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Abstract: We studied the energy transfer between light beams on the director grating in a hybrid
photorefractive liquid crystal (LC) cell assuming the propagation of light waves in the cell to be in
the Mauguin regime. This approach makes it possible to trace the change of the gain coefficient
dependence on the director grating spacing with the change of the LC director twist. Conditions for
the LC flexoelectric parameters and the director helix pitch necessary for transformation the gain
coefficient dependence from the nematic to cholesteric type are obtained. The influence of the director
splay and bend deformations on the gain coefficient is also studied.
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1. Introduction

In recent years, a strong two-beam energy transfer between light beams coupled on the refractive
index grating has been observed in liquid crystals (LCs). The high modulation of the refractive index
of the order of 0.2, obtained due to LC director reorientation, made it possible to increase the intensity
of one of the beams with a gain coefficient almost two orders of magnitude greater than in solid
photorefractive crystals [1–6].

In a scheme with a hybrid organic–inorganic cell a LC layer is placed between two solid substrates,
one or two of which is photorefractive. The incident intersecting coherent light beams interfere and
generate space charges in the inorganic photorefractive substrate(s). The space charges create a spatially
periodic electric field, which penetrates the LC layer and modulates the LC director. The resulting
director grating induces the refractive index grating and ensures coupling of the intersecting beams
propagating in the LC [7–11]. When discussing the mechanism of director reorientation in hybrid
systems, the space-charge field couples with the director through an interaction with the LC flexoelectric
polarization [12–14] rather than through the LC static dielectric anisotropy [15,16]. The description of
the experimental results obtained for both nematic [12] and cholesteric LC cells [13,14] required an
additional assumption whereby the director magnitude is a nonlinear function of the space-charge field.
This leads to the replacement of the flexoelectric coefficients by their effective values, which depend
on the space-charge field. Possible physical mechanisms of this nonlinearity are discussed in [12].
Despite the fact that the physical mechanism of interaction of the space-charge field with the director
is the same for nematic and cholesteric LCs, the observed dependence of the gain coefficient of the
incident signal beam on the director grating spacing is very different. The gain coefficient is defined as
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Γ = 1
L ln

∣∣∣A1(out)/A1(in)
∣∣∣2, where A1(in) and A1(out) are the amplitudes of the signal beam at the

input and output of the LC cell, respectively, L is a cell thickness. Typical dependences of the signal
beam gain coefficient on the director grating spacing in hybrid cells with nematic and cholesteric LCs
are shown in Figure 1a,b, respectively [12,14].
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Figure 1. Typical dependence of the signal beam gain coefficient on the grating spacing in hybrid
organic-inorganic cells with LC. (a) nematic LC, g is the gain coefficient, Λ is the grating spacing;
theoretical fit for the gain coefficient (solid and dashed lines) to experimental data for nematic LC TL205
cells of different thickness: L (µm) = 5.7—stars, 7.1—light boxes, 10—black boxes [12]; (b) cholesteric
LC mixture BL038/CB15, theoretical results – curve, experimental data—boxes, the cell thickness
L = 5 µm [14].

There are two possible explanations for this difference: (1) the character of electromagnetic
wave propagation in nematic and cholesteric LCs (and, therefore, the character of the interaction
of waves) is different, and (2) the parameters that determine the director grating in nematic and
cholesteric LCs differ significantly. To study this problem, we consider the energy transfer between
light beams in hybrid photorefractive LC cells with different director twisting, but the same character
of electromagnetic wave propagation through the cell. This condition may be realized in the so-called
Mauguin regime, when the wave polarization follows the LC director [17]. In this case, we can trace the
change in the gain coefficient when changing the LC director twisting from a nematic to a cholesteric
type without changing the character of wave propagation.

The paper is organized as follows. In Section 2 we introduce the model of a hybrid LC cell placed
in the interference pattern of two incident light beams, and obtain expressions for the director angles
under the photorefractive field. In Section 3 we consider the light beams propagation in the Mauguin
regime and derive an expression for the signal beam gain coefficient. Results of numerical calculations
of the gain coefficient and their discussion are presented in Section 4. In Section 5 we present some
brief conclusions.

2. Model and CLC Director

Consider a hybrid cell with the z-axis directed perpendicular to the cell planes. The cholesteric
liquid crystal (CLC) is bound by the substrates at z = −L/2 and z = L/2, where L is a CLC layer
thickness (see Figure 2). The entrance substrate is a photorefractive crystal, and the exit substrate is
glass (non-photorefractive). The hybrid cell is illuminated by two intersecting polarized coherent
light beams E1 = A1e1 exp(ik1r− iω t) and E2 = A2e2 exp(ik2r− iω t). The wave vectors of the light
beams, k1 and k2, are symmetric with regard to the cell normal, so that the incidence angles are equal.
On the entrance plane z = −L/2 the CLC director and the polarization vectors of the beams, e1 and
e2, lie in the xz-plane. However, as the beams propagate across the CLC cell in the Mauguin regime,
the polarization vectors of the beams rotate following the CLC director.
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Figure 2. Schematic of the cholesteric liquid crystal (CLC) cell, showing light beams incident from
photorefractive medium, together with associated wave and polarization vectors. α1, α2 are the angles
of propagation of light beams in the CLC (α1 = α2 ≡ α ).

The beams produce a light intensity interference pattern in the photorefractive substrate for,
z ≤ −L/2,

I(x) = (I1 + I2)
[
1 +

1
2
(m exp(iqx) + c.c.)

]
(1)

where m = 2 cos(2δ)A1A∗2/(I1 + I2) is the modulation parameter, and 2δ is the angle between incident
beams in the photorefractive medium, I1 = A1A∗1, I2 = A2A∗2 are the intensities of incident beams,
and q = k1x − k2x = 2k sin δ is the wave number of the intensity pattern.

The light intensity pattern given by Equation (1) induces a space-charge field inside the
photorefractive substrate, which is modulated along the x-axis with a period equal to Λ = 2π/q.
This field penetrates the CLC and reorients the CLC director. It is convenient to present the CLC
director in the form n = (cosϕ(x, z) cosϑ(x, z), sinϕ(x, z) cosϑ(x, z), sinϑ(x, z)) where ϑ(x, z) is the
director polar angle with respect to the xy-plane and ϕ(x, z) is the director azimuth angle with respect
to the x-axis. Taking into account the spatial periodicity of the photorefractive field along the x-axis we
can present the polar and azimuthal director angles in the form

ϑ(x, z) = θ0(z) + [θ(z) exp(iqx) + c.c.],
ϕ(x, z) = ϕ0(z) + [ϕ(z) exp(iqx) + c.c.],

(2)

where ϕ0(z) = 2π
p (z + L/2) and p is the cholesteric pitch.

The director spatial profile can be found by minimizing the total free energy functional of the
CLC cell, F = Fel + Fl + FE + F f l, where

Fel = 1
2

∫ [
K11(∇ · n)

2 + K22(n · ∇ × n + 2π/p)2 + K33(n×∇× n)2
]

dV,
Fl = − ε0εa

4

∫
(n · Ehν)

2dV, FE = − ε0ε̃a
2

∫
(n · E)2dV, F f l = −

∫ (
P f · E

)
dV.

(3)

Here Fel is the CLC bulk elastic energy, Fl is the contribution of the light field Ehν, FE is the
contribution from the photorefractive electric field E penetrating the CLC cell from the photorefractive
substrate, and F f l is the contribution from the interaction of the photorefractive field with the CLC
flexoelectric polarization P f = e1n∇ · n + e3(∇× n× n); n is a director, and e1, e3 are the flexoelectric
coefficients, and ε̃a, εa are the CLC static dielectric anisotropy and dielectric anisotropy at optical
frequency, respectively.

In hybrid photorefractive–LC systems, the LC dielectric anisotropy term FE can be neglected
with respect to the LC flexopolarization term F f l [12]. The light field contribution Fl can be neglected
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because the CLC dielectric anisotropy at optical frequency εa << 1. For simplicity, we will also suppose
the one elastic constant approximation, K11 = K22 = K33 = K. Then, substituting Equation (2)
and expression for the photorefractive electric field E (see [14]) into Equation (3) we can obtain the
linearized Euler–Lagrange equations for the angles θ(z), ϕ(z) and θ0(z):

∂2θ

∂z2 −
(
q2 + g2

)
θ = r1

[
iq cosϕ0E0z + (

∂E0z

∂z
− iq cos2 ϕ0E0x)θ0

]
− r2g sinϕ0E0x (4)

∂2ϕ

∂z2 − q2ϕ = −iqr1

(1
2

sin 2ϕ0E0x + θ0 sinϕ0E0z

)
+ r2 sinϕ0

∂θ0

∂z
E0x (5)

∂2θ0

∂z2 − g2θ0 = 0 (6)

where E0x, E0z are the Cartesian components of the photorefractive field,
r1 = (e1 + e3)/K, r2 = (e1 − e3)/K and g = 2π/p.

Equations (4)–(6) were derived previously [14], but solved only for the case of the waveguide
regime when the eigenmodes in CLC are nearly circular and the condition λ > p (ne −n0) holds, where λ
is the free space wavelength and n0, ne are the CLC ordinary and extraordinary wave refraction indices,
respectively. In this work, we solve Equations (4)–(6) for the Mauguin regime, when the opposite
condition is fulfilled, i.e., λ < p (ne − n0) [17]. Neglecting small terms of order e−qL, solutions obtained
are as follows,

θ0(z) =
θ02sinh[g(z + L/2)] − θ01sinh[g(z− L/2)]

sinhgL
, (7)

θ(z) = θ(−L/2)d(z) (8)

where

θ(−L/2) =
1
2

Esc(q)q̃m
r1(q̃2

− q2
− 2g2) + 2r2g2

(q̃2 − q2 − 2g2)2 + 4q̃2g2
, (9)

d(z) = e−
√

q2+g2(z+L/2) +
(
2e−q̃L cos gL− e−

√
q2+g2L

)
e
√

q2+g2(z−L/2)

−2eq̃(z−3L/2) cos[g(z + L/2)]
(10)

Here Esc(q) is the space-charge electric field, q̃ = q
√(
ε̃‖ + ε̃⊥

)
/2ε̃⊥, ε̃|| and ε̃⊥ are the components

of the CLC low frequency dielectric tensor along and perpendicular to the director, and θ01, θ02 are the
director pretilt angles in the xz-plane on the CLC cell substrates z = −L/2 and z = L/2, respectively.
As will be stated below, the azimuth angle ϕ(z) makes a negligibly small contributions to the gain and
therefore is not presented here due to its cumbersome nature.

3. Beam Coupling and Gain

Using obtained Equations (7)–(10) for the director angles, we can write the CLC optical frequency
dielectric tensor εi j = ε⊥δi j + εanin j, which takes the form

ε̂(x, z) = ε̂1(z) + ε̂2(z) + [ε̂3(z) exp(iqx) + c.c.] (11)

Here the first term in Equation (11) corresponds to a CLC with zero director pretilt on the cell
boundaries. The second term takes into account the director profile induced by the nonzero director
pretilt on the cell boundaries. The third term describes the dielectric tensor modulation due to the
director modulation by the spatially periodic photorefractive field.
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The expression for ε̂3(z) in the third term of Equation (11) is as follows [14],

ε̂3 = εaθ(z)

∣∣∣∣∣∣∣∣∣
−2θ0 cos2 ϕ0 −θ0 sin 2ϕ0 cosϕ0

−θ0 sin 2ϕ0 −2θ0 sin2 ϕ0 sinϕ0

cosϕ0 sinϕ0 2θ0

∣∣∣∣∣∣∣∣∣+ εaϕ(z)

∣∣∣∣∣∣∣∣∣
− sin 2ϕ0 cos 2ϕ0 −θ0 sinϕ0

cos 2ϕ0 sin 2ϕ0 θ0 cosϕ0

−θ0 sinϕ0 θ0 cosϕ0 0

∣∣∣∣∣∣∣∣∣ (12)

where εa = ε‖ − ε⊥, and ε‖, ε⊥ are the principal values of the dielectric tensor at the optical frequency.
Formulas for ε̂1(z), ε̂2(z) are not important here but are presented in paper [14].

The electric field of the light beams must satisfy the vector wave equation

∇× ∇× Ehν −
ω2

c2 ε̂(x, z)Ehν = 0 (13)

where the dielectric permittivity is described by Equation (11), Ehν = E1 + E2, E1 and E2 are the
electric vectors of the light beams.

Neglecting reflection of the waves from the far side of the cholesteric cell, we start solving
Equation (13) in a zeroth order approximation substituting ε̂(x, z) = ε̂1(z) + ε̂2(z). In this
approximation, the electric vectors of the waves, E1 = E0

1 and E2 = E0
2, separately obey the

wave equation with dielectric tensor ε̂1(z) + ε̂2(z). As shown in paper [14], the contribution from
ε̂2(z) is small and in the Mauguin regime, λ < p (ne − n0), the wave equation has a solution when the
electric field vector of the light beam follows the liquid crystal director. In this case, for small angles α,
the electric field vector components of both light beams can be written in the form

E0
1x = A1 cosϕ0ei[(ω/c)ne(z+L/2)+k1xx],

E0
1y = A1 sinϕ0ei[(ω/c)ne(z+L/2)+k1xx],

E0
1z = iα nec

ε⊥ω

∂E0
1x
∂z − θ0(z)

εa
ε⊥
(cosϕ0E0

1x + sinϕ0E0
1y)

(14)

and
E0

2x = A2 cosϕ0ei[(ω/c)ne(z+L/2)+k2xx],
E0

2y = A2 sinϕ0ei[(ω/c)ne(z+L/2)+k2xx],

E0
2z = −iα nec

ε⊥ω
∂E0

2x
∂z − θ0(z)

εa
ε⊥
(cosϕ0E0

2x + sinϕ0E0
2y)

(15)

Taking into account the third term of Equation (11) the coupling between light waves appears in
Equation (13). In this case, we follow a procedure first outlined by Kogelnik [18], which used in our
previous related papers [12–14]. According to this procedure we can seek E1 and E2 in the form of
Equations (14) and (15) setting the electric field magnitudes A1 = A1(z), A2 = A2(z), and allowing
them to vary slowly across the cell. We will consider beam 1 as a signal, and beam 2 as a pump,
adopting the undepleted pump approximation [19], for which the pump magnitude |A2| >> |A1|.
In this case, the signal has a negligible effect on the pump magnitude, which may be regarded as
constant, and the set of coupled equations for magnitudes A1(z) and A2(z) reduces after some algebra
to the single equation

(E0∗
1x
∂
∂z

E0
1x + E0∗

1y
∂
∂z

E0
1y)

∂
∂z

A1(z) = −
ω2

2c2 A1(z) E0∗
1 ε̂3E0

2eiqx (16)

Using Equations (14) and (15) for, E0
1, E0

2 and Equation (12) for ε̂3 we obtain that expression
E0∗

1 ε̂3E0
2eiqx on the right side of Equation (16), which reduces to

E∗1ε̂3E2eiqx = 2A1(z)A2εaθ(z)(−θ0
ε‖
ε⊥

+ iα
ne

ε⊥

λ
p

sinϕ0) (17)
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As a result, Equation (16) takes the following form:

∂
∂z

A1(z) = −i
ω
c

A2
εa

ε⊥
neθ(z)

[
θ0(z) − iα

λ
nep

sinϕ0(z)
]

(18)

As we can see from Equation (18), in the Mauguin regime the azimuth angle ϕ(z) does not give
contribution to coupling of the signal beam with the pump. Furthermore, in the Mauguin regime
λ < p (ne − n0), the second term in brackets is at least an order of magnitude less than the first term and
therefore can be omitted. Neglecting this term, we can write the solution to Equation (18) as follows

A1(z) ≈ A1(−L/2) − i
ω
c
εa

ε⊥
neA2

z∫
−L/2

θ0(z)θ(z) dz (19)

The signal beam gain in the CLC layer is defined as

G =

∣∣∣∣∣∣ A1(L/2)
A1(−L/2)

∣∣∣∣∣∣2 (20)

where after substituting Equation (8) in Equation (19)

A1(L/2) = A1(−L/2) − i
ω
c
εa

ε⊥
neθ(−L/2)A2

L/2∫
−L/2

θ0(z)d(z) dz (21)

Substituting Equation (9) into Equation (21) we take into account that in the undepleted pump
approximation, m ≈ 2 cos(2δ)A1(−L/2)/A2. This yields the following result for the signal beam gain

G =

∣∣∣∣∣∣∣∣∣1− iEsc(q)q̃
ω
c
εa

ε⊥
ne cos(2δ)

r1(q̃2
− q2
− 2g2) + 2r2g2

(q̃2 − q2 − 2g2)2 + 4q̃2g2

L/2∫
−L/2

θ0(z)d(z) dz

∣∣∣∣∣∣∣∣∣
2

(22)

Using Equations (7) and (10) we can calculate the integral in Equation (22). The result expressed
in terms of the exponential gain coefficient is as follows:

Γ = 1
L ln|G| = 1

L ln
∣∣∣∣∣1− 2πne

λ
n2

e−n2
o

n2
o

iEsc(q) cos(2δ)

2sinhgL[(q̃2−q2−2g2)
2
+4q̃2 g2]

·{
q̃b( θ01egL

−θ02√
q2+g2+g

−
θ01e−gL

−θ02√
q2+g2−g

) + [g2c + q̃b(q̃− g)][ (θ01e−gL
−θ02)

(q̃−g)2+g2
−

(θ01egL
−θ02)

(q̃+g)2+g2
]

}∣∣∣∣∣∣2,
(23)

where
b = r1(q̃2

− q2
− 2g2) + 2r2g2, c = r2(q̃2

− q2
− 2g2) − 2r1q̃2 (24)

4. Numerical Calculations and Discussions

For calculations, we use the expression for the space-charge field Esc(p) obtained in an infinite
photorefractive medium for a diffusion-dominated case [19,20]:

Esc(q) =
iEd

1 + Ed
Eq

, Ed = q
kbT

e
, Eq =

(
1−

Na

Nd

)
eNa

ε0εPhq
(25)

where Ed is the diffusion field, Eq is the so-called saturation field, Na and Nd are respectively the acceptor
and donor impurity densities, εPh is the dielectric permittivity of photorefractive material, and e is the
electron charge. In order to evaluate Esc(q), we follow Reference [7], where the ratio of the acceptor to
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donor impurity densities is estimated to be very small, i.e., Nd >> Na, with Na ≈ 3.8 · 1021 m−3 and the
dielectric permittivity of the photorefractive layer equals to εPh = 200 at temperature T = 300 K.

Typical parameters for experiments with hybrid photorefractive cells are: the wavelength of the
incident light beams, λ = 532 nm; the CLC cell thickness, L = 10 µm; and the director pretilt angles
at the CLC cell substrates, θ01 = 12◦, θ02 = −12◦. In the case of the Mauguin regime, the CLC
pitch is comparable to the cell thickness. Such a situation takes place for nematic LC twisted due
to the boundary conditions or doped with a small concentration of the chiral agent. For numerical
calculations, we take a nematic LC TL208 supposing that it can contain a small concentration of some
chiral agent providing the necessary twisting. The LC TL208 ordinary and extraordinary refractive
indices are no = 1.527 and ne = 1.744, respectively, and the low-frequency dielectric constants are
ε̃‖ = 9.1 and ε̃⊥ = 4.1 [12]. These experimental parameters provide an estimate of the possible
values of the cholesteric pitch satisfying the condition of the Mauguin regime at p > 2.45 µm.

Replacing the flexoelectric parameters r1 and r2 by their effective values, we use the
phenomenological expression ri,e f = ri

(
1 + µq2

|Esc|
2
)

proposed in paper [12] with the fitting parameter

µ = 2 · 10−21 J−2C2m4 estimated in [12] for the LC TL208. The values of parameters r1 and r2 are
not known for TL208, however, they were measured in other LCs [21–24]. A value of the order of
1 Cm−1N−1 can be regarded as typical for the absolute values of the above flexoelectric parameters.

In Figure 3, we show the dependence of the gain coefficient on the director grating spacing
Λ = 2π/q for different values of the director helix pitch at the different values of the flexoelectric
parameter r2 keeping the flexoelectric parameter r1 unchanged. When the director helix pitch is large
enough (for example, p = 2L as in Figure 3a), the gain coefficient dependence on the director grating
spacing has a nematic type (i.e., the gain coefficient has positive values in the entire range of Λ as,
for example, seen in Figure 1a) for all values of the flexoelectric parameter r2. Decreasing of the helix
pitch leads to the change of the gain coefficient behavior from the nematic type to the cholesteric type
(that is, with increasing Λ, negative values appear with a minimum), but only when the parameter r2

is negative (compare Figure 3a,b with Figure 3c,d).
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As the calculations show, for a large director helix pitch such that p > 2L the value of the pitch
does not practically influence the gain coefficient value for all reasonable values of the parameter r2.
In this case, the influence of the parameter r2 on the gain coefficient becomes negligibly small and
the gain coefficient depends only on the flexoelectric parameter r1. This agrees with the results of
the paper [12], where it is shown that the gain in the hybrid nematic LC cells depends only on the
parameter r1.

Influence of the flexoelectric parameter r1 on the gain coefficient for the cases p = L and p = L/4
is shown in Figure 4a,b, respectively. For both the nematic and cholesteric types of the gain behavior,
a change of the parameter r1 does not change the character of the gain coefficient dependence on the
grating spacing. However, extremes of the gain coefficient increase with an increase of r1.
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In our theory, beams coupling and gain of the signal beam are determined by the interaction of
the photorefractive field with the LC flexopolarization P f = e1n∇ · n + e3(∇× n× n), where the first
and second terms are connected with the splay and bend director deformations, respectively [17]. It is
of interest to clarify the role of these director deformations in the case of the nematic and cholesteric
type behavior of the gain coefficient. For this, we study the influence of the flexoelectric coefficients e1

and e2 on the gain, where the flexoelectric coefficient e1 is responsible for the contribution of the splay
director deformation and the flexoelectric coefficient e3 is responsible for the contribution of the bend
director deformation.

Influence of the coefficients e1 and e3 on the gain coefficient is shown, respectively, in Figure 5a,b
for the case p = L when the nematic character of the gain coefficient behavior takes place. It can be seen
that in the entire region of the grating spacing, which is usually used in experimental measurements,
the contributions from the splay and bend director deformations are of the same sign and comparable.
For two-beam energy exchange in the nematic LC, only the sum of the flexoelectric coefficients, e1 + e3,
appears [12] and is consistent with this theoretical approach.

For the cholesteric case (p = L/4), the influence of the coefficients e1 and e3 on the gain coefficient is
shown in Figure 6a,b, respectively. Comparing Figure 6a,b we can see that in this case the contributions
from the splay and bend director deformations are comparable and have the same sign only at small
grating spacings. At larger grating spacings, the contribution from the bend director deformation has
the opposite sign and prevails, providing the observable cholesteric behavior of the gain coefficient,
which is again consistent experimentally.
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5. Conclusions

The dependence of the signal beam gain coefficient on the director grating spacing, Γ(Λ),
observed in the cholesteric LC, can arise in the LC cell with the director twisting only when the
flexoelectric parameter r2 is negative. For typical parameters of hybrid LC cells used experimentally
for two-beam energy exchange, the cholesteric type of Γ(Λ) can appear when the director helix pitch
becomes smaller than the cell thickness. If the parameter r2 is positive, the gain coefficient dependence
on the director grating spacing at any cholesteric pitch has a character observed in the nematic LC.
For small director twisting such that the director helix pitch noticeably exceeds the cell thickness,
the influence of the parameter r2 on the gain coefficient becomes negligibly small. Value of the
flexoelectric parameter r1 does not influence the character of the gain coefficient dependence Γ(Λ);
however, the extremes of Γ(Λ) increase with increasing r1.

When the dependence Γ(Λ) is of the nematic type the contributions into the gain coefficient from
the splay and bend director deformations have the same sign and are comparable in all intervals of the
grating spacing Λ. In the case of the cholesteric type of Γ(Λ), the contributions from the splay and
bend director deformations are comparable and have the same sign only at small grating spacings.
At larger grating spacings, the contribution from the bend director deformation has the opposite sign
and prevails, providing the observable cholesteric behavior of the gain coefficient.
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