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Abstract: Quantum anomalous Hall effect (QAHE) represents a quantized version of the classical
anomalous Hall effect. In the latter case the magnetization takes over the role of magnetic field
and induces nonzero off-diagonal elements in the conductivity matrix. In magnetic topological
insulators with the band inversion the QAHE can be reached due to quantized conduction channel
at the sample edge if the Fermi energy is tuned into the surface magnetic gap. In the static regime
the QAHE is seen as a zero-field step in the Hall resistivity. At optical frequencies this step is
transformed into a quantized value of the polarization rotation approaching the fine structure
constant α = e2/2ε0hc ≈ 1/137. However, due to material issues the steps reach the predicted values
at millikelvin temperatures only. In this work we investigate the Faraday polarization rotation in
thin films of Cr-doped topological insulator and in the sub-terahertz frequency range. Well defined
polarization rotation steps can be observed in transmittance in Faraday geometry. At temperatures
down to T = 1.85 K the value of the rotation reached about 20% of the fine structure constant and
disappeared completely for T > 20 K.

Keywords: quantum anomalous Hall effect; Faraday rotation; topological insulators; terahertz
spectroscopy

1. Introduction

Topological insulators [1,2] are materials with insulating bulk but revealing conduct-
ing surface states. These states possess different helicity thus making them symmetry
protected against non-magnetic scattering processes. In two-dimensional (2D) systems
and in external magnetic fields the quantized off-diagonal conductivity is observed pro-
portional to an integer times the conductivity quantum e2/h. However, the application of
external magnetic fields can be avoided in magnetically-doped topological insulators [3],
see Refs. [4,5] for reviews. In that case the coupling between magnetic moments of the
dopants must be strong enough to obtain a magnetically ordered state with finite static
magnetization [6]. In addition, the Fermi level must be shifted into the surface magnetic gap
thus leading to a single quantized conducting channel at the edge. QAHE in magnetically-
doped topological insulators can be seen as a last station starting from the classical Hall
resistivity via time reversal breaking and quantization effects [7].

The predicted QAHE has been first observed [8] in Cr-doped (Bi,Sb)2Te3 and at mil-
likelvin temperatures. In these, as well as in several similar experiments [9,10], the temper-
ature range at that well-quantized conduction states are observed is substantially lower
than the transition temperature to a magnetically ordered state of typically 20 K. This dis-
crepancy is normally attributed to the sample issues like presence of additional dissipative
channels [4,5]. More recently, QAHE in several magnetic topological insulators [11–13]
could be achieved at temperatures close to 1 K.
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In conducting materials a step in the Hall resistivity should normally lead to a step in
optical properties. We note here an existing discrepancy in interpretation of the quantum
Hall effect in statics and dynamics of the 2D systems [14]. In the former case the quanti-
zation is explained by counting the quantum conducting channels at the edge [2,15]. In
the optical case, the edges are normally excluded due to contact-free technique. Therefore,
to explain the quantization of the optical data, one have to return to the quantization of
the bulk conduction [16,17]. In the dynamic regime, one of the typical observation in two-
dimensional systems is the polarization rotation of linearly-polarized light in transmission
geometry, see Figure 1.
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Figure 1. Scheme of the optical experiment. Linearly polarized incident light is transformed into
the elliptical polarization after the sample, and is characterized by Faraday rotation angle θ and
ellipticity η. The analyzer in front of the detector projects the ellipse either into the same direction as
the incident beam leading to parallel transmittance txx or to perpendicular direction leading to the
crossed transmittance txy. An external magnetic field is applied parallel to the propagation direction
(Faraday geometry).

Full expressions for the polarization rotation include the influence of the substrate
and are given elsewhere [18–20]. However, two important approximations substantially
simplify the interpretation of the data. First, the influence of the substrate can be removed
if the field-dependent experiment is done in the maximum of the Fabry-Pérot resonances
of the substrate (see Figure 6 ). At such frequencies the expressions for the Faraday rotation
reduce to the substrate-free result [18,21]. Second, in most cases the thin film approximation
can be used assuming that the influence of the conducting film is small: (σxxZ0, σxyZ0)� 1.
Here σxx is the 2D diagonal conductivity, σxy is the 2D Hall conductivity and Z0 ≈ 377 Ω is
the impedance of free space.

In the following we assume that the incident radiation is linearly polarized with
the ac electric field along the x-axis and is propagating along the z-axis. In the thin film
approximation the transmittance amplitudes in the parallel txx and perpendicular txy
channels are given by [18]

txx ≈ 1− σxxZ0/2 ≈ 1 and txy ≈ σxyZ0/2 , (1)

respectively. In present experiments, txx and txy are measured putting the analyzer parallel
and perpendicular to the polarization of the incident beam. The phase shift (or optical thick-
ness) of both signals are obtained using the Mach-Zehnder interferometer arrangement,
see Methods Section.

Further on, especially for the samples of the present work, the scattering time of the
charge carriers is rather small, thus the frequency dependent terms ωτ in conductivities
σxx and σxy can be neglected. This can be derived from the fact that we do not observe any
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signs of the cyclotron resonance in the present range of frequencies and magnetic fields.
This indicates that the resonance terms in the Drude conductivity with typical width ωτ
are negligible. In the same approximation the (Faraday) rotation angle θ can be written
as [18–20]:

θ ≈ tan(2θ)/2 ≈ <(txy/txx) ≈ txy ≈ σxyZ0/2 . (2)

In the quantum regime we expect only a single conduction channel with σxy = e2/h
leading to

θ ≈ σxyZ0/2 = α , (3)

where α = e2Z0/2h = e2/2ε0hc ≈ 7.3 × 10−3 rad is the fine structure constant.

2. Results and Discussion

Figure 2 shows typical magnetic field dependence of the transmittance in crossed
polarizers geometry that is most sensitive to weak polarization rotations. In these experi-
ments the amplitude of the signal corresponds to the transmittance amplitude |txy| and the
optical thickness is related to the phase shift of the transmittance. The absolute values of
the optical thickness are mainly determined by the thickness and refractive index of the
substrate ϕ ≈ nsds (see Section 4). The magnetic field-induced changes can be attributed
to the film properties that are basically determined by σxy in this geometry in agreement
with Equation (1). The data reveal a clear step at zero magnetic fields with a hysteresis of
about 0.09 T. Compared to the dc data shown in Figure 5 below, the transmittance is not
affected by the contact resistivity and, therefore, provides more direct information on the
sample conductivity.

After a calibration to absolute values, the complex polarization rotation angle θ + iη
can be calculated either using the simplified Equations (1) and (2) or via the exact
procedure [18–20].

Figure 2. Magnetic field scans of the transmittance in (Cr0.12Bi0.26Sb0.62)2Te3 film and in crossed
polarizers geometry txy = |txy|eiϕ. The external field is applied parallel to the propagation direction
(Faraday geometry, see Figure 1). The parameters of the experiment are given in the plot. Bottom
panel: amplitude of the crossed signal. Top panel: relative optical thickness (phase shift) of the sample.

Complex polarization rotation angles at the lowest temperature of our experiments
(T = 1.85 K) and at various frequencies are shown in Figure 3. We observe that in the fre-



Crystals 2021, 11, 154 4 of 9

quency range of the present experiment the rotation angle is approximately a real number,
as the ellipticity corresponds roughly to the noise level of the spectrometer. Similarly to
the raw transmittance data in Figure 2, the Faraday rotation angle shows a clear step-like
function across zero magnetic field. The inset in Figure 3 shows the absolute values of the
rotation angle step at zero magnetic field and as a function of frequency.

Figure 3. Complex polarization rotation angle θ + iη in (Cr0.12Bi0.26Sb0.62)2Te3 at T = 1.85 K and at
different frequencies. The frequencies were selected at the maxima of the Fabry-Pérot interferences to
suppress the effect of the substrate in the spectra. Bottom panel: Faraday rotation angle θ, top panel:
ellipticity η. The inset shows the absolute values of the rotation angle due to quantum anomalous
Hall effect (QAHE) in the units of the fine structure constant at zero magnetic field and as a function
of frequency. Straight dashed line is to guide the eye.

We conclude that in the frequency range of the present experiment the Faraday angle
is roughly frequency independent at the value θ ≈ 0.2α and the variation of the data
corresponds to the uncertainties of the experiment. In order to get more arguments on
the absolute values of the step across the zero field, we investigated the temperature
dependence of the Faraday rotation. These results are shown in Figure 4. As also seen
in the frequency-dependent rotation angles, Figure 3, the ellipticity in our data is close
to zero within the experimental uncertainties. The Faraday rotation, as shown in the
bottom panel and in the inset to Figure 4, decreases with increasing temperature. In
our experiments the step disappears around 20 K that agrees reasonably well with Curie
temperature estimated [9] as TC ≈ 30 K. The Faraday step at our lowest temperatures is
∆θ(0) ≈ 1.3 mrad ≈ 0.18α. This value is substantially smaller than 1.0α expected within
simple arguments. However, it is still possible that scattering processes suppressing ∆θ
will freeze out at millikelvin temperatures. We conclude that at temperatures down to
1.85 K additional dissipative channels like residual carriers from bulk bands or scattering
by impurities [4,5,22] are still present, which impedes the dissipationless character of the
chiral states and suppresses the universally quantized values of the Hall resistance and of
the Faraday rotation.
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Figure 4. Complex polarization rotation angle θ + iη in (Cr0.12Bi0.26Sb0.62)2Te3 at ν = 203 GHz and
at different temperatures. Bottom panel: Faraday rotation angle θ, top panel: ellipticity η. The inset
shows the absolute values of the step of the rotation angle in the units of the fine structure constant
at zero magnetic field and as a function of temperature.

As the transmission experiments are done in the Faraday geometry and the sample is
magnetic, the magneto-optical Faraday effect [23] cannot be a priori neglected. In fact, in
the small angle approximation, the rotation angles due to the off-diagonal conductivity σxy
and due to the static magnetization M0 are simply added. To estimate the value of the last
effect, we use Equation (8) of the Methods Section. The value of the static magnetization
in our samples µ0M0 ≈ 0.9× 10−2 T has been measured in Ref. [9]. It agrees well with
an estimate assuming fully ordered moments of Cr3+ ions. Putting the numbers into
Equation (8) we finally get:

θm ∼ 10−8 rad� α . (4)

We see that in most cases dealing with QAHE the classical Faraday effect can be ne-
glected.

Finally, we compare the static and dynamic results in our sample. In agreement with
Equations (1) and (2) direct correspondence between both properties may be expected.
As discussed in the Methods Section, the resistivity of indium contacts was too high thus
distorting the magnetic field dependencies of the diagonal and Hall resistivity. Reasonable
step-like Hall resistivity data could be obtained for T ≥ 5 K only, see Figure 5. Although
the Hall data were distorted, we still could estimate the steps across zero field (inset to
Figure 5) and compare them with the dynamic data in Figures 3 and 4. We see that both
steps disappear at temperatures close to 20 K. The absolute values of the Hall resistivity in
Figure 5 correspond to ∆Rxy ∼ 0.5h/e2 in our lowest temperature of 1.85 K that deviates
from the values of Faraday rotation ∼0.2α observed in the transmittance data. We recall,
however, that the resistivity was strongly affected by highly resistive contacts, although
the rotation is measured by a contact-free technique.
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Figure 5. Magnetoresistance data in (Cr0.12Bi0.26Sb0.62)2Te3 film at various temperatures. Top:
diagonal resistivity; bottom: Hall resistivity. The inset shows the absolute values of the step in the
Hall resistance at zero magnetic field and as a function of temperature.

3. Conclusions

In this work we investigated the polarization rotation of the sub-terahertz light in
thin films of Cr-doped topological insulator (Cr0.12Bi0.26Sb0.62)2Te3. The optical data are
compared to the step in the quantum Hall conductivity measured by static technique. Well
defined polarization rotation steps can be observed in transmittance at different frequencies
and temperatures. At the lowest temperature of T = 1.85 K the value of the rotation angle
reached about 20% of the fine structure constant and disappeared completely for T > 20 K.
We estimate that pure magnetic contribution to the Faraday rotation can be neglected in
the present case.

4. Materials and Methods

Single-crystalline (Cr0.12Bi0.26Sb0.62)2Te3 films on insulating (111) GaAs substrates
were grown by molecular beam epitaxy [9,10,24]. Both the Cr doping level (12%) and the
(Bi/Sb) ratio (0.3/0.7) were optimized so that the Fermi level positions of the as-grown
samples were close to the charge neutrality point. The growth was monitored by reflection
high-energy electron diffraction and the films with a thickness of 6 quintuple layers (∼6 nm)
were obtained. After the film growth, a 2 nm Al was evaporated to passivate the films.
During the growth procedure the back side of the sample was fully covered with indium
film that was nontransparent for the terahertz radiation. Therefore, prior to the optical
experiments this film was removed by polishing. To measure the static resistivity, indium
contacts were made at the corners of the hexagon-like sample at soldering temperature of
560 K. Unfortunately, this procedure did not provide good contacts, thus reasonable static
Hall resistivity could be measured at T ≥ 5 K only (see Figure 5).

Terahertz transmittance experiments at frequencies 0.1 THz < ν < 1.0 THz were car-
ried out in a quasioptical arrangement [18,25] which allows measurements of the amplitude
and phase shift of the electromagnetic radiation in a geometry with controlled polarization.
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The spectrometer utilizes linearly polarized monochromatic radiation which is provided
by backward-wave oscillators, and a He-cooled bolometer as a detector. The amplitude
|t| and the phase shift ϕ of the radiation transmitted through the sample are measured
by using the Mach-Zehnder interferometer setup. Static magnetic field up to 7 Tesla is
applied to the sample using a split-coil superconducting magnet with mylar windows. The
polarization state of the transmitted beam is determined by measuring the amplitude and
phase shift of the radiation both with parallel and crossed polarizer and analyzer. This
procedure provides the complex values of txx and txy, respectively (see Figure 1).

Figure 6 shows the transmittance spectra of the (Cr0.12Bi0.26Sb0.62)2Te3 thin film in
the frequency range of the present experiment. Due to Fabry-Pérot resonances within
the substrate a clear periodic modulation is seen in the spectra. The frequency positions
of the maxima correspond to a resonance relation 2nsdsν = m, where m is an integer,
ds = 0.478 mm is the sample thickness and ns = 3.02 is the refractive index of the substrate.
As mentioned in the Introduction section, doing magnetic field-dependent experiments
at the maxima of the resonances lead to the Faraday rotation angle that is close to that
of the free-standing film, thus strongly simplifying the interpretation of the data. We
stress, however, that exact expressions given in detail elsewhere [18,21] have been used to
calculate the angle of the polarization rotation. The transmittance maxima in the frequency
range 120–500 GHz are close to unity supporting the approximation of a weakly conducting
sample. In the frequency range close to 1 THz the absolute values of the transmittance are
by about 20 % less than unity. We attribute this effect to a slight non-parallel surfaces of
the substrate that appeared after polishing of the backside of the sample. This effect is
expected to produce an amplitude correction proportional to the ratio δ · ns/(λ/D). Here
δ · ns is the deviation angle δ enhanced by the substrate refractive index ns, and λ/D is the
diffraction angle as a ratio of the radiation wavelength and the sample aperture. At high
frequencies the wavelength becomes smaller, thus enhancing the effect.

Finally , we estimate the value of the magnetooptical Faraday effect on the polarization
rotation in terahertz experiments. In calculations below, we neglect the influence of the
substrate as the measurements are done in the maxima of the Fabry-Pérot interferences. In
addition, we assume isotropic electromagnetic susceptibilities and the normal incidence.
Then, in a thin sample approximation, i.e. for εd/λ � 1; µ±d/λ � 1, the boundary
conditions can be written in an extended manner that includes the sample as part of the
surface [26,27]. The transmittance of eigenmodes for a magnetic thin film can then be
written as

t± ≈ 1− iπd
λ

(ε + µ±) . (5)

Here d is the sample thickness, ε is the permittivity, µ± is the permeability for two
circular polarizations, and λ is the radiation wavelength. We recall that in the present
geometry circularly polarized waves are the eigenmodes of the system and that Equation (5)
is closely similar to Equation (1) and to the purely magnetic case in Ref. [28].

We apply now the definitions given in Equation (2) to obtain the magnetic part of the
polarization rotation via 2txx = t+ + t− and 2itxy = t+ − t−:

θm ≈
iπd
λ

(χ+ − χ−) . (6)

Here χ± = (µ± − 1) are magnetic susceptibilities. Similar expression for the polariza-
tion rotation including magnetoelectric susceptibilities has been obtained in Ref. [27]. For a
ferromagnetic material χ± can be written as [28,29]:

χ± =
γM0

ω0 ∓ω + igω
, (7)

where ω0 = γ|H −M0| is the ferromagnetic resonance frequency in the Faraday geometry,
M0 is the static magnetization, γ is the gyromagnetic ratio, g is the Gilbert damping
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parameter and H is the external magnetic field (here we avoid using usual notation α for
the Gilbert damping).

The ferromagnetic resonance frequency can be estimated as ω0 = γ|H−M0| ∼ γH ∼
3− 10 GHz for fields below µ0H ∼ 0.3 T. Therefore, the useful approximation in the present
case is ω0, gω � ω leading to a simple expression for the magnetic Faraday angle:

θm = γM0
d
2c

. (8)

Finally, it should be noted that Equation (6) differs substantially from the expression
θ′m = πd

λ (n+ − n−) used in the classical books by a factor of
√

ε ∼ 10 for Bi2Te3 [30]. The
latter case is derived for a thick sample and it neglects the influence of the surfaces that are
dominating in the thin-film geometry.
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Figure 6. Transmittance spectrum of the sample used in this work in zero magnetic field and at
temperature T = 1.85 K. This spectrum was measured in the parallel polarizers geometry, txx, and
shows a series of Fabry-Pérot resonances due to reflections on the substrate surfaces.
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