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Abstract: High-speed VCSELs are widely used for high-capacity, short-range data communication
links. Here, we numerically investigate the optical and electronic properties of a crystal orientation-
dependent 1.06% compression InGaAs-AlGaAs laser emitting around 850 nm. The reduction of
the density of states is observed in the largest energy range for the quantum well in the (110)
orientation compared with the conventional (001) orientation. The calculated transparency carrier
density decreases from 2.74 × 1018 cm−3 to 1.88 × 1018 cm−3 with the gain coefficient rising from
4969.4 cm−1 to 5427.2 cm−1 in (110) orientation. The 3 dB bandwidth of 31.25 GHz is realized in the
(110) orientation, which can support 60 Gbps (NRZ) applications.

Keywords: crystal orientation; differential gain; InGaAs; quantum well; bandwidth

1. Introduction

Vertical cavity surface-emitting lasers (VCSELs) are the dominant optical sources for
multimode fiber (MMF)-based optical links in data centers, optical storage, short-distance
optical communication links, and high-performance computers (HPCs) due to the advan-
tages of low cost, good beam quality, and high modulation speeds at low currents [1–3].
With the network traffic exponentially increasing year by year, high-speed and energy-
efficient 850 nm VCSELs are required to meet the higher transmission data rates. Initially,
conventional 850 nm VCSELs employed unstrained GaAs QWs with AlGaAs as the barrier.
The highest data rate of 30 Gbps at 25 ◦C was reported for a 6µm oxide aperture diameter
with GaAs QWs in 2008 [4]. Compared with the conventional unstrained GaAs/AlGaAs
quantum wells, InGaAs/AlGaAs strained QWs provide a higher differential gain and
lower transparency carrier threshold, which are adopted for modern high-speed VCSELs
emitting near 850 nm [5]. According to recent research, a well-designed VCSEL was able to
attain a 3 dB modulation bandwidth of 30 GHz at RT and operated at 40–57 Gbps [6–8].
However, it is hard to increase the modulation bandwidth further due to the limitation
of the resonant frequency, which is primarily determined by the differential gain. A
higher differential gain leads to a larger resonance frequency. Thus, the higher modulation
bandwidth can be realized before the damping limitation. To the best of our knowledge,
InGaAs/AlGaAs strained QW and multiple oxide confinement layers are essential to obtain
a higher modulation bandwidth [9,10]. However, beyond that, there is little freedom to
increase the differential gain in the active region, which hampers the further improvement
of the modulation bandwidth. As a result, the orientation of the growing quantum well
can be utilized as a new parameter to further improve the differential gain of the active
region. Specifically, for VCSELs, the arbitrary crystal orientation can be grown without the
restriction of the natural cleavage plane [11]. The energy band dispersion of a compressed
strain QW strongly depends on the crystal orientation. Different crystal orientations will
cause splitting between heavy holes (HH) and light holes (LH), and accordingly change
the density of states and effective electron mass, which provides an effective way to im-
prove laser performance [12,13]. Although the growth in the (001) direction leads to good
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crystal quality for the QWs, the optical gain is reduced due to the small energy splitting
between the valence bands [14]. In addition, recent advances in growth technologies of
low-dimensional hetero-structures, such as MBE (Molecular Beam Epitaxial) and MOCVD
(Metal-Organic Compounds Chemical Vapor Deposition), have made it possible for non-
conventional orientations of quantum well structures, and thus the optical and electrical
properties of quantum well lasers grown in arbitrary crystal orientations have attracted
more attention [15–17].

The optical gain and differential gain profiles of (11N) orientation long-wavelength
InGaAs compressively-strained QW lasers has been theoretically calculated using effective
mass theory, which optimized the QWs structure for long-wavelength lasers [18,19]. In
addition, a numerical model for the photoelasticity coefficient of arbitrary crystal oriented
(hkl) cubic crystal structures has also been reported [20,21]. The optical anisotropy of
zinc blende GaAsSb/GaAs and GaN/AlGaN QWs with (110) crystal orientation was
investigated [22,23]. The energy band dispersion profile of zinc blende and wurtzite
quantum wells grown on different (hhl)-oriented substrates has been reported [24,25]. The
frequency response of a wurtzite In0.17Ga0.83N/GaN quantum well laser and in different
crystal orientations are calculated by a standard 4th order Runge–Kutta method, which
indicates the highest magnitude (dB) response in semipolar (1122) crystal orientation [26].
The crystal orientation-dependent optoelectronic analysis of a compressively strained cubic
InGaN QW blue-violet laser and InGaP/GaP QW red laser have been documented [27,28].
In addition, Chang investigated the effects of biaxial tensile stress and n-type doping on the
optical gain in (001), (110), and (111) oriented Ge lasers [29]. In the latest study, InGaAs/InP
QW laser structures grown along a (hkl) oriented crystal show superior performance over
conventional (001) oriented cubic crystal structures [12]. So far, orientation-dependent
small-signal 3 dB modulation bandwidth and large-signal eye-diagram situations have not
been studied in detail for strained InGaAs/AlGaAs QW lasers.

In this paper, we investigate the orientation-dependent optical gain and modulation
characteristics of strained InGaAs/AlGaAs QWs VCSELs. The optimal crystal growth
orientation is found to increase the relaxation oscillation frequency, which provides an
effective way to improve the modulation bandwidth of VCSELs. The remainder of this
paper is organized as follows: Section 2 presents the theoretical formulation and numerical
technique for the strained QW grown in arbitrary crystal orientations. The simulation
results are shown in Sections 3 and 4. Finally, in Section 5, the results are summarized.

2. Materials and Methods

The effective Hamiltonian of a quantum well with an arbitrary crystal orientation can
be obtained by rotating the (001) Hamiltonian. The Luttinger–Kohn 4 × 4 Hamiltonian is
given by [30]:

H(001) = −


P + Q −S R 0
−S† P−Q 0 S
R† 0 P−Q S
0 R† S† P + Q

 (1)

Here, the matrix elements P = P + Pε, Q = Q + Qε, R = R + Rε, S = S + Sε, Pε, Qε,
Rε, Sε are the contribution of strain.

P = }2γ1
2m0

(
k2
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y + k2

z

)
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2m0

(
k2

x + k2
y − 2k2

z

)
R = }2

2m0

[
−
√

3γ2

(
k2
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√

3kxky
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(
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)
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Pε = −av(εxx + εyy + εzz)

Qε = − b
2 (εxx + εyy − 2εzz)

Rε =
√

3
2 b(εxx − εyy)−

√
3idεxy

Sε= −
√

3d(εxz − iεyz)

(3)

Here, kx, ky and kz are the wave vectors in (001) crystal orientation, γ1, γ2 and γ3 are
the Luttinger parameters; av is the valence band deformation potential; εij(i, j = x, y, z) is
the strain components; b and d are the band shear deformation potential. The Hamiltonian
for QW with (hkl) orientation is obtained by [18]:

H(hkl) = Ry′(θ)Rz(ϕ)H(001)R∗z (ϕ)R∗y′(θ) (4)

where Ry′(θ) and Rz(ϕ) denote the spinor rotations (see Appendix A for details), which
converts the basis states from (x, y, z) coordinates to (x′, y′, z′) coordinates. The angles
θ and ϕ are the polar and azimuthal angles relative to the (x, y, z) coordinate system as
shown in Figure 1.
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Figure 1. Crystallographic coordinate system (x, y, z) and the coordinate system (x′, y′, z′) for a
(hkl)-oriented strained QW.

The relationship between the coordinate systems for wave vectors and tensors is
expressed as:

k′ i = ∑
α

Uiαkα

ε′ ij = ∑
α,β

UiαUjβεαβ

C′ ijkl = ∑
α,β,γ,δ

UiαUjβUkγUlδC′αβγδ

(5)

The following formula calculates the rotation matrix U [18]:

U =

cos θ cos ϕ cos θ sin ϕ − sin θ
− sin ϕ cos ϕ 0

sin θ cos ϕ sin θ sin ϕ cos θ

 (6)

ϕ = arctan(
√

h2 + k2/l), θ = arctan(k/h) (7)

The strain components ε′ ij for the (hkl)-oriented strained QW are obtained by the
coordinate transformation method [20] (see Appendix A for details). In 2D semiconductors,
such as a QW structure, k′z is considered as a pseudo-differential operator (k′z → −i∂z) .
Finally, the effective mass equation for a QW in (hkl) orientation is written as:

[H(hkl)(k′z = −i
∂

∂z′
) + Vh(z′) Î]ψh(z′) = Eψh(z′) (8)

For the conduction band, since the effective mass of the electron is almost isotropic in
the quantum well plane, independent of the crystal orientation, it can be calculated using
the parabolic band model [12,31].
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The optical gain spectra of quantum well architecture with the valence band intermix-
ing effect being considered is calculated using the following expression [11]:

g(}ω) =
2q2π

nrcε0m2
0ωLz

∑
n,m

∫
|Mn,m|2 ×

( f n
c (kt)− f m

v (kt))(γ/π)

(Ec
n(kt)− Ev

m(kt)− }ω)2 + γ2

ktdkt

2π
(9)

fc(kt) = {1 + exp[ Ec
n(kt)−Fc

kBT ]}−1

fv(kt) = {1 + exp[ Ev
m(kt)−Fv

kBT ]}−1
(10)

where q is the elementary charge; c and ε0 are the speed of light in free space and permittivity
in free space; Lz is the quantum well width; nr is the refractive index; f n

c and f n
v are Fermi–

Dirac distribution functions. The electron and hole densities in the quantum well region are
equal for non-doped quantum wells, which determines the quasi-Fermi energy levels in the
conduction and valence bands. The intraband relaxation time γ−1 is assumed to be 0.1 ps.

|Mn,m| is the momentum matrix element for transitions Mn,m =
〈

ψc
n,kt

∣∣∣ p̂∣∣∣ψv
m,kt

〉
between

ψc
n,kt and ψv

m,kt where p̂ is the momentum operator. The k-selection rule is observed.

3. Results

In this section, the crystal orientation-dependent optical properties for In0.15Ga0.85As/
Al0.37Ga0.63As strained QW with Lz = 4 nm are calculated. The biaxial compressive strain
considered is ε′xx = −1.06% and is due to the lattice mismatch between the well and
the substrate. Figure 2 shows the calculated equal-energy patterns of the first valence
band (HH1) in the k′x − k′y plane for a strained QW with the (001), (110), (111), and (221)
orientations, respectively. k′x and k′y represent the in-plane wave vectors. The material
parameters are shown in Table 1. The alloy properties of In0.15Ga0.85As are obtained by
linear interpolation, except for the gap energy:

Eg(AlxGa1−x As) = 1.424 + 1.27 xP(AlxGa1−x As) = xP(AlAs) + (1− x)P(GaAs)
Eg(In1−xGax As) = 0.324 + 0.7x + 0.4x2 P(In1−xGax As) = xP(GaAs) + (1− x)P(InAs)

(11)

Table 1. Material parameters used in the calculation. Adapted with permission from [18,32].

Symbol Quantity (Unit) GaAs InAs AlAs

α Lattice constant (Å) 5.6533 6.0584 5.6600
Eg(eV) Energy parameter 1.424 0.354 3.03
me/m0 Conduction-band effective-masses 0.067 0.023 0.15

γ1
Luttinger parameters

6.85 19.67 3.45
γ2 2.1 8.37 0.68
γ3 2.9 9.29 1.29
αc

Deformation potentials (eV)

−7.17 −5.08 −5.64
αv 2.7 2.5 2.6
b −1.7 −1.8 −1.5
d −4.55 −3.6 −3.4

C11 Elastic stiffness constants
(1011 dyn/cm2)

11.88 8.329 12.02
C22 5.38 4.562 5.70
C44 5.94 3.959 5.89

The anisotropic effect of the valence band in each orientation is seen. The symmetry
of the valence band for QWs with (111) orientation is C6 rotation symmetry and for (001)
cases is the C4 rotation symmetry. Compared to the (001) and (111) crystal orientations,
(110) and (221) orientations have lower twofold symmetry, which predicts that the gain is
anisotropic in the QW plane.
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Figure 2. Equal-energy contour plots of the first valence band (HH1) in strain InGaAs QW with
(a) (001), (b) (110), (c) (111), and (d) (221) orientations. The unit of the energy level in the legend is eV.

In Figure 3, the valence sub-band dispersions as a function of the in-plane wave vectors
k′x and k′y for the orientations of (001), (111), (110), (221), (113), and (001) unstrained QWs
are calculated. The HHi and LHi represent the heavy hole band and light hole band, and i
denotes the sub-band level. They can be distinguished by the dominant component of the
wave function in the Brillouin-zone center (k = 0). As noticed in Figure 3, the result for the
(001) orientation unstrained QW exhibits non-parabolicity with minimal heavy and light
hole splitting. With strain considered in the QW, the splitting between the HH1 and the LH1
is enhanced by pushing the LH1 band away from the QW. The valence band distribution
of the strained QW in (113) orientation is the same as that in (001) orientation. However,
the energy spacing between HH2 and LH1 in (113) orientation is about 66.95 meV, which
is much larger than that of 14.1 meV in (001) orientation. On the other hand, the valence
sub-band dispersions of (110) and (221) oriented QWs are anisotropic in the QW plane, and
the effective mass of the topmost valence sub-band becomes light in the direction of k′y.
This is unlike the (111) orientation in which the characteristics of the sub-band dispersion
is hexagonally symmetrical in-plane k′x − k′y. The splitting of the sub-bands in the (110)
and (221) orientation further separate the HH and LH sub-bands, and the valence-band
mixing effect is reduced in the QW plane, resulting in the reduction of the density of states
near the band edges, especially for the [110] direction in the (110) orientation QW plane.
Thus, the optical gain and differential gain of InGaAs/AlGaAs lasers along (110) and (221)
growth planes are expected to be superior to the conventional (001) crystal orientation.



Crystals 2022, 12, 1459 6 of 14

Crystals 2022, 12, x FOR PEER REVIEW 7 of 15 
 

 

 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 3. Valence band dispersions for a 1.06% compressive strained InGaAs QW with (a) (001), (b) 

(110), (c) (221), (d) (111), and (e) (113) orientations, and (f) for an unstrained InGaAs QW with (001) 

orientation. 

The density of states (DOS) is important for understanding the carrier occupation in 

a QW. Figure 4 shows the density of states for the first two sub-bands of each crystal-

oriented valence band structure in Figure 3. DOS presents a step-like shape for the four 

orientations. For the (001) crystal orientation, the increase in DOS values as a function of 

energy is suppressed to a degree due to the enlarged splitting energy between the valence 

sub-bands. However, at about 60 meV below the band edge, DOS already has a value 

more than four times larger than the value at the band edge. On the other hand, the (110), 

(111), and (221) crystal-oriented quantum wells’ density of states are less than 2 × 1018 

m−2eV−1 in the energy range of 130 meV, 91 meV, and 120 meV, respectively. The reduction 

of the density of states near the band edge of the valence band will reduce the carrier 

density per unit area required to achieve transparency, and also reduce the effect of im-

proving the differential gain of the quantum well structure. 

Figure 3. Valence band dispersions for a 1.06% compressive strained InGaAs QW with (a) (001),
(b) (110), (c) (221), (d) (111), and (e) (113) orientations, and (f) for an unstrained InGaAs QW with
(001) orientation.

The density of states (DOS) is important for understanding the carrier occupation in a
QW. Figure 4 shows the density of states for the first two sub-bands of each crystal-oriented
valence band structure in Figure 3. DOS presents a step-like shape for the four orientations.
For the (001) crystal orientation, the increase in DOS values as a function of energy is
suppressed to a degree due to the enlarged splitting energy between the valence sub-bands.
However, at about 60 meV below the band edge, DOS already has a value more than four
times larger than the value at the band edge. On the other hand, the (110), (111), and (221)
crystal-oriented quantum wells’ density of states are less than 2 × 1018 m−2eV−1 in the
energy range of 130 meV, 91 meV, and 120 meV, respectively. The reduction of the density
of states near the band edge of the valence band will reduce the carrier density per unit area
required to achieve transparency, and also reduce the effect of improving the differential
gain of the quantum well structure.
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The selection rules indicate that the inter-band transition only occurs from the first-
conduction sub-band (C1) to the first HH sub-band (HH1) and to the first LH sub-band
(LH1) at the Brillouin zone center. Using this information and Figure 3, we can see that the
transition is mainly caused from C1 to HH1, therefore, we mainly consider the transverse
electric (TE) polarization state of the transition from C1 to HH1. Figure 5 calculates the
values of the optical matrix elements between C1 and HH1 for different crystal orientations,
and the results show that the (110) orientation has the largest value of the optical matrix
element due to the largest overlap integral of the conduction band and valence band wave
functions, followed by the (221) crystal orientation. The value of the optical matrix element
in the (001) crystal direction at k = 0 is larger than that in the (111) crystal orientation, but
the value in the (001) orientation decreases rapidly with the increase of the k-wave vector.

As shown in Figure 6a,b, we calculated the peak material gain along the orthogonal
plane wave vectors with an arbitrary crystal orientation. The carrier concentration is
n = 5 × 1018 cm−3. It is noted that the peak gain in the (001) orientation is dependent on
the azimuthal angles, which is the smallest in the (11∞) (ϕ = π/4, θ = 0) orientation.
The results for the (110) (ϕ = π/4, θ = π/2) and equivalent (101) (ϕ = 0, θ = π/4)
orientations show that the largest anisotropic gain is in the k′x and k′y direction. On the
other hand, the QW peak gain of the (001) (ϕ = 0, θ = 0) and (111) (ϕ = π/4, θ ≈ 54.7175o)
orientations is isotropic in the k′x and k′y direction due to the high rotational symmetry
of the valence band. The QWs with (221) and (110) crystal orientation show superior
performance compared to the conventional (001) oriented QW structure, but the maximum
peak gain is observed along the [110] (k′y) direction in the (110) orientation or [101] (k′x)
direction in (101) orientation, which is about 1.76 times that of the conventional (001) crystal
orientation due to the anisotropic energy dispersion of the top valence sub-band and the
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increase of the optical matrix element. Therefore, we choose the (110) crystal orientation for
the remainder of the presented analysis.
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(a) k′x and (b) k′y with arbitrary crystal orientations.

The TE polarization gain spectra and quantum well differential gain as a function
of carrier concentration for (001) and (110) crystal orientations are shown in Figure 7a,b.
The results reveal that the (110) crystal orientation has high gain characteristics at the
same carrier concentration injection. Furthermore, it is observed from Figure 7b that the
transparent carrier concentration in the (110) crystal orientation decreases significantly
due to a lower density of states near the band edge. The maximum differential gain in
the (110) orientation is 2.454 × 10−15 cm2 for a carrier density of 1.88 × 1018 cm−3, which
is approximately 1.52 times that of the (001) crystal direction. QWs with a (110) crystal
orientation VCSELs can achieve higher speed modulations.
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4. Modulation Response and High-Speed Modulation

The modulation characteristics of high-speed oxide confined 850 nm VCSEL devices
with quantum wells grown in (110) and (001) crystal orientations is typically modeled by
the single-mode VCSEL rate equation using the fourth-order Runge-Kutta algorithm:

dN(t)
dt = ηi I(t)

qV − N(t)
τn
− vgg S(t)

1+εS(t)
dS(t)

dt = Γvgg S(t)
1+εS(t) −

S(t)
τp

+ ΓβN(t)
τn

(12)

where I, vg, V, ε, Γ, q, g, β, τp and τn are the bias current, the group velocity of propagated
light, elementary charge, active section volume, gain saturation coefficient, optical con-
finement factor, material gain, spontaneous emission factor, photon lifetime, and carrier
lifetime, respectively. Typical values of the parameters used in the simulation are shown
in Table 2. The VCSEL cavity is described in Figure 8. Typically, as in our example, the
barrier width in the active region is thick enough, and the quantum wells are uncoupled
from each other [33], so it is reasonable to use the single quantum well model for the whole
structure. The general empirical expression between the material gain g and carrier density
N in quantum well lasers is [34]:

g = g0 log(
N

Ntr
) (13)

where g0 is the material gain coefficient, Ntr is transparency carrier density. Figure 9 shows
the results of the gain versus carrier density curve fitting of the logarithmic function in
(001) and (110) orientations, from which it can see that the numerical results are in great
agreement with Equation (13). The calculated transparency carrier density obtained by
logarithmic fitting decreases from 2.74 × 1018 cm−3 to 1.88 × 1018 cm−3 and the gain
coefficient increases from 4969.4 cm−1 to 5427.2 cm−1 in the (110) orientation compared to
the conventional (001) orientation.
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Table 2. Parameters used in the simulation of VCSEL. Adapted with permission from [5].

Symbol Quantity Value

ηi Current injection efficiency 0.9
V Active region volume 2.262 × 10−12 cm3

vg Group velocity 8.53 × 109 cm s−1

τn Carrier lifetime 2 ns
Γ Confinement factor 0.0289

αin Internal loss 10 cm−1

Le f f Effective cavity length 1 µm
R1 The reflectivity of bottom DBR 99.9%
R2 The reflectivity of top DBR 99.7%
β Spontaneous emission factor 0.5 × 10−5

ε Gain compression factor 0.5 × 10−18 cm−3
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As shown in Figure 10, the small-signal modulation response of the two crystal-
oriented VCSELs is calculated by inserting the material gain coefficient g0, the transparent
carrier concentration Ntr, and the other parameters in Table 2 into the rate equation. It is
found that when the injection current is 8 mA, the 3 dB response bandwidth in the (001)
orientation is 24.25 GHz, while the 3 dB response bandwidth in the (110) orientation is
about 32.3 GHz, which is about 1.33 times higher compared to the (001) crystal orientation.
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Figure 11 shows the large-signal eye diagram of the two crystal-oriented VCSELs at
8 mA for different transmission data rates of 40 Gbps, 50 Gbps, and 60 Gbps. Comparing
the eye diagrams of Figure 11a,b, the quality of the eye diagram in the (110) orientation is
significantly better than that in the (001) crystal orientation at the transmission data rates
of 40 Gbps and 50 Gbps. As noticed in Figure 11c, the eye diagram in the (001) crystal
orientation is severely degraded at the transmission data rate of 60 Gbps, while that in the
(110) crystal orientation can be maintained in partially open condition.
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5. Conclusions

A numerical investigation of strained InGaAs/AlGaAs quantum well VCSELs emitting
at around 850 nm has been studied. The key optoelectronic properties of the unconven-
tional crystal orientation were analyzed in detail to demonstrate its superiority over the
conventional (001) crystal growth orientation. It is shown that the maximum peak gain
is obtained in the (110) orientation with the transparent carrier concentration decreasing
from 2.74 × 1018 cm−3 to 1.88 × 1018 cm−3 compared with the (001) orientation due to the
reduction of the density of states. The (110) orientation offers the highest optical matrix
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element value due to the major overlap integral of the conduction and valence band wave
functions and significant gain characteristics, enabling high-speed modulation. As a result,
it contributes to optimizing the quantum well structure’s differential gain. The small-signal
and large-signal modulation characteristics of VCSELs are numerically simulated by solv-
ing the rate equation based on the fourth-order Runge–Kutta method. The 3 dB modulation
bandwidth in the (110) orientation is 1.33 times higher than that in the (001) orientation, and
excellent modulation rates up to 60 Gbps are obtained numerically. Thus, the (110)-oriented
InGaAs/AlGaAs quantum well VCSEL is promising for high-speed and high-performance
near-infrared optoelectronic applications.

Author Contributions: Conceptualization, J.Z. and J.L.; methodology, J.L.; software, J.L.; validation,
J.Z. and F.G.; formal analysis, J.L.; supervision, J.Z. and F.G.; Visualization, J.Z., F.G.; writing—original
draft preparation, J.L.; writing—review and editing, J.Z. and F.G.; funding acquisition, J.Z. All authors
have read and agreed to the published version of the manuscript.
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Appendix A

The spinor rotations matrices that transform the valence band Hamiltonian from a
(001) orientation to an arbitrary crystal orientation are the following [18]:

Ry(θ) =


α3 −

√
3α2β

√
3αβ2 β3

√
3α2β α3 − 2αβ2 −2α2β + β3

√
3αβ2

√
3αβ2 2α2β− β3 α3 − 2αβ2 −

√
3α2β

β3
√

3αβ2
√

3α2β α3

 (A1)

Rz(ϕ) =


ei(3/2)ϕ 0 0 0

0 ei(1/2)ϕ 0 0
0 0 e−i(1/2)ϕ 0
0 0 0 e−i(3/2)ϕ

 (A2)

Here, α= cos(θ/2), β = − sin(θ/2).
The strain components for the (hkl)-oriented strained QW under uniform biaxial stress

are obtained by the coordinate transformation method. The plane strain tensor components
in the (x′, y′, z′) coordinate system are known as:

ε′xx = ε′yy =
ab − aw

aw
(A3)

There is no in-plane shear strain in the film, thus ε′xy = ε′yx = 0, and the other
independent strain tensor components ε′xz, ε′yz, ε′zz can be obtained by Hooke’s law:

T′αβ + C′αβijε
′
ij = 0 (A4)

For α, β = 1, 2, 3, i, j = x, y. where C′αβij is the matrix elements of the stiffness
matrix,T′αβ is the stress applied to the film. The substrate applied a uniform in-plane stress
to the film, thus T′33 = T′23 = T′13 = 0. According to Hooke’s law, the following formula
is obtained [29]:

∑
i,j

C′33ijε
′
ij = 0, ∑

i,j
C′23ijε

′
ij = 0, ∑

i,j
C′13ijε

′
ij = 0 (A5)
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The strain components ε′xx, ε′yy, ε′xy, ε′yx are known, using the symmetry of C′αβij and ε′ ij,
therefore, a matrix equation for the three independent strain tensor components ε′xz, ε′yz,
ε′zz can be written as:C′3333 C′3323 C′3331

C′2333 C′2323 C′2331
C′3133 C′3123 C′3131

ε′zz/2
ε′yz
ε′xz

 = −
ε ||
2

C′3311 + C′3322
C′2311 + C′2322
C′3111 + C′3122

 (A6)

The C′αβij parameters can be obtained by Equation (A5). Finally, all strain components
ε′ ij for the (hkl)-oriented strained QW under uniform biaxial stress are obtained.
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