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Abstract: Cracks on the surface of cementitious composites represent an entrance gate for harmful
substances—particularly water—to devastate the bulk of material, which results in lower durability.
Autogenous crack-sealing is a significantly limited mechanism due to a combination of the hydration
process and calcite nucleation, and self-healing cementitious composites are a research area that
require a great deal of scientific effort. In contrast to time-consuming experiments (e.g., only the
preparation of an applicable bare concrete sample itself requires more than 28 days), appropriately
selected mathematical models may assist in the deeper understanding of self-healing processes via
bacteria. This paper presents theoretically oriented research dealing with the application of specific
bacteria (B. pseudofirmus) capable of transforming available nutrients into calcite, allowing for the
cracks on the surfaces of cementitious materials to be repaired. One of the principal objectives of this
study is to analyze the sensitivity of the bacterial growth curves to the system parameters within
the context of the logistic model in the Monod approach. Analytically calculated growth curves for
various parameters (initial inoculation concentration, initial nutrition content, and metabolic activity
of bacteria) are compared with experimental data. The proposed methodology may also be applied
to analyze the growth of microorganisms of nonbacterial origin (e.g., molds, yeasts).

Keywords: self-healing concrete; calcite nucleation; bacterial growth; analytical model

1. Introduction

Microorganisms (e.g., molds, bacteria, yeasts) are omnipresent in the environment
and represent the prevailing form of life on Earth. In addition to their undesirable effects
terminating the biodeterioration of human needs (e.g., molds vs. the food industry or build-
ing structures), microorganisms may also effectively serve as an integral part of advanced
technologies. The ability of a large community of bacteria to transform a suitable nutrient
source into insoluble calcite crystallites—known as microbially induced calcium carbonate
precipitation (MICP)—has been used as a part of biotechnologies representing an alterna-
tive to traditionally applied methods. Among others, MICP is exploited in dentistry [1], soil
bioconsolidation [2–4], grouting technologies [5,6], water remediation [7,8], conservation
of stone artworks [9,10], and, in particular, civil engineering [11–15]. The formation of
calcium carbonate (CaCO3) requires the presence of sufficiently high concentrations of
calcium cations (Ca2+) and carbonate anions with a saturation level greater > 1 [16]. This
biocalcification process is strongly influenced by the protonation (pH) of the system, the
concentration of dissolved inorganic carbon, the concentration of calcium ions, and the
number of available nucleation sites [17]. It can proceed via two basic pathways [18]:
the heterotrophic mechanism, which involves sulfur or nitrogen cycles, and autotrophic
calcification, which is associated with oxidation of methane and oxygen or anoxygenic
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photosynthesis resulting in the formation of insoluble calcite (in the heterotrophic case,
which allow for less stable polymorphs, aragonite or dolomite, to be formed [17]).

The metabolic ability of bacteria to convert organic substances to produce CaCO3
as a by-product exhibits high application potential in civil engineering in the repair of
cement-based materials. Cracks are one of the principal causes, allowing the penetration
of aggressive liquids into the material through its surface leading to its gradual deteri-
oration. Repairing the cracks using chemicals (e.g., latex emulsions, epoxy resins, and
polyurethane-based polymers) may be applied only in the case of visible or accessible
cracks; moreover, harmful gasses can be released from repaired places and repair effects are
often not permanently stable. Since MICP is an environmentally friendly method (nontoxic
and pollution-free), it appears to be more acceptable for the consolidation of the surface of
cementitious materials [19,20].

In this field of research, there are many detailed studies dealing with related subprob-
lems, for example, the application of self-healing techniques [21], the selection of suitable
bacteria species [15,22], and the optimal location of the bacterial inoculate on the material
surface [23]. It must be clarified, however, that the analytical solutions of balance equa-
tions modelling the bacterial growth followed by subsequent analysis of the influence of
external/internal conditions on the growth curves is not frequently applied in the literature.

The usefulness of bacteria in the remediation process is at least twofold: they control
the saturation rate of negatively charged carbonate anions, and bacterial surfaces may also
serve as active sites for heterogeneous nucleation of calcium carbonate clusters [24]. Conse-
quently, higher levels of bacteria concentration allow for a higher density of newly formed
calcium carbonate clusters within the crack, resulting in an increase in the compressive
strength and stiffness of the sample. Since carbonatogenesis mainly occurs intensively
during the exponential phase of bacteria proliferation, it is important to control this part of
the bacterial growth curve by parameters that are adjustable from the outside. The princi-
pal objective of the presented study is to theoretically follow the predictive microbiology
and model the sensitivity of the exponential stage of bacterial growth on such individual
parameters. However, it should be noted that in this field of research there exist many
detailed studies dealing with related subproblems—for example, the application of self-
healing techniques [21], the selection of suitable bacteria species [15,22], and the optimal
location of the bacterial inoculate on the material surface [23]—but analytical solutions
of balance equations modelling bacterial growth followed by subsequent analysis of the
influence of external/internal conditions on the growth curves are not frequently applied
in the literature. It remains to be studied whether or not the bacterial growth curve can
serve as an acceptable predictive indicator that allows one to estimate the rate of carbonate
formation in cracked concrete.

2. Experimental Section

To illustrate the self-healing ability of calcifying microorganisms, we tested
Bacillus pseudofirmus to repair the cracks on the surface of a 2-year-old cement paste (stored
under laboratory conditions under 50% humidity and at 30 ◦C). Cracks were simulated
by grooves prepared with a scalpel. The resulting artificial crack was 0.25 mm wide. The
capability of bacterial crack self-healing was closely connected (besides the chosen bacterial
genus) with the concentration of newly formed bacteria and environmental conditions
(e.g., temperature, number density of present free calcium cations, pH factor, etc.) and an
analysis of these parameters is out of the scope of this paper. Before the application of the
bacteria culture, the surface of the sample was polished with both SiC media of different
roughnesses and with diamond paste to allow for better observation of the resulting calci-
fied structures. Finally, 0.05 mL of a bacteria-containing medium was implanted into the
examined cracks and then the sample was placed in a desiccator (99% humidity) to prevent
the medium from dehydration.

Calcified structures on the surfaces of samples were monitored using (i) the ZEISS
Axio Zoom V16 Stereo Zoom Microscope for Large Fields for optical microscopy and
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(ii) the FEG Merlin ZEISS scanning electron microscope (SEM) for microscopic structural
and elemental analysis. Figure 1 represents the gradual filling process of the artificial crack
with the newly formed calcite structure. As can be seen, bacteria form crystal clusters in
sizes ranging from 50 to 100 microns, and the crystal clusters have paraboloid-like shapes.
The higher magnification of the same area (Figure 2) shows that the cluster itself consists of
microcrystals ranging from 1 to 2 microns in size. In contrast, it can be seen in the sample
without bacteria (Figure 2) that there are no clusters; rather, larger crystals up to 20 µm in
size are formed.
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electron detector).

Furthermore, according to phase analysis (using Energy Spectrometer EDS by Oxford
Instruments), the newly formed structures in the cracks contained 39.8 ± 3.8 wt. % of calcium,
12.2 ± 1.0 wt. % of carbon and 45.9 ± 5.3 wt. % of oxygen, corresponding to the crystal
structure of calcite (CaCO3).

It must be clarified that our research is not focused on the improvement of mechanical
properties of concrete constructions; rather, it is directed to the extension of their durability.

3. Model

This theoretical study addresses an important problem that rarely emerges in research
activities in this field: optimization of parameters (adjustable from the outside) resulting in
maximization of bacterial growth on the surface of the building material. The principal
aim is to analyze the analytical solution of the logistic growth equation using the Monod
equation with subsequent maximization of the exponential part of the growth curve, where
the bacterial number density exponentially increases followed by the accumulation of their
metabolic products. The exponential growth phase terminates in a steady state when the
balance between growth and death rates in the bacterial population is established.

In order to consolidate the surface, or bulk, of building material, the desired number
of proliferating bacteria must be present in the damaged location. The cornerstone of
microorganism (e.g., molds, bacteria, yeasts) growth modeling is the principle that bacteria
grow when their birth rate exceeds their death rate [25,26]). It must be clarified that without
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any additional conditions (such as real nutrition resource limitations or competition among
individuals within species), this Malthusian model—mathematically represented by linear
ordinary differential equation—leads to an uncontrollable and thus unrealistic exponential
growth law for population size. For this reason, more accurate theories have been taken into
account, resulting in the class of logistic-like equations (mainly in multiparametric forms;
for details, see [27]) modeling the bacterial sigmoidal (S-shaped) growth curves under more
appropriate regulation rules. One of the most applied models is the growth equation, which
involves the functional relationship between the specific growth rate and the concentration
of the limiting nutritional substrate. Monod [28] introduced this purely empirical func-
tion f (t) (mathematically equivalent to the Michaelis–Menten formula describing enzyme
kinetics in biochemistry) in order to better coincide with the experimental data:

f (t) =
rm·S

(a + S)
(1)

where S = S(t) is the concentration of nutrients, rm stands for the maximum growth rate
(corresponding to the maximum difference between birth and death rates) and a is known
as the Monod constant, formally corresponding to half of the maximum growth rate (rm/2)
when S = a [29], but may be related to the interaction between the substrate and the bacteria.
This characteristic represents an “energetical factor” of growth and is influenced by the
interplay of diffusion rates through the bacteria membrane, the oxygen gradient within
the system, the enzymatic processes, the temperature, etc. [30]. Several approaches have
been focused on interpreting the Monod function by theoretically applying thermody-
namic, kinetic, or statistical models [31–35]. Using the Monod function (1), one obtains a
logistic-like equation in the Monod approach describing the growth of bacteria under more
realistic conditions:

dN
dt

=
N·rm·S
(a + S)

= N· f (t), (2)

where N(t) is the concentration of bacteria.
Furthermore, following the Monod assumption that the bacterial growth rate is pro-

portional to nutrient rate consumption with opposite sign,

dN
dt

= −γ
dS
dt

(3)

where the proportionality coefficient γ is called the growth yield; the independent param-
eter reflecting the specific properties of bacteria, representing the efficiency of bacteria
metabolism to process the source of nutrition (γ = bacteria formed/nutrient consumed in a
unit of time) and, with the help of the Equation (2), the balance equation for nutrient rate
consumption reads:

γ
dS
dt

= −N· rm·S
(a + S)

(4)

Having determined the bacteria concentration N(t), temporal dependency of the
nutrient concentration may be calculated from the differential Equation (4), and vice versa.

Both balance Equations (2) and (3) have to be complemented by initial conditions
(assumed to be known from experiments expressed by evidently independent values of
initial concentrations of bacteria inoculation, and of nutrient source):

N(t = 0) = No, S(t = 0) = So (5)

Integrating the sum of Equations (2) and (4) with using the initial conditions (5)
we obtain:

N(t) + γ·S(t) = No + γ· So = k (6)
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Finally, taking into account Equations (2) and (6), the solution of ordinary differential
equation for bacteria concentration N(t) can be expressed as follows:

t(N) =
(k + a·γ)

rm·k
· ln
(

N
No

)
− a·γ

rm·k
· ln
(

N − k
No − k

)
(7)

with asymptotes N = 0, N = k, where k is defined by the relationship (6). It can be readily
understood that the above solution involves five independent input parameters: No, So,
γ, a, rm. Similar growth curves can be obtained from solution of the Luedeking–Piret
equation [36] or from analysis of batch fermentation problems [37].

4. Results and Discussion

Solution (7) of the logistic equation (in the Monod formulation) was used in order to
determine the sensitivity of the growth curves to various input parameters (No, So, γ, a,
rm) for Bacillus pseudofirmus, grown under laboratory conditions with an initial inoculation
concentration of 0.033 g/L and at a temperature of 30 ◦C. All modeled growth curves
below correspond to the set of baseline parameters (No = 0.033 g/L, So = 0.8 g/L, γ = 0.2,
rm = 4 h−1, a = 60 g/L) used in our previous, numerically oriented publication [38]. Typical
growth curves for various initial concentrations of inoculate No, resp. nutrient source So
are shown in Figures 3 and 4.
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Figure 3. Dependence of bacteria concentration N(t) on various concentrations of the inoculate. All
independent parameters (a = 60 g/L, rm = 4 h−1, γ = 0.2, and So = 0.8 g/L) were kept constant. Blue
dots correspond to the experimental data.

As expected, the parameters controllable from the outside (No, So) directly govern
both the bacterial growth rate and the maximally reachable concentration of bacteria within
the system: the larger the inoculation/initial nutrient concentrations, the higher the values
of maximal bacteria amount can be produced with higher growth rates (see the slopes of
the appropriate growth curves in Figures 3 and 4).
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However, our systematic interest is focused on a more detailed analysis of the influence
of input parameters γ, rm, a (connected with the inner metabolic activity of the chosen
bacteria species) on both the time evolution of bacteria and nutrient concentrations (see
Figures 5–7).
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Using expression (7), one may obtain a set of growth curves representing the influence
of the inner parameters γ, rm, a (with given experimental input: No = 0.033 g/L and
So = 0.8 g/L) on their time evolution.

One of the essential characteristics of the metabolic ability of bacteria is the parameter γ,
demonstrating their efficiency in nutrient source processing; in Monod formulation, “the
growth yield” [28]: γ units of bacteria cells are formed from one unit of the consumed
nutrition source modifying the composition of the substrate. This process consists of
two steps: transport of the required nutrition to the bacterial cell, followed by metabolic
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processes that result in a newly formed bacterial cell as a consequence of the substrate
consumption. As can be seen in Figure 5, this parameter also has an indispensable impact
on the maximum bacterial concentration. It must be clarified, however, that for sufficiently
high values of γ the bacterial growth can be satisfactorily modeled within the context of
the appropriate “pure” logistic equations [37].

The half saturation concentration of nutrients, a (Monod constant), exhibits a weak in-
fluence on the resulting maximal concentration of newly formed bacteria—similarly, as the
rate limit for increasing bacteria concentration rm—(see Figure 7) but has an indispensable
impact on the exponential growth phase (Figure 8).
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by Lo (x = L/Lo) where Lo corresponds to the set (a = 60 g/L, γ = 0.2, rm = 4 h−1, No = 0.033 g/L,
So = 0.8 g/L).

The analysis of the inner parameters influence on the behavior of the exponential
part of the sigmoidal growth curve, where the division of bacteria is most intensive, is
compelling. The bacteria massively proliferates in this region, rapidly increasing their
concentration and resulting in an amplification of the self-healing process; thus, the length
of the exponential part of the growth curve straightforwardly influences the amount of
number density of bacteria: the longer exponential part leads to the higher concentration
of bacteria, and vice versa. To quantify this length, let us expand the growth curve in the
Taylor series around the inflection point Ni,

Ni = (k + a·γ)−
√

a·γ·(k + a·γ) (8)

and consider only a linear part of this expansion. The length L of this linearized part
(connecting the points No and k, respectively) can be easily determined to be

L2 = (k− NO)
2·
[

1 +
1

r2
m·(2Ni − k)2

]
(9)

where the slope of the exponential part of growth curve taken at inflection point is
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dNi
dt

= rm·(2Ni − k). (10)

Finally, the length L can be expressed with the help of Formula (10) as

L = γ·So·
√√√√1 +

1

r2
m·
[
(k + 2a·γ)− 2

√
a·γ(k + a·γ)

]2 (11)

The sensitivity of the bacterial growth curves on changes of the input parameters is
shown in Figure 8, where x is a given ratio of changed and unchanged parameters, where
x ∈ (0.5, 2) has been applied; thus, x = 1 corresponds to the lengths L = Lo of the linearized
exponential growth phase for a set of baseline parameters. As an alternative example,
L(x·No, So, γ, a, rm) reflects the sensitivity of the linearized part of the exponential growth
phase to the change of inoculate concentration. The figure above especially confirms
the relevance of bacterial metabolic ability on the prolongation of the exponential part
of growth.

For technologies applying bacteria as the self-healing agents, there emerge two princi-
pal questions in order to optimize their standardization methodologies: (1) what parameters
basically influence the attainable concentration maximum of newly formed microorgan-
isms, max N(t), in the system, and (2) what parameters have an impact to the extension
of the exponential stage of bacteria proliferation in the system? Within the context of our
model, five free (independent) parameters play a key role in the bacteria growth process.
Although the initial concentrations of inoculum No and nutrient source So may be adjusted
arbitrarily from the outside at the beginning of the experiment, the remaining parameters
(γ, rm, a) characterize the intrinsic properties of a particular bacterium closely connected
with its metabolism, membrane transport, and other microbiological activities. Sensitivity
to changes in individual parameters for the growth curve follows from analysis of the
solution (7). The maximum concentration max N(t) is practically insensitive to the change
of two internal parameters: the maximum growth rate, rm, and the Monod constant, a.
In both cases, when rm varied from 2 to 6 per hour and a from 40 g/L to 90 g/L, the
value of max N(t) reads 0.19 g/L (as demonstrated in Figures 6 and 7). Conversely, the
above parameters strongly affect the length of exponential phase of bacteria proliferation
(Figure 8). In the case of maximum growth rate changes, the bacteria concentration N(t)
converges to max N(t) from 80 h to more than 180 h (Figure 6), while changes in the Monod
constant result in the extension of an exponential part of the growth curve from 70 to 150 h
(Figure 7).

As expected qualitatively, the higher the initial concentrations of inoculum resp.
nutrient source, the higher max N(t). Quantitatively, both external parameters have a direct
impact on the maximum bacteria concentration. Changes in initial nutrient concentrations
from 0.4 g/L to 1.2 g/L result in an increase in max N(t) from 0.11 g/L to 0.27 g/L.
(as represented in Figure 4) while the changes of the initial concentrations of inoculate
correspond to changes in maximum concentration max N(t) from 0.17 g/L to 0.24 g/L
(Figure 3).

Finally, the growth curve of the bacterial colonies is also sensitive to the growth yield γ
reflecting the efficiency of the bacterial metabolism of nutrient processing. As follows from
Figures 5 and 8, the higher γ, the higher the values of max N(t): an increase in metabolism
of nutrient processing from 0.1 to 0.3 leads to increase in max N(t) from 0.125 g/L to
0.275 g/L.

The answer to the second question mentioned above can be found in illustrative
Figure 8: when the input parameters increase compared to the baseline set of parameters
(i.e., for x > 1), then only the increased Monod constant a and growth yield γ result in
extension of the exponential phase of bacteria proliferation; the remaining parameters
lowered the exponential part of the growth curve. Conversely, when the input parameters
are lowered, the opposite effect occurs. For example, for the initial concentrations of the
inoculum < 0.033 g/L (=baseline value) the length of the exponential part of the growth
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curve is more extended (see also Figure 4). Similarly, for initial concentrations of the
nutrient source < 0.8 g/L the exponential phase of bacterial proliferation converges to max
N(t) very slowly.

It is found that within the context of the logistic equation in the Monod approach
(comprising all parameters with the straightforward microbiological meaning), it is possible
to model the growth curves of B. pseudofirmus (as a self-healing agent in concrete) depending
on basic external/intrinsic parameters and to estimate their technological relevance.

5. Conclusions

Microbially induced calcium carbonate precipitation (MICP) has been applied over
a decade as a self-healing technique for the consolidation of damaged localities on sur-
faces (resp. in bulks) of building materials. The ability of certain bacteria species (here,
B. pseudofirmus) to transform nutrient sources into insoluble crystallites of calcite is ex-
ploited to fill the cracks to form a protective layer on the damaged surface of the concrete.
Consequently, controllable division (growth) of microorganisms is crucial for an optimal
self-healing process.

In addition to modeling of bacteria growth based on the first principles approach, one
of the useful sources of required knowledge is the application of logistic-like equations in
the Monod formulation [39]. The analytical solution presented in this paper allows one
to determine the influence of both external parameters (represented by adjustable initial
concentrations of the inoculate and nutrient source, respectively) and internal bacteria
properties (related to their metabolic activities) on the growth curves of bacteria. In particu-
lar, the efficiency of the bacteria metabolism ability to process the source of nutrition can
markedly affect the value of maximal bacteria concentration.

It must be clarified, however, that the validity of our methodology is not limited
to bacterial growth curves, but can also be applied on other types of microorganisms
(especially for growth of molds).
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