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Abstract: This paper proposes an analytical solution and isogeometric analysis numerical approach
for buckling analysis of size-dependent beams based on a reformulated strain gradient elasticity
theory (RSGET). The superiority of this method is that it has only one material parameter for couple
stress and another material parameter for strain gradient effects. Using the RSGET and the principle
of minimum potential energy, both non-classical Euler—Bernoulli and Timoshenko beam buckling
models are developed. Moreover, the obtained governing equations are solved by an exact solution
and isogeometric analysis approach, which conforms to the requirements of higher continuity in
gradient elasticity theory. Numerical results are compared with exact solutions to reveal the accuracy
of the current isogeometric analysis approach. The influences of length-scale parameter, length-to-
thickness ratio, beam thickness and boundary conditions are investigated. Moreover, the difference
between the buckling responses obtained by the Timoshenko and Euler-Bernoulli theories shows
that the Euler-Bernoulli theory is suitable for slender beams.

Keywords: buckling; size effect; microbeams; isogeometric analysis; strain gradient theory

1. Introduction

In the micro-/nano-electromechanical systems (M/NEMS) [1,2], micro/nanobeam
structures are extensively used as actuators, atomic force microscopes [1,3], etc., due to the
small size feature of micro/nanostructures; microstructure effects have been reported in
some experiments [4,5]. On the other hand, the buckling instability problem observed in
micro/nanobeams may happen when subjected to high compressive stress [6,7]. However,
it is difficult to predict the size-dependent deformation behaviors in micro-scale structures
using classical continuum theories as there is a lack of microstructure-scale parameters to
consider the microstructure effects. Therefore, numerous higher-order continuum theories,
including strain gradient theories [8,9], non-local elasticity theory [10,11], micropolar
theory [12] and couple-stress theory, [13-15] which contain additional material parameters,
have been developed to describe the microstructure effect.

Strain gradient elasticity theory was first presented by Mindlin [8], considering an isotropic
elastic material with 16 intrinsic material parameters. The strain energy density function of this
theory can be presented with three typical forms [9,16] and functions of the infinitesimal
strain. Based on Fleck and Hutchinson’s work [17], Lam et al. [4] reduced the material pa-
rameters in strain gradient theory to three, which is also known as modified strain gradient
theory (MSGT). Since then, numerous non-classical beam models have been developed
based on MSGT. By using MSGT, Kong et al. [18] presented a non-classical Euler-Bernoulli
beam theory, and Wang et al. [19] established a non-classical Timoshenko beam theory.
Akgoz et al. [20,21] applied the Euler-Bernoulli microbeam theory to study buckling
and bending size-dependent behavior under various boundary conditions. Furthermore,
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Akgoz and Civalek [22] and Ansari et al. [23] extended it to the functionally graded (FG)
microbeams problem. As for non-local elasticity theory, lots of studies investigated the
size-dependent effects on mechanical behavior using Eringen’s non-local elasticity the-
ory [10,11]. Reddy [24] applied non-local elasticity theory to study the mechanical response
of microstructure beams. Barretta et al. [25] presented a consistent variational formulation
to deal with the improper boundary conditions problem in non-local strain gradient beam
formulation. After, Barretta et al. [26] unified Lam’s strain gradient [4] and Eringen’s
non-local [10,11] theory through a variational formulation. The non-local strain gradient
Timoshenko theory [26] is also used to calculate the Young modulus of carbon nanotubes
(CNTs) [27]. Thang et al. [28] applied non-local strain gradient theory to study the me-
chanical response of bi-directional functionally graded (BDFG) nanobeams. By combining
non-local strain gradient theory with a quasi-3D beam theory, Jalaei et al. [29] studied
the viscoelastic transient behavior of magnetically imperfect FG nanobeams. Moreover,
a simplified strain gradient elasticity theory (SSGET) [30,31] (known as dipolar gradient
theory [32]) with only one material length scale parameter for the strain gradient effect was
proposed by Altan and Aifantis [33]. Based on the SSGET, Hong et al. [34] extended it to
the Kirchhoff microrods problem. According to the SSGET, Liang et al. [35] proposed a
Euler-Bernoulli microbeam theory.

The couple-stress theory is also an important high-order continuum theory. It is worth
noting that the classical couple-stress elasticity theory with four material-scale parameters pro-
posed by Mindlin [14]. Afterwards, Yang et al. [36] developed a modified couple-stress theory
(MCST) with only one scale parameter. Based on modified couple-stress theory and non-local
elasticity theory, a non-local couple-stress theory was developed by Ebrahimi et al. [37] for
functionally graded (FG) nanobeams. On the other hand, the modified strain gradient
theory [4] can be further simplified to the MCST [36,38,39] by neglecting the symmetric
second gradient of displacement. Based on MCST, a large amount of non-classical mi-
crobeam models have been developed for Euler-Bernoulli [39,40], Timoshenko [41,42] and
Reddy-Levinson beams [43,44]. Recently, Hong et al. [45,46] extended the MCST to the
static, free vibration and wave propagation problems of the magneto-electro-elastic (MEE)
FG microbeam and MEE FG porous microbeam.

However, strain gradient elasticity theory or couple-stress theory only considers the
effect of strain gradient or couple stress. In order to contain both effects and with fewer
material parameters, Zhang and Gao [47] derived a reformulated strain gradient elasticity
theory (RSGET) with one material constant for each. A new Euler-Bernoulli microbeam
model was developed using the RSGET [47] and extended for mechanical behavior of FG
microbeams [48]. On the other hand, as the higher continuity requirements of higher-order
continuum theories, the traditional finite element method needs special technology to
establish the strain gradient [49-52]. Therefore, a higher-order numerical approach combined
with higher-order continuum theories must be developed for size-dependent analysis of
microstructures.

Isogeometric analysis (IGA) based on splines basis functions is a higher-order com-
putational approach proposed by Hughes et al. [53]. Due to the higher-order approxi-
mation, it has been extensive applied to study the size effect of micro/nanostructures.
Nguyen et al. [54] investigated size effects on the bending, vibration and buckling be-
haviors of FG nanoplates by utilizing IGA with non-local elasticity theory. Ansari and
Norouzzadeh [55] applied IGA to study the buckling behavior of FG nanoplates with the
non-local and surface effects. Phung-Van et al. [56] studied the nonlinear behaviors of FG
nanoplates by IGA and provided a computational optimization [57,58] for functionally
graded sandwich nanoplates. Nguyen et al. [59] combined an isogeometric approach with
the MCST for functionally graded microplates problems. Liu et al. [60] developed an
isogeometric analysis approach based on MCST and surface energy for thin nanoplates.
Using MCST and isogeometric analysis, Thanh et al. [61] and Farzam et al. [62] studied the
mechanical behavior of FG carbon-nanotube-reinforced composite plates. Thai et al. [63]
uses isogeometric analysis approach and modified strain gradient theory [4] to investigate
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the static, vibration and buckling responses of FG microplates. The non-classical Timo-
shenko and Euler—Bernoulli isogeometric analysis approaches, based on the MCST and
the surface elasticity theory, are presented by Yin et al. [64,65]. By using an isogeometric
analysis approach and RSGET, Yin et al. [66,67] investigated the microstructure effect on the
mechanical response of microbeam. Phung-Van et al. [68] use isogeometric analysis with
a non-local strain gradient theory to investigate the porosity of the metal foam nanoscale
plates. However, based on literature review, an isogeometric analysis approach for buckling
analysis of microbeam considering both couple stress and strain gradient effects has not
been developed yet.

The main aim of this work is to introduce a non-classical microbeam model for buck-
ling analysis which includes couple stress and strain gradient effects by a reformulated
strain gradient elasticity theory. The paper is structured as follows. Section 2 presents
the reformulated strain gradient elasticity theory, the non-classical Euler-Bernoulli beam
theory, and the Timoshenko beam theory. Section 3 describes the analytical solution of
non-classical Euler-Bernoulli and Timoshenko beam formulations. Section 4 focuses on
NURBS-based isogeometric analysis discretization equations. The numerical examples are
presented in Section 5 and the isogeometric analysis results are compared with analytical
solutions. Finally, the conclusions and summary are presented in Section 6.

2. Basic Formulation
2.1. A Brief of Reformulated Strain Gradient Elasticity Theory

In this study, a reformulated strain gradient elasticity theory (RSGET), originally
proposed by Zhang and Gao [47], is adopted. The superiority of this theory is that it can
simultaneously incorporate the couple-stress effects and strain gradient effects with only

one scale parameter for each. Considering an isotropic linear elastic body, the strain energy
U from RSGET [47] is defined by

U= /Q (gijeij + Tt + mijxif)dV 1)

where the Cauchy stress tensor, Tij, the symmetric part of the double-stress tensor, Tfjk, and
the couple-stress tensor, m;j, are given by

0'1']' = /\gkkéij + Zyeij (2)
Tk = 203 1 ©)
mij = 215 uxij 4)

in which the Lamé constants A and p are defined as

Ev E

A+o)(1-20) "~ 20 +0) ©)

where J;; refers to the Kronecker delta, I; and I, are the material length—scale parameter for
the strain gradient effect and the couple-stress effect, respectively. E is Young’s modulus and
v is Poisson’s ratio. The strain tensor, ¢;;, the symmetric part of second-order displacement
gradient tensor, nyjk, and the curvature tensor, Xij, are, respectively, expressed by

1
eij = 5 (uij +uj;) (6)
1
Mijke = 3 (i jr+ ki + tei) @)

1
Xij = 50+ 6) 8
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where u; is the displacement and 6; is the rotation vector, written as
1
0; = > eijilix, )

with ¢;j as the replacement tensor.

Consider a microbeam under compression P as shown in Figure 1; the geometry
parameters are width, b, thickness, 1, and length, L, and the displacement field of any point
on the cross-section of Timoshenko beam can be depicted as

uy = —zp(x), up =0, uz = w(x) (10)

in which u;(i = 1, 2, 3) represents the displacement of any point (x, y, z) on the beam
section; ¢ denotes the angle of rotation about the y- axis; w is the z-direction displacement
on the x-axis. By setting ¢(x) = dw(x)/0dx in above equations, the displacement field of
Euler-Bernoulli (classical) beam can be derived.

-

- - x :I: :
K

7 L Z

Figure 1. A schematic of a clamped simple-supported beam.

2.2. Buckling Analysis of Non-Classical Euler—Bernoulli Beam Theory

In Euler-Bernoulli beam, the displacement expression is obtained by setting ¢(x, t) =
dw(x, t)/dx in Equation (10). By substituting the displacement Equation (10) into Equa-
tions (6)—(9), one yields the components of a non-zero strain, the symmetric part of a
second-order displacement gradient, the curvature and the rotation vector as follows:

o = —22 % a1

Myvx = —23372}, Myxz = —%g%) (12)
oy =~ (13)

6, = —gi;] (14)

As 175, is higher order than the displacement gradient #3,, [69,70], hence, the rest of
the formulation ignored the effect of #3,,.

As for a large aspect ratio, the slender beam assumption is adopted and the Lamé
constants (A + 2y) is simplified to Young’s modulus E. By using Equations (11)-(14) and
(2)—(4), the non-zero Cauchy stress and the symmetric parts of the double stress and couple
stress are written as

w ?w
Jxx - —EZﬁ, Jyy - UZZ - _EZﬁ (].5)
2., w
Toxz = 3 EV@ (16)
, Q*w

Myy = —Vlmﬁ (17)
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Based on the variational principle, the total strain energy derived by substituting
Equations (15)—(17) and (11)—(13) into Equation (1), is as follows:

ox2 ox2 ox2

=~ Jy (%% + 5 + 5% )owdx + [ (%5 + % + %) ow (18)

Jw L
+ (~Mx—Ya— Q)03 |

su = [ (—M,((s@ SV L oWt W)

where
My = [, 0xzd A= —EIZY,
Yy = [, mydA = —pAl aa;g, (19)
Qx = fA T A = ZZMA?,XZU

Equation (19) is the stress results of the current Euler-Bernoulli beam model, where A
and I are, respectively, the area and the second moment of cross-sectional given by

Ly (20)

A=bh I= 24A —
’ /AZ 12

For buckling analysis, the virtual work done by the transverse load g and the in-plane
axial compressive force, P, on the current beam model can be given as [39,71]

L L
5W:/ (g6w + c88, + P26 %Y 1)
0

— — _ow
gy ax)dx—i— {VJw—H(S(ax)}

0

in which g denotes the body force per unit length in z-direction; ¢ represents the body
couple per unit length in y-direction; 6, is given from Equation (14); V and H are the
transverse shear force and the high-order bending moment, respectively.

The first variation of the total potential energy can be obtained as [38,72]

STl = 6U — 6W (22)

Using Equations (18) and (21) in Equation (22), and applying the principle of total
minimum potential energy, i.e., 611z = 0, and the fundamental lemma of the calculus of
variations [73] will be obtained in the equilibrium equation of the Euler-Bernoulli beam

as follows:
B 92 M, B %Yy 9%Qx Pw  dc

- = —-—9=0 23
o2 o2 o2 o ox @)
where the boundary conditions are
—M; — a —Q:+H=0 or =90 at x=0,L (24)
aYY—i—ax" Q" Paw—i—c V=0 orw=w at x=0, L

Substituting Equation (19) into Equation (23) and considering g = ¢ = 0, we then
obtained the equilibrium equation of the Euler-Bernoulli beam in regard to displacement,
w, as follows: . . 5

(EI + yl;A) 2771’ + %lgyAZTZf + P%TZ’ =0 (25)

It can be observed from Equation (25) that the present Euler-Bernoulli beam formula-
tion includes two material-scale parameters (i.e., [s and I,;;) for describing the microstructure-
dependent elastic properties.

When [; = 0, Equation (25) degenerates to the governing equation of the non-classical
Euler-Bernoulli beam model, derived by the modified couple-stress theory [39], as follows:

o*w 2w
2 4\ 9w
(El—i-ylm )a T +P55 =0 (26)
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When [s; = I;;, = 0, the governing equation from Equation (25) will degenerate to the
classical Euler-Bernoulli beam formulation (classical), which is given as
o*w %w

2.3. Buckling Analysis of Non-Classical Timoshenko Beam Theory

For Timoshenko microbeams, the derivation is the same as above; using Equation
(10) and Equations (6)—(9), the non-zero strain tensor, second-order displacement gradient
tensor, curvature tensor and rotation vector are, respectively, derived as

0 Jw
Exy = —z%, Exz = <ax — (p) (28)
2 2
_ @ 10w 2d¢
Tlascxx - _Z@/ UJscxz - g 912 - ga (29)
1/%*w 0
Xxy = 4<ax2‘|‘a;[:) (30)
1/ ow

It is important to note that, the higher-order displacement gradient #3,, is also ne-
glected in the Timoshenko formulation.

By using Equations (28)—(31) and (2)—(4), the non-zero Cauchy stress, symmetric part
of double stress and couple stress are written as follows:

_ E(1-v) el
Oxx = = [At0)1-20) % ox ;
Oyy = 0zz = — (1+v)E(zifzv 25t (32)
9
Oxz = 2(15_0) % - (P§
10w 20
_ o2, (LW 209
XXZ - 21 ]’l<3 axz 3 ax> (33)
1 ,(0%w d¢
Myy = _El’llm (axz o (34)

Substituting Equations (28)-(31) and Equations (32)—(34) into Equation (1), we obtain
the first variation of the total strain energy as

5U=fo[ fosax+er5(f—¢) Y&(%+§%)+QM(%%— ai’)]dx
_ fOL(aaMxx SRyt 1%y an)5§0dx+fo ( Re 18% 4 a2QY)(Swalx (35)

+ [ (=% = My —200) 89 + (Re + 355 — 92 )ow + (Qx - $¥x) 052 \s

in which
_ E(1-0)I 5
My = [ CeazdA = — g 0 Re = [ CedA = KsuA(ai?Z—qo),a o
Yo = [y madA = 3l A (58 4+ 32),Qu = [, Th,dA = 220 (158 - 352)

Equation (36) is the stress result of the current Timoshenko beam model. The shear
constant is given as Kg = (5 + 5v) /(6 + 5v).



Crystals 2022, 12,1282

7 of 19

For buckling analysis, the virtual work done by external forces can be given by [41,71]

L
SW = / q5w+c§6y+Pawéaw)dx+ V(Sw—Mé(p—H(S(?;f)} (37)

ox ox

0

where 6, is given from Equation (31) and M is the bending moment.

According to the principle of total minimum potential energy, substituting Equations (35)
and (37) into Equation (22) and employing the principle of the calculus of variations [73],
the equilibrium equations of the Timoshenko beam are achieved as

T 3 K ”A(aw ~9)

iR A(2% + 58) —ai2uA(32% - 22¢) —lc=o0 .
—KpA (L8 - 32) + bu2 a2y + 32)

+22uA (328 —220) +PZY —g—Jc =0

and the boundary conditions are obtained as

Rx—i—%aa?—a%—V—Paa—?;’—i—%c:O orw=w atx =0,L
e+ My +2Qc+M= 0 org=79 atx =0,L (39)
Qx—%Y—FH:O or%ﬁ‘c’ %—f atx =0,L

It also can be seen from Equation (38) that two material-scale parameters (i.e., [; and
I;y) for describing the microstructure dependent elastic properties are contained in the
present Timoshenko beam formulation.

When [; = 0 and g = ¢ = 0, Equation (38) degenerates to the governing equations of
non-classical Timoshenko beam model derived from the modified couple-stress model [41],
as follows:

E(1-v) ¢ ) 2 ?®
Tro)(1-20) o2 T KSVA<*w - (P) + iy, A(ang axZ)
—Kspu (7_8*@> 4]412A<aw qu) Pazw =0

ox? ox* ox3 FEZA

(40)

When [; =1, =0 and g = ¢ = 0, Equation (38) will degenerate to the classical Timoshenko
beam model (classical) [41], which is given as follows:

E(1-90)I %9 ow B
Ato)(—20) o2 T Kt 5 —¢) =
(1+0)( )

2 2
KsyA<awa(P> +p2% g (41)

ox2  ox 0x2

3. Analytical Solution

The critical buckling load of a simply supported microbeams as shown in Figure 1, are
solved by analytical method with both Euler-Bernoulli beam theory (EBT) and Timoshenko
beam theory (TBT) based on the reformulated strain gradient elasticity theory.

The Fourier series expansions are considered for w(x) and ¢(x), given as follows

Z Wy, sm(’”LTX) o(x) = i @, cos($) (42)

n=1 n=1

in which W, and ®,, are Fourier coefficients with respect to n. It shows that the boundary
conditions in Equations (24) and (39) can be achieved by w(x) and ¢(x) in Equation (42)
for any W, and ®;. It also should be noted that the ¢(x) should be ignored for Euler—
Bernoulli beam.
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3.1. Analytical Solution of Non-Classical Euler—Bernoulli Beam

In view of Equations (23) and (24), the simply supported boundary conditions of this
Euler-Bernoulli beam can be described as

02w 5 02w 204 *w

w|x0fw|xL—OE182+yAlmaz+ a—z—O at x=0, L (43)

Substituting Equation (42) into Equation (25), the critical buckling load P, of Euler—
Bernoulli beam can be obtained as follows:

2
P, = (EI + yAlZ + yAlz) <L2> (44)

When [ = 0, Equation (44) reduced to the formulation of non-classical Euler-Bernoulli
beam derived from MCST [71], as follows:

Pey = (EI + yAlz) (Lzz ) 45)

When I = I,; = 0, Equation (44) degenerates to

Py = EI<L§ > (46)

which is identical to the well-known critical buckling load given by the classical beam
theory shown in Figure 1 from the mechanics of materials.

3.2. Analytical Solution of Non-Classical Timoshenko Beam

Using Equations (36) and (39), the simply supported boundary condition of Timo-
shenko beam can be rewritten as

5 5 w|x:(% = )ZU|X§L =0 ) 3
2 19 299 E(l—o)l 9d¢ 1,12 9 P\ —
4l VA(@%‘@W) ~ ro-2) o~ HlmA W"‘?) =0 (47)
2 2]
WA (%Y +58) +22ua (308 - 352) =0

Substituting Equation (42) into Equation (38) results in

[3BA(E) — KA (2) — $u2 A (2) | W, + [§ pi2A ()
el (M) - KA + LB A(ME) |0y = 0

[3m2A () + Lu2 A () + KenA () = P(2E)* | W,
+IBACE) — KA () —4uRACE)’ | @0 = Qs

Hence, the solution of critical value for the axial compressive load, P, is acquired,
as follows:

(48)

jA (31212 yA(%)2+c1+c2)

P.. =
v VIZAJF (Pr(éz)(zﬂv) J;KSVA(%)ZJF%W%!A
C = ( ls + lm)yAKs (49)

2 2 _
= [3 41+ (1) ] @iy
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When [; = 0, Equation (49) degenerates to formulation of the non-classical Timoshenko
beam based on the MCST [71], as follows:

2 2 EI(1-
VA[1§,+B;(§) ](f)“+£ujgw-+k;y%4%%
cr = 2 (50)

When s = I, = 0, Equation (49) reduces to

2 N2 EI(1-v)
HAK (&) (T T+0)(1=20)
= 5(ﬂ> (1) (1+2)(1-20) (51)

E(1—0)I L\2
‘(W;)(QU) +KSFA(E>

which is the equation for the classical Timoshenko beam model.

4. Isogeometric Analysis

In this section, the isogeometric analysis approach is developed here for buckling
analysis of microbeams based on the above non-classical Euler-Bernoulli and Timoshenko
beam models.

4.1. NURBS Basis Functions

A one-dimensional non-uniform rational B-spline (NURBS) basis functions with a
polynomial order, p, is constructed from a weight B-spline function as follows

N; i
Ri,p (g) — ﬂ

_ (52)
EMMW
j=

in which w; is the i weight and ¢ is the parametric coordinate; 7 represents the number of
NURBS basis functions, which also is the number of control points; the i B-splines basis
function N; ,(¢) with degree of p is defined as

Mo@ =Yy T e o 20
, _ 66 o Gitpr1 =G
Nz,p(g) ‘:i-&-p s Nip-1 (&) + §i+p+1 i Nz+1,p71(§) forp>1 (53)

The generalized midplane displacement of the beam are approximated by the above
NURBS basis functions given as

NP
u' =Y Ryuy (54)
I

in which NP = p + 1 is the number of control points in each element; #; and R; denote,
respectively, the displacement vector and the NURBS basis function at control point I.

4.2. A NURBS-Based Non-Classical Euler—Bernoulli Beam Formulation

According to the above non-classical Euler-Bernoulli beam formulation, the general-
ized displacement only includes the deflection given as

up = wp (55)
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Substituting Equation (55) into Equations (11)—(13), we can derive the following:

NP

exx = —2z Y, Bluj
I=1
NP 1

Nyxz = _1;1 Bjup (56)
NP .

Xxy = — ¥ Brug
I=1

with
B} = Rl,xx (57)

For buckling analysis, the discretized equations of the buckling microbeam can be
written as
[K—P,Kg|X=0 (58)

where P, is the critical buckling load and X is the eigenvector (deflection) at all control
points. K is the global stiffness given by

L T L T L T
_ 1 1 1 1 1 1
K—/O () DlBIdx—i—/O (1) DSBIdx—i—/O () DuBldx (59)
with ,
Dy = ["? 22bEdz = Y5 E
Ds = fféZ%ZZZzbylZ-dz = %’%zg— (60)

Dm= )" bul?,dz = bhul?,

The geometrical stiffness matrix, Kg, is given as

L ke\T ook
Kg:/o (BI¥) PBi¥dx (61)
with IR
K
Bis - 2% (62

4.3. A NURBS-Based Non-Classical Timoshenko Beam Formulation

According to the above non-classical Timoshenko beam formulation, the generalized
displacement of the microbeam includes deflection and angle of rotation, as follows:

up = [wy ¢1]" (63)

From Equations (11)—(13), the strain, curvature and displacement gradient are rewrit-
ten as the following matrix:

Exx = Zaz =Ci1&
E€xz = %(% - (P) =G
1(%w | 99 (64)
Xxy = 7@@ + ﬁ) = C2x
d
Mixz = %%Tw - %% = Cm
with
G=[1 z, &= 1]
0 1ow _12w 1w 65
& = [W‘|/ & = _218x:|rx_ 41 JE; M= 3285642; ( )
ox 2 T 4ox T 30x
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Substituting Equation (63) into Equation (64), the strain matrix, curvature matrix and
second-order displacement gradient matrix are obtained as follows:

NP NP NP NP
e1=) Buj, & =) Biu, x =) Bi'u;, m =) Bju (66)
=1 = =1 =
with
14R
Bl= |0 _a| B=2E D
0 -4t 0 IR
ldzR] 0 leRl 0
m _ | T4 g2 s1 _ | 37 4,2
r= [ O | BT = [3 o _zax (67)
4 dx 3 dx

Considering the non-classical Timoshenko beam, the global stiffness K in Equation
(58) is given as follows:

Lig1 o 01[B! L T L T
K= [ {Bﬂ [01 DJ {Bé]dﬁ | @ DBt [T @ D.Brax 9)

with
_ El-o) |00 _ 2EbKK [1 1}
D1 = a0 3|, D2 = * /
(1+0)(1-20) b T+o
D., — 3Ebhi2 11 D, — 2EbhI3, 11
S T 1 A N
Additionally, the geometrical stiffness matrix, Kg, can be written as
b (56\ pRe
Kg:/O (BS) PBdx (70)
with
c_[%® 0
By = {‘3‘ o} (71)

5. Numerical Examples

This section provides the results of exact and isogeometric analysis solutions of critical
buckling of the microbeams for different material-scale parameters, length-to-thickness
ratio, beam thickness and boundary conditions. The geometry and loading of microbeams
(as shown in Figure 1) are given with L = 20/ and b = 24, and the thickness is h = 17.6 pm.
The material is taken to be epoxy, whose material length-scale parameter I,;, = 17.6 um has
been experimentally observed by Lam et al. [4]; E = 1.44 GPa and v = 0.38. In order to certify
the proposed beam model and isogeometric analysis method, the non-dimensional critical
buckling load, P.,L2/EI, acquired by isogeometric analysis based on Euler-Bernoulli and
Timoshenko, without considering size effect, is compared with the exact solution [20,71] in
Table 1. As can be observed in Table 1, the IGA results matched the exact solution [20,71]
very well.
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Table 1. Comparison of the critical buckling load obtained by IGA with exact solutions for the h-h

boundary condition.

h (um)
Theory Method Cor}trol
Points 17.6 52.8 88 123.2 158.4
EBT Analytical [20] 52.7809 14.6375 11.5861 10.7453 10.3994
Analytical [71] 52.7809 14.6375 11.5861 10.7453 10.3994
1GA 15 52.7813 14.6376 11.5861 10.7454 10.3994
IGA 20 52.7810 14.6376 11.5861 10.7454 10.3994
IGA 30 52.7809 14.6375 11.5861 10.7453 10.3994
TBT Analytical [20] 60.3571 22.9608 19.9491 19.1188 18.7770
Analytical [71] 60.3571 22.9608 19.9491 19.1188 18.7771
IGA 15 60.3572 22.9609 19.9491 19.1188 18.7771
1GA 20 60.3571 22.9608 19.9491 19.1188 18.7771
IGA 30 60.3571 22.9608 19.9491 19.1188 18.7771
Figure 2 shows the variation of critical buckling loads obtained by analytical and
isogeometric analysis (IGA) of EBT and TBT based on classical theory; Figure 2 also shows
MCST and RSGET for simply supported beams with different length-to-thickness ratios.
The geometries are b = 2 and h = 17.6 pm, and the loading of microbeams is shown in Fig-
ure 1. The classical theory and MCST results can be obtained from RSGET by set Is = [, =0
and s = 0, respectively. The material-scale parameter of RSGET is assumed as [ = 1.21,.
It is shown from the figure that the IGA results matched very well with the analytical
solutions for both beam problems. Additionally, the critical buckling load predicted by
RSGET and MCST is always higher than that obtained by classical model, which also
explains the size-dependent behavior. It can also be observed that the critical buckling load
decreases as the beam length increases, which is due to a decrease in microbeam stiffness
as the beam length increases.
1,99 0.6
1 4 Classical Analytical 1 . Classical Analytical
1 *  Classical IGA \ ¢ Classical IGA
L6+ | MCST Analytical 0.54 | MCST Analytical
= \ v MCST IGA = v MCST IGA
- | _______ RSGET Analytical = '_! ~——=RSGET Analytical
3 \ < RSGET IGA Boad | * RSGET 1GA
= 1.2 | - \
:=D [ 2’
= \ = 0.3
?: 0.8 2
:é I-'; 0.24
o o
0.4
0.1+
0 == : — 0 o

Figure 2. Critical buckling loads of the simply supported beam with different theories. (a) Euler—
Bernoulli; (b) Timoshenko.

Considering the former example, Figure 3a,b shows the effect of different strain
gradient length—scale parameters, Is, on critical buckling load predicted by the Euler—
Bernoulli and Timoshenko theories. The differences between critical buckling load obtained
by RSGET, MCST and classical theory are significant when the length-to-thickness ratio, L/h,
is low. The critical buckling load increases as the strain gradient length—scale parameter,
I, increases.
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1.9 7 0.6 0. 56
] Classical Analytical e (lassical IGA .
L6 ——MCST Analytical v MCST IGA 0.52
: =031, Analytical < [=0.3l, 1GA 0.5
= ———1-06/, Analytical  * [=0.6], 1GA = f4s
3 ——1[=1.2]  Analytical 1=1.2] 1GA =
;]g Lo s » Analytical * m §0.4_ 0.44 4 i |
o : o 2 4
E £
3 % 0.3-
= B —— Classical Analytical e C(lassical IGA
Z 0.81 = ——MCST Analytical v MCST IGA
S £ ., 1=03l, Analytical < [=0.3l, IGA
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' 0.1
0 T == i 0 1
0 20 25 30 0 30

Figure 3. Critical buckling loads of the simply supported beam with different Is. (a) Euler-Bernoulli;
(b) Timoshenko.

Figure 4 presents the comparison of critical buckling loads obtained by EBT and TBT
based on classical theory, MCST and RSGET with [s; = 1.2],;,. It can be clearly observed that
the critical buckling load obtained by TBT is smaller than those obtained by EBT and the
results obtained by TBT converge to EBT as the beam length increases. This matched with
the general trends that suggest that the EBT is better suited to long beams or slender beams.

% — #— Classical EBT —e— Classical TBT
ed | ——MCST EBT —v—MCST TBT
% —+—RSGET EBT -+ RSGET TBT
S ‘a
= \
g \
= 1.2 |
=0 \
g \
=~
5
=
205
o
2
&}
0.4

Figure 4. Comparison of critical buckling loads between EBT and TBT.

The influence of beam thickness on the critical buckling loads of EBT and TBT with
different strain gradient length—scale parameters, [s, are shown in Figure 5a,b, respectively.
In this example, the geometries are L = 20k and b = 2k and the material-scale parameter
is Iy, = 17.6 um. For both the Euler—Bernoulli and the Timoshenko beam problems, the
IGA results matched very well with the analytical solutions. It shows that the critical
buckling load increased as the beam thickness and strain gradient length—scale parameter,
Is, increased. On the other hand, it reveals that the size-dependent behavior can be described
by the present IGA approach.
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Figure 5. The critical buckling loads with different thickness and ;. (a) Euler-Bernoulli; (b) Timoshenko.

Considering the former example, the comparison of critical buckling loads, obtained
by EBT and TBT based on classical theory, and the MCST and RSGET with [; = 1.2, for
different beam thickness, are shown in Figure 6. It shows that the difference between EBT
and TBT is negligible for small values of beam thickness.
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Figure 6. The critical buckling loads with different thickness.

In order to show the flexibility of the IGA approach, the effect of boundary conditions
on the critical buckling load of EBT and TBT based on RSGET with I; =1.2I,, are presented
in Figure 7a,b. The geometry in here is defined by letting L = 20 and b = 2h and the
material length-scale parameter is [,;, = 17.6 um. It is observed that the results obtained by
clamped-clamped (c-c) boundary conditions are higher than those obtained by clamped-
simply (c-s) and simply—simply (s-s) boundary conditions, respectively. Furthermore, the
differences increased as the beam thickness increased. This is due to the stiffness changing
with the boundary conditions, and led to the variation in critical buckling load, especially
for thick beams.

e 0.8
& 6.7 -
] 2 0.6
6 E
= 0.5
B =
5- E
g 0.4
I @
5 0.5
3 =
[
o - 0,24
] ._J_",—A/'/‘/ 0.1+
0 T T T T T T ] 0 T T T T 1
0 2 6 8 10 0 2 1 6 b 10
hr'?‘ " hdm
—®—C-C — e 5-8 (-5 —=—(C-C — % 5-5 -5
(a) (b)

Figure 7. The critical buckling loads obtained by RSGT under different boundary conditions. (a) Euler-
Bernoulli; (b) Timoshenko.

Finally, the influence of Poisson’s ratio on the critical buckling load of EBT and TBT with
simply supported boundary condition are shown in Figure 8. The geometries are b = 2/ and
h =1, =17.6 um. It can be clearly seen that the effect of Poisson’s ratio increased as the L/h
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References

decreased and the critical buckling load decreased as Poisson’s ration increased, which is
in line with the general trends obtained in [41,71]. Therefore, a significant error may be
produced by neglecting Poisson’s ratio for thick beams.
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0.7
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Figure 8. The critical buckling loads with different Poisson ratio.

6. Conclusions

In this work, the analytical method and an isogeometric analysis based on RSGET are
presented for assessing the size-dependent buckling of Euler-Bernoulli and Timoshenko
beams. The advantage of the present method is that it includes couple-stress and strain
gradient effects with only one material parameter for each. Using the principle of minimum
potential energy, the governing equations and boundary conditions of EBT and TBT can be
derived. Moreover, the isogeometric analysis approach which satisfied the higher gradient
requirements is proposed to solve the governing differential equations. The isogeometric
analysis results are compared with exact solutions to validate its accuracy. The effects
of the length—scale parameter, the length-to-thickness ratio, the beam thickness and the
boundary conditions are studied. Moreover, the differences between the critical buckling
loads obtained by the Euler—Bernoulli and Timoshenko beam theories shows that the
Euler-Bernoulli theory is more suitable for slender beams.
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