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Abstract: As a typical viscoelastic material, solid propellants have a large difference in mechanical
properties under static and dynamic loading. This variability is manifested in the difference in values
of the relaxation modulus and dynamic modulus, which serve as the entry point for studying the
dynamic and static mechanical properties of propellants. The relaxation modulus and dynamic
modulus have a clear integral relationship in theory, but their consistency in engineering practice
has never been verified. In this paper, by introducing the “catch-up factor λ” and “waiting factor
γ”, a method for the inter-conversion of the dynamic storage modulus and relaxation modulus of
HTPB propellant is established, and the consistency between them is verified. The results show
that the time region of the calculated conversion values of the relaxation modulus obtained by
this method covers 10−8–104 s, spanning twelve orders of magnitude. Compared to that of the
relaxation modulus (10−4–104 s, spanning eight orders of magnitude), an expansion of four orders
of magnitude is achieved. This enhances the expression ability of the relaxation modulus on the
mechanical properties of the propellant. Furthermore, when the conversion method is applied to the
dynamic–static modulus conversion of the other two HTPB propellants, the results show that the
correlation coefficient between the calculated and measured conversion values is R2 > 0.933. This
proves the applicability of this method to the dynamic–static modulus conversion of other types
of HTPB propellants. It was also found that λ and γ have the same universal optimal value for
different HTPB propellants. As a bridge for static and dynamic modulus conversion, this method
greatly expands the expression ability of the relaxation modulus and dynamic storage modulus on
the mechanical properties of the HTPB propellant, which is of great significance in the research into
the mechanical properties of the propellant.

Keywords: dynamic storage modulus; relaxation modulus; hydroxy-terminated polybutadiene
(HTPB) propellant; viscoelastic; constitutive model

1. Introduction

Mankind has been passionate about space exploration since ancient times. The de-
velopment of spacecraft has made space exploration and even space travel possible, and
the key challenge in realizing this vision is the power source of the spacecraft [1]. With
the development of modern technology, high-performance spacecraft have attracted much
attention [2]. As the power source of a rocket or spacecraft, the chemical and mechanical
properties of propellants determine the height, range, and service life of the spacecraft [3–5].
Propellants are typically viscoelastic materials and generally go through processes such
as curing and cooling, long-term storage, carrier mobility, and ignition and launch [6,7].
During spacecraft engine transportation and flight, propellant grain is subjected to a variety
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of complex dynamic loads such as shock, vibration, acceleration, thermal stress, ignition
pressure, etc., [8]; while during the storage process, due to the long-term static loading of
gravity, propellant grain also exhibits relaxation and creep characteristics [9]. As a result of
the abovementioned loads, propellant grains will suffer from fatigue, aging failure, crack,
and other behaviors which will seriously impair the survival ability and combat ability
of solid engines [10–12]. Therefore, an in-depth dynamic and static mechanical property
study are needed for solid propellant grain, and this is of great importance for the proper
operation of the solid engine.

As the key point in studying the mechanical properties of viscoelastic materials, the
relaxation modulus and dynamic modulus have a wide range of applications in the overall
design, safety inspection, structural integrity assessment, and simulation calculation of
the solid engine [13,14]. They are not actually independent and unrelated, rather they
have a clear integral conversion relationship in theory, but the limitation of the extremely
accurate theoretical relationship means that their application in the engineering field will be
limited [15]. However, the limitations of extremely accurate theoretical relationships mean
that their application in engineering is significantly limited [16]. It is difficult to convert the
relaxation modulus and dynamic modulus in practical engineering, which creates a large
inconsistency in their application in engineering practice and the finite element, resulting
in the problem that relevant dynamic and static studies cannot achieve mutual verifica-
tion. Therefore, many scholars have conducted relevant studies on this problem [17–24].
Zhao and Shen et al. proposed an approximate conversion equation for calculating the
stress relaxation modulus of solid propellants via the derivation, analysis, and correc-
tion of the theoretical conversion equation of dynamic–static mechanical properties based
on dynamic–static viscoelastic experiments [25]. Zhang et al. investigated dynamic me-
chanical behaviors of the HTPB propellant in the strain rate range of 103–104 s−1 using a
Split-Hopkinson pressure bar (SHPB) device and captured the deformation and fracture
development of the propellant in real-time using a high-speed digital camera and the SHPB
device. The obtained stress–strain curves showed that mechanical characteristics such as
ultimate stress and strain energy were strongly dependent upon the strain rate [26]. Li
and Wu et al. studied viscoelastic parameters of the open-graded friction course (OGFC)
under dynamic–static load and conducted uniaxial compression creep tests and dynamic
modulus tests to obtain the creep compliance of OGFC. They also derived the relaxation
modulus and dynamic modulus of OGFC by viscoelastic theory and established the func-
tional relationship of viscoelastic parameters of OGFC under dynamic and static load [27].
Yang and Peng et al. proposed a method for calculating the modified stress relaxation
modulus of solid propellants using the master curve of dynamic storage modulus based
on the relationship between the dynamic storage modulus and stress relaxation modulus
in one-dimensional linear viscoelastic theory. Specifically, a derivation of the theoretical
conversion was carried out first and followed by the proportional correction. However,
this method is complicated and the physical meaning of the proportional correction is un-
clear [28]. Moreover, it has been demonstrated that the proposed dynamic–static conversion
equations based on polymers such as plastics and rubbers do not apply to solid propellants.
Further, current studies mainly focus on the strength and stiffness of materials, the analyt-
ical prediction methods, and the development of constitutive models [29–31]. However,
materials in industrial applications are subjected to not only static but also dynamic loads,
probably both at the same time, or both occurring sequentially [32]. Therefore, it is of great
importance to study the combination of the dynamic and static studies of propellants to
achieve the inter-conversion of the relaxation modulus and dynamic modulus [33,34], so
that dynamic and static experiments or simulations can mutually corroborate. So, how
can the numerical conversion of the dynamic storage modulus and relaxation modulus in
engineering applications be realized? we have researched this issue.

In this paper, the relaxation modulus and dynamic storage modulus are studied at
the same frequency or timescale by mathematical transformation and their curves show
the same change trend (monotonic increasing or decreasing). It can be described as the
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relationship between “catching up” and “waiting”. Therefore, a simple method for convert-
ing the dynamic storage modulus and relaxation modulus is proposed by introducing the
“catch-up factor λ” and “waiting factor γ” based on the basic linear viscoelastic theory and
Boltzmann superposition principle. Then, by analyzing the relationship between λ and γ,
this method is shown to explore the inherent properties of HTPB propellants. Finally, the
applicability of this method to HTPB propellants and its practical significance in simulation
is illustrated by the applicability verification calculation and finite element simulation.

2. Materials and Experiments
2.1. Material Component and Sample Preparation

Three propellants are used in this paper, namely HTPB-A, HTPB-B, and HTPB-C. Their
main chemical components include ammonia perchlorate, aluminum powder, end-hydroxy
polybutadiene, curing agent, etc., [35]. The respective component content of the three
propellants is shown in Figure 1.
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Figure 1. Component contents of experimental materials.

Due to a certain danger in the preparation process of propellants [36], HTPB-A and
HTPB-B were provided by the cooperative. HTPB-C is made with the equivalent content
of Sodium Chloride instead of Ammonium Perchlorate. This removes the deflagration
properties from the preparation process and prepared product of HTPB-C and maintains
the mechanical properties similar to the real propellant while ensuring safety. Therefore,
HTPB-C was prepared in the lab, and the preparation process is shown in Figure 2. All
three prepared propellant billets were cut into rectangular samples of 30 ± 1 mm × 10 ±
0.2 mm × 5 ± 0.2 mm for testing (Figure 2).

2.2. Experimental Conditions

A dynamic thermomechanical analyzer (DMA) is an effective mechanical analysis
tool used to determine the mechanical properties of materials under time, temperature,
and multiple combinations of conditions [37]. In this experiment, the DMA was used to
test the relaxation modulus and dynamic modulus of three propellant samples, under the
experimental conditions listed in Table 1.

The relaxation modulus test was conducted by stretching the sample to 5% strain in
a short time and monitoring the stress change within 1800 s. For the dynamic modulus
test, it was conducted by stretching the sample to 5% strain, apart from that, dynamically
loading it at 1% strain with a sweep frequency range of 1–200 Hz. Due to the different test
temperatures involved in this experiment [38], three repetitions under each temperature
were conducted to reduce the error, so a total of 102 sets of tests were performed. Experi-
mental data were analyzed according to the time–temperature equivalent principle and
GJB770B-2005 [39].
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Table 1. Experimental condition.

Sample Type Temperature (◦C)

Relaxation Modulus Test Dynamic Modulus Test

Time
Range (s) Strain Frequency

Range (Hz) Static Strain Dynamic
Strain

HTPB-A −20, −40, 25, 50, 70 0–1800 5% 0.1–200 5% 1%

HTPB-B −20, −35, −55, 25, 40, 60 0–1800 5% 1–200 5% 1%

HTPB-C −40, −20, 0, 20, 50, 70 0–1800 5% 1–200 5% 1%

3. Results and Analysis
3.1. Experimental Results

The experimental results of the dynamic modulus and relaxation modulus, and related
data are shown in Figure 3; Figure 3a–d are the dynamic modulus curves, storage modulus
curves, loss modulus curves, and loss factor curves for HTPB-A at five different temper-
atures, respectively; Figure 3e shows the loss factor master curve for HTPB-A; Figure 3f
shows the dynamic modulus offset factor curve for HTPB-A; Figure 3g shows the relaxation
modulus curves for HTPB-A at six different temperatures; Figure 3h shows the master
curves of the storage modulus and relaxation modulus for HTPB-A; Figure 3i–l show the
master curves of the relaxation modulus, dynamic modulus, storage modulus and loss
modulus of three propellants, respectively.

From the analysis of the obtained experimental curves, it is shown that the dynamic
modulus, storage modulus, and loss modulus are positively correlated with load frequency;
the growth rate of the dynamic modulus and storage modulus first increases with frequency
and then decreases slowly; the growth rate of the loss modulus increases continuously
with frequency, as shown in Figure 3a–c. Further, below 0 ◦C, the reduced temperature
has a significant effect on the increase in the modulus of the propellants; above room
temperature, however, the increase in temperature has a very limited effect on the softening
of the propellants. As shown in Figure 3d, at 0–200Hz, the temperature change has an
obvious effect on the loss factor. Above 25 ◦C, the loss factor tends to increase and then
decrease with an increase in frequency, while below −20 ◦C, the loss factor shows an
opposite trend. It can be concluded that there is a temperature interval between −20 ◦C
and 25 ◦C where the loss factor remains virtually unchanged with an increase in frequency.
As shown in Figure 3e, the loss factor master curve exhibits the trend of a full cycle “sine
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wave” in the frequency range of 10−2–105 Hz. Figure 3h shows that the modulus of the
same HTPB propellant under dynamic load is significantly higher than the static load [40].
Comparing the relaxation modulus of the three propellants, as shown in Figure 3i, it can
be observed that the relaxation modulus of HTPB-A and HTPB-C at different moments
are closer, but both are lower than that of HTPB-B. The dynamic modulus and storage
modulus of the three propellants are obviously different, but the loss modulus is closer
(shown in Figure 3i–l). This might indicate that the dynamic mechanical properties of
HTPB propellants are mainly determined by the storage modulus.
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Figure 3. (a) Dynamic modulus of HTPB−A at different temperatures; (b) Storage modulus of
HTPB−A at different temperatures; (c) Loss modulus of HTPB−A at different temperatures; (d) Loss
factor of HTPB−A at different temperatures; (e) Loss factor master curve of HTPB−A; (f) Offset factor
of HTPB−A; (g) Relaxation modulus of HTPB−A at different temperatures; (h) Relaxation modulus
master curve and storage modulus master curve of HTPB−A; (i) Relaxation modulus master curve
of three propellants; (j) Dynamic modulus master curve of three propellants; (k) Storage modulus
master curve of three propellants; (l) Loss modulus master curve of three propellants.
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3.2. Theoretical Analysis of the Dynamic–static Modulus Conversion Method

First, the relaxation modulus and dynamic modulus are expressed as follows:

E(t) = E∞ + E0φ(t), (1)

E(ω) = E′(ω) + E′′ (ω). (2)

According to viscoelastic mechanics, the theoretical conversion relationship of the stor-
age modulus E′(ω), loss modulus E′′ (ω), and relaxation modulus is E(t), as follows [41]:

E′(ω) = E∞ + ωE0

∫ ∞

0
φ(t) sin ωtdt, (3)

E′′ (ω) = ωE0

∫ ∞

0
φ(t) cos ωtdt. (4)

where E∞ is the equilibrium modulus, φ(t) is the relaxation function, and ω is the angu-
lar frequency.

If E′(ω) and E′′ (ω) are known, E(t) can be obtained from the Fourier reverse conver-
sion of Equations (1) and (2).

E(t) = E∞ +
2
π

∫ ∞

0

E′(ω)− E∞

ω
sin ωtdt, (5)

E(t) = E∞ +
2
π

∫ ∞

0

E′′ (ω)

ω
cos ωtdt. (6)

Because E∞ is not easy to measure in engineering practice, and the above equations
are all infinite integrals that require a long relaxation observation time in the test, or a quite
wide dynamic sweep range. This makes it difficult to apply the theoretical conversion
equation in engineering practice [42].

3.3. Introduction of the “Catch-up Factor λ” and “Waiting Factor γ”

Knowing the difficulty in using theoretical equations, there are some approximate
dynamic–static modulus conversion equations that have been generated for engineering
purposes, for example [15]:

E(t) ≈ E′(ω)
∣∣∣t= 1

ω
, E′(ω) ≈ E(t)

∣∣∣ω= 1
t

, (7)

E′(ω) ≈ E(t) + 0.86[E(t)− E(2t)]
∣∣∣ω= 1

t
, (8)

E(t) ≈ E′(ω)
∣∣∣t= 2

πω
, E′(ω) ≈ E(t)

∣∣∣ω= 2
πt

, (9)

E′′ (ω) ≈ −0.47[E(2t)− E(4t)] + 1.674[E(t)− E(2t)] + 0.198[E(0.5t)− E(t)]
∣∣∣ω= 1

t
. (10)

The above conversion Equations (7)–(10) are either too complex or not accurate, and
most are summarized by the dynamic–static properties of polymers such as plastic and
rubber, which are not suitable for propellant modulus conversion.

However, these studies also bring inspiration. As we all know, for dynamic load, there
will always be ω = 2π f , f = 1

T , where f is the frequency, and T is the dynamic loading
cycle. Transforming ω for f in Equation (7), the following equations are obtained:

E(t) ≈ E′( f )
∣∣∣∣t= 1

π2 f
, (11)

E(t) ≈ E′(T)
∣∣∣∣t= T

π2
. (12)
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Therefore, when the quantitative mathematical relationship between the dynamic
loading recycles and relaxation time is established, the approximate conversion of the
dynamic–static modulus can be achieved. This can also be reasonably explained in engi-
neering practice when T → ∞ a dynamic process is equivalent to a quasi–static process.
In other words, a dynamic process with an infinitely long cycle is equivalent to a static
one, and a static process with extremely short monitoring time is equivalent to a dynamic
one. The two are similar to trains traveling on two parallel lines but at different speeds,
although the head and tail overlap sometimes, it is extremely difficult to move forward
in parallel. So, what will happen if one waits and another catches up? This prompts the
introduction of λ and γ.

Because both the relaxation modulus and the dynamic storage modulus can be fitted
with the Prony series, and the core of the Prony series is the exponential function, so λ and
γ are also introduced in the exponential form. The relaxation modulus E(t) and storage
modulus E′(ω) can be expressed as:

E(t) ≈ E′(T)
∣∣∣∣t=( T

π2 )
λ , E(t) ≈ E′( f )

∣∣∣∣t=( 1
π2 f

)λ , (13)

E(t) ≈ E′(ω)

∣∣∣∣t=( 2
πω )

λ , E′(ω) ≈ E(t)
∣∣∣∣ω=2π f=2π( 1

π2t
)

γ . (14)

Although E(t) and E′(T) in function form are monotonically decreasing with time,
the initial value E′(T) is much higher than that of E(t). Therefore, to be consistent with
E(t), E′(T) needs to accelerate the decreasing trend to “catch up”; on the contrary, to be
consistent with E′(T), E(t) needs to delay the decreasing trend to “wait”. In this way,
with a clear physical meaning and a simple conversion form, the dynamic–static modulus
conversion equation (Equation (14)) can be obtained.

3.4. Specific Values Determination of the “Catch-Up Factor λ” and “Waiting Factor γ”

To determine the specific values of λ and γ, the coefficient of determination (R2)
was used as an evaluation index to characterize the degree of fit between calculated and
measured conversion values.R2, known as the correlation coefficient or goodness of fit,
is a statistical term that measures the gap between the expected values of the model and
actual values obtained in reality [43]. It is often used to evaluate the fit effect of a model on
observed values, or evaluate the degree of fit between predicted and measured values [44].
The calculation equation of R2 can be expressed as:

R2 =

n
∑

i=1

(
Yi − X

)2

n
∑

i=1

(
Xi − X

)2
= 1−

n
∑

i=1
(Xi −Yi)

2

n
∑

i=1

(
Xi − X

)2
. (15)

where Xi is the measured value, Yi is the calculated conversion value, X is the measured
average value, and Y is the calculated average conversion value. The value range of R2 is 0
to 1, and the closer to 1, the better the predicted values of measured fit values will be.

After the calculation using Equation (14), the measured relaxation modulus and
dynamic storage modulus of HTPB-A propellant were converted. Finally, the results show
that when λ = 1.445, the result of R2 between the calculated relaxation modulus from
the dynamic storage modulus and the observed relaxation modulus values is R2 ≥ 0.995;
when γ = 0.692, the result of R2 between the calculated dynamic storage modulus from
the relaxation modulus and the observed dynamic storage modulus values is R2 ≥ 0.989,
as shown in Figures 4 and 5.
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Figure 4 shows that the time range of E(t) conversion calculation values expands
about four orders in magnitude compared to that of the measured values. This is significant
for the study of propellant because, in the real relaxation modulus experiments, the initial
strain loading always takes a certain time (about 2 s) due to the limit of experimental
equipment, and during this time, stress relaxation has been occurring until the initial strain
reaches the set value. Thus, the closer to the moment of zero load, the more difficult it
is to collect the relaxation data, which makes the initial value of the relaxation modulus
obtained from the experiment much lower than the actual modulus value at the moment of
zero load.

Using the time–temperature equivalent principle, it is hoped that by lowering the
temperature, the relaxation modulus of the propellant can be increased so that the modulus
data close to the moment of zero load as much as possible through a reasonable shift
operation can be obtained [45]. Since it is impossible to lower the temperature indefinitely
to increase the relaxation modulus, the time–temperature equivalent principle is limited to
the extension of the relaxation modulus master curve. However, the modulus conversion
method mentioned above has an obvious effect on the extension of the relaxation modulus
master curve. Specifically, this method can extend the relaxation modulus master curve by
four orders of magnitude at once in the direction close to the moment of zero load. (Lm+

mentioned below is obtained by extending the relaxed modulus main curve using this
modulus conversion method).

Similarly, the experiment with a dynamic loading frequency of less than 1 Hz is not
only time-consuming but it is also difficult to achieve a vibration frequency close to 0 Hz.
The conversion value of the dynamic storage modulus calculated from the relaxation
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modulus can also be expanded in the direction of frequency close to 0 Hz, as shown in
Figure 5.

In summary, the dynamic and static experiments can exactly compensate for each other
through the inter-conversion of the relaxation modulus and dynamic storage modulus.
Generally, static experiments are simple and easy to perform when t ≥ 1s, while dynamic
experiments are more suitable when t < 1s [15]. Thus, using this modulus conversion
method, combining static and dynamic experiments with suitable experimental equipment
and temperature conditions makes it possible to characterize the mechanical properties of
propellants over a time range of a dozen orders of magnitude from 10−8 s to 108 s.

In addition, it is common that there is a special reciprocal relationship among vis-
coelastic physical quantities in viscoelastic theory. For example, the relaxation modulus
and creep compliance result in 1, in the case of convolution (Equation (16)) [46]. In this
paper, using the modulus conversion method, it is found that λ and γ also have a perfect
reciprocal relationship. Combined with the following Equation (16), it shows that this
method is the excavation of the inherent properties of HTPB propellants, but this requires
the verification of a large amount of experimental data.

∫ t
0 E(t− τ)dF(τ) =

∫ t
0 F(t− τ)dE(τ) = 1

or
E∗(ω)D∗(ω) = 1.

(16)

where E(t) is the relaxation modulus, F(t) is the creep compliance, t is the observation
time, τ is the integral variable, E∗(ω) is the complex modulus, and D∗(ω) is the complex
compliance.

4. Applicability Verification

To verify the applicability of the static and dynamic modulus conversion method with
the “catch-up factor λ” and “waiting factor γ” to HTPB propellants with different material
component contents, Equation (14) was used to convert the dynamic–static modulus of
HTPB-B and HTPB-C, respectively, and the results are shown in Figure 6.

In Figure 6, the gray anastomosis area is the area where conversion calculation values
and observed values coincide. It is the embodiment of conversion calculation values
and observed values containing the same mechanical information. The pink area is the
expansion area and it reflects that the mechanical information of conversion calculation
values is more than that of observed values. As shown in Figure 6, HTPB-A and HTPB-C
have little difference in performance, and their initial modulus differs significantly from
that of HTPB-B, by approximately 10 times. However, all three apply to Equation (10) with
respect to λ and γ, which reflects the good applicability of this conversion method for HTPB
propellants. As shown in Figures 4–6, the size of the expansion region of the markers varies,
which is caused by the different experimental conditions. To obtain a wider expansion
region in the conversion of the dynamic storage modulus to the relaxation modulus, the
dynamic experiment temperature needs to be reduced or the loading frequency needs to be
increased. Similarly, to obtain a wider expansion region in the conversion of the relaxation
modulus to the dynamic storage modulus, the static experiment temperature needs to be
increased or the relaxation observation time extended.

In particular, in the applicability verification calculations for HTPB-A, HTPB-B, and
HTPB-C, λ = 1.445 and γ = 0.692 were used and the R2 result between the calculated
conversion values and the measured values was R2 ≥ 0.933. There is already a high degree
of fit, however, to obtain a higher value of R2, then λ and γ need to be fine-tuned. After the
fine-tuning, the results for λ, γ, and R2 can be seen in Table 2.
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Table 2. λ, γ, and R2 results for the modulus conversion of three propellants.

Factor HTPB-A HTPB-B HTPB-C

λ 1.445 1.445 1.429 1.445 1.351
γ 0.692 0.692 0.671 0.692 0.708

R2 R2 ≥ 0.9895 R2 ≥ 0.9889 R2 ≥ 0.99 R2 ≥ 0.933 R2 ≥ 0.99

By analyzing the results, Table 2 shows that for HTPB propellants, there should exist a
fixed constant value for both the λ and γ used for static–dynamic modulus conversion, so
that the calculated and measured values of the modulus conversion coincide. This is based
on the fact that the R2 obtained by applying the same λ and γ value to the three propellants
already exhibits a high degree of fit. However, this study found that if the requirement for
the R2 is increased, by fine-tuning the λ and γ, they can be changed within a small range to
meet the increased R2 requirement. There are three reasons for this small change in the λ
and γ:

1. Unavoidable measurement errors are introduced during the relaxation and dynamic
modulus tests, such as errors in width and thickness measurement of the specimen,
and errors in temperature conditions measured by the equipment.
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2. The time–temperature equivalent principle is used when dealing with experimental
data for the relaxation modulus and dynamic modulus. This method itself is an
equivalent approximation mean and also introduces errors.

3. The overall modulus characteristics of the whole material are characterized by the
individual characteristics of limited experimental specimens (3–5 specimens) rather
than a large number of specimens, which also leaves considerable errors between the
measured and real modulus values.

It is for these reasons that λ and γ values fluctuate within a small range, but the
specific ranges of fluctuations should be: λ = 1.45± 0.1 and γ = 0.69± 0.1.

In Table 2, the optimal values for two kinds of λ and γ are given—Universal Optimal
Value (λ = 1.445,γ = 0.691, and R2 ≥ 0.933) and self-adaption optimal value (HTPB-A:
λ = 1.445, γ = 0.691, and R2 ≥ 0.933. HTPB-B: λ = 1.429, γ = 0.671, R2 ≥ 0.99. HTPB-C:
λ = 1.351, γ = 0.708, and R2 ≥ 0.99). The universal applicability of HTPB propellants with
different components is characteristic of the universal optimal value, and the self-adaption
optimal value is characterized by greater accuracy.

5. Finite Element Simulation Analysis of HTPB Propellants

During the development of viscoelastic mechanics, its constitutive model has also
developed from simple to complex.

The most basic models include the Maxwell model (Figure 7a) and the Kelvin model
(Figure 7b), and then a series of more accurate constitutive models such as the viscoelastic
fractional derivative model (VFD) (Figure 7c), and the integral constitutive relationship has
been formed [47–51].
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Generally, the constitutive model of a material is expressed as a generalized Maxwell
model or Kelvin model composed of multiple dashpots and springs, and the mathematical
expression is:

σ(t) +
M

∑
m=1

bm
dm

dtm σ(t) = E0ε(t) +
N

∑
n=1

En
dn

dtn ε(t). (17)

Although the above equation guarantees the accuracy, it brings great difficulties to
the calculation. If the fractional derivative is used in Equation (17), a single-way tension
stress–strain relationship is obtained:

σ(t) +
M

∑
m=1

bmDβm σ(t) = E0ε(t) +
N

∑
n=1

EnDαn ε(t). (18)

Due to the good nature of the fractional derivative, and with some reasonable simplifi-
cations, a three-parameter fractional derivative model suitable for viscoelastic materials
is obtained:

σ(t) = Eε(t) + EtαDαε(t). (19)

Its corresponding element model is shown in Figure 7c. Since it only contains three
parameters, it is commonly used in theoretical calculation.

The integral constitutive relationship is a further derivation from the Boltzmann super-
position principle, which results in the Prony series expression for the relaxation modulus:

E(t) = Ee +
n

∑
i=1

Eie−t/τi . (20)

Because the relaxation modulus expressed by the Prony series can be easily obtained by
fitting experimental data, the constitutive model expressed by Equation (20) is commonly
used in engineering testing and simulation calculation.

At present, most commercial simulation software for viscoelastic materials is obtained
by fitting relaxation or creep data. However, experimental data is limited, and the constitu-
tive model in the whole time range can only be obtained by fitting experimental data and
then extrapolating it. This means that the more effective the experimental data obtained,
the closer the extrapolated constitutive model is, and the more accurate the simulation
can be.

For this study, the dynamic and static modulus conversion expands the time range
of the relaxation modulus, and can also be considered as an extension of the master curve
of the relaxation modulus. Then, a more accurate constitutive model can be obtained by
fitting the extended master curve of the relaxation modulus. In this paper, to reflect the
influence of different constitutive models on the simulation, the experimental curve, the
master curve, and the extended master curve of the relaxation modulus for HTPB-A at
20 ◦C were used to define the material constitutive model for the finite element simulations.
The three curves are named L20, Lm, and Lm+, respectively, in the following.

5.1. Fitting Analysis of the Model

Figure 8 shows the fitting results for the original data for the three models. It can be
clearly seen that as the experimental data increases, the effective definition area (EDA) of
the three models from small to large is L20 < Lm < Lm+ and the fitting extrapolation area
(FEA) from large to small is L20 > Lm > Lm+. This reflects the progression of the fitted
constitutive model toward the real mechanical properties of the material.
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Furthermore, in the simulation software, the definition of viscoelastic material proper-
ties has to be normalized, i.e., the initial modulus of a viscoelastic material is considered as
the unit “1”. The whole relaxation is the process of the modulus dropping from “1” to near
“0”, which makes the initial modulus value particularly important.

As the relaxation modulus expansion area obtained by the modulus conversion
method appears in the direction close to the moment of zero load, it better reflects the
mechanical properties of the propellant subjected to the instantaneous excitation. It is
particularly important that the initial modulus obtained closer to the moment of zero load
makes the propellant instantaneous simulation closer to the actual material situation.

5.2. Simulation and Its Result Analysis

The instantaneous excitation condition of HTPB propellants was analyzed by finite
element simulation software. L20, Lm, and Lm+ were used to define the material properties,
form the three constitutive models, and simulate the same geometric model to compare the
simulation results of the three models for analysis.

Numerical simulations use a 3D model with a geometric size of 30 mm× 10 mm× 5 mm.
The boundary conditions are (Figure 9a):

1. One end is fixed, and another is loaded with a sinusoidal excitation of 50 Hz;
2. One end is fixed and another is loaded with a constant excitation.

The results of the strain simulation are shown in Figure 9. Due to the small amount of
experimental data and the low initial modulus in the L20 constitutive model, its strain curve
fluctuations are much higher than the results of the other two curves, whereas the strain
curves simulated by the Lm and Lm+ constitutive models are similar. As shown in Figure 9c,
the strain curve peak of Lm+ is slightly lower than that for Lm, and the phase difference
between the two curves and the external load varies (the external loading frequency is
50 Hz and the peak occurs at 0.005 s). The difference in peaks is due to the different initial
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modulus and the fact that a higher initial modulus also requires a longer relaxation time
when excited, so causing the phase difference.
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Figure 9b shows the simulation results for the HTPB-A propellant subjected to a
constant force excitation. The strain curve for L20 first reaches an instantaneous initial strain
and then remains virtually unchanged at this level. This is because limited experimental
data and a low initial modulus for the L20 constitutive model cause simulation results to be
distorted. The strain curve for Lm also first reaches an instantaneous initial strain and then
shows an increasing trend with an approximately constant slope. A different pattern can
be seen in the Lm+ strain curve, which shows a parabolic trend. Because of the difference
in the initial modulus, the strain magnitudes at the same moment are L20 < Lm < Lm+.
However, with the increase in the loading time, the strains of all three curves will reach the
same stable value.

Indeed, the difference among the three curves at the same moment in Figure 9 is
obvious. This is because the higher loading frequency and shorter simulation calculation
time are used to highlight the differences among the three constitutive models. If the loading
frequency is reduced and the calculation time is increased, the strain curves obtained from
the three models mentioned above will show almost coincident results. In other words,
the contribution of the Lm+ model proposed in this paper for simulation calculations
of the propellant subjected to instantaneous excitation is outstanding, but for long-term
relaxation and creep, its effect remains consistent with the existing relaxation modulus
master curve model. Therefore, the study in this paper is meaningful as a useful reference
for computational studies and is accurate to the millisecond level in space launches and
other fields.
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6. Conclusions

1. Based on the one-dimensional linear viscoelastic theory and the existing studies,
the dynamic storage modulus and relaxation modulus conversion method of HTPB
propellants is proposed by introducing the “catch-up factor λ” and “waiting factor
γ”. The conversion method has a clear physical meaning, a simple form, and a high
coefficient of determination between calculated and measured values (R2 > 0.93). It
is also found that for different HTPB propellants, λ and γ have the same universal
optimal value.

2. The specific values of λ and γ are determined and they show a perfect reciprocal
relationship.

3. Using this conversion method, the relaxation modulus calculated from the dynamic
storage modulus can expand the time range of the relaxation modulus master curve
by about four orders of magnitude. Furthermore, the dynamic storage modulus
converted from the relaxation modulus can avoid the problem that the dynamic
loading frequency cannot be too small.

4. The applicability of the conversion method and introduction of λ and γ for HTPB
propellants with different component contents is well verified.

5. This method has an obvious effect on the extension of the relaxation modulus master
curve. The contribution of the Lm+ constitutive model obtained from this method is
outstanding for instantaneous simulation calculations and long-term relaxation-creep
simulations for propellants; the simulation results also keep consistent with existing
relaxation modulus master curve models. This study has important reference value
for computational studies accurate to the millisecond level in space launches and
other fields.
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35. Zalewski, K.; Chyłek, Z.; Trzciński, W.A. Rheokinetic studies on the curing process of energetic systems containing RDX, HTPB
with high content of 1,2-vinyl groups and hydantoin-based bonding agent. Polym. Test. 2022, 111, 107611. [CrossRef]

36. Picquart, M.; Poirey, G. A multiscale approach for the development of a nonlinear viscoelastic friction-and-cavitation-based
model for solid propellants. Int. J. Solids Struct. 2022, 251, 111749. [CrossRef]

37. Venkategowda, T.; Manjunatha, L.H.; Anilkumar, P.R. Dynamic mechanical behavior of natural fibers reinforced polymer matrix
composites-A review. Mater. Today Proc. 2022, 54, 395–401. [CrossRef]

38. Miller, T.C.; Wojnar, C.S.; Louke, J.A. Measuring Propellant Stress Relaxation Modulus Using Dynamic Mechanical Analyzer.
J. Propuls. Power 2017, 33, 1252–1259. [CrossRef]

39. G. 770B-2005; Test Methods for Explosives. The National Military Standard GJB: Beijing, China, 2005; pp. 205–225.
40. Long, S.C.; Yao, X.H.; Wang, H.R.; Zhang, X.Q. A dynamic constitutive model for fiber-reinforced composite under impact

loading. Int. J. Mech. Sci. 2020, 166, 105226. [CrossRef]
41. Christensen. Introduction to Viscoelastic Mechanics; Science Press: Beijing, China, 1990; pp. 58–106.
42. Shen, T.; Gao, M.; Zhao, B. Engineering method for the conversion calculation of stress relaxation modulus and complex modulus.

J. China Ordnance 1995, 3, 40–44.
43. Li, Z. Advanced Econometrics, 3rd ed.; Tsinghua University Press: Beijing, China, 2000; pp. 66–154.
44. Gao, Q.; Jian, Z. A ameliorative criterion for predicting the glass-forming ability of metallic glasses. J. Alloy. Compd. 2019, 771,

522–525. [CrossRef]
45. Peng, X.H.; Yuan, J.; Wu, Z.D.; Lv, S.T.; Zhu, X.; Liu, J. Investigation on strength characteristics of bio-asphalt mixtures based on

the time-temperature equivalence principle. Constr. Build. Mater. 2021, 309, 125132. [CrossRef]
46. Park, S.W.; Schapery, R.A. Methods of interconversion between linear viscoelastic material functions. Part I—a numerical method

based on Prony series. Int. J. Solids Struct. 1999, 36, 1653–1675. [CrossRef]
47. Klanner, M.; Prem, M.S.; Ellermann, K. Steady-State Harmonic Vibrations of Viscoelastic Timoshenko Beams with Fractional

Derivative Damping Models. Appl. Mech. 2021, 2, 797–819. [CrossRef]
48. Permoon, M.R.; Rashidinia, J.; Parsa, A.; Haddadpour, H.; Salehi, R. Application of radial basis functions and sinc method for

solving the forced vibration of fractional viscoelastic beam. J. Mech. Sci. Technol. 2016, 30, 3001–3008. [CrossRef]
49. Pinnola, F.P.; Barretta, R.; de Sciarra, F.M.; Pirrotta, A. Analytical Solutions of Viscoelastic Nonlocal Timoshenko Beams. Mathemat-

ics 2022, 10, 477. [CrossRef]
50. Wang, T.; Jiang, Z.; Zhu, A.; Yin, Z. A Mixed Finite Volume Element Method for Time-Fractional Damping Beam Vibration

Problem. Fractal Fract. 2022, 6, 523. [CrossRef]
51. Zhu, Z.Y.; Li, G.G.; Cheng, C.J. Quasi-static and dynamical analysis for viscoelastic Timoshenko beam with fractional derivative

constitutive relation. Appl. Math. Mech.-Engl. Ed. 2002, 23, 1–12.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://doi.org/10.1016/j.polymertesting.2022.107611
http://doi.org/10.1016/j.ijsolstr.2022.111749
http://doi.org/10.1016/j.matpr.2021.09.465
http://doi.org/10.2514/1.B36446
http://doi.org/10.1016/j.ijmecsci.2019.105226
http://doi.org/10.1016/j.jallcom.2018.08.292
http://doi.org/10.1016/j.conbuildmat.2021.125132
http://doi.org/10.1016/S0020-7683(98)00055-9
http://doi.org/10.3390/applmech2040046
http://doi.org/10.1007/s12206-016-0306-3
http://doi.org/10.3390/math10030477
http://doi.org/10.3390/fractalfract6090523

	Introduction 
	Materials and Experiments 
	Material Component and Sample Preparation 
	Experimental Conditions 

	Results and Analysis 
	Experimental Results 
	Theoretical Analysis of the Dynamic–static Modulus Conversion Method 
	Introduction of the “Catch-up Factor ” and “Waiting Factor ” 
	Specific Values Determination of the “Catch-Up Factor ” and “Waiting Factor ” 

	Applicability Verification 
	Finite Element Simulation Analysis of HTPB Propellants 
	Fitting Analysis of the Model 
	Simulation and Its Result Analysis 

	Conclusions 
	References

