
canyons and θ = 45°. (Top) ux; (bottom) uy. Predictions with (solid red line) and without (dotted
black line) the intermediate vortex sheet located on top of the lower building are compared to IDDES
(dashed blue line).

The mean profiles represent an average over a primary canyon between the buildings
(−0.5 < x/W < 0.5) and a secondary one above the lower building (−1 < x/W < −0.5
for the step-up canyon and 0.5 < x/W < 1 for the step-down canyon). However, the
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geometric constants for the entire canyon can be used to estimate the wind profiles within
the subregions, −1 < x/W < 0.5, −0.5 < x/W < 0.5, −1 < x/W < 0.5, or 0.5 < x/W < 1.
The errors increase for the vertical profiles within the subregions but the basic trends are
reproduced (see Figure A7).

3.4. Real Urban Areas

To test the applicability of the vortex method to real urban areas, two domains are
considered: (i) a homogeneous neighbourhood (Whampoa, Hong Kong; Figure 1d) in which
the building heights are relatively uniform; (ii) a heterogeneous neighbourhood (Central, Hong
Kong; Figure 1e) in which building heights vary greatly.

3.4.1. Homogeneous Neighbourhood

The Whampoa neighbourhood includes two clusters of buildings (Figure 1d). The
clusters are composed of ∼ 20 non-rectangular (cruciform) buildings and separated by a
central street canyon. They are used to define the vortex sheets.

Horizontal and vertical cross-sections of the vorticity magnitude are shown in Figure 11
for an external wind approximately parallel to the central street canyon (θ = 45°). In the
x− y plane, strong vorticity is found around the periphery of each cluster and the central
street canyon (panel a). In the x− z plane, strong vorticity continues to be found at the
ground and roof level (panel b). Spatial localisation of the vorticity is maintained for this
neighbourhood. Analogously to the (effectively parallel) street canyons of Sections 3.1– 3.3,
Figure 11 suggests that the continuous vorticity distribution be approximated with discrete
vortex sheets at the ground, roof level and the periphery of each cluster. For simplicity,
variations of the vorticity on the scale of individual buildings are neglected: it is assumed
that the clusters are enclosed by uniform flat walls.

Baseline and extended sets of vortex sheets may be defined (Figure 1d) as

Ωhom,base ≡ {(<b, ωy), (<t, ωy)}, (8a)

Ωhom,extended ≡ Ωhom,base ∪Ωhom,sidewall , Ωhom,sidewall ≡ ∪5
i=1(<si , χiωz), (8b)

where <si refers to the five sidewall vortex sheets and the indicator function χi = 1 if sheet
i is included in a specific arrangement (and zero otherwise). The baseline arrangement
includes the top and bottom vortex sheets only; the extended arrangement also includes
sidewall vortex sheets at the lower edge (<s1 ,<s2), leading-edge (<s3) and trailing edge
(<s4 ) of each cluster as well as along the central street canyon (<s5 ). The piecewise constant
vorticity distribution represented by Equation (8b) is not different in kind from Ωshallow

and Ωdeep or classical vortex dynamics models [19].
Given that the heights are approximately uniform and that AR ∼ 1 for the central

street canyon, Ωhom,base may suffice. On the other hand, it is clear from Figure 11 that the
vorticity structure is more complicated than that of a uniform street canyon. We examine
the sensitivity to the inclusion of additional vortex sheets for Ωhom,extended with Ns, the
number of sidewall vortex sheets with χi = 1. The absolute and relative errors are plotted
against Ns, for θ = 45°, the wind direction used to calculate the geometric constants, in
Figure 12. The minimum, maximum and mean errors are calculated by considering all
possible combinations of the <si for each value of Ns. The errors are largest when there are
no sidewall vortex sheets, i.e., for Ωhom,base or Ns = 0. For ux, the best (εr = 0.13, εa = 0.014)
and worst (εr = 0.16, εa = 0.017) sets are

Ωbest x ≡ (<s2 , ωz) ∪ (<s3 , ωz) ∪ (<s4 , ωz) ∪ (<s4 , ωz), (9a)

Ωworst x ≡ (<s1 , ωz). (9b)
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(a)

(b)

Figure 11. Time-averaged normalised vorticity magnitude for the homogeneous neighbourhood and
an external wind at 45° (indicated by the arrow): (a) x − y plane at z/H = 0.5; (b) x − z plane at
y = 300 m (indicated by the white dashed line in panel a).

Adding sidewall vortex sheets can degrade the accuracy of the ux profiles, though the
sensitivity is fairly weak. For uy, the best and worst results are obtained from

Ωbest y ≡ (<s1 , ωz) ∪ (<s2 , ωz) ∪ (<s3 , ωz) ∪ (<s4 , ωz) ∪ (<s5 , ωz), (10a)

Ωworst y ≡ (<s3 , ωz). (10b)

Adding a vortex sheet always decreases the errors for uy. For both ux and uy, εa and
εr improve by 35–55% when a single vortex sheet is added, i.e., from Ns = 0 to Ns = 1, but
improvements for Ns ≥ 1 are much smaller. Evidently, the top and bottom vortex sheets
are more important than the sidewall and intermediate ones. This agrees with the analysis
for the deep street canyon (see Appendix B).

Mean profiles (averaged over the computational domain but excluding the lateral
buffer) for Ωbest x and Ωbest y are compared to the IDDES truth in Figure 13. The ux profiles
show limited sensitivity to the specification of the sidewall vortex sheets but the spread is
greater for the uy profiles. Except for the special cases of ux at 90° and uy at 0°, for which
the mean velocity components are weak and the geometric constants for 45° inadequate
(see Section 3.2), agreement with IDDES is relatively good for the best configuration
(Equations (9a) and (10a)). Errors are generally smaller than those for the deep canyon. The
relative and absolute errors are listed in Table A7.
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Figure 12. Mean absolute (εa) and relative (εr) errors against the number of sidewall vortex sheets,
Ns, for θ = 45°: (a) ux; (b) uy. The error bars represent the minimum and maximum errors for each
ensemble of Ns sidewall vortex sheets. absolute errors are represented by blue lines; relative ones are
denoted by red lines.

Figure 13. Vertical profiles of mean normalised velocities within the homogeneous domain. (Top)
ux estimated by Ωbest x (solid red line) and Ωhom,base (dash-dotted green line); (bottom) uy estimated
by Ωbest y (solid red line) and a single vortex sheet (Ωworst y; dash-dotted green line). The IDDES
profiles are plotted with a dashed blue line. The reference value, 〈Ūref〉, was obtained by averaging
the IDDES streamwise velocity at z/Havg = 1. Geometric constants were calculated at 45°.

3.4.2. Heterogeneous Neighbourhood

The Central neighbourhood (Figure 1e) is comprised of two parts, the left half with
two tall towers and the right half with shorter buildings of variable height. The do-
main may, therefore, be viewed as a sort of asymmetric canyon (i.e., a step-down canyon
under a westerly wind and a step-up canyon under an easterly one). Only westerly
and easterly winds are considered as they are the dominant wind directions: accord-
ing to the wind rose for the Hong Kong Observatory’s King’s Park meteorological sta-
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tion (https://www.weather.gov.hk/en/cis/region_climat/windrose.htm?&std=HKO, ac-
cessed on 19 November 2022), westerly and easterly winds occur 83% of the time. The
agreement is unlikely to be significantly different for other wind directions. The results
for the homogeneous neighbourhood (Figure 13) suggest that, except for winds at 0° and
45°, agreement is maintained over a wide range of wind directions; the buildings of the
heterogeneous neighbourhood, however, are not perfectly aligned.

Cross-sections of the vorticity magnitude are plotted in Figure 14. In the horizontal
section (panel a), strong vorticity appears around the tall buildings at the left and to a lesser
extent within the street canyons at the right, but spatial localisation is weaker compared
to the homogeneous domain (Figure 11). In the vertical section (panel b), the weaker
localisation of the vorticity is more evident as values may be found away from the walls or
ground. There is no evidence of multiple vortices inside deep canyons; indeed, coherent
vortices are not easily discerned from streamlines in the vertical plane (not shown).

(a)

(b)

Figure 14. Time-averaged normalised vorticity magnitude for the Central neighbourhood and an
external easterly wind (indicated by the arrow): (a) x − y plane at z = 10 m; (b) x − z plane at
y = 90 m (indicated by the white dashed line in panel a).

Since spatial localisation persists for the heterogeneous domain, albeit in attenuated
form, the vorticity field may be approximated with the discrete vortex sheets of Figure 1e.
The approach follows that for the asymmetric canyon and homogeneous neighbourhood.
First, the top and bottom vortex sheets, <b and <t, are located on the ground and the
rooftop of the tallest building. Second, sidewall vortex sheets, <si , are introduced along

https://www.weather.gov.hk/en/cis/region_climat/windrose.htm?&std=HKO
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each of the nominal street canyons, the first (<s1 ) between the left and right halves and the
remainder (<s2 -<s5 ) within the right half. They extend to the spanwise boundaries and top
of the associated cluster. Third, intermediate vortex sheets, <ij , are located at the rooftops
of the tallest building within each cluster in the right half, namely the front cluster (<i1 ,
H ∼ 55 m) and the back cluster (<i2 , H ∼ 25 m). They extend from the edge of the cluster
to the boundaries. Hence the vortex set Ωinhom Figure 1e) is defined as

Ωinhom ≡ {(<b, ωy), (<t, ωy)}+ Ωinhom,inter + Ωinhom,sidewall , (11)

Ωinhom,inter ≡ ∪2
j=1(<ij , χiωy), (12)

Ωinhom,sidewall ≡ ∪5
i=1(<si , χiωz). (13)

The errors for ux and uy are minimised for the entire set of vortex sheets, i.e., Ni = 2
and Ns = 5. (For the precise dependence on Ni and Ns, see Appendix E, Figure A8).

Profiles for easterly and westerly winds are shown in Figure 15. For this inhomo-
geneous domain, different horizontal averages are taken: the entire domain excluding
the buffer region, Dwhole; the subregion covered by <i1 , D<i1 (i.e., the upper part of the
right half); the subregion covered by <i2 , D<i2 (i.e., the lower part of the right half). In all
cases, the profiles show a more complicated dependence on height than do the ones for the
homogeneous domain (Figure 13). Nevertheless, good agreement with the IDDES reference
is obtained for westerly and easterly winds, especially for Dwhole, though the agreement is
slightly better in the former case, which was also used to calculate the geometric constants.
(The errors are summarised in Appendix F, Table A8). Despite the complexity of the hetero-
geneous domain and the weaker spatial localisation, the agreement is comparable to that
for the homogeneous domain.

Figure 15. Vertical profiles of normalised mean velocities for the heterogeneous neighbourhood:
(top) ux; (bottom) uy. The vertical profiles represent horizontal averages over: (a,d,g,j) the entire
domain (excluding lateral buffer); (b,e,h,k) <i1 (shown in red in Figure 1e); (c,f,i,l) <i2 (shown in
violet in Figure 1e). Westerly results are shown at the left (a–c,g–i), easterly results at the right
(d–f,j–l). The reference value, 〈Ūref〉, was obtained by averaging the IDDES streamwise velocity at
z/Havg = 1. The geometric constants correspond to the westerly case and the average over the entire
domain, Dwhole. Agreement is degraded for the averages over the subdomains, D<i1 and D<i2 .
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4. Stratification

The assumption of neutral flow, which is commonly made in urban CFD and wind en-
gineering, is not always satisfied. On the one hand, solar heating and energy exchange with
buildings may lead to convectively unstable conditions [65]. On the other hand, changing
meteorological conditions may yield stable stratification [66]. Since the temperature does
not project directly onto the vorticity, the vortex sheets cannot provide a complete descrip-
tion of the flow, even in the idealised limit of negligible nonlinearity and perfect spatial
localisation. The influence of stratification on the applicability of the vortex method is,
therefore, examined for a unit-aspect-ratio street canyon with bottom heating (or cooling).

Following [58], the stratification is characterised with the bulk Richardson number,

Rb =

(
g
T

Troo f − Tbottom

H

) / (
Uref
H

)2
, (14)

where Troo f , Tbottom, T are the roof level, ground and mean canyon temperatures. Results
for several values of ∆T ≡ Tbottom − Tinlet (Table 3) are reported below.

Table 3. Stratification parameters. The temperature at the inflow boundary, Tinlet, is fixed at 300 K.

Stratification Stable (K) Neutral (K) Unstable (K)

∆T −8, −6, −4, −2 0 2, 4, 6, 8

Rb 0.38, 0.29, 0.19, 0.09 0 −0.09, −0.19, −0.30,
−0.39

Flow structures for stable (∆T < 0) and unstable (∆T > 0) stratification are illustrated
in Figure 16. As in previous studies [51–53], the flow within the canyon is dominated
by a central vortex. Differences among the ∆T are most noticeable near the roof level:
while the streamlines remain confined within the canyon for stable stratification (panel a),
they extend slightly into the shear layer for unstable stratification (panel d). The spatial
localisation of the vorticity magnitude is not significantly affected by the stratification.
Strong vorticity at the top, bottom and sidewalls is maintained for stable stratification
(panel b), but the roof-level vorticity is weaker for unstable stratification (panel e). The TKE
in the interior is relatively weak in both cases (panels c,f), suggesting that the nonlinear
contribution to the flow is not substantially different from the neutral case (Figure 4i).

From the flow structure, the vorticity sheets may be defined similarly to the shallow
and deep canyons, i.e., the set Ωshallow is adopted (Figure 1a). At θ = 45°, the projection
onto the vortex sheets is similar for stable and neutral cases (the weights differ by less than
10%); for unstable stratification, the projection onto the top vortex sheet is weaker and the
variation among the weights is smaller.

The estimated profiles follow the actual ones reasonably well for all values of Rb
(Figure 17). Relative errors are shown in Figure 18. They are approximately constant for
Rb < 0 and Rb > 0. Accuracy decreases for unstable stratification, but is largely unaffected
by stable stratification.
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Figure 16. Flow structures for stratified flow within an AR = 1 street canyon: (top) stable conditions
(Rb = 0.38); (bottom) unstable conditions (Rb = −0.39). (a,d) Spatially averaged streamlines;
(b,e) spatially averaged vorticity magnitude; (c,f) vertical profiles of normalised TKE and vorticity
magnitude. See Figure 4 for additional figure details.

Figure 17. Vertical profiles of normalised streamwise velocities for AR = 1 and different Rb. (Top) Sta-
ble stratification; (bottom) unstable stratification. Predicted (solid lines) and IDDES (dashed lines)
results are compared at θ = 45°; the geometric constants were calculated at 0°.
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Figure 18. Canyon-averaged relative error in ux versus Rb.

5. Discussion

The accuracy of the vortex method depends on the extent to which the vorticity
field is localised within vortex sheets and fluctuations are strongly influenced by linear
dynamics. For a single street canyon, the vorticity components are strongly localised at the
walls [18,21] and the linear term describing the straining of fluctuations by the mean flow
can be used to estimate the growth rate of perturbations [32], while the linear production
term in the TKE budget is comparable to the nonlinear one near the roof level [33]. The
appropriateness of these assumptions is less obvious for the more realistic flows considered
in this study: multiple vortices appear inside deep canyons; vortex sheets may be more
difficult to define for asymmetric canyons or real urban neighbourhoods in which the
building height or shape is not uniform; stratified flows may not be adequately described
by the vorticity.

Nevertheless, errors do not increase significantly. Whereas the canyon-averaged rela-
tive error in the streamwise velocity is ∼10–20% for a single street canyon, it is ∼ 20% for
the shallow canyons, ∼ 40% for the deep canyons, and ∼ 30% for the homogeneous neigh-
bourhood and ∼3–15% for the heterogeneous one. The robustness of the vortex method
for the different geometries can be explained as follows. First, the building geometries are
sufficiently regular that strong vorticity gradients at the walls are maintained. This can be
seen in cross-sections of the vorticity magnitude (e.g., Figures 4, 6, 9, 11 and 14). Since the
buildings are exactly (for the idealised domains) or approximately (for the realistic ones)
cuboidal, it is reasonable that vorticity gradients should be maintained away from the roof
level. This may no longer be the case when there is strong height variability; however,
the buildings of the heterogeneous domain can be subdivided into distinct clusters with
approximately uniform building height. Errors increase for the deep canyon because the
existence of multiple vortices is not taken into account. The accuracy is not completely
compromised, possibly because the secondary vortex is weak. When an intermediate vortex
sheet is added to the mid-plane of the canyon, the inflection point in the vertical profiles
is captured and the canyon-averaged streamwise relative error decreases from ∼ 60% to
∼ 30% for AR = 3.

Second, it is plausible that the linear contribution to fluctuations should continue to be
more important for more realistic geometries. Ref. [67] showed that, for a staggered array
of cubes, the magnitude of the linear production term is larger than that of the nonlinear
term near the roof level and roughly comparable inside the canopy, as with a single street
canyon. Physically, one may expect the linear term to make a significant contribution where
there is a strong mean circulation, as with a single street canyon or a regular building array.
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The validity of these assumptions is less assured for stratified flow. Although spatial
localisation at the ground and roof level persists for the single street canyon under stable
and unstable stratification, the nature of turbulence within the canopy changes in the
unstable case as convective plumes is generated [68]. One may, therefore, surmise that
the linear contribution is less important for bottom heating; nevertheless, there is still
some residual skill as the streamwise relative error is ∼ 40% for the unstable cases. This
may be attributed to the fact that, despite the emergence of convective plumes, the mean
flow inside the canopy still reflects the building geometry (as seen, for example, in the
horizontal streamlines). Accuracy for stable stratification is nearly unchanged, as may be
expected from the weak dependence of the mean flow and turbulence statistics on the bulk
Richardson number for bottom cooling.

The preceding arguments suggest that the vortex method should extend to domains
with regular, canyon-like features and stable stratification. For these domains, vortex
sheets may be located at the top, bottom and periphery of each building cluster. In the
general case, the definition of the clusters may not be unambiguous; however, an objective,
multiscale procedure could be developed. Comparisons with training data could be made
to select the vortex sheets. In the absence of training data, the magnitude of the basis
functions could be compared, as with the objective procedure for selecting a reduced set
of vorticity sheets (Appendix B). That procedure, which was developed and tested for a
deep canyon only, could be refined further. Although sensitivity to the number of vorticity
sheets was examined for the realistic domains, the current study is primarily concerned
with the applicability of a reduced basis to the estimation of mean winds rather than the
optimal projection.

6. Conclusions

This work shows that mean wind profiles within realistic urban canopies can be
estimated without solving the governing equations via computational fluid dynamics.
Instead, basis functions obtained from approximating the vorticity field with discrete
vortex sheets and solving the associated three-dimensional Poisson equation can be used
to estimate mean wind profiles after calibration with training data for a specific wind
direction. Mean streamwise (ux) and spanwise (uy) velocity profiles show good agreement
(i.e., canyon-averaged relative errors of ∼10–40%) with IDDES for shallow (AR < 1), deep
(AR = 3), asymmetric (step-up and step-down) and realistic canyons. For a single street
canyon, errors for neutral and stable cases are comparable, but larger by around a factor of
two for unstable stratification.

The primary implication of this work is that the computational cost of estimating
mean velocity profiles for urban flows can be greatly decreased through a dimensional
reduction procedure based on discrete vortex sheets. Whereas building-resolving CFD
requires considerable computational resources, the vortex-method calculations described in
this paper required less than 6 s of CPU time (Intel i5-6500, single core only). Nevertheless,
the vortex method is not a replacement for CFD or any first-principles prediction method.
Although it is derived from the equations for inviscid dynamics, the vortex method is
essentially a statistical method: it requires training data and is applied to the horizontal
(spatial) average. As such, it is similar in spirit to machine learning methods which seek
to develop a reduced basis (e.g., the neurons of a neural network); however, the present
approach is not purely statistical. Its starting point is one of the defining features of urban
flows, namely the strong influence of the building geometry on the mean circulation. This
physical idea is embodied in the key assumptions underlying the method, namely spatial
localisation of the vorticity at the walls and a strong (i.e., leading order) contribution of
the linear contribution to turbulent fluctuations (see Section 5 for further discussion). The
good performance of the vortex method suggests that these are reasonable assumptions for
realistic urban canopies.

The present study is primarily concerned with whether the vortex method, which was
developed for a unit-aspect-ratio street canyon, extends to more realistic configurations.



Atmosphere 2023, 14, 50 24 of 35

Future work should consider additional geometries and meteorological conditions. The
homogeneous and heterogeneous neighbourhoods of Section 3.4 are more realistic than the
street canyon geometries; however, they may not be representative of sparsely urbanised
areas. The sensitivity to stratification, or more precisely, bottom heating or cooling, may
likewise differ from that for a unit-aspect-ratio street canyon. Application to more irregular
domains would benefit from an objective method for determining the vortex sheets. Since
the geometries considered herein are street-canyon-like, the vortex sheets may be located at
the walls and the rooftop or, in the case of a nominal building cluster, along the periphery
and at the rooftop of the tallest building. Another interesting extension would be the
estimation of mean wind profiles above the canopy. The vortex method should also apply
above the roof level if the key assumptions are satisfied. Clearly, this is unlikely to be true
far away from the rooftops (i.e., in the inertial layer), where the direct influence of the
roughness can no longer be felt. Preliminary results (not shown) indicate that the vortex
method can be used to estimate mean profiles for regular street canyons or building arrays
up to z/H ∼ 2.

The low computational cost of the vortex method means that it is potentially well-
suited to practical applications in which computational speed is crucial. First, it may be
used for fast dispersion modelling. To the extent that pollutant dispersion from deep
canopies is controlled by the mean velocity, for example, [69], a model based on the mean
wind profiles induced by the actual building geometry could be preferable to idealised
models that assume spatially uniform winds or an exponential or log profile. A fast
dispersion model with spatially varying three-dimensional winds (For a regular building
array, estimates of the mean vertical velocity component show comparable accuracy to
those for the horizontal ones (not shown).) (obtained through different local averages)
is currently being developed. Second, the vortex method could be used to extrapolate
in situ measurements, which are rarely available inside the canopy. In theory, such data
could be extrapolated using CFD, but even with advances in computing power, this is a
cumbersome procedure that could not be easily performed in the field. The vortex method,
by contrast, presents minimal computational challenges and requires less initialisation data
(i.e., a complete set of boundary conditions and initial conditions instead of the vortex
sheet strengths or a reference velocity scale). Finally, the vortex method could be used to
generate data for more accurate models. Inflow wind profiles would be one application.
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Appendix A. Vortex Dynamics and Vortex Method

The vorticity is defined as
~ω = ~∇× ~u, (A1)
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where ~ω = (ωx, ωy, ωz) =
(
( ∂uz

∂y −
∂uy
∂z ), ( ∂ux

∂z − ∂uz
∂x ), ( ∂uy

∂x − ∂ux
∂y )
)

is the vorticity. In three

dimensions, the velocity may be expressed in terms of the vector potential, ~A,

~u = ~∇× ~A, (A2)

whence
~ω = ∇2 ~A, (A3)

after specifying ~∇ · ~A = 0. Assuming suitable boundary conditions for ~A, i.e., free slip or
constant ~A along surfaces, the Poisson equation for a delta function source,

∇2G(~x|~x′) = δ(~x−~x′), (A4)

may be solved to yield the Green’s function or potential flow solution, G(~x|~x′). The solution
for a general vorticity source, ~ω, is obtained from linear superposition,

~A(~x) =
∫∫∫

D
G(~x|~x′)~ω(~x′)d~x′. (A5)

In vortex dynamics, ~ω is approximated, leading to evolution equations for the vortex
motion. In the present case, the vorticity distribution is approximated with a finite number
of uniform vortex sheets which are fixed in space. We focus on Green’s functions for a
set of vortex sheets with constant vorticity. Each Green’s function may be viewed as the
response to a vortex sheet with vorticity component ωk and unit magnitude; for the jth
vortex sheet, it implies a velocity basis function, vj,ωk

i . Since we focus on the time-averaged
velocity profiles, the vortex sheets are assumed to be independent and nonlinear effects
are neglected. Hence the mean velocity profiles may be obtained by summing over the
spatially averaged basis functions, 〈vj,ωk

i 〉.
In the prediction Equation (1), the basis functions are weighted by a factor, αj,ωk , which

may be obtained through a calibration procedure. The response to an arbitrary vortex sheet
depends on the vortex sheet strength or circulation. The circulation can be related to the
tangential velocity at the vortex sheet, 〈ui〉s by

γj,ωk = 〈ui〉s, (A6)

after ignoring dimensional scaling factors. (More formally, the circulation is calculated by
enclosing the vortex sheet with a loop of infinitesimal thickness.) From 〈ui〉s, which is
analogous to a boundary condition in vortex dynamics, the weights may be defined by

αj,ωk ≡ Cj,ωk 〈ui〉s. (A7)

The geometric constants Cj,ωk , which incorporate dimensional scaling factors omitted
from Equation (A6), are taken to be independent of the flow. They are calculated by
minimising the residual between the predicted mean velocity profile, Equation (1) and a
true profile (see Equation (3)).

The vortex solution in the interior, 〈ui〉(z), is matched to the log profile

ui(z) =
ui∗
k

log
z + z0

z0
, (A8)

where k is the von Kármán constant and z0 is the roughness length. The no-slip boundary
condition, ui(z = 0) = 0, is automatically satisfied. The friction velocity is given by

ui∗ = κ
Ui,re f

log
(

zref+z0
z0

) . (A9)
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where Ui,re f ≡ 〈ui(zref)〉 is the mean velocity at reference height, zref. Within the interval
0 ≤ z ≤ zb, the mean profile is calculated as

〈ui(z)〉 =
z
zb
〈ui,vortex〉+

zb − z
zb
〈ui,log〉, (A10)

where 〈ui,log〉 and 〈ui,vortex〉 refer to Equations (A8) and (1).

Appendix B. Selecting a Reduced Set of Vorticity Sheets

Determining a reduced set of vorticity sheets is desirable, but physical intuition can
only be invoked in special cases such as a single street canyon [18] or other idealised
domains. Nevertheless, the potential contribution of a reduced set can be evaluated,
without reference data, by comparing the basis functions. The procedure is illustrated
below for AR = 3.

First, the contributions of the different vortex sheets for AR = 3 are compared in
Table A1, which lists the canyon-averaged speeds induced by each vortex sheet, 〈|uj

i |〉,
where j indexes the sheets. Since we wish to characterise the strength of the response to
each vortex sheet, the canyon-averaged absolute value (L1 norm) is taken; the same average
has been used to diagnose flow-regime transitions within street canyons [21]. For each
vortex sheet and vorticity component (i.e., vorticity sheet), vorticity of unit magnitude and
〈|uj

i |〉 is normalised by the maximum over all j. For convenience, the entries used to define
the reduced set, Ωdeep, are highlighted. The induced response from them is larger than that
from the neglected contributions (and in most cases, significantly larger).

Table A1. Spatially averaged velocities for different vortex sheets, vorticity components and AR = 3.
The normalisation constant is the maximum value for the entire set of vortex sheets.

Ground level <b, ωx <b, ωy <b, ωz
〈ux〉/ux,max 0.0 5.1× 10−1 1.2× 10−11

〈uy〉/uy,max 2.8× 10−1 0.0 6.6× 10−9

Roof level <t, ωx <t, ωy <t, ωz
〈ux〉/ux,max 0.0 1.0 7.2× 10−12

〈uy〉/uy,max 5.5× 10−1 0.0 5.5× 10−10

Side wall <s, ωx <s, ωy <s, ωz
〈ux〉/ux,max 0.0 4.2× 10−2 1.1× 10−11

〈uy〉/uy,max 2.3× 10−2 0.0 1.0

A complete set of vorticity sheets is used to define the set, Ωcomplete. Results for Ωdeep

and Ωcomplete are compared in Figure A1.
The profiles nearly coincide. The deviation between them is characterised using εr

(after letting Ωcomplete denote the nominal truth). In Table A2, εr ∼ 0.06% for ux and 1.8%
for uy. We conclude that the inclusion of additional vorticity sheets, which require more a
priori information, has little effect on the accuracy.

Table A2. Relative errors between predicted mean profiles obtained using Ωdeep and Ωcomplete.

0◦ 30◦ 45◦ 60◦ 90◦

ux 0.069 0.072 0.140 0.209 0.084

uy 0.0085 0.0041 0.0019 0.0028 0.0034
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A rough estimate of the relative importance of each vortex sheet can be obtained by
considering the ratio of the sums, i.e.,

r =
∑Ns

j=1 ∑3
k=1 δj,k〈uj,ωk

i 〉
∑Ns

j=1 ∑3
k=1〈u

j,ωk
i 〉

(A11)

where uj,ωk
i is the velocity induced by the ωk vorticity component of the jth vortex sheet,

Ns is the number of vortex sheets, and δj,k = 1 for a retained vortex sheet and 0 otherwise.
For Ωcomplete, δj,k = 1. For Ωdeep, r = 32% for ux and 5.6% for uy. The r values are
roughly comparable to the actual relative errors listed in Table A2. Hence we conclude that
a reduced set of vorticity sheets can be determined from analysis of the basis functions:
additional CFD data is not required. Given the assumption of linearity that underlies the
vortex method and the relative importance diagnostic, Equation (A11) may be used to
assess the appropriateness of a reduced set of vorticity sheets for flows in which the vortex
method should be applicable.

Figure A1. (a–j) Vertical profiles of normalised velocities within the deep canyon (AR = 3) for the
complete set of vortex sheets Ωcomplete (black dotted line), the reduced set Ωdeep (red line), and the
IDDES baseline (blue line).

Appendix C. Sensitivity to Meshing and Wall Function

The sensitivity of the fine-scale vorticity structure to the numerical configuration is
examined. The baseline configuration (R-base) follows the procedure employed for the
shallow canyons (Section 3.1), e.g., grid resolution ∆ = 1 m away from the walls and
∆ = 0.5 m at the walls, Ref. [42] wall function (nutUSpaldingWallFunction in OpenFOAM),
and free-stream velocity U∞ = 3 m s−1 at the upper lid. Other cases are summarised in
Table A3.
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Table A3. Summary of the sensitivity tests for the AR=1 canyon. For R-wall, OpenFOAM’s nutkWall-
Function is used.

Run Resolution ∆
Mesh Size in the
Vicinity of a Wall Wall Function U∞

R-base 1.0 m × 1.0 m × 1.0 m 0.5 m × 0.5 m × 0.5 m nutUSpaldingWallFunction 3 m s−1

R-grid1 0.5 m × 0.5 m × 0.5 m 0.25 m × 0.25 m ×
0.25 m nutUSpaldingWallFunction 3 m s−1

R-grid2 1.0 m × 1.0 m × 1.0 m 0.25 m × 0.25 m ×
0.25 m nutUSpaldingWallFunction 3 m s−1

R-Re 1.0 m × 1.0 m × 1.0 m 0.5 m × 0.5 m × 0.5 m nutUSpaldingWallFunction 10 m s−1

R-wall 1.0 m × 1.0 m × 1.0 m 0.5 m × 0.5 m × 0.5 m nutkWallFunction 3 m s−1

Figure A2. Vertical profiles of the normalised vorticity magnitude for the numerical configurations
of Table A3 and an external wind at 0°.

Vertical profiles of the normalised vorticity magnitude are compared in Figure A2.
The differences are largest in the interior and relatively small at the top and bottom. This
is notable because the mean velocity profiles are calculated from vortex sheets defined at
solid surfaces. The sensitivity of the vortex sheet strengths to the numerical configuration
is examined in Table A4. For the top, bottom and middle vortex sheets, the normalised
vortex sheet strengths are compared. The differences among configurations are ∼10–20%.
The discrepancy with respect to the baseline increases for the nutkWallFunction and the
sidewall and bottom vortex sheets. Nonetheless, the vortex sheet strengths show limited
sensitivity to the numerical configuration.

The vortex sheet strengths listed in Table A4 are used in the prediction of the mean
velocities. Figure A3 shows that the vertical profiles of ux agree well for the different
configurations. Indeed the configurations show comparable agreement with wind-tunnel
data (Figure A4). This is confirmed by calculating absolute and relative errors (Table A5):
the relative errors are ∼ 10–20%, in agreement with Table A4. We conclude that, on account
of the linearity of the prediction Equation (1), the predicted mean velocity profiles do not
show marked sensitivity to the numerical configuration.
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(a) R-base (b) R-grid1 (c) R-grid2 (d) R-Re (e) R-wall

Figure A3. Vertical profiles of normalised streamwise velocities for AR = 1 and θ = 0°. Predicted
profiles (solid lines) were obtained from the vortex sheet strengths of Table A4; they all show similarly
good agreement with the IDDES reference (dashed lines).
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Figure A4. As in Figure 2, but for the runs of Table A3. Validation of the IDDES model (OpenFOAM)
for neutral flow over a 2-D street canyon. Normalised mean streamwise velocity and TKE validation
of IDDES (solid line) against wind tunnel experiment [54] (filled circles) at (a,f) x/W = −0.4;
(b,g) x/W = −0.25; (c,h) x/W = 0; (d,i) x/W = 0.25; (e,j) x/W = 0.4. Reference values for the
streamwise velocity and TKE, 〈Us〉 and 〈TKEs〉, represent averages of the IDDES data over the shear
layer, 1 ≤ z/H ≤ 1.5.
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Table A4. Normalised vortex sheet strengths for the AR=1 canyons, 〈ui〉s/Uref. The tangential
velocity is averaged over each vortex sheet.

Vortex Sheet Velocity
Component R-Base R-Grid1 R-Grid2 R-Re R-Wall

(<t, ωy) ux 1.0 1.0 1.0 1.0 1.0
(<t, ωy) ux 0.50 0.53 0.51 0.45 0.42
(<s, ωz) uy 0.15 0.13 0.14 0.15 0.18

Table A5. Absolute and relative errors for the predicted profiles of Figure A3. εa, εr are averaged over
the entire canyon.

R-Base R-Grid1 R-Grid2 R-Re R-Wall

ux
εa 0.018 0.016 0.017 0.015 0.012
εr 0.35 0.32 0.33 0.32 0.31

Appendix D. Grid Convergence

Grid convergence for the idealised canyons is examined using AR = 1 and the nu-
merical configuration of Section 2.2. Two grids are examined: a coarse one with a base
resolution away from the walls of ∆ = 1 m and a fine one with base resolution ∆ = 0.5 m.
Vertical profiles of the mean streamwise velocity at 0° (Figure A5) nearly coincide for the
two grids: the difference is ∼ 2% over the entire canyon.

The grid convergence index (GCI; e.g., [70]) is defined as

GCI = Fs
εrms

rp − 1
, (A12)

where F ≡ 3 and p ≡ 2 are empirical constants, εrms is the root-mean-square relative error
between simulations with coarse and fine resolution, and r is the ratio of grid sizes. For a
time-averaged velocity field, ui, whose elements are indexed by i,

εrms =

(
1
N

N

∑
i=1

ε2
i,c

) 1
2

, (A13)

where

εi,u =
ui,coarse − ui, f ine

ui, f ine
. (A14)

The GCI over the canyon is 1.2%, which is comparable to the value for the medium
grid of the street-canyon study of [70]. Grid convergence for the realistic canyons is
examined using the heterogeneous domain (Figure 1d). The GCI over the canyon is 1.0%.
We, therefore, conclude that ∆ = 1 m is sufficient.
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Figure A5. Vertical profiles of temporally and spatially averaged normalised velocity for two different
resolutions. (a) a 2-D street canyon (AR = 1); (b) a realistic canyon (Figure 1d). Finer grid sizes
(∆ = 0.5 m) are represented by green dotted lines; coarser grid sizes (∆ = 1 m) are indicated by red
dash-dotted lines.

Appendix E. Supplementary Figures
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Figure A6. Absolute (εa) and relative (εr) errors versus BR for the asymmetric canyons. εa is
normalised by Uref (see Equation (4)).

(a) BR = 2, x/W ∈
[−1,−0.5]

(b) BR = 2, x/W ∈
[−0.5, 0.5]
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[−0.5, 0.5]

(d) BR = 0.5, x/W ∈
[0.5, 1]

Figure A7. As in Figure 10, but for the streamwise velocity component over the subregions. (a,b) step-
up canyon; (c,d) step-down canyon.
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Figure A8. As in Figure 12, but for the heterogeneous neighbourhood and an easterly wind. (a) ux;
(b) uy. Ni = 0, εr are represented by yellow dotted lines;Ni = 0, εa are represented by pink dashed
lines; Ni = 1, εr are represented by greed dotted lines; Ni = 1, εa are represented by black dashed
lines; Ni = 2, εr are represented by red dotted lines; Ni = 2, εa are represented by blue dashed lines;

Appendix F. Errors for the Different Computational Domains

Table A6. Absolute and relative errors for the deep canyon. εa, εr are averaged over the whole canyon;
ε′a, ε′r exclude the bottom log layer.

0◦ 30◦ 45◦ 60◦ 90◦

ux

εa 0.0042 0.0033 0.0038 0.0061 0.027
ε′a 0.0044 0.0034 0.0039 0.0062 0.028
εr 0.48 0.35 0.32 0.42 0.66
ε′r 0.47 0.35 0.32 0.42 0.66

uy

εa 0.019 0.010 0.0041 0.008 0.028
ε′a 0.019 0.010 0.0035 0.008 0.029
εr 0.41 0.15 0.056 0.10 0.53
ε′r 0.39 0.13 0.05 0.10 0.54

Table A7. Absolute and relative errors for the homogeneous neighbourhood (Whampoa) and the
optimal arrangement of vortex sheets (Ωbest x for ux and Ωbest y for uy; Equations (9a) and (10a)).

0◦ 30◦ 45◦ 60◦ 90◦ Average

Whampoa

ux εa 0.024 0.024 0.025 0.025 0.043 0.028
εr 0.280 0.260 0.252 0.240 0.308 0.268

uy εa 0.065 0.012 0.013 0.019 0.027 0.027
εr 0.529 0.110 0.112 0.189 0.291 0.246

Table A8. Absolute and relative errors for the heterogeneous neighbourhood (Central) and the
optimal vortex set, Equation (11).

Dwhole, W D<i1 , W D<i2 , W Dwhole, E D<i1 , E D<i2 , E

Central
ux

εa 0.003 0.012 0.008 0.009 0.011 0.022
εr 0.052 0.209 0.203 0.163 0.201 0.342

uy
εa 0.003 0.009 0.016 0.009 0.013 0.017
εr 0.059 0.165 0.324 0.161 0.239 0.274
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