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Abstract: In arid agriculture, the effective allocation of scarce water resources and the assessment
of irrigation shortage risks are critical water management practices. However, these practices are
faced with inherent and unignorable uncertainties affecting multiple variables. This study aims to
model the typical uncertainties in these practices and understand how they impact the allocation
of scarce water resources. We advocate for a nuanced consideration of variable characteristics and
data availability, variation, and distribution when choosing uncertainty representation methods.
We proposed a comprehensive framework that integrates the cloud model to delineate scenarios
marked by subjective vagueness, such as “high” or “low” prices. Simultaneously, the stochastic
method was used for modeling meteorological and hydrological variables, notably precipitation
and crop evapotranspiration. Additionally, to navigate subjectivity and imprecise judgment in
standards classification, this framework contains a cloud-model-based assessment method tailored for
evaluating irrigation shortage risks. The proposed framework was applied to a real-world agricultural
water management problem in Liangzhou County, northwest China. The results underscored the
efficacy of the cloud model in representing subjective vagueness, both in the optimization process and
the subsequent assessment. Notably, our findings revealed that price predominantly influences net
benefits, and that precipitation and crop evapotranspiration emerge as decisive factors in determining
optimal irrigation schemes. Moreover, the identification of high water storage risks for maize in
the Yongchang and Jinyang districts serves as a reminder for local water managers of the need to
prioritize these areas. By adeptly modeling multiple uncertainties, our framework equips water
managers with tools to discern sensitive variables. We suggest that enhanced precipitation and
evapotranspiration forecasts could be a promising way to narrow the uncertainties.

Keywords: cloud model; uncertainty; agricultural water optimization; water storage risk assessment;
precision agriculture

1. Introduction

The burgeoning global population and the rapid pace of economic development un-
derscore the need for the sustainable advancement of agriculture [1–3]. Irrigation is one
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of the critical practices deployed to enhance production, strengthen food security and
amplify economic returns by up to 400% in arid agriculture [4–6]. Unfortunately, arid
regions face the pervasive threat of water scarcity, jeopardizing crop growth and agricul-
tural production worldwide [7,8]. The effective allocation of limited water resources for
irrigation is essential, particularly in agriculturally dominated developing regions [9,10].
In practice, the management of water resources in arid agriculture confronts inherent
uncertainties arising from diverse aspects [11,12], such as climate conditions (e.g., vari-
able precipitation), management strategies (e.g., price volatility), and the risk tolerance
of policymakers. These uncertainties can compromise the applicability, reliability, and
robustness of water management practices, potentially providing inaccurate references for
policymakers [12,13].

Various mathematical methods, such as interval, fuzzy, random, and their combina-
tions and extensions have been proposed and applied to the representation of uncertainty
in previous studies [11,14–18]. However, inconsistencies in the representation of the same
variable across different studies, coupled with a lack of clear criteria for method selection,
have created confusion. For example, Ma et al. [19] considered available water supply as
an interval number while Wang et al. [20] represented water availability as an inexact fuzzy
number. Precipitation was represented as a random number in [21] while it was described
as a fuzzy-interval set in [22]. This necessitates a more thorough examination of uncertainty
representation methods.

The selection of an uncertainty representation method should be contingent upon the
intrinsic features of the variable and data characteristics, such as availability, variation, and
distribution [23]. Randomness, for example, proves effective in addressing uncertainty
related to climate variables like precipitation [24] owing to the availability of long-term
measured data and natural mechanisms. Conversely, highly vague variables, such as
high crop prices or risk levels, are better suited to methods beyond randomness [25]. The
subjective nature of terms like “high” makes fuzzy theory a common choice [16,26,27], but
this theory struggles to capture the varying and vague membership degrees assigned by
different individuals. The cloud model [28], as an advancement in membership function,
exhibits potential in capturing complex variability in uncertainty-based evaluation [29–33],
knowledge representation [34,35] and data mining [36]. The cloud model assumes that
the membership degree between a real number and a concept is not fixed, but a random
number [37], which aligns more closely with real-world scenarios.

Our objectives are to model the uncertainties both in optimizing irrigation water
resources and evaluating the risks faced by arid regions. Building on the advantages of the
cloud model, we propose a cloud-based framework for precision agriculture in this study
(see Figure 1). The primary focus is on optimizing scarce water resources and assessing
water shortage risks in arid environments amidst multiple uncertainties. Specifically, the
cloud model and stochastic method are integrated into the optimization model based on
the features of the variable itself and the available data. Additionally, a cloud model-based
evaluation method is developed to elucidate uncertainties in classifying risk levels and
evaluating multiple factors. The Shiyang River Basin in Northwestern China serves as a
crucial case study. The study seeks to understand how uncertainties impact the allocation of
scarce water resources. The proposed framework is poised to assist local decision-makers
in developing effective and sustainable agricultural allocation schemes, with potential
implications for other arid regions worldwide.
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Figure 1. Framework of this study. This study makes use of hydrometeorological, field, socioeconomic,
and policy data. We consider multiple uncertain variables represented by the cloud model and the
stochastic method. The optimization model was built to allocate the limited water resources for the
maximum economic benefit. We further evaluated the irrigation shortage risk. We applied the above
framework to a case study in a typical arid region in China.

2. Materials and Methods
2.1. Optimization Model

With the aim of efficiently allocating limited agricultural water resources to different
crops each month in order to maximize economic benefits, we built an agricultural water
optimization model. The objective of this model is to achieve the highest possible system
net benefit across the entire research area. We divide crops into food crops (e.g., maize
and wheat) and economic crops (e.g., vegetables). For food crops, the relationship between
crop yields and water consumption is quantified using the Jensen model [38]. Due to the
limited availability of field experiments and variations in the types of economic crops,
their irrigation–benefit relationship is simplified as linear. The objective function is defined
as follows:

maxF = ∑K
k=1 ∑I

i=1 CPi AkiYmax,i ∏T
t=1

(
ETkit
ETc,it

)λit
+ ∑K

k=1 Vk Ak3Wk3−(
C0 + ∑K

k=1 Ck ∑I
i=1 ∑T

t=1 Wkit

) (1)

where F is the system’s net economic benefit (CNY, Chinese Yuan), which is equal to the
benefit of food crops plus the benefit of economic crops, then minus the cost; k is the study
subarea; i is the food crop; t is the growth month; CPi is the price of food crop i (CNY/kg);
Aki is the planting area of food crop i in subarea k (ha); Ymax, i is the maximum crop yield
under full irrigation of food crop i (kg/ha); ETkit is the actual evapotranspiration of crop
i during month t, calculated by the soil–water balance formula (mm); ETc,it is the crop
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evapotranspiration (crop water requirements, also the maximum evapotranspiration) of
food crop i during month t (mm); Vk is the net benefit coefficient in subarea k per unit of
water allocated (CNY/m3); Ak3 is the planting area of all economic crops in subarea k (ha);
Wk3 is the decision variable denoting the irrigation amount of economic crops in subarea k
(mm); C0 is the planting cost, including the cost of seeds, fertilizers, pesticides, mechanical
operations, etc. (CNY/ha); Ck is the cost of a unit of irrigated water in subarea k (CNY/m3);
Wkit is the decision variable denoting the irrigation amount of food crop i during month t
in subarea k (mm).

The objective function is subjected to several constraints including soil–water balance,
water availability, and irrigation water demand.

1. Soil–water balance constraint

ETkit = Wkit + EPt + ∆Skit − Kkit, ∀k, i, t (2)

where EPt is the effective precipitation during month t (mm). EPt can be calculated by
the effective coefficient method [39], EPt = µPt, where µ is the effective coefficient and
Pt is the precipitation during month t; ∆Skit is the change of soil water content (mm);
Kkit is the drainage of water below the root zone to the groundwater (mm).

2. Water availability (
∑I

i=1 ∑K
t=1 AkWkit + Ak3Wk3

)
≤ βkηkWRk, ∀k (3)

where βk is the proportion of irrigation water during crop growth in subarea k; ηk
is the coefficient of irrigation water use in subarea k; WRk is the agricultural water
availability in subarea k (m3). For every subarea, the total amount of irrigation needed
does not exceed the amount of disposable water.

3. Irrigation water demand constraint

ETmin,it ≤ ETkit ≤ ETc,it, ∀k, i, t (4)

Wmin
k ≤ Wk3 ≤ Wmax

k (5)

where ETmin,it is the minimum water demand (mm); Wmin
k and Wmax

k are the minimum
and maximum irrigation demands for economic crops in subarea k (mm).

We emphasize that this water resource optimization model is highly simplified. It
focuses on the impacts of water resources on the crop yield and economic benefits in the
arid regions, while other possible impacted factors like soil acidity and salinity are not
included in this study.

2.2. Uncertainties in the Optimization Model

In the context of agricultural water management in water-limited regions, precipitation
is the key input of the available water resources. Crop evapotranspiration is driven by
crop type and climate variables, such as radiation and temperature. Precipitation and
crop evapotranspiration vary across years with large variations. Additionally, crop prices
directly impact overall agricultural benefits, presenting a crucial factor for farmers. Given
their significance and temporal variability, this study emphasizes the uncertainty associated
with precipitation, crop evapotranspiration, and crop prices.

Among these variables, precipitation and crop evapotranspiration exhibit a degree
of randomness and often have long-term observation time series [24]. Consequently, they
are appropriately represented using stochastic methods. Specifically, ETc,it is fitted using
a Gaussian distribution [40], while Pt follows a three-parameters gamma distribution
(Pearson type III, abbreviated to P-III) due to the typically forward-skewed nature of
precipitation distribution. N-groups of Pt and ETc,it are generated based on simulated
distribution functions, and these groups are then used as inputs for the optimization model.
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Considering crop prices under two market conditions—“high” and “low”—poses a
distinct challenge due to the subjective nature of language terms. Leveraging the advance-
ments of the cloud model over the traditional fuzzy method, this study applies the cloud
mode (see Figure 2) to represent uncertainties in the scarce water optimization process. Def-
inition and calculation details of cloud model are shown in the Appendix A. The proposed
framework involves the following steps (see Figure 3):

1. Determine uncertain variables suitable to be represented by the cloud model, assum-
ing there are I factors;

2. Collect measurement or experimental data series {Xi1, Xi2, . . . XiD} for i-th variable,
assuming there are D numbers for i-th variable;

3. Calculate the variable cloud Ci using a backward generator algorithm (details shown
in Appendix A). The three numerical characteristics of cloud Ci for i-th variable are
Exi, Eni and Hei;

4. Generate cloud drops. Given a sampling number N, generate N-group cloud drops
Drop(xin, µin) based on Ci = (Exi, Eni, Hei) using a forward generator algorithm
(Equation (6)). More details are shown in Appendix A.

En′
in = NORM

(
Eni, Hei

2)
xin = NORM

(
Exi, En′

in
)

µin = exp(− (xin−Exi)
2

2(En′
in)

2 )
(6)

where n = 1, 2, . . . , N, En′
in is a normally distributed number with expectation Eni

and variance Hei
2 and xin is a normally distributed random number with expectation

Exi and variance En′
in.

5. Integration into the optimization model. Bring the N-group of cloud drops (xin, µin)
into the optimization model separately and run optimization model N times.
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(He). µ(x) is the certainty degree of a number x belonging to a concept.

Furthermore, assessing the impact of uncertainties in inputs on the optimization
results is crucial for providing decision-makers with insights into the significance and
sensitivity of each uncertain variable. In this study, the analysis of variance is used to
distinguish uncertainties arising from each uncertain variable and their interaction [41,42].
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it with the optimization model. The detailed description is shown in Section 2.2.

2.3. Irrigation Water Shortage Risk Evaluation

To further understand the system’s water shortage risk after the optimized schemes
are applied in practice, we conducted a risk evaluation. This evaluation, aiming for
objectivity and credibility, considers not only vulnerability (shortage amount) but also
irrigation reliability (probability without shortage risk), consistency (dynamic response
between water supply and demand), recoverability (ability to return to normal from
a crashed state), and the degree of scheme dispersion (dispersion of water shortage).
Five factors are used to comprehensively characterize water resource system behavior.
Refer to references [40,43,44] for detailed definitions and calculations of these factors. Each
evaluation factor is categorized into five risk levels, outlined in Table 1.

Table 1. Evaluation factors are divided into five risk levels: the low risk level (I), lower middle
risk level (II), middle risk level (III), upper middle risk level (IV), and high-risk level (V). R1 to R5

represent the values of five factors, 0 ≤ R ≤ 1.

Risk Level Reliability Vulnerability Resiliency Consistency Index Risk Degree

Low risk level (I) R1 ≤ 0.2 R2 ≤ 0.2 R3 > 0.8 R4 > 0.8 R5 ≤ 0.2
Lower middle risk level (II) 0.2 < R1 ≤ 0.4 0.2 < R2 ≤ 0.4 0.6 < R3 ≤ 0.8 0.6 < R4 ≤ 0.8 0.2 < R5 ≤ 0.4
Middle risk level (III) 0.4 < R1 ≤ 0.6 0.4 < R2 ≤ 0.6 0.4 < R3 ≤ 0.6 0.4 < R4 ≤ 0.6 0.4 < R5 ≤ 0.6
Upper middle risk level (IV) 0.6 < R1 ≤ 0.8 0.6 < R2 ≤ 0.8 0.2 < R3 ≤ 0.4 0.2 < R4 ≤ 0.4 0.6 < R5 ≤ 0.8
High risk level (V) R1 > 0.8 R2 > 0.8 R3 ≤ 0.2 R4 ≤ 0.2 R5 > 0.8

What is more, a cloud model-based evaluation method is proposed to represent
uncertainties of level division and multiple evaluation sets, which is caused by subjectivity
and imprecise judgment. The steps are listed as follows (see Figure 4):

1. Select the evaluation index factor and obtain classification standards from experts.
Assume there are I indexes divided into J levels;

2. Generate the classification cloud Cij for each level of each index factor using a back-
ward generator algorithm (see Equation (A3) in Appendix A). The characteristic
parameters of cloud Cij for the i-th index factor at the j-th level are Exij, Enij, and Heij;

3. Assume there are K sets of samples for each i to be evaluated and calculate the value
of the i-th index factor mik;

4. For each set, calculate the certainty degree µijk of mik in the j-th Cij for every j as in
Equation (7).
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 µt = exp(− (mik−Exij)
2

2(En′
t)

2 ), En′
t ∼ N

(
Enij, Heij

2), t = 1, 2, . . . , T

µijk =
1
T ∑N

n=1 µt

, ∀j (7)

where En′
t is a normally distributed random number with expectation Enij and vari-

ance Heij
2 and µt is the degree of certainty that the index value mik members to j-th

cloud Cij. Due to the randomness of the cloud model, the certainty degree µt is not
fixed, changing with each calculation. So repeatedly calculate µt T times and µijk is
the average of µt;

5. For each k, repeat step 4. The certainty degree of the i-th index factor to the j-th level
is calculated by the average of µijk.

µij =
K

∑
k=1

µijk (8)

6. Normalization. In this study, the normalized certainty degree is called the relative
membership degree, calculated as:

µ′
ij = µij/ ∑J

j=1 µij (9)

where µ′
ij is the relative membership degree, 0 ≤ µ′

ij ≤ 1;
7. Repeat steps 3–6 for each evaluation factor I;
8. Obtain the comprehensive evaluation level. The level where the maximum Wj

(Equation (10)) is located is the final evaluation level.

Wj = ∑I
i=1 ωiµ

′
ij, ∀j (10)

where ωi is the weight of the i-th evaluation index.
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Figure 4. The flow chart for applying the cloud model for the evaluation method amid uncertainty.
The detailed description is shown in Section 2.3.
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3. Case Study
3.1. Study Area

Our case study focuses on a typical arid region, specifically Liangzhou County, located
in the middle of the Shiyang River Basin (101◦41′–104◦16′ E and 36◦29′–39◦27′ N), China,
shown in Figure 5. Liangzhou County experiences a typical inland arid climate, with
an average annual precipitation of 158 mm and potential evaporation reaching 2021 mm.
Agriculture is the primary industry in the Shiyang River Basin; heavily reliant on irrigation.
However, unregulated water use has led to ecological challenges downstream, including a
decline in groundwater levels, lake drying, and increased desertification.
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Figure 5. Study area. The seven irrigation districts (XY, ZM, HY, JT, QY, YC, and JY) are in the middle
of the Shiyang River Basin, located in an inland area in the northwest of China. We allocate the
scare water resource to the Xiying (XY), Zamu (ZM), Huangyang (HY), Jinta (JT), Qingyuan (QY),
Yongchang (YC), and Jinyang (JY) irrigation districts.

Liangzhou County stands out as the highest water consumer among the six major
counties in the Shiyang River Basin, accounting for 41% of the total water consumption in
2016, reaching 940 million m3. The agricultural sector, constituting 81% of the economy, is
the primary user of water in the Liangzhou District. Implementing a more efficient agricul-
tural irrigation scheme is essential for rational water use and achieving maximum system
benefits. The study narrows its focus to seven main irrigation districts in Liangzhou County:
the Xiying (XY), Zamu (ZM), Huangyang (HY), Jinta (JT), Qingyuan (QY), Yongchang (YC),
and Jinyang (JY) irrigation districts. Among these, QY, YC, and JY rely on groundwater for
irrigation, while the others are predominantly irrigated by river water. Maize (growing time
from April to September) and wheat (growing time from March to July) are the main crops
in Liangzhou County, constituting over 60% of the total planting area in the XY, ZM, HY, JT,
and YC irrigation areas. Other crops, collectively referred to as economic crops, include
oilseeds (flax, rapeseed, oil sunflower, etc.), sugar beet, medicinal materials, vegetables,
melons, sunflower, sweet sorghum, green fodder, potatoes, beer barley, and beans. These
crops, while occupying smaller proportions, enjoy a stable net benefit coefficient (Vk in
Equation (1)).

Focusing on the seven irrigation districts and main crops in Liangzhou County, we
allocate limited water to maize and wheat each month and the economic crops during
the entire growing season in each county. In total, there are 7 × (5 + 6) + 7 = 84 decision
variables. Four marketing scenarios were set up: low-price wheat–low-price maize (S1),
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high-price wheat–low-price maize (S2), low-price wheat–high-price maize (S3), and high-
price wheat–high-price maize (S4).

3.2. Data

The growing period of wheat and maize is from March to July and from April to
September, respectively. Monthly crop evapotranspiration (crop water requirement) was
calculated by the FAO 56 Penman–Monteith method [45]. The meteorological data from
1956 to 2017 were obtained from the National Meteorological Science Data Center (http:
//data.cma.cn/ (accessed on 30 November 2019)), including temperature, precipitation,
radiation, sunshine, wind speed, etc.

The market prices of wheat and maize (From 2009 to 2020) were obtained from the
public business information service website of the Ministry of Commerce (http://cif.
mofcom.gov.cn (accessed on 3 March 2021)). Each crop’s price was separated into two sets
by median value for building cloud models.

The local government has formulated a strict water rights allocation plan for each
irrigation district to control the total water consumption. The amount of irrigation cannot
exceed the agricultural water rights for each irrigation district. Therefore, agricultural
water rights were used as the water availability constraint.

Water sensitivity indexes for different growth months of the Jensen model were
obtained from Zhang et al. [46]. Other data, such as water price, the planting area of crops,
irrigation coefficients, planting cost, agricultural water rights, etc., were obtained from
field research.

4. Results and Discussion
4.1. Water Resources Allocation Schemes

A total of 1000 samplings of “high” and “low” prices for wheat and maize, represented
by cloud models, are depicted in Figure 6. The certainty degree regarding whether a price
is perceived as “high” or “low” varies among individuals for each price point. There is an
intersection of samplings (cloud drops) between “high” and “low” prices for each crop,
aligning with diverse human perspectives. For example, individuals may categorize a
specific price as either “high” or “low” based on their interpretation. Simulated distri-
bution results demonstrate the effectiveness of using normal and P-III distributions to
describe precipitation and crop evapotranspiration. Detailed results are available in the
Supplementary Figure S2.
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Figure 6. Plotted are the certainty degree for wheat (a) and for maize (b) as a function of their
respective price, shown in “blue” for high and in “red” for low.

Then, optimization results under multiple uncertainties are obtained, including system
net benefits (Figure 7), monthly optimized irrigation schemes of wheat and maize, and the
whole-growth-period irrigation scheme for economic crops.

http://data.cma.cn/
http://data.cma.cn/
http://cif.mofcom.gov.cn
http://cif.mofcom.gov.cn
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Figure 7. Frequency of system net benefits in four scenarios: (a–d) represent four scenarios of low
prices of wheat and maize, high-price wheat–low-price maize, low-price wheat–high-price maize,
and high prices of wheat and maize, respectively.

The optimization model not only shows the range of system net benefits but also
provides the possibility of achieving an optimized benefit under the influence of uncertain
variables. Taking S1 (with low prices of wheat and maize) as an example, the probability
of system net benefits between [1.27, 1.65] × 109 CNY reaches 97%, and the probability
between [1.38, 1.55] × 109 CNY reaches 69% in Liangzhou County. For scenarios 1 to 4, the
net benefits have an increasing trend. Their median values are 1.45, 1.50, 1.65, and 1.70
(109 CNY) for S1 to S4, respectively. This is because of the tendency of higher crop prices
in the four market scenarios. The high price of maize could contribute more to the total
benefits than wheat as the benefits of S3 (low-price wheat–high-price maize) is higher than
S2 (high-price wheat–low-price maize).

Economic crops occupy an advantageous position in the water-allocation process.
As shown in Figure 8, the water supply satisfaction of economic crops is always larger
or equal to that of food crops for all districts. Economic crops’ water requirements are
met 100% in five of the seven districts. This is because, compared with maize and wheat,
economic crops can generally gain higher benefits under the same amount of irrigation
water. Therefore, water managers should meet the water demands of economic crops first
to achieve higher system-wide economic benefits. Between the two food crops, the water
supply satisfaction of maize is higher than that of wheat, which may partly contribute to
the lower total water demand of maize (with mean evapotranspiration values of 640 mm
and 522 mm for wheat and maize) and more precipitation during maize’s growing period
(with mean precipitation of 82 mm and 144 mm during the growing period of wheat and
maize). QY has the lowest water supply satisfaction among the seven irrigation districts,
followed by HY. JT has the highest water supply satisfaction.
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Figure 8. Water supply satisfaction after optimization during the whole growing period for each
irrigation district and each crop.

To analyze the irrigation allocation for each month, taking the XY irrigation area under
scenario 1 as an example, Figure 9 shows the frequency of optimized irrigation schemes
under multiple uncertainties. The irrigation allocation of economic crops is fixed in the
XY district, always at the maximum (630 mm during the whole period). For maize and
wheat, the clear distribution of optimized allocation can be obtained instead of simply
obtaining the upper and lower bounds. So, the proposed optimization model can provide
water managers with more specific and useful information. For example, the lower and
upper bounds of water allocation in April for maize are 0 and 30.4 mm. A range this large
will cause confusion among water managers. But thanks to the specific distribution of the
optimization results, the 5% and 95% quantiles for maize in April are 7.9 mm and 24.6 mm.
The optimal irrigation scheme has a 90% probability of {7.9, 24.6} mm. Only a few allocation
schemes are at their extreme positions. Water managers can choose an allocation scheme
based on local irrigation guarantee rates.
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Figure 9. Frequency of optimized irrigation amounts for each crop, taking the XY district and scenario
1 as an example: (a–e) are for wheat, (f–k) are for maize, and (l) is for economic crops.
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4.2. Contribution of Uncertain Variables to the Variation in Results

The optimized allocation schemes and objectives exhibit considerable variation, stem-
ming from the uncertainty inherent in input variables. To ascertain the primary contributor
to this variation, the ANOVA method was applied to quantify the influence of crop evap-
otranspiration, precipitation, crop price, and their intersection on the overall ensemble
variation in both the optimized allocation schemes and the objectives.

Precipitation and crop evapotranspiration uncertainties predominantly drive the
variation in optimized irrigation schemes, with crop price making a negligible contribution.
The detailed contributions in the four scenarios are shown in Figure 10. In 59 out of 77 cases,
uncertainty in precipitation emerges as the principal driver of variation in optimized water
allocation schemes, particularly notable for maize in the HY, QY, YC, and JY irrigation
districts. In the remaining 18 cases, uncertainty in crop evapotranspiration plays a key
role, such as in wheat from April to July in the HY, JT, QY, YC, and JY districts, as well as
maize in July in the XY, ZM, and JT districts. The uncertainty in price and the inter-section
term contribute little to the variation in optimized water allocation schemes. The four price
scenarios produce similar results, which also reveals that changes in crop prices hardly
impact the optimized water allocation schemes.
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Figure 10. The contribution of variable uncertainty to variation in optimized irrigation schemes. The
contribution of precipitation (Pre), crop evapotranspiration (ETc), crop prices, and their interactions
are in grey, yellow, blue, and black, respectively. S1 to S4 are the four price scenarios, representing low-
price wheat–low-price maize (S1), high-price wheat–low-price maize (S2), low-price wheat–high-price
maize (S3), and high-price wheat–high-price maize (S4).

Divergent findings appear in terms of the variables influencing variation in the op-
timized system’s net benefits. Price uncertainty emerges as the most influential factor,
followed by precipitation, then crop evapotranspiration, with their interaction being the
least significant. Crop price uncertainty contributes the most to variation in system net
benefits: 57%, 47%, 39%, and 54% across scenarios 1 to 4. Uncertainty in precipitation
contributes 26%, 33%, 37%, and 29% and uncertainty in crop evapotranspiration con-
tributes 17%, 21%, 24%, and 19% in the four scenarios, respectively. The contributions of
the interaction term to the objective’s uncertainty are negligible, all less than 0.2% in the
four scenarios. Crop evapotranspiration and precipitation affect crop yield through the
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Jensen water production function, and the price is directly multiplied by crop yield and
then affects benefits.

Overall, uncertainties in precipitation and crop evapotranspiration are the main
sources of uncertainty in optimized irrigation schemes, which is consistent with research
conducted in the Heihe river basin [47,48]. Although crop prices minimally affect water
allocation schemes, decision-makers must remain vigilant as they profoundly influence the
farmers’ benefits by directly multiplying crop yield.

4.3. Risk Evaluation of Irrigation Water Shortages

To assess the water shortage risk for wheat and maize across various irrigation areas in
Liangzhou County, this study used the proposed cloud-model-based integrated evaluation
method. Employing 1000 groups of irrigation schemes obtained through the optimization
model, the values for five risk factors were calculated. Figure 11 illustrates the classification
clouds of the five risk factors for each level, while Figure 12 presents the integrated risk
evaluation results for wheat and maize in each district.
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Figure 12. Irrigation water shortage risk evaluation results. The ordinates 1, 2, 3, 4, and 5 in the figure
represent water shortage risk levels I, II, III, IV, and V, respectively. S1 to S4 are four price scenarios,
representing low-price wheat–low-price maize (S1), high-price wheat–low-price maize (S2), low-price
wheat–high-price maize (S3), and high-price wheat–high-price maize (S4).

Given that the evaluated irrigation schemes have undergone optimization, water
shortage risks for most cases fall within the low or lower middle risk levels. This includes
maize and wheat in the XY, ZM, and JT areas, maize in the HY and QY areas, and wheat in
the YC and JT areas. Notably, ZM and JT, benefiting from ample water resources, exhibit
the lowest water shortage risk. However, maize in the YC and JY districts faces a high
irrigation shortage risk, primarily driven by high risk levels in reliability and resiliency.

Except for wheat in HY and QY, irrigation shortage risk levels remain consistent
across all four scenarios. The aforementioned exceptions exhibit lower middle risk levels in
scenarios 2 and 4, but the shift to high risk levels in scenarios 1 and 3. Upon revisiting the
allocation schemes, it was observed that water allocation in March for wheat in low-price
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scenarios tends to be lower than in high-price scenarios, averaging 19% and 21% for HY
and QY, respectively. This reduction leads to an escalation in comprehensive risk levels,
particularly to a high level.

While incorporating multiple uncertainties enhances the realism of the optimization
model, the resulting broad range of optimized water allocation schemes may confuse
decision-makers when selecting from among the schemes. It is essential to emphasize
that the framework proposed in this study represents and describes uncertainty without
actively reducing it. A potential way for narrowing the boundaries of uncertain variables is
integrating reliable forecasting methods into the optimization model. Predicting uncertain
variables more accurately could reduce the variability in their values. Subsequently, un-
certainty representations like the cloud model could be applied to describe the remaining
uncertainty in a more refined manner. Although this approach presents a feasible idea for
narrowing the boundaries of water allocation schemes, it requires further research and
in-depth discussion.

5. Conclusions

A cloud-based framework was proposed for precision agriculture to optimize scarce
water resources in arid environments amid uncertainty. The case study results illustrate
the cloud model’s efficacy in representing the vagueness inherent in human thinking. The
study enhances our understanding of how uncertainties impact the allocation of scarce
water resources. Crop prices emerge as the most significant contributor to the variance
in system benefits, while precipitation and evapotranspiration are the primary sources
of uncertainty in water allocation schemes. The comprehensive assessment of irrigation
shortage risks indicates that most districts exhibit low or relatively low risk levels, with
exceptions noted for maize in the YC and JY districts, urging heightened attention to
these areas.

The framework proposed in this study represents and describes uncertainty instead
of actively reducing it. A potential way to narrow the boundaries of uncertain variables
is by integrating reliable forecasting methods into the optimization model, such as better
forecasting precipitation and evapotranspiration.
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Appendix A. The Introduction of the Cloud Model

The cloud model is a method for transforming uncertainty between qualitative con-
cepts and their quantitative expressions [37]. It was first proposed by Li et al. [31], and a
brief introduction of its concept is detailed as follows.

If U is a quantity domain described with accurate numbers and C is the qualitative
concept in U. If the quantity value, x ∈ U and x randomly realizes the concept C, µ(x) is
the certainty degree (membership degree) of x to C, µ(x) ∈ [0, 1], it is the random number
which has a steady tendency [37]:

µ : U → [0, 1] ∀x ∈ U x → µ(x) (A1)

Then, the distribution of x on C is defined as a cloud, and each x is called a cloud drop.
There are three numerical characteristics for a cloud: the expected value Ex, the entropy
En (the uncertainty measurement of the qualitative concept), and the hyper entropy He
(the uncertainty measurement of the entropy) for reflecting the whole characteristics of the
qualitative concept.

Due to the wide-ranging existence of normal distributions in the real world, the normal
cloud is the most popular cloud model among floating cloud, geometry cloud, and other
cloud types. If U is a universal set described by precise numbers and C is the qualitative
concept related to U, there is a number x ∈ U, which is a random realization of the concept
C. If x satisfies x ∼ N

(
Ex, En′2), where En′ ∼ N

(
En, He2), and the certainty degree of

x on C is µ = exp
[
−(x − Ex)2/(2

(
En′)2)], then the distribution of x on U is a normal

cloud [49].
The forward cloud generator is a mapping process from qualitative concepts to quan-

titative data, while the backward cloud generator is the opposite. The algorithms of the
forward generator and backward generators are shown in Appendices B and C, respectively.

Appendix B. The Forward Cloud Generator

A forward cloud generator is a mapping process from quality to quantity, generating
cloud drops according to Ex, En, and He. The forward normal cloud generator algorithm is
as follows [31]:

Input: (Ex, En, He) and the number of cloud drops n;
Output: n of cloud drops x and their certainty degree µ, i.e., Drop (xi, µi), i = 1, 2,. . ., n;
Steps:

1. Generate a normally distributed random number En′
i with expectation En and vari-

ance He2, i.e., En′
i = NORM

(
En, He2);

2. Generate a normally distributed random number xi with expectation Ex and variance
En′

i, i.e., xi = NORM
(
Ex, En′

i
)
;

3. Calculate µi = exp(− (xi−Ex)2

2(En’
i)

2 );

4. xi with certainty degree of µi is a cloud drop in the domain;
5. Repeat steps 1–4until n cloud drops are generated.

There are two special cases: if He = 0, step 1 will always provide an invariable number
En, so x will become a normal distribution; if He = 0, En = 0, the generated x will be a
constant Ex and µ = 1.

Appendix C. Two Backward Normal Cloud Generators

A backward cloud generator is the inverse operation of a forward normal generator. It
can realize the transformation from quantitative data to qualitative concepts, expressed
in Ex, En, and He. In real situations, there are two cases for constructing a cloud model
from known information; that is, the known information is a data series or boundary. So,
two types of backward cloud generators exist accordingly.
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For case 1, given a data series X = {x1, x2, . . . , xd} of length d, a cloud model could
be constructed to extract the distribution characteristic of the series [50], described by
Equation (A2). 

Ex = 1
d ∑d

i=1 xi

En =
√

π
2 · 1

d · ∑d
i=1|xi − Ex|

He =
√

1
d−1 ∑d

i=1(xi − Ex)2 − En2

(A2)

For case 2, given a bilateral boundary of the form B (Bmin, Bmax), three parameters (Ex,
En, He) can be determined by Equation (A3).

Ex = (Bmin + Bmax)/2
En = (Bmax − Bmin)/6
He = k · En

(A3)

where k is a constant and can be adjusted according to the fuzzy threshold of the variable,
often taking 0.1 [51]. For a single boundary, such as B1 (−∞, B1max) or B2 (B2min,+∞), the
expected value of the default boundary can be determined according to the upper or lower
limit of the actual problem and then calculating by Equation (A3).
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