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Abstract: Particle size distribution is one of the important microphysical parameters to characterize
the aerosol properties. The aerosol optical depth is used as the function of wavelength to study
the particle size distribution of whole atmospheric column. However, the inversion equation of the
particle size distribution from the aerosol optical depth belongs to the Fredholm integral equation of
the first kind, which is usually ill-conditioned. To overcome this drawback, the integral equation is
first discretized directly by using the complex trapezoid formula. Then, the corresponding parameters
are selected by the L curve method. Finally the truncated singular value decomposition regularization
method is employed to regularize the discrete equation and retrieve the particle size distribution.
To verify the feasibility of the algorithm, the aerosol optical depths taken by a sun photometer
CE318 over Yinchuan area in four seasons, as well as hazy, sunny, floating dusty and blowing dusty
days, were used to retrieve the particle size distribution. In order to verify the effect of truncated
singular value decomposition algorithm, the Tikhonov regularization algorithm was also adopted to
retrieve the aerosol PSD. By comparing the errors of the two regularizations, the truncated singular
value decomposition regularization algorithm has a better retrieval effect. Moreover, to understand
intuitively the sources of aerosol particles, the backward trajectory was used to track the source. The
experiment results show that the truncated singular value decomposition regularization method is
an effective method to retrieve the particle size distribution from aerosol optical depth.

Keywords: aerosol particle size distribution; Mie scattering theory; TSVD regularization; Tikhonov
regularization algorithms; the Fredholm integration equation of first kind; Yinchuan area;
backward trajectory

1. Introduction

Atmospheric aerosol has a long-term and far-reaching impact on the natural envi-
ronment and social environment. It has played an extremely important role in changing
the energy balance of the earth, reducing visibility, reducing sunlight and affecting the
local climate and human health, which has caused widespread attention and deep discus-
sion [1]. The aerosol particle size distribution (PSD) is the most important microphysical
property parameter and is also an indicator of environmental quality. The physical and
chemical properties of aerosol particles with different size distributions are quite differ-
ent [2]. Yinchuan area is located in northwest China and belongs to a typical semi-arid
temperate continental climate. Long-term observations with the sun photometer CE-318
and in-depth research using regularization algorithms on the PSD will provide valuable
data and theoretical support for monitoring and improving atmospheric pollution and
researching climate change in Yinchuan. Therefore, accurately describing aerosol PSD has
important significance to further study climate change.
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So far, there are various methods for measuring aerosol PSD. The optical particle
counters, aerodynamic particle sizer (APS), wide range particle spectrometer (WPS), scan-
ning mobility particle sizer (SMPS) and differential mobility particle sizer (DMPS) are the
traditional in situ measuring instruments, which use fixed-point direct measurement by
counting single particle and can directly obtain the number concentration, mass concentra-
tion and surface area concentration.

Many results about aerosol properties using optical particle counters can be found
in the existing literatures. In 1997, T. Hussein et al. used a DMPS in Helsinki, Finland to
measure the aerosol PSD; studied the daily, monthly and yearly variation; and proved
that the temporal variation of PSD was closely related to traffic activities [3]. In 2005, J.
Volckensa et al. used an APS to measure the transmission efficiency of solid particles and
liquid droplets [4]. In 2016, S. Pfeifer et al. used 15 APSs to compare and analyze the
flow-rate accuracy, particle sizing and unit-to-unit variability of the particle number size
distribution at the St. Paul Reactor, Minnesota, USA. The results showed that, in order to
quantitatively measure aerosol with high quality, a traceable reference method for particle
number concentration in the size range of 0.5–3 µm is needed [5]. In 2006, Y. Gu and S.
Niu used an APS-3310A to analyze the blowing dusty, floating dusty and dusty days in
the Helen Mountain area, and found that the PSD belongs to the log-normal distribution
through spectral fitting [6]. In 2008, Z. Liu et al. used an APS to observe the number and
volume concentration of atmospheric particles in Beijing before and after the Olympic
Games and found that the average particle mass concentrations during the Olympic Games
was lower than that during the non-Olympic Games period [7]. In 2011, Q. Shang et al.
used the WPS and other instruments to observe and analyze the aerosol concentration in
the northern suburbs of Nanjing and found that there was an obvious diurnal variation
trend for aerosol concentration, which was closely related to human activities and was
greatly affected by relative humidity [8]. In 2015, A. Huang et al. used the solar radiation
data obtained by the ASD spectrometer on Yongxing Island and applied the Monte Carlo
method to randomly generate four aerosol components to approximate the extinction
equation for inverting the aerosol PSD. The results showed that the component proportion
of the aerosol in Yongxing Island was similar to the marine aerosol of the standard radiation
atmosphere model [9].

In remote sensing methods for detecting and retrieving aerosol PSD, lidar and sun
photometer are the main remote sensing instruments. They have their advantages and
disadvantages. The advantage of lidar inversion PSD is that it can measure the extinction
coefficient and backscattering coefficient profile to retrieve PSD at each height, but it is
also some disadvantages, such as being more expensive, costly, affected by weather and
background light, worse measurement at day, and limited measurement distance. The
sun photometer can use the direct radiation data, namely aerosol optical depth (AOD), to
invert the PSD of the entire atmospheric column; the sun photometer is smaller and more
portable compared to lidar, but it can only be used during daytime [10]. According to their
advantages and disadvantages, many researchers have conducted some observations. In
1983, G. K. Yue et al. obtained aerosol PSD in the stratosphere by measuring the extinction
of solar radiation passing through the aerosol medium at two different wavelengths [11].
In 2000, O. Dubovik and M. D. King derived a complete set of aerosol optical properties
from sun and sky radiance measurements based on statistical principles [12]. However,
the Dubovik algorithm code is not publicly available and cannot be used for CE-318 data
acquired at non-AERONET sites. In 2002, I. Veselovskii et al. used the backscattering
coefficients at 355, 532 and 1064 nm and the extinction coefficients at 355 and 532 nm to
obtain aerosol PSD by an improved minimum deviation algorithm in Lindenberg [13]. In
2006, A. K. Jagodnicka et al. presented a new algorithm based on direct fitting and lidar
signal to retrieve the PSD from multi-wavelength lidar profiles in the vicinity of convective
clouds in Warsaw [14]. In 2015, M. J. Granados et al. calculated the particle volume
size distribution in southeastern Spain using a combination of active and passive remote
sensing with the help of the inversion code (LIRIC). The results showed a strong increase
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in the volume concentration of the fine modes with increasing relative humidity [15]. In
2020, A. P. Chaikovsky et al. discussed the synergy of ground-based and satellite optical
remote sensing measurements in atmospheric aerosol studies, introduced an algorithm for
processing lidar and radiosensing data that allows the calculation of some microphysical
properties, including PSD, and verified the feasibility of the algorithm using remote sensing
data from a joint observation network [16]. In China, W. Gong et al. used a sun photometer
to observe the AOD of the four seasons from March 2012 to February 2013 in the Wuhan
area, and found that, in spring, autumn and winter, the retrieved PSDs were dual-modal
but were multimodal in summer [17]. In 2014, J. Mao et al. used AODs taken by a sun
photometer to invert aerosol PSD based on the Phillips-Twomey method in the Yinchuan
area, and the results showed that the PSD in spring was significantly larger than in the other
three seasons, due to dusty days [18]. In 2017, Y. Cui combined the extinction coefficient
and back scattering coefficient of 355, 532 and 1064 nm measured by lidar and used a
regularization method to invert aerosol PSD in Xi’an with small inversion errors [19].

The inversion of aerosol PSD from the aerosol optical depths (AOD) or extinction
coefficients by using remote sensing instruments, such as a sun photometer and lidar,
belongs to the Fredholm integral equation of the first kind, it is ill-conditioned. In order to
solve this type of equation, the Phillips-Twomey method added a smooth factor to constrain
the inversion process, which enhanced the stability of the inverting process [20,21]. In light-
scattering particle size measurement technology, based on the traditional non-negative
Philips-Twomey (NNPT) algorithm, L. Shan et al. proposed an iterative NNPT (INNPT)
algorithm for PSD inversion, which showed that the INNPT inversion algorithms have
good inversion accuracy to some extent [22].

In this paper, the truncated singular value decomposition (TSVD) regularization
method was used to retrieve the aerosol PSD from the AODs obtained by the sun pho-
tometer, and the backward trajectory was used to analyze the aerosol particle sources. In
fact, the TSVD regularization method can supply a useful solution for the inversion of
PSD using AOD data of sun photometer CE-318 acquired at non-AERONET sites, which
has important scientific significance and research value on aerosol microphysical prop-
erties. This section introduces the research background and significance of the topic and
introduces the status of research on ground monitoring, as well as the remote sensing
measurement of PSD. Section 2 mainly presents the inversion principle of aerosol PSD
from AODs. The experiment results are analyzed in Section 3. The main conclusions are
discussed in Section 4.

2. Inversion of PSD

According to the Mie scattering theory, the AOD and aerosol PSD of the whole
atmosphere column can be expressed as

τ(λ) =
∫ rM

r0

πr2Qext(r, λ, m)n(r)dr =
∫ rM

r0

3
4r

Qext(r, λ, m)v(r)dr (1)

where τ(λ) denote the AOD; r is the particle radius; m is the negative refractive index;
λ is the wavelength, and K(r, λ, m) = πr2Qext(r, λ, m) is defined as the kernel function;
Qext(r, λ, m) is the extinction efficiency factor; n(r) is the aerosol PSD to be determined,
and v(r) is the particle volume size distribution. Because the Yinchuan area is surrounded
by four deserts, namely Badain jaran Desert, Ulan buh Desert, Tengger Desert and Mu us
Desert, the dust weather is frequent, dust particles are often the dominant aerosol type, and
the complex refractive index can be defined as 1.55 + 0.01i [23–25]. It should be pointed
out that the fixed complex refractive index will inevitably introduce errors in the retrieval
of PSD, but the errors will cancel each other out in the optical calculation. As discussed
by King [26], the sensitivity of the refractive index of spectral attenuation measurement
is quite weak. In this paper, λ is wavelengths of CE-318 sun photometer, including 1640,
1020, 870, 670, 550, 440, 380 and 340 nm. The value range of r is 0.01 to 5 µm, and the step
value is 0.01 µm, so there are a total of 500 values for r.
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Equation (1) belongs to the Fredholm integral equation of the first kind; in fact, the
extinction efficiency factor is oscillating and unstable with the change of scale, so the
equation is ill-conditioned. It means that a small disturbance in the data will lead to a
larger disturbance in the approximate solution. Therefore, regularization is needed to solve
the ill-posed problem after discretization [27]. In this paper, the integral equation will be
discretized by the compound trapezoidal formula, and then the PSD will be retrieved by
the TSVD and Tikhonov regularization method, respectively. Figure 1 shows the inversion
flow chart of aerosol PSD. Firstly, AODs are obtained by a sun photometer, and the kernel
function is obtained by the Mie scattering theory. After the discretization of the integral
equation, the L curve was used to obtain regularization parameters; both the TSVD and
Tikhonov regularization method were used to solve X, which was the aerosol particles
volume size distribution, and then the aerosol particles volume size distribution was
converted to the number size distribution.
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2.1. Discretization

As mentioned above, the Fredholm integral equation of the first kind is discretized by
the complex trapezoidal formula [28]; therefore, the discretization of Equation (1) can be
given by [29]

τ(λ) =
h
2

3
4r

Qext(r1, λ, m)v(r) + h
n−1

∑
j=2

3
4r

Qext
(
rj, λ, m

)
v(r) +

h
2

3
4r

Qext(rn, λ, m)v(r) (2)

It is assumed that the separation error can be ignored. Equation (1) can be written by

→
τ = A

→
n (3)
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where A is the kernel function, which is an 8 × 500 matrix; τ is the AOD for the 8 wave-
lengths, which is a column vector of 8 × 1, and N is the aerosol PSD, which is denoted by a
column vector of 500 × 1. They can be expressed as:

A = [Aij] =


ω1K(λ1, r1), ω2K(λ1, r2), . . . ωnK(λ1, rn)
ω1K(λ2, r1), ω2K(λ2, r2), . . . ωnK(λ2, rn)

. . . . . . . . . . . .
ω1K(λm, r1), ω2K(λm, r2), . . . ωnK(λm, rn)

 (4)

τ =


τ1
τ2
. . .
τm

 =


τ(λ1)
τ(λ2)

. . .
τ(λm)

N =


n1
n2
. . .
nn

 =


n(r1)
n(r2)

. . .
n(rn)

 (5)

For aerosol PSD, the kernel function K(r, λ, m) = πr2Qext(r, λ, m) is the number of
concentration weight functions, when r is very small, according to the theory of Mie
scattering theory; Qext tends to 0, and the weight function obtained is very small. With
the gradual increase of r, the weight function also increases relatively and differs by many
orders of magnitude from that when r is relatively small, which causes a large error
and affects the inversion accuracy. For volume size distribution, the kernel function is
3
4r Qext(r, λ, m); when r is smaller, 1

r is larger, which can effectively adjust the value of the
weight function. The relationship between the aerosol particle volume size distribution
and number size distribution is defined by

dN
dr

=
3v(r)
4πr3 (6)

Therefore, firstly, the aerosol particles volume size distribution is retrieved, and then
the particle number size distribution is obtained according to Equation (4).

2.2. Regularization

In the decentralization process, since there exists separation error and Equation (3)
is an integral equation in essence, the solution of Equation (3) is often not unique. For
Equation (3), the singular value of matrix A gradually attenuates to 0 and the matrix A is
ill-conditioned (the conditions number of A is very large), when there is little difference in
two PSDs, namely N1 and N2, but the difference between τ1 and τ2 will be very large. In
aerosol solution properties, the uniqueness of the solution can be proved, and its actual
existence depends on the correctness of the Mie scattering theory. In fact, for discrete
ill-conditioned equations, the ill-conditioned problems do not mean that meaningful
approximate solutions cannot be calculated. Conversely, the effect of ill conditions means
that the standard approach cannot be used to calculate such a solution directly, while
some more complex approaches are necessary to ensure that a meaningful solution can be
calculated, which is the basic goal of the normalization approach [30]. In this paper, the
TSVD and the Tikhonov regularization algorithm are selected to invert the aerosol PSD in
Yinchuan area.

2.2.1. Selection of Regularization Parameters

The selection of regularization parameters is the trade-off among fidelity of controlling
the retrieved data and the input data and the smoothness of the solution. The commonly
used normalization parameter selection methods include the Morozov discrepancy princi-
ple, the general cross-validation (GCV) method and the L curve method [31]. The Morozov
discrepancy principle often depends on the noise situation in the data; in many cases,
the noise level is unknown, so generally an estimation or assumption is taken, but this
assumption may be wrong. Even given precise noise, the regularization result obtained by
this method is probably over smooth. For the GCV method, the minimum point obtained
is smooth, which increases the uncertainty of the minimum point and causes inaccuracy
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in the regularization results. Compared with the above two methods, when the singular
value of coefficient matrix A has been calculated, the L curve regularization parameter can
effectively overcome the defects of the above two methods [32].

The L curve method is a heuristic method to determine regularization parameters
under the condition that the original data error level is unknown [33]. On the log-log axis,
by using of the norm of solutions and norm of residual error, the solutions of possible
regularization parameters are drawn, and most of the curves formed are L-shaped, so
it is called the L curve method. In this way, the L curve clearly displays the trade-off
between minimizing the residual norm and the side constraint. A set of λ in the inversion
process is chosen as an example. The regularization parameter λ can be determined by
comparing the results of the curve shown in Figure 2. A in the figure has the same meaning
as Equation (4); x is the N sought in Equation (4), and b represents τ. From Figure 2,
the abscissa represents the perturbation error, i.e., the residual bound norm, the ordinate
represents the regularization error, i.e., the solution-bound norm, It can be seen from the
figure that the perturbation error and the regularization error can be well-balanced when
λ = 0.021795, which is denoted by the red dashed line points.
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2.2.2. TSVD Regularization

For
→
τ = A

→
n ,
→
n = A−1→τ , the matrix A (M*N) can be divided into U, Σ and V according

to the singular value decomposition

A = UΣVT (7)

Σ = diag(δ1, . . . , δn) (8)

where U is the M*N matrix; V is N*N matrix; Σ is M*N matrix, and δi is the singular value
of A. Therefore A−1 can be given by

A−1 = VΣ−1UT (9)



Atmosphere 2021, 12, 992 7 of 17

If we introduce

Σ−1
λ = diag

(
δ1

δ2
1 + λ

, . . . ,
δN

δ2
N + λ

)
(10)

According to Equation (6), it can be written by [34]

nλ =
N

∑
i=1

δi

δ2
i + λ

(
uT

i
→
τ
)

vi (11)

The regularization parameter can be obtained from the L curve.

2.2.3. Tikhonov Regularization

Tikhonov regularization is a classic and the most commonly used regularization
method. The basic idea is that the minimum deviation of the integral value in Equation (1),
specified on the right hand side τ = τ̂ε (affected by error), is stabilized by a auxiliary
continuous non-negative function S. This “stabilizer” limits the smoothness of the solution
by fixing the appropriate degree of regularity. Therefore, in Tikhonov regularization, the
integral Equation (1) is substituted into the following minimum problem:

min
n

(
‖
∫ ∞

0
K(l, r, m)n(r)dr− τ(l)‖

2
+ λSn

)
(12)

where ‖•‖ stands for the norm function; Sn(r) is the selected smoothing function, and the
p-order differential function is expressed as:

Sn(r) =
∫ +∞

0

∣∣∣∣dpn(r)
drp

∣∣∣∣2dr p = 0, 1, 2, . . . (13)

The use of this function takes advantage of the empirical smoothing property of a
p-order functional because it involves conditions for the function and its derivatives. The
most common choice is p = 2.

The minimum problem of Equation (12) can be discretized as:

min
n Rλ(n) = min

n

(
‖An− τ‖2

2 + λ‖Hn‖2
2

)
(14)

where H represents the discrete approximation of a differential operator of order p, and the
rank of H is p. The regularization parameter λ can be obtained from the L-curve. In fact,
the solution of Equation (14) can be obtained by fitting the regularization operator Rλ for n
inversions, and the expression of nλ is given by:

nλ = R−1
λ (τε) = R−1

λ (τtrue + ε) (15)

3. Experiment Results and Analysis

The Yinchuan area belongs to the typical semi-arid climate in northwest China and
has a high altitude, a dry climate, and, especially in spring, frequent dusty weather. A
sun photometer CE318 is located at the roof of No. 17 teaching building in North Minzu
University (38.497 N, 106.103 E) and started to work in September 2012. Up to now, more
than 110,000 measurements were carried out. In this paper, the AODs obtained by the sun
photometer CE318, including four seasons, floating dusty days, blowing dusty days and
hazy days, were selected as input to invert the PSDs. The AOD in this paper is inverted
by the ASTPWin software that comes with CE-318, and the Langley method is used to
calibrate the direct radiation data. When it is rainy, the rain sensor works and the sun
photometer stops working, or when there is strong sandstorm weather and heavy hazy,
the visibility is too low to cause the instrument to work continuously. When clouds appear,
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the presence of clouds will cause a significant increase in AOD, which can be distinguished
and filtered by the difference between the left and right scan values.

3.1. Analysis of AODs in Different Seasons and Different Weathers

Figure 3 shows the AOD of the four seasons from 2018 to 2019 after excluding weather
effects and large errors. It can be seen that the average AOD was higher than that of the
other three seasons due to frequent dusty weather in spring. In summer and autumn, due
to high precipitation and vegetation protection, the average AOD was relatively low. In
winter, the temperature dropped sharply and the surface was frozen, and the atmosphere
was relatively stable and the vertical movement of airflow was weak, so that the average
AOD was only lower than that of spring.
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Figure 3. The average AODs of four seasons from 2018 to 2019 in Yinchuan area.

In this paper, different weather conditions were selected to study the atmospheric
aerosol properties of the Yinchuan area. Table 1 lists the weather conditions, floating
dusty days, blowing dusty days, hazy days and sunny days, and Figure 4 shows the
corresponding AODs. In Figure 4, the four sets of data all used the AODs at a similar time
in the afternoon. Because the AOD can be influenced by human activity at this time of day
to the maximum, and the sun photometer CE-318 is less influenced by variables such as
visibility at this time of day, these time points were chosen for our inversion.

Table 1. The weather conditions, floating dusty days, blowing dusty days, hazy days and sunny days in Yinchuan area.

Data Weather Wind Maximum/Minimum Temperature (◦C) AQI

20 March 2019 floating dusty day Northwest wind
level 2 10/−3 181

Moderate

9 January 2020 haze day Northeast wind
level 1 −2/−9 188

Moderate

25 May 2018 blowing dusty day Northwest wind
level 4 31/25 174

Moderate

26 July 2019 sunny day Southeast wind
level 3 36/21 50

Good
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Figure 4. The AODs on hazy days, dusty days and sunny days.

In this paper, the sunny day on 26 July 2019 was selected as the background weather.
From Table 1, along with the northwest wind, the floating dusty day and blowing dusty
day, which appeared on 20 March 2019 and 25 May 2018, respectively, had poor AQIs. The
AODs on the two dusty days were relatively higher than on sunny days. On 9 January
2020, hazy weather occurred and the AOD was highest. Moreover, it is clear that with the
increase of wavelengths, the AODs decreased.

3.2. Inversion of Aerosol PSD in Different Seasons and Different Weathers

Figure 5 shows the aerosol PSDs of all seasons in the Yinchuan area from the AODs
shown in Figure 3 inverted by TSVD regularization algorithm. From Figure 5, the PSDs of
four seasons in Yinchuan area were mainly Junger size distribution; there were basically
two peaks, and the peaks of the four seasons were located at different radii.
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Figure 5. The aerosol PSDs of all seasons in the Yinchuan area from the AODS shown in Figure 3
inverted by the TSVD regularization algorithm.



Atmosphere 2021, 12, 992 10 of 17

It can be seen that, in spring, whether for fine particles or coarse particles, the aerosol
PSD was higher than the other three seasons, and there were two peaks at radii of 0.1 µm
and 0.5 µm, respectively. In spring, the strong northwest wind brought dust particles from
the several deserts to the Yinchuan area, which made the air filled with more dust particles;
moreover, in spring, the rise in temperature accelerated the gas–particle conversion. These
factors resulted in aerosol particle concentration in dusty weather to be higher than on
sunny days. In fact, in spring and early summer, dust aerosol particles were dominant in
air. This is consistent with the results of [13].

In winter, there were also two peaks at radii of 0.1 µm and 0.5 µm, respectively.
The aerosol PSD with a radius less than 0.3 µm in winter was relatively higher than that
in summer or autumn. This is because, in winter, there were a large amount of fine
smoke particles from coal-burning for heating was produced in Yinchuan; meanwhile, the
influence of cold air and high pressure on the East Asian continent made the atmospheric
structure very stable and the wind relatively small; therefore, the fine smoke particles were
not easy to spread and were dominant in air. Conversely, in summer, since there was no
coal-burning for heating and the atmosphere was very unstable, the aerosol PSD with a
radius less than 0.3 µm was lowest.

Figure 6 shows the aerosol PSDs on floating dusty days, blowing dusty days, hazy days
and sunny days from the AODs shown in Figure 4, inverted by the TSVD regularization
algorithm. The PSD of sunny days, on 26 July 2019, was selected as the background and
was lower than that of other three days. However, the aerosol particles concentration on
the hazy day was significantly higher than that of the other three weather conditions.
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Figure 6. The aerosol PSDs in floating dusty days, blowing dusty days, hazy days and sunny days
from the AODs shown in Figure 4 inverted by TSVD regularization algorithm.

The floating and blowing dust days of the dust days, on 20 March 2019 and 25 May 2018,
basically showed a double-peak structure, which appeared at a radius of 0.1 µm and 1 µm,
respectively. In dusty days, the northwest wind carried a large number of dust particles
to the Yinchuan area and incorporated with some fine particles to form coarse particles,
resulting in an increase in coarse modal particles, and, simultaneously, the smaller diameter
dust particles also increased the fine modal particle concentration. Comparing the two
dusty days when the radius was less than 0.5 µm, the fine particles concentration on
floating dusty days was lower than on blowing dusty days, but when the radius was more
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than 1 µm, the opposite was true: there was a significant increase for coarse particles on
floating dusty days than that on blowing dusty days.

On hazy days, on 9 January 2020, the particle concentration was the highest, which
was a significant increase compared with sunny days, especially for fine modal particles.
Moreover, comparing two dusty days with one hazy day, when the particle radius was
less than 1 µm, the particle number concentration on the hazy day was larger; when
greater than 1µm, the particle number concentration on two dusty days was larger, which
indicates that there were more fine particles on the hazy day and more coarse particles on
two dusty days.

In the inversion process, the perturbation error and regularization error could be
obtained through L curve. The errors of four seasons, as well as all kinds of weather, are
listed in Table 2.

Table 2. The perturbation error and regularization error of TSVD regularization algorithm inversion under different seasons
and weather conditions.

Spring Summer Autumn Winter Floating Dusty Days Haze Days Blowing Dusty Days Sunny Days

Perturbation
error 0.0133 0.0054 0.01 0.0104 0.0049 0.1353 0.0332 0.0591

Regularization
error 5.6478 3.2987 4.0699 4.4690 6.6227 12.062 6.1585 3.581

It can be seen that the perturbation error is much smaller than the regularization error,
that the errors on hazy days are larger than those on other days, and the errors in summer
are smaller than those in other three seasons. Error is inevitable in the calculation process,
but it is also an acceptable state.

In order to prove the inversion effect of the TSVD regularization algorithm, the
Tikhonov regularization algorithm was also adopted to retrieve the aerosol PSD, which
used the same AOD as the TSVD regularization algorithm. The inverted PSDs in spring,
summer, autumn and winter and four special days is shown in Figure 7.

It can be seen that, compared with the TSVD algorithm, the PSDs retrieved by the
Tikhonov algorithm fluctuate greatly from 0.2 to 2 µm, and the regularization fitting
effect is not very ideal. There is an order of magnitude difference in PSDs for TSVD
and Tikhonov algorithm, which may be due to the fact that the Tikhonov regularization
algorithm differs from the TSVD regularization algorithm. It discards some unreasonable
values (i.e., solutions corresponding to the least singular value), resulting in it being too
poorly constrained and even negative values when some AODs are chosen. Moreover, the
regularization error and perturbation error of the Tikhonov regularization algorithm are
calculated and listed in Table 3.

Table 3. The perturbation error and regularization error of Tikhonov regularization algorithm inversion under different
seasons and weather conditions.

Spring Summer Autumn Winter Floating Dusty Days Hazy Days Blowing Dusty Days Sunny Days

Perturbation
error 0.0056 0.0052 0.0056 0.0055 0.0056 0.0811 0.0324 0.00230

Regularization
error 5.7217 3.3567 4.1137 4.5141 6.6794 13.558 5.8901 1.8076
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Figure 7. The aerosol PSDs inverted by the Tikhonov regularization algorithm for (a) four seasons, (b) a floating dusty day,
blowing dusty day, hazy day, and sunny day.

By comparing Tables 2 and 3, it is clear that the perturbation error of the Tikhonov
algorithm is smaller, but the regularization error is larger than that of the TSVD regulariza-
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tion algorithm. The results are determined by both errors, but if the regularization error
is larger, the number concentration of the inverse performance fluctuates too much, the
regularization effect is not very satisfactory, and the resulting results will be inaccurate, so
the use of the TSVD regularization algorithm inversion is more reasonable than Tikhonov.

In order to verify whether the large regularization error is due to the selection of
the average complex refractive index, the complex refractive index of the hazy days
was selected for the TSVD regularization inversion. Figure 8 shows the corresponding
inversion result, and Table 4 lists the corresponding errors. It is clear that the PSDs were
very close to overlapping. Also the regularization error and the perturbation error of
m = 1.51612 + 0.1178i were very similar with that of m = 1.55 + 0.01i.
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Figure 8. The PSDs when the selection of a complex refractive index is different in hazy weather
using TSVD regularization inversion.

Table 4. The corresponding errors when the selection of a complex refractive index is different in
hazy weather using TSVD regularization inversion.

m Perturbation Error Regularization Error

1.55 + 0.01i 0.1353 12.062
1.51612 + 0.1178i 0.1375 12.5446

Figure 9 shows a 48 h backward trajectory tracking of the Yinchuan area by the
Hybrid Single-Particle Lagrangian Integrated Trajectory Model (HYSPLIT) [35]. Three
initial heights were selected, 100, 200 and 500 m, but for hazy days, the source distinction
was not obvious, so 200, 500 and 1000 m were chosen. According to our lidar detection
data in Yinchuan area, the height of fine particles was about 1–3 km when the polluted
air mass was compounded with the boundary layer, and the height of coarse particles of
sand and dust were higher, around 3 km. In Figure 9a, on 25 May 2018, the dust particles
can be traced to the Taklimakan Desert in Xinjiang Region. After the northwest wind
carried a large number of dust particles originating from Taklimakan Desert, through
Gansu Province and Alxa area in Inner Mongolia, into Yinchuan Region, the dust weather
broke out.
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From Figure 9b, the dust particles at the height of 500 m in the floating dusty weather
on 20 March 2019 mainly came from the Gobi Desert of Mongolia. From Figure 9c, on the
hazy days, large amounts of particles at the height of 100 m mainly originated mainly from
the Yinchuan area, which were caused by coal-heating and the background circulation of
winter. Moreover, partial particles at the height of 200 m and 500 m that came from nearby
Wuzhong City in Ningxia and distant Baiyin City in Gansu, respectively, passed through the
Tengger Desert and increased the number of particles on hazy days in the Yinchuan area.

4. Conclusions

With the rapid development of the economy and urbanization, serious environmental
pollution has been caused, such as the degradation of the ecosystem, the damage of the
ozone layer and the change in atmospheric chemical composition. Human activities have a
direct impact on changes in the environment, and also changes in the natural environment
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have a direct impact on human production and life. In fact, atmospheric aerosol is one of
the most uncertain radiative forcing factors for the earth system, which has a long-term
and far-reaching impact on the environment and plays an extremely important role in
changing the energy balance of the earth. PSD is one of the important microphysical
parameters to characterize aerosol microphysical properties. For non-AERONET sites,
using the AOD data of sun photometer CE-318 for inversion of PSD, undoubtedly, has
an important scientific significance and research value on researching the impact of the
atmospheric radiation budget and climate change. In this paper, the AOD is used as the
function of wavelength to study the aerosol PSD of the whole atmospheric column. The
inversion equation of the PSD from the AOD belongs to the Fredholm integral equation of
the first kind, which is usually ill-conditioned. In this paper, in order to solve the problems,
firstly, the Fredholm integral equation of the first kind was discretized, and the L curve was
used to determine regularization parameters. Then the TSVD and Tikhonov regularization
method were used to invert the aerosol particles volume size distribution using the AODs
taken by a sun photometer CE318. Finally, the particles number size distribution was
converted by transformation. The aerosol PSDs of four seasons of the one year, as well as
on floating dusty days, blowing dusty days, hazy days and sunny days, were obtained.
The results show that the PSD was highest in spring; the concentration of fine particles
on hazy days was highest, and the concentration of coarse particles in dusty weather was
highest. By comparing the errors of the two regularizations, it was found that the TSVD
regularization algorithm has a better retrieval effect. To understand the sources of dusty
days and hazy days more intuitively, the sources using the back-trajectory model were
analyzed. This paper has important guiding significance for air pollution control and
climate change monitoring in the Yinchuan area.
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