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Abstract: We investigate, through Monte Carlo simulations, the heterogeneous crystallization of
linear chains of tangent hard spheres under confinement in one dimension. Confinement is realized
through flat, impenetrable, and parallel walls. A wide range of systems is studied with respect to
their average chain lengths (N = 12 to 100) and packing densities (ϕ = 0.50 to 0.61). The local structure
is quantified through the Characteristic Crystallographic Element (CCE) norm descriptor. Here, we
split the phenomenon into the bulk crystallization, far from the walls, and the projected surface
crystallization in layers adjacent to the confining surfaces. Once a critical volume fraction is met, the
chains show a phase transition, starting from regions near the hard walls. The established crystal
morphologies consist of alternating hexagonal close-packed or face-centered cubic layers with a
stacking direction perpendicular to the confining walls. Crystal layer perfection is observed with an
increasing concentration. As in the case of the unconstrained phase transition of athermal polymers
at high densities, crystal nucleation and growth compete with the formation of sites of a fivefold
local symmetry. While surface crystallites show perfection with a predominantly triangular character,
the morphologies of square crystals or of a mixed type are also formed. The simulation results show
that the rate of perfection of the surface crystallization is not significantly faster than that of the
bulk crystallization.

Keywords: monte carlo; molecular simulation; crystallization; hard sphere; athermal chain; polymer;
confinement; packing; hexagonal close-packed; face-centered cubic; entropy-driven; phase transition;
triangular crystal; square crystal; fivefold

1. Introduction

The phase and morphology of a system dictate its macroscopic properties. Thus,
understanding crystal nucleation and growth as a function of processing history and
conditions could lead to the design of novel materials with improved properties. While
crystallization has been exhaustively studied through experiments, theory, and simulations,
a lot of its aspects remain poorly understood, especially at the level of atoms and molecules.
The complexity of the phenomenon increases appreciably when interfacial or surface
effects and spatial heterogeneity are considered, beyond the reference bulk case [1–4].
Further intricacy is added by constraints imposed by inherent chain connectivity, as in the
case of macromolecular systems, which are additionally characterized by a wide range of
characteristic time and length scales, the global ones being dominated by the presence of
entanglements [5–11].

Early and pioneering molecular dynamics simulations have unmistakably shown that
hard sphere systems crystallize [12]. For such phase transition to take place, the two critical
conditions are: (i) a critical volume fraction is reached; and (ii) the evolution of the system is
tracked for a sufficiently long time [13]. In a pattern analogous to bulk athermal monomers,
random packings of linear and fully flexible chains of tangent hard spheres are entropically
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driven to the crystal phase at sufficiently high volume fractions [14]. Crystal morphologies
of athermal polymers adopt random hexagonal close-packed layers of hexagonal close-
packed and face-centered cubic characters. These alternating layers possess a unique
stacking direction and are free of twin defects, as the latter are incompatible with the
entropic barriers imposed by chain connectivity [15]. The critical phase transition of
hard-sphere chains is heavily affected by factors, such as bond gaps [16,17] and/or chain
stiffness [18].

The crystallization or solidification of hard-sphere chains in the bulk has been reported
in the literature, considering as the influence of chain length, backbone stiffness, and bond
geometry [14,16–22], and highlighting similarities and differences with respect to the
crystal nucleation and growth of monomeric analogs [13,23–29]. The jamming or phase
transition of athermal, initially random packings, both of monomers and of chains, under
confinement have not been studied as extensively as the bulk case, but independent works
have provided significant insights over the years [3,30–42].

Reviews summarizing the advances achieved through experimental and simulation
studies on general atomic crystallization in confinement of a variety of systems and con-
fining agents, including droplets, parallel plates, microemulsions, vesicles, pores, wedges,
patterned, and nano-fabricated environments, can be found in [43,44]. Confinement can
profoundly affect the crystallization mechanism, the location of the freezing and melt-
ing transitions, as well as the established ordered morphologies, compared to the bulk,
unconstrainted case. The behavior of the hard sphere model and the corresponding pack-
ing properties can be effectively studied experimentally through suspensions of colloidal
spheres or granular materials [44,45]. Such realizations, by being characterized by macro-
scopic time and length scales, allow not only for the experimental determination of their
structure and dynamics, but also the visualization of their crystal morphologies. For exam-
ple, the buckling mechanism of micro-sized colloidal suspensions, mimicking hard-sphere
packings, in wedge geometries has been studied in [46,47].

In the present contribution, we conduct extensive Monte Carlo (MC) simulations based
on local and chain-connectivity-altering algorithms [48,49] on fully flexible, linear chains
of tangent hard spheres under unidimensional confinement. The latter is achieved through
flat, parallel, and impenetrable walls in one dimension. We study the effect of the packing
density, ϕ, average chain length, N, and inter-wall distance, dwall, on the ability of chains to
crystallize. The local environment around each site is analyzed through the characteristic
crystallographic element (CCE) norm descriptor [50], which has recently been generalized
to analyze 3-D and 2-D systems with respect to reference crystal templates [51]. We describe
the heterogeneous crystal nucleation and growth through two distinct contributions: the
bulk crystallization far from the confining surfaces and the surface crystallization for the top
and bottom layers adjacent to the walls. Perfectly ordered 2-D crystal structures are formed
on the wall layers of a predominantly triangular (TRI) character. Close-packed crystallites
grow near the walls, where the local density is high, and, for sufficiently high packing
densities, propagate to the inner regions of the system, until crystal uniformity is achieved.
Bulk crystals consist of layers with a stacking direction perpendicular to the walls with a
primarily unique face-centered cubic (FCC) or hexagonal close-packed (HCP) similarity.
The formation of a fivefold local symmetry is again seen as acting antagonistically against
crystal nucleation and growth. The final ordered structures of layered crystals are free of
defects in the form of twinning.

Section 2 presents the molecular model, the simulation method, and the systems
studied, while Section 3 hosts a brief analysis on how the local order on the surface and in
the bulk is analyzed through the CCE norm descriptor [50,51]. The simulation results are
presented in Section 4, a short discussion is provided in Section 5, and the manuscript is
concluded, with the listing of the main findings in Section 6.
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2. Molecular Model, Simulation Method, and Systems Studied

The hard sphere (HS) model has been adopted to describe all interactions between
chain monomers, all of which are identical spheres with diameter σ. According to the HS
model, the pair-wise energy, u(rij), is given by:

u
(
rij
)
=

{
0, rij ≥ σ

∞, rij < σ
(1)

where rij is the distance between the centers of spheres i and j.
Linear chains follow the freely-jointed model. The bond length is equal to the sphere

diameter within a tight tolerance of approximately 5 × 10−4, thus leading to a tangency
between bonded atoms. As there is no bending or torsional potential, the corresponding
angles are allowed to fluctuate freely, subject only to constraints imposed by the excluded
volume interactions.

For bulk systems with periodic boundary conditions (PBCs) applied on all dimensions,
the packing density (volume fraction), ϕ, is defined as the volume occupied by the n spheres
divided by the total volume of the simulation cell, Vcell:

ϕ =
πn

6Vcell
(2)

Confinement is realized here through the presence of flat, parallel, and impenetrable
walls in one dimension. In the continuation and throughout the manuscript, we will
consider x as the dimension of spatial restriction, i.e., the walls are parallel to this axis.
No other interactions exist between the walls and the chain monomers except the non-
overlapping condition, according to which:

uwall(ri) =

{
0, ri ≥ σ/2
∞, ri < σ/2

(3)

where ri is the distance between the center of sphere i and the closest wall in the con-
fined dimension, and uwall is the corresponding wall-monomer energy. The presence of
the impenetrable walls causes a reduction in the volume available to pack the spherical
monomers. Accordingly, we define a packing density that accounts for the inaccessible
volume due to the confining agents, ϕwall, as:

ϕwall =
πn

6 (dwall(x)− 1) Ayz
(4)

where dwall(x) is the distance between the parallel walls in the x dimension, measured in
units of σ, and Ayz is the area of the simulation cell in the two unrestricted dimensions.

All systems to be presented below have been generated and equilibrated with the
latest version of the Monte Carlo (MC) scheme, as analyzed in [48,49,52], based on chain-
connectivity-altering moves, as introduced for atomistic systems [53,54]. First, the initial
configurations at very dilute conditions (ϕ = 0.01) are borrowed from bulk systems with
the same characteristics (chain length and total number of hard spheres). Then, all chains
are fully unwrapped in space, and walls are inserted in the system along the confined
dimension, creating a cubic simulation cell at a very low concentration. The system box is
isotropically compressed through MC simulations, combining conventional volume shrink-
age [49] and the wall-displacement algorithm [48], until the desired density is reached.
Then, very long equilibration simulations are conducted under a constant volume. In
both steps of system generation and equilibration, the MC suite consists of the following
moves: flip (34.8%), rotation (15%), reptation (10%), intermolecular reptation (25%), config-
urational bias (15%), simplified end-bridging (sEB) (0.1%), and simplified intramolecular
end-bridging (sIEB) (0.1%), where the number in parenthesis denotes the attempt probabil-
ity. In the phase of generation, cell compressions are attempted every 1000 constant-volume
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moves, while the wall-displacement algorithm is automatically performed, when applica-
ble, as explained in [48]. All local MC moves are executed in a configurational bias pattern,
with the number of trials depending strongly on the volume fraction [49].

The presence of chain-connectivity-altering moves requires and imposes polydisper-
sity in chain lengths. These are allowed to fluctuate uniformly in the interval [Nav (1 − ∆),
Nav (1 + ∆)], where Nav is the average chain length, and ∆ is the half-width of the distri-
bution divided by Nav. The four systems simulated in the present work are: 100-chains
of Nav = 12, 50-chains of Nav = 24, 96-chains of Nav = 50, and 48-chains of Nav = 100, with
∆ = 0.5 in all cases. The former (N = 12 and 24) and the latter (N = 50 and 100) pairs of
systems consist of the same number of interacting sites, i.e., 1200 and 4800, respectively,
allowing for further study of the effect of inter-wall distance in addition to chain length
dependence.

For all systems, equilibrium simulations are conducted at packing densities that
correspond to ϕ = 0.50, 0.52, 0.54, 0.56, 0.58, 0.60, and 0.61. In the past, we have demon-
strated that freely-jointed chains of tangent hard spheres in the bulk crystallize once a
volume fraction of [14,20,21] ϕ

crys
bulk ≈ 0.58 is reached. This threshold for the phase transition

shifts to lower values once bond gaps are introduced [16], eventually approaching that of
monomeric hard sphere packings [12,13,23,28,55,56]. For the two different system sizes
of n = 1200 (Nav = 12 and 24) and 4800 (Nav = 50 and 100) studied here Table 1 lists the
inter-wall distance dwall(x) and the reduced packing densities due to the presence of the
impenetrable walls, as calculated from Equation (4) as a function of the volume fraction.

Table 1. Packing density, ϕ, inter-wall distance, dwall, and reduced packing density, ϕwall, for the
systems of n = 1200 (N = 12 and 24) and 4800 (N = 50 and 100) interacting spheres.

ϕ 0.50 0.52 0.54 0.56 0.58 0.60 0.61

dwall
(n = 1200) 10.79 10.65 10.52 10.39 10.27 10.16 10.10

dwall
(n = 4800) 17.13 16.91 16.70 16.50 16.30 16.12 16.03

ϕwall
(n = 1200) 0.551 0.574 0.596 0.620 0.643 0.665 0.677

ϕwall
(n = 4800) 0.531 0.552 0.574 0.596 0.618 0.640 0.651

Using the nomenclature introduced in [48], for all systems studied here, the bond gaps
are null (dl→ 0), while the number of confined dimensions, dconf, and the cell aspect ratio,
ζ, are both equal to unity (dconf = 1; ζ = 1). The system configurations (frames) are recorded
every 107 and 2 × 107 MC steps for the n = 1200 and 4800 systems, respectively. The total
simulation time ranges from 5 × 1011 MC steps at the lowest packing density to 2 × 1012

MC steps at the highest one.

3. Analysis of the Local Structure

The local structure of the computer-generated configurations is analyzed through the
latest version of the Characteristic Crystallographic Element (CCE) norm descriptor [51],
which is able to detect the radial and orientational similarities of a local environment with
respect to a given reference crystal X. The CCE norm functions on the basis that each crystal
is identified by a unique set of geometric elements of symmetry and corresponding actions,
which serve as a distinctive crystallographic fingerprint. Through a process of applying
proper group symmetry elements, which is explained in detail in [51], every site (atom or
particle), i, of the system is assigned an X-CCE norm value, εX

i , with respect to a reference
crystal X. The closer this value is to zero, the higher the similarity of the local environment
to this ideal crystal X. Once the value of the CCE norm is below a specific threshold, εthres,
the site i is considered to be of X-similarity. By construction, the CCE norm method is highly
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discriminating: the value of the norms cannot be simultaneously very low with respect to
two different crystals. As in past simulations on non-overlapping spheres [16,51,52], the
CCE-norm threshold adopts here a value of εthres ≤ 0.245, independently of the reference
crystal and its dimensionality.

The CCE norm descriptor is able to quantify structural similarity with respect to the
following reference crystals: hexagonal close-packed (HCP), face-centered cubic (FCC),
hexagonal (HEX), and body-centered cubic (BCC) in 3-D; triangular (TRI), square (SQU),
and honeycomb (HON) in 2-D. Additionally, the 3-D fivefold (FIV) and 2-D pentagonal
(PEN) local symmetries, which act as competitors to crystal formation in dense hard-sphere
packings [55,56], are examined as well. Any atom that does not show similarity to any of
the reference 3-D or 2-D crystals (or local symmetries) is labelled as amorphous (AMO) or
more precisely as “unidentified” (or “none of the above”).

Once the CCE norms are calculated over all reference crystals and over all atoms
or particles of the system, an order parameter can be further calculated for the reference
crystal X, SX (SX ∈ [0, 1]):

SX =

εthres∫
0

P
(

εX
)

dεX (5)

where P(εX) is the probability distribution function of the X-CCE norm.
For the general problem of crystallization under hard-wall confinement in any dimen-

sion (dconf ∈ [1, 3]), we divide the structural analysis into two distinct contributions: the
bulk and the surface crystallinity. The latter corresponds to all atoms that belong to the
top and bottom layers of the simulation cell or, in other words, to the spheres that lie the
closest to the confining walls. For this, we create 2-D projections of the top and bottom
layers consisting of these atoms and employ the CCE norm descriptor with respect to the
TRI, SQU, and HON crystals and PEN local structure. For all other atoms (“bulk volume”),
we employ the 3-D CCE norm quantifying similarity with respect to the HCP, FCC, HEX,
BCC, and FIV local structures. Due to the nature of the interactions and the high packing
density, HEX and BCC (in 3-D) and HON (in 2-D) crystallites do not appear in appreciable
quantities in the present computer-generated systems. Consequently, in the continuation,
we do not make a reference to these crystal structures.

Based on the above, a total degree of ordering, or total crystallinity, τc, can be calcu-
lated as the sum of the bulk, τbulk, and surface, τsurf, ones:

τc = τbulk + τsurf =
Ns,3

∑
l=1

Sl,3 +
dconf

∑
k=1

2

∑
j=1

NS,2

∑
i=1

Si,2 (6)

where Ns,3 and Ns,2 are the numbers of reference X crystals in 3-D and 2-D, respectively. In
Equation (6), the k index runs over all confined dimensions (dconf), and the j index runs over
the two opposite layers, both being adjacent to a confining hard wall. In the continuation,
they will be referred to as “top” and “bottom” layers. In the case of bulk, unrestricted
systems (dconf = 0), the total crystallinity coincides with the bulk one, which is calculated,
for example, in Equation (8) from [51].

From the technical perspective, we employ a step of mesh discretization of 0.1 rad for
the orientation of the symmetry axis/axes. As mentioned earlier, the critical threshold for
the detection of X-crystal similarity is set at εthres = 0.245. Unidimensional confinement, as
studied here, corresponds to dconf = 1 in Equation (6). Sphere monomers are assigned to
the top or bottom layers for successive 2-D CCE analysis based on having an incomplete
Voronoi polyhedron and very high corresponding value of the 3-D CCE norm. Practically,
all atoms whose centers lie within a distance of lwall = (σ/2 + σ/4) from the closest wall be-
long to the top and bottom layers and are subjected to the 2-D CCE analysis independently
of the system size (n = 1200 vs. 4800).
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4. Results

Fully equilibrated system configurations at the end of the MC simulation for all
systems studied here (N = 12, 24, 50 and 100) and at selected packing densities (ϕ = 0.50,
0.54, 0.58 and 0.61), with the coordinates of the sphere centers being subjected to periodic
boundary conditions in the y and z dimensions, are shown in Figure 1. In these snapshots,
the spheres are color-coded according to the parent chain.
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The left panel of Figure 2 shows three randomly selected chains of the 48-chain N = 100
system at ϕ = 0.61, with the coordinates of the sphere centers fully unwrapped in the y
and z dimensions. On the right panel, the full system is depicted as identifying the atoms
that belong to the top and bottom layers of the system in contact with the hard walls,
shown in yellow. All other atoms, shown in semi-transparent green, belong to the bulk
volume of the system. Based on the discussion of the CCE structural descriptor in Section 3,
in the continuation, we split the analysis of heterogeneous phase transition into surface
and bulk crystallization. Accordingly, we apply the 2-D and 3-D CCE norms to calculate
the order parameters for each individual reference crystal and thus the surface and bulk
crystallinities. The total crystallinity is then readily available through the summation of the
two contributions according to Equation (6).

4.1. Total Crystallinity

For a given system of a fixed average chain length (N = 100) Figure 3 shows the
evolution of the bulk (left panel) and surface (right panel) crystallinity as a function of the
MC steps at all packing densities. First, with respect to the bulk behavior, far from the
walls, systems of low volume fractions (ϕ = 0.50 and 0.52) show no traces of crystallites.
We note here that for chains of tangent hard spheres in the bulk, the phase transition occurs
at approximately ϕpol,bulk ≈ 0.58, which is quite higher than the corresponding one of
monomeric analogs (ϕmon = 0.545). Obviously, this threshold is not reached for the ϕ = 0.50
and 0.52 systems, even when the reduced packing density is considered (ϕwall = 0.53 and
0.55), incorporating the excluded volume effect of the impenetrable walls (Equation (4)).
First, stable crystals are formed both in the bulk and on the surfaces once a density of
ϕ = 0.54 (ϕwall = 0.574) is grasped. We observe here that by accounting for the wall effect
the threshold of the reduced packing density where crystallization occurs is commensurate
to the one of the unconstrained system. Beyond this point, there is a systematic increase
of crystallinity with the increasing concentration. The maximum is reached for both τbulk

and τsurf at ϕ = 0.60. The next and final simulated volume fraction (ϕ = 0.61) shows similar
trends, but the crystal nucleation and growth are slower, while the system reaches a less
perfect final crystal morphology, judging from the absolute values of crystallinity.
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It should be noted here that the surface crystallinity is calculated with respect to
the whole set of atoms present in the system, the aim being that the total crystallinity,
as calculated from Equation (6), adopts values in the interval [0,1]. Given that only a
small fraction of atoms belongs to the top and bottom layers adjacent to the walls, this
explains the low τsurf, which does not exceed a maximum of approximately 0.11. As will be
demonstrated in the continuation, only once the atoms that belong to the top and bottom
layers are considered can the local surface crystallinity reach a unity corresponding to the
crystal perfection of the surface. Comparing the trends of the two panels in Figure 3 the
absolute increase is significantly higher for the bulk contribution, compared to the surface
one. This can be explained, because there exist well-formed crystallites on the surface
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layers in the initial configuration, which are migrated from less dilute systems during the
phase of compression. By comparing the initial and final system configurations, the bulk
crystallinity can increase by a factor of 7, while the surface one doubles at most.

With respect to the rate of crystallization Figure 4 shows the evolution of the bulk,
surface, and total crystallinity as a function of the MC steps for the N = 100 system at
volume fractions of ϕ = 0.60 and 0.61. It is apparent that the surface mechanism can be as
slow as the bulk one when such high concentrations are reached. Even if there is a high
initial fraction of crystallites on the wall surface, the densely packed environment of the top
and bottom layers effectively hinders the significant re-arrangement of the local structure
delaying perfection. From the trends of heterogeneous crystallization of athermal chains
under unidimensional confinement, as established in Figures 3 and 4, it is evident that the
surface crystallization has an important contribution in the total process and thus should
be gauged with a high precision. Furthermore, the rate of the surface mechanism appears
to be as slow as the one in the bulk volume of the system.
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Figure 5 presents, in linear-log (main) and linear-linear (inset) plots, the dependence
of bulk, surface, and total crystallinities on the volume fraction for all the systems sim-
ulated here. Both the surface and bulk contributions increase with the packing density,
with the surface being dominant at low packing densities (ϕ = 0.50 and 0.52), where only
small isolated crystallites exist, and they are all dispersed on the wall surfaces. In con-
trast to unconstraint systems, where the phase transition is abrupt and reminiscent of a
critical percolation phenomenon (compare, for example, Figure 5 with Figure 2 in [20]),
the intermediate volume fractions here show a semi-crystalline system. Given the high
heterogeneity of the confined system, especially with respect to the distribution of the
sphere population, it is expected that the regimes near the wall are significantly more
crystallized than the ones near the center of the cell and the farthest from the confining
walls. Such information cannot be precisely identified from the trends shown in Figure 5 as
the calculation of crystallinity entails the whole simulation cell. However, it is clear that the
influence of the surface mechanism is dominant for low and intermediate volume fractions.
At very high densities, most of the system has crystallized, as quantified by the very large
fraction of sites with an ordered local environment. The highest value of total crystallinity
is observed for the N = 50 system at ϕ = 0.61, where approximately 85% of the sites have
either an HCP- or FCC-like similarity.
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Figure 5. Linear-log plot of the dependence of bulk (τbulk), surface (τsurf), and total (τc) crystallinity
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4.2. Local Density and Crystallinity

The highly heterogeneous nature of the simulated system due to the presence of the
hard walls requires a further analysis based on the distance from (or proximity to) these
confining agents. Therefore, we divide the simulation cell into layers with a width of
0.065 and calculate the corresponding profiles of the local density and CCE-norm order
parameter as a function of the position along the dimension of confinement. Such profiles
can further include the evolution of the system in (simulation) time, measured in Monte
Carlo steps. In the continuation coordinates along the x-dimension are rescaled so that the
extreme values of −1 and +1 correspond to the position of the bottom and top hard walls,
respectively, while 0 designates the center of the simulation cell.

Figure 6 hosts stacked plots of the local density profiles as a function of the coordinates
for the N = 100 system, as obtained from the final and stable phase of the production MC
simulation. Different plots correspond to different packing densities, with the coloring
scheme following that shown in Figure 3. As the concentration increases, the system
becomes progressively more homogeneous. At the lowest concentration (ϕ = 0.50), after the
depletion layer due to excluded volume from the hard wall, a sharp peak in local density
is observed, with the two following maxima indicating the formation of local layers. For
longer distances, the distribution becomes uniform, with an average value significantly
smaller than the one of the top and bottom surface layers. Increasing the volume fraction
to ϕ = 0.52 slightly prolongs the population and intensity of these high-concentration
layers near the walls. At ϕ = 0.54, the system shows signs of layer morphologies but
only in one (top) side, as the other remains in the same state as in lower volume fractions.
The important difference is triggered once ϕ = 0.56 is reached. Characteristic density
layers extend and cover the totality of the simulation cell. As the distance increases
from the confining walls, the intensity of the concentration maxima decreases, a trend
particularly evident in the central region of the cell. As the concentration further increases,
the density profile becomes even more uniform along the confined dimension. Still, the
sphere population on the walls is significantly higher than that away from them. At the
highest density studied (ϕ = 0.61), the density profile is less uniform than at ϕ = 0.60, a
trend consistent with the lower crystallinity, as demonstrated in Figure 5. This is due to
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the crowded environment that prohibits an efficient rearrangement of the local structure.
The situation does not change even if the MC simulation is significantly extended. This
present simulation finding is in agreement with the pioneering experiments of Pusey and
van Megen [45], according to which a very high concentration hinders crystallization so
that the expected, thermodynamically stable crystals are not formed or correspond to a
defect-ridden and incomplete structure, even when the experimental observation time
is prolonged.
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Figure 6. Stacked plots of local density versus the position in the confined (x) dimension for the
N = 100 system. −1, 0, and +1 correspond to the positions of the bottom wall, center of the simulation
cell, and top wall, respectively. Different plots correspond to different packing densities, ϕ. The
coloring scheme follows that shown in Figure 3.

The evolution of the local density profile as the MC simulation progresses is presented
in Figure 7 for the N = 100 system at ϕ = 0.60. It is evident that as the simulation advances,
the layered morphology of well-shaped regimes of low and high concentrations, initially
evident only near the walls, propagates and covers the total volume of the simulation cell.
Additionally, near the end of the simulation, all density layers in the bulk of the system
adopt regular positions of very comparable peak intensities, indicative of crystal ordering.
The extreme top and bottom layers still have a higher concentration of particles, but the
density profile along the confined dimension for the highest volume fractions (ϕ ≥ 0.56) is
significantly more uniform than in the case of predominantly amorphous (ϕ = 0.50 and
0.52) or semi-crystalline (ϕ = 0.54) structures.
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Figure 7. Stacked plots of the local density profile as a function of the position in the confined dimension for the N = 100
and ϕ = 0.60 system. Different plots correspond to different steps (frames) along the MC trajectory.

Analogous plots, like those presented above for density, are presented for local crys-
tallinity. The local order parameter with respect to a specific X crystal is now defined as
the fraction of sites with X similarity, as gauged by the CCE-norm analysis, divided by the
total number of sites inside the volume of the sub-domain (layer of thickness 0.065) along
the confined dimension. Figure 8 shows stacked plots of local crystallinity as a function
of the position. Different plots correspond to different packing densities. The lines and
symbols correspond to the bulk volume (3-D CCE) and surface layers (projected 2-D CCE),
respectively. The trend of the local crystallinity very closely follows that of the local density
with respect to the effect of the volume fraction. Along the bulk layers, no crystallites
exist for the ϕ = 0.50 system and very few and randomly dispersed ones appear at ϕ = 0.52.
In both cases, surface layers are characterized by a higher local degree of ordering than
the bulk ones. At ϕ = 0.54, crystallization occurs, but it covers only one part (top) of the
simulation cell. Interestingly, even the projected 2-D crystallinity on the bottom layer
remains at very low levels. At higher densities (ϕ ≥ 0.56), the crystallization becomes
more homogenous: surface layers have a high degree of ordering, which extends further
to bulk ones. At ϕ = 0.56 and 0.58, only a small fraction at the center of the simulation
cell, the farthest possible distance from the confining agents, remains amorphous. At an
even higher density (ϕ = 0.60), the local order parameter is almost a unity on the surface,
indicative of crystal perfection. Bulk layers are also characterized by a very high degree
of ordering of very similar intensities. In all cases, the trends of the crystallization profile
(Figure 8) are very reminiscent of the ones for density (Figure 6). Therefore, the evolution
of local density along the dimension of confinement can be used as a preliminary measure
of the phase transition of hard-sphere chains under flat confinement.
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Another interesting aspect of high-density crystallization, of polymers [14,15,20,58,59],
or monomers [55,56] is the competition between the formation of local structures with a
fivefold symmetry and the nucleation and growth of crystallites of an HCP/FCC character.
Figure 9 shows the local order parameter for the HCP/FCC crystals (left panel) and
the FIV symmetry (right panel) as a function of the position along the dimension of
confinement for the N = 100 system. The curves have been obtained by sampling over
different configurations in the equilibrated part of the MC trajectories, and different plots
correspond to different packing densities. Blue, red, and green correspond to the HCP,
FCC, and FIV order parameters, respectively.

The curves shown in Figure 9 allow for a better understanding of the established
crystal morphologies or of their absence. At the lowest simulated density, there are no
traces of HCP or FCC crystallites, while there exist fivefold-like sites, which are dispersed
along the volume of the simulation cell. As the density increases, so does the population of
spheres with a fivefold symmetry, which is similar to what happens in bulk (unconstraint)
packings of monomers [55]. At ϕ = 0.52, the sites of an FIV character appear to be randomly
scattered along the confined dimension. However, at even higher concentrations, the
structural competition between fivefold formation and crystal growth settles in. For
example, at ϕ = 0.54, FIV sites dominate in the amorphous (bottom) half of the system,
while they are completely absent from the ordered (top) half, which is populated by
alternating layers of a pure HCP or FCC character. As the density increases to ϕ = 0.56,
the system becomes highly ordered, with the crystal growing and migrating from near
the walls to the inner volume of the cell. In parallel, FIV sites are forced to exist in
the remaining amorphous regions of a low crystallinity. As the volume fraction further
increases (ϕ = 0.58 and 0.60), the system becomes uniformly ordered, and the FIV sites
disappear, as their presence—and twinning in general—is incompatible with the layered
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morphology of athermal polymer crystals [15]. At an even higher concentration (ϕ = 0.61),
as crystallization becomes less perfect, the FIV sites reappear in regions of a low crystal
order. If we move our attention to the ordered layers (left panel of Figure 9), the majority of
these have a pure HCP or FCC character, and in many instances, they are free of impurities
in the form of amorphous (AMO) sites. Less frequent, but still possible, is the occurrence
of close-packed layers of a mixed HCP/FCC character. In all cases, layers are formed with
a single stacking direction parallel to the dimension of confinement.
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In the continuation, we study how these ordered layers are initially formed and then
grow along the simulation cell. This information is available through the stacked plots
shown in Figure 10. The left and right panels show the evolution of the HCP/FCC and
FIV local order parameter profiles, respectively, as the MC simulation progresses for the
N = 100, ϕ = 0.60 system. A side-by-side comparison unmistakably reveals the structural
competition between crystallization and fivefold formation. Initially, the crystals nucleate
and grow near the confining walls. In parallel, the FIV sites exist in significant numbers
in the inner parts of the cell, far from the top and bottom surfaces. As the MC simulation
advances, the crystals show perfection at and near the walls, with the formation of layers
of a mixed HCP and FCC character. In parallel, the FIV sites are completely eliminated
from these regimes. The more the crystal layers expand from the surfaces to the center of
the cell, the smaller the amount of volume available for fivefold formation. The fivefold
population is progressively ostracized to the central part of the cell. Eventually, when this
regime is further occupied by HCP and FCC crystals, the FIV sites are eliminated. In all
studied systems, the presence of hard walls always leads to the formation and growth
of alternating HCP/FCC layers with a unique stacking direction. In the past, we have
demonstrated, through simulations and theoretical arguments, that such a chain crystal
morphology is not compatible with twinning and, as such, with fivefold formation in
the form of structural defects [15]. Focusing on the surface mechanism, very few or no
pentagonal sites are detected on the hard walls.
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4.3. Snapshots of Computer-Generated Configurations

Structural analysis through the local order parameter, as quantified through the CCE
norm, has provided an accurate identification of the established crystal morphologies,
especially for the bulk mechanism. Next, we provide additional evidence of crystal nucle-
ation and growth through visualization of the computer-generated system configurations,
especially with respect to the surface mechanism. In all system snapshots to be presented
in the continuation, the following coloring convention is used, according to the CCE-based
analysis: HCP (blue), FCC (red), FIV (green), TRI (cyan), SQU (purple), HON (orange),
and PEN (green). Amorphous or unidentified sites (AMO) are shown in yellow and with
reduced dimensions (in bulk snapshots) for visual clarity. Due to the high heterogeneity
of the confined polymer system, two separate snapshots are required to visualize the
top and bottom layers (surface crystallization), as well as one for the inner volume (bulk
crystallization) of the simulation cell. The hard walls and borders of the simulation cells
are indicated by the thick black squares.

Figure 11 presents snapshots of the final configurations for the N = 100 system at
ϕ = 0.50, 0.54, 0.56, and 0.60. The top and bottom panels correspond to the top and
bottom surface layers, which are identified through the projected 2-D CCE norm, while the
middle panel corresponds to the whole system and is gauged by the 3-D CCE norm. All
atoms belonging to the top and bottom layers of the middle panels in Figure 11 apear as
amorphous or, more precisely, as “unidentified”. As explained in Section 3 this is because
the 3-D CCE norm cannot detect order in these atoms, which is expected, because they
cannot create 3-D crystals due to the presence of the flat surfaces. One must therefore resort
to the projected 2-D CCE norm for a quantitative description of the surface layers (as seen
in the top and bottom panels of the same figure).
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Figure 11. Snapshots of the system configurations for the N = 100 at ϕ = (from left to right) 0.50, 0.54, 0.56, and 0.60 at
the end of the MC simulation. The (top), (middle), and (bottom) panels correspond to the top layer, bulk volume, and
bottom layer of the confined simulation cell. The atoms are colored-coded according to the crystal similarity, as identified
by the CCE-norm analysis. For bulk crystallization (3-D CCE), blue, red, and green correspond to the HCP-, FCC-, and
FIV-like sites, respectively. For surface crystallization (2-D CCE), cyan, purple, orange, and green correspond to the TRI-,
SQU-, HON-, and PEN-like sites, respectively. The amorphous (AMO) sites are colored in yellow. In 3-D, the AMO sites
are further shown with reduced dimensions (in a 1:5 ratio) for visual clarity. The figure panels are also available as 3-D,
interactive images.

Visualization of the computer-generated polymer morphologies further validates the
trends established from the profiles of the CCE-based local order parameters shown in
Figures 8 and 9. At ϕ = 0.50, the bulk volume is amorphous, except for very few isolated
sites with an ordered or fivefold similarity. Likewise, the top and bottom layers have
comparatively low surface coverages and very few sites as crystallites. At low densities,
these sites can possess a TRI or SQU local environment. At ϕ = 0.54, a clearly highly
heterogeneous semi-crystalline structure is established, as reflected in both the surface
and the bulk panels. A further increase in density increases the number of ordered layers,
and the amorphous and fivefold sites exist only in the central, low-density regimes of the
simulation cell. At ϕ = 0.60, HCP and FCC layers cover the bulk of the system, while the
top and bottom surfaces are covered by sites with a TRI character. Isolated amorphous
sites exist both in bulk and on the surface as structural defects. Most of the bulk crystal
layers have a unique character: pure HCP or FCC similarity, especially if they lie near the
hard walls. Layers of a mixed HCP/FCC type are observed primarily in the central part of
the simulation cell.
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In the snapshots shown in Figure 11 triangular symmetry appears to be the predom-
inant morphology for surface crystallization at high volume fractions. This is expected,
as among all possible 2-D crystals, the triangular one corresponds to the highest surface
coverage. However, it is not the only ordered structure that is encountered in the present
simulations as seen in Figure 12 at the end of the MC simulations for selected N = 12
and 24 systems. Crystal perfection is apparent for the N = 24 and ϕ = 0.58, where the
projected surface morphology corresponds to a single triangular crystal. Such triangular
morphologies, which correspond to the densest packings in 2-D, are in agreement with the
experimental realizations of monomeric hard spheres in extreme, single-layer confinement,
as reported in studies of colloidal analogs [46]. Still, SQU-dominated structures are also
generated, as well as ones of a mixed SQU/TRI type, with amorphous atoms existing as
defects at the boundaries of the two different crystal morphologies.
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Figure 12. Projected surface morphologies at the end of the MC simulations, as identified by the 2-D CCE-norm analysis for
the (from left to right): N = 12, ϕ = 0.56 (top layer); N = 24, ϕ = 0.58 (bottom layer); N = 12, ϕ = 0.60 (top layer); and N = 12,
ϕ = 0.61 (top layer) systems. The figure panels are also available as 3-D, interactive images.

Figure 13 visually presents the evolution of the surface and bulk crystallinity at
different instances of the MC simulation on the N = 100 and ϕ = 0.60 system. First, near and
at the surfaces, the degree of ordering is significant. Almost half of the population of surface
atoms have a crystal similarity, while the defect-ridden layers of an HCP/FCC character
exist adjacent to the walls. This high level of ordering is caused by the compression from
lower volume fractions. It also marks a significant difference with respect to the athermal
chain crystallization of unrestricted (bulk) systems under the same conditions, where the
initial packings are characterized by a very low degree of ordering. In the bulk volume far
from the walls, fivefold-like sites exist in abundant numbers. As the simulation progresses,
their numbers are reduced, they get “exiled” to the central parts of the cell, and they
eventually disappear as the whole simulation cell is covered by alternating HCP and FCC
layers with a unique stacking direction, parallel to the dimension of confinement. The
projected 2-D crystallization follows similar patterns, except for the fact that it starts from
a comparatively higher fraction of ordered sites. In this specific example, SQU-like sites
exist initially in the bottom layer. However, the SQU population is gradually reduced,
and both surfaces are converted into 2-D structures of a triangular morphology. While the
surface crystallinity is initially high, the corresponding mechanism leading to 2-D crystal
perfection is not significantly faster than the one for the bulk volume.
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(Left), (middle), and (right) panels correspond to the bottom layer, bulk volume, and top layer of the confined simulation
cell. From (top) to (bottom): 2 × 107, 1 × 1011, 2 × 1011, 3 × 1011, 4 × 1011, and 2 × 1012 MC steps. The atoms are
colored-coded according to the crystal similarity, as identified by the CCE-norm analysis. The figure panels are also available
as 3-D, interactive images.

In the Supplementary Material, a 3-panel video is available on the crystal nucleation
and growth, as observed for both the surface and bulk mechanisms of hard-sphere chain
crystallization under unidimensional confinement for the N = 100 system at ϕ = 0.60.

5. Discussion

As a final note, the results of the structural analysis, based on the CCE-norm descriptor,
entail an uncertainty related to labeling a site as having an X-crystal similarity by adopting a
threshold (which is here equal to 0.245 for both the bulk 3-D and projected 2-D mechanisms).
It is to be understood that a site i with an X-CCE norm very close to zero ( εX

i → 0) is
structurally more similar to the reference crystal X, compared to a site with a norm still
lower but very close to the threshold ( εX

i → εthres ). Both sites are identified as X-like.
Altering this threshold to stricter values reduces the fraction of such sites, while increasing
it has the opposite effect. The specific value is selected so as to minimize or eliminate
the possibility of a site having a dual character, and it is a result of the observation of all
possible parity plots of the reference crystals, as explained in detail in [50,51]. A computer-
generated crystal environment, especially when produced from an initial random packing,
is inescapably ridden by structural imperfections, compared to the ideal reference crystal.
Examples of local environments with progressively reduced similarities to both 2-D and
3-D references are given in [51].

All qualitative trends presented here on crystal nucleation and growth, either on
the surface or in the bulk of the system, will not change if the corresponding CCE
thresholds become softer or harder. This has also been established in previous publi-
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cations on athermal or energetically-driven systems analyzed through the CCE-norm
descriptor [16,20,21,55,56,58,59].

With respect to the Monte Carlo simulation, we should mention that at high con-
centrations (packing densities), like the ones studied here, ergodicity is not guaranteed.
Sampling of configurational space is achieved by the combination of the MC algorithms,
including the chain-connectivity-altering ones. The latter, as implemented here, do not
involve sphere displacement(s), so the high packing density does not hinder their perfor-
mance. In fact, due to the increased number of contact neighbors, as the volume fraction
increases, their performance improves, especially near jamming [49]. By having high
acceptance rates, chain-connectivity-altering moves provide a different chain contour and
connectivity, offering new paths in the configuration space for the local moves to occur.
Thus, a synergy is set between the different types of MC moves. Still, at very high densities,
the sampling of configurational space can be problematic. This is the reason why simula-
tions are extended to cover 1012 MC steps. Furthermore, based on the presented results,
it is clear that at ϕ = 0.61, the obtained crystals are not as perfect as those obtained at a
lower concentration (ϕ = 0.60), and such a trend of structural imperfection with increasing
density prevails as we approach jamming. In parallel, this tendency has an analogy with
the findings of colloidal experiments, where once a packing density is exceeded, glass
formation, often denoted as “Bernal glass” [45], is observed, while the close-packed crystal
is the thermodynamically stable and thus the expected structure.

In parallel, we need to state again that the present MC simulations should not be
interpreted dynamically, as such information is not available due to the stochastic nature of
the method and the application of the unphysical, but highly-efficient, chain-connectivity-
altering algorithms.

The employed model of freely-jointed chains of tangent hard spheres of a uniform size
shows a phase behavior reminiscent of that of monomeric counterparts. As such, ordered
morphologies consist of stackings of close-packed crystallites of sites with a face-centered
cubic (FCC) and/or hexagonal close-packed (HCP) character. In parallel, at the level of
chains, these show no stretching or orientational order, as observed in the crystallization of
“traditional” polymers, for example, in polyethylene. The model adopted here to describe
polymer chains, as it lacks chemical detail, deviates from the ones of chemical complexity
used to study atomistic or coarse-grained systems, such as the ones in the early works
of [60,61]. Our simulation findings and trends should be compared with the ones of
colloidal or granular chains, especially when the colloidal suspensions are synthesized to
have a hard-sphere-like behavior.

Finally, given the athermal nature of the hard sphere model, entropy is the sole driving
force behind the phase transition. As has been demonstrated in our past simulations of
athermal chains in the bulk, crystallization occurs because the local environment around
each site becomes more spherical and more symmetric, as order is introduced at the local
level [14,16,20]. This, in turn, increases the translational entropy of the system, which
more than compensates for any loss in the configurational parts. Spheres can move with
more freedom in a local environment whose symmetry increases its available volume. At
the global level, freely-jointed chains in the crystal behave as random walks, while the
corresponding close-packed crystals are structurally quite perfect, as demonstrated here.

6. Conclusions

We present a description of the mechanism of the crystal nucleation and growth of
polymers of tangent hard spheres under unidimensional confinement, as observed in
extensive MC simulations. Confinement is realized through the presence of impenetrable
and parallel hard walls. We analyze crystallization through two different mechanisms:
surface and bulk crystallization, each quantified through the application of the CCE-norm
descriptor. Atoms lying close to the confining walls are projected on the surface, as they
have an incomplete local environment due to the proximity to the flat walls. The total
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degree of crystallinity and the final stable morphologies depend strongly on the packing
density, while the chain length has no effect, as in the case of unconstraint chain systems.

With respect to bulk crystallinity, the resulting ordered crystals consist of random
hexagonal closed-packed layers with a unique stacking direction perpendicular to the
confining walls. Such layers are of a pure HCP of FCC constitution, except for the ones
that are formed the latest and the farthest from the flat surfaces. The structural competition
between bulk crystallization and fivefold formation is also evident here. The final layered
bulk polymer crystals are free of twin defects. As far as the surface crystallization is
concerned, the perfection mechanism is found not to be significantly faster than the bulk
one, although the surface is initially covered by a higher number of crystal nuclei. This
can be explained as the top and bottom layers, especially for high volume fractions, are
characterized by significantly higher concentrations of atoms, compared to the volume of
the cell. Thus, the structural rearrangements on the wall surfaces are frequently hindered
by the crowded environment, compared to the more dilute volume of the system far from
the hard walls. The final surface morphologies have a predominantly triangular character,
but there exist cases where principal domains of square crystals or of a mixed TRI/SQU
character are formed. In sharp contrast to the bulk mechanism, no appreciable population
of sites with a pentagonal symmetry is detected on the surfaces, especially at the early
stages of crystallization.

The present work has placed emphasis on the description of the global mechanism for
the surface and bulk crystallization of athermal polymers. Future research will focus on
explaining the entropic origins of the phenomenon and compare them with the unconstraint
(bulk) case through a detailed analysis of the statistics of the Voronoi polyhedra and
polygons and the ability of chain monomers to rattle (flip or rotate) near to and far from
the surfaces.

Supplementary Materials: The following are available online at https://www.mdpi.com/article/10
.3390/polym13091352/s1: All figure panels in 3-D, interactive format. A 3-panel video showing the
surface and bulk crystallization for the N = 100 system at ϕ = 0.60. A 3-D, interactive version of the
present manuscript.
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Abbreviations
The following abbreviations are used throughout the manuscript:
AMO Amorphous
BCC Body-centered Cubic
CCE Characteristic Crystallographic Element (norm)
FCC Face-centered Cubic
FIV Fivefold
HCP Hexagonal close-packed
HEX Hexagonal
HON Honeycomb
HS Hard Sphere
MC Monte Carlo
PBC Periodic Boundary Condition
PEN Pentagonal
SQU Square
TRI Triangular
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