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Abstract: We study 4 x 4 games for which the best response dynamics contain a cycle.
We give examples in which multiple Shapley polygons occur for these kinds of games. We
derive conditions under which Shapley polygons exist and conditions for the stability of
these polygons. It turns out that there is a very strong connection between the stability of
heteroclinic cycles for the replicator equation and Shapley polygons for the best response
dynamics. It is also shown that chaotic behaviour can not occur in this kind of game.
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1. Introduction

Identifying cycles in games is easy, but it is not easy to analyse the qualitative behaviour of these
cycling structures. It is a priori not clear, if these systems lead to convergence to an interior fixed point,
to an periodic attractor or to chaotic behaviour. For example even the structure of the simple RSP
game can either lead to convergence to a Nash equilibrium or to convergence to a periodic orbit for
the best response dynamics. In [1] the RSP game was analysed—besides some other low dimensional
games—for the best response dynamics and the results were compared to results for the replicator
equation. A strong connection was found between the limit set of time averages of the orbits for the
replicator equation and the w— limits of the best response dynamics. A later paper [2] shows that this
connection was not specific for these games but is true in a more general sense. It is shown in this paper
that the limit set of the time averages (of orbits starting in the interior) for the replicator equation is a
subset of the maximal invariant set for the best response dynamics. Cycles for low dimensional games
for the replicator equation are for example thoroughly analysed in [3,4]. In these papers conditions are

given under which so called heteroclinic cycles are attracting or repelling. Permanence is an important
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property in evolutionary game theory and the existence of an attracting heteroclinic always excludes the
possibility that a system is permanent. Permanent means—biologically speaking—that all species are
safe from going extinct. We will show equivalence between permanence for the replicator equation and
the non existence of Shapley polygons for the best response for so called monocyclic payoff matrices.

We will also analyse games with embedded RSP cycles for the best response dynamics and give
a classification as complete as possible for them. A comparison of the results for the best response
dynamics to those for the replicator dynamics is made with respect to [2] where the strong connection
between the time average for the replicator equation and the invariant sets for the best response dynamics
is shown. For the analysis of the best response dynamics we construct a two dimensional return map.
Surprisingly this return map is very similar to the return map for the analysis of the replicator equation
in [3], to be more precise the transition matrices are identical. These transition matrices play an important
role in the analysis and as they are identical we get the equivalence of the existence of Shapley polygons
for the best response dynamics and the existence of a relatively asymptotically stable heteroclinic cycle!.
In this paper some counterexamples are given for some conjectures that might be drawn from the analysis
of RSP game for the best response dynamics. It is shown that the invariant set V; for the RSP does not
have to be invariant in 4 x 4 games. It is also shown that V' (x(¢)) is not always a good Ljapunov function.
As a ‘side product’we get that for this class of games no chaotic behaviour can occur.

The paper is structured as follows: It starts with some general assumptions on the payoff matrix. The
main results of this paper and their discussion with respect to earlier results for the replicator equation
can be found in Section 3. In Section 4 examples are provided for different asymptotical behaviour for

these kinds of games. The remaining sections contain the construction and analysis of the return map.
2. Preliminaries and Assumptions on the Payoff Matrix A

In this work we will deal with finite, symmetric 2 person normal form games. The player’s payoffs
are summarised in the (n x n) matrix A where a;; describes the payoff of strategy ¢ against strategy j.

A:<(lij>, i,j:]_,...,n

The expression A|; always describes the payoff matrix for a game restricted to the strategies contained
in the index set /. (If there is no risk of confusion the index set I will not be written down explicitly.)

We use the following notation in this work
A, ={x€eR":x; >0and inzl}
i=1

which represents the (n — 1)-dimensional simplex. Vectors are written in bold letters e.g x. The i-th
vertex of the simplex is denoted with e;. The standard scalar product of two vectors u and v is written in

the following way

ISee [3] for a precise definition of relatively asymptotically stable. In this context it means that the heteroclinic cycle I'
attracts an open set U and possibly I' is not contained in U but I is contained in the closure of U.
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u-v:= Z U;V;
i=1
Lastly we define the set Rf} by
Rg::{XER":Z@:O}
i=1

If there is no risk of confusion, we will call the vertex e; sloppily 7. In this paper we will analyse
games for the best response (or best reply—used equivalently) dynamics (see [S]), which is of the
following form

X € BR(x) — x (1)

where BR(x) stands for the set of best responses to a given state x. As mentioned we will compare the

results of the qualitative behaviour to the behaviour of the replicator equation [6].

We define the set B¢, which is the set of all x € A,, for which i is the unique best reply against x.
More generally, we define BX with K C {1,....,n}, K # 0, the set of all x € A,, for which all pure

strategies in K are a best response against X and there are no other pure best responses,

BX :={xe€A,: k€ BR(x) Vkc Kandj¢ BR(x)forj g K} (3)

Definition 1 In this paper we call a game generic, if
(1)BY = 0 or dim BX = n — card(K) for all nonempty K C {1, ...,n} and 4)
(i4) O_ = A, (5)
hold.

Following [6] and [7] we state the following lemma

Lemma 1 Let
VA, =R, V(x):=max(Ax), (6)

and let the payoff matrix A = (a;;) be normalised in the way that a;; = 0 holds for all i = 1, ..., n then
V satisfies V (x) = —V (x) for all x € B’ and hence |V (x(t))| is strictly decreasing along the piecewise
linear solutions to (1) inside each B7.

Moreover, if x(t) is in \J; B? for almost all t > 0 we get V(x(t)) — 0 ast — oc. In other words the

orbits converge to the set Vi, which is defined as

Voi={xe€A,: V() =0} (7)
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Definition 2 A periodic orbit I" under the best response dynamic is called a Shapley polygon.
Let us now introduce better and best reply cycles.

Definition 3 If a;; > ay; for all k # j and aj; > a;; hold, we call this a best response arc® from e; to e,

and write symbolically e; — e;.

This simply means that j is the unique best reply to 7 and j is a better reply against itself than ¢. This

gives rise to a directed graph G for all best response arcs.

Definition 4 We call a cycle in this directed graph G a best response cycle.

For example if the graph is e; — e; — e3 — e, —» €5, then the best response cycle connects ey, e3 and
e4. Clearly, a game can have more than one best response cycle, but these cycles are disjoint. Note that
neither a best response cycle nor a best response arc have to exist.

In analogy we define a better reply arc from e; to e;, if a;; > a; and a;; > a;; hold and write

symbolically e, — e;. Again we get a directed graph G and cycles in this graph G are called better
reply cycles. Note that better reply cycles do not have to be disjoint and every best reply cycle is also
a better reply cycle. If there is no risk of confusion we will write only the best response (or reply)
cycle 1234 instead of e; — €2 — e3 — e4 — e;. We also write the better reply cycle 1234 instead of

€, — € — €3 — €4 — €.

In this paper we are especially interested in games with a full better reply cycle, which means a cycle
exists using all pure strategies. This also means that no pure strategy can become a Nash equilibrium.
Despite this cycling behaviour, there is no need for a periodic orbit to exist for example because Nash
equilibria can attract all orbits (see for example Section 7). On the one hand it will turn out that the
number of Nash equilibria is very hard to predict (see Section 4); on the other hand it will turn out that
for certain classes of payoff matrices only solutions for a set of measure 0 of starting values converge to
a Nash equilibrium.

Throughout this paper we consider the following payoff matrix A

0 —C2 t3 €4
A= (a> _ €1 0 —C3 t4 (8)
“ tl €2 0 —Cy4

and assume the following for all 7 for the payoff matrix A, unless stated otherwise

(1) €; ©)
(17) ¢; > 0, (10)
(230) if t; > O then t;1o < 0 and (11)
(iv) the game is generic as in Definition 1 (12)

2We follow here the terminology from graph theory, see for example [8].
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This notation is from [3], in which the stability of so called heteroclinic cycles for the replicator
dynamics was analysed. A heteroclinic cycle corresponds to a better reply cycle. The e;s stand for
the expanding eigenvalues in direction of the heteroclinic cycle, the ¢;s correspond to the contracting
eigenvalues along the heteroclinic cycle and the ¢;s are the eigenvalues transverse to the heteroclinic
cycle. Note that we can only speak of eigenvalues with respect to the replicator equation®.

Remark The assumptions (9) and (10) guarantee the existence of a heteroclinic cycle for the replicator
equation. A heteroclinic cycle is a union of orbits U?:1 x;(t) (together with their o and w limits, which
are fixed points for the system), for which the w-limit of x;(¢) is the a-limit of x; 1 (¢) (with ¢ + 1 taken
modulo n). The stability of such heteroclinic cycles has thoroughly been studied in [3,4].

Remark (9) and (10) assure that a better reply cycle e, — e, — e3 — e; — e exists for A.
Whereas (11) assures that no restricted two strategy game has a stable interior Nash equilibrium. This is
easy to see: If both ¢; and ¢; 5 are greater than zero, we get the following structure in the corresponding
matrix of the restricted game

0 +

Piipo = L0

which means that the interior Nash equilibrium of this restricted game is attracting. This is the only way
to get a stable interior equilibrium. If we have two opposite signs, there is no interior equilibrium and if
there are two minus then the interior equilibrium is repelling.

The assumption in (11) seems to be somehow arbitrary, but we want to exclude a kind of forced
movement * as example 1 should explain.

Example 1 We take the following payoff matrix A

0 _9 15 4
64 64 60

9 0 _3 5

A— 32 16 16
3 3 g _1
32 8 4

5 1 1
32 8 2 0

Note that our assumptions (9)-(10) hold for this matrix, but (11) is violated, because all the t; are

positive. This example also shows that V (x(t)) is not always a good Ljapunov function. This matrix has

N _ (860 361 181 15
123471 18997 1899 6337 211

a unique Nash equilibrium

But the minimum of V (x) = max;(Ax); is not attained at the equilibrium N34, but at the point m =

(511

5 90 3 O). Its value there is

3
=55 = 0.09375

3These eigenvalues are calculated with the help of the Jacobian at the rest point. It turns out that a;; — aii is the eigenvalue
at e, in direction e;, see [6]

4Forced movement occurs quite often in the field of differential inclusions, but we do not want to deal with it for this class
of payoff matrices, see for example [9]. An example for forced movement also occurs in example 1 where the orbit is forced
to continue in a certain direction. This direction is the result of two adjacent vector fields.

V(m)
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whereas its value at the Nash equilibrium is

81
V (N1234) - @ = 009597

Along the line segment s, which connects m and Ny934 the pure strategies 2, 3 and 4 are best responses.

Figure 1. Sufficiently close to the line segment s, the dynamics is similar to the dynamics
for the restricted game Al|34. Every orbit hits the set B%4, shown by the arrow in the
figure. Inside this set there is a forced movement towards the unique Nash equilibrium of the
restricted game.

Therefore if we start in this segment the solution x(t) heads towards the unique Nash equilibrium
Nozy = (0, 1—73, %, %) of the restricted game A|szy and Nis34 is reached in finite time (Along such
an orbit V(x(t)) does not decrease!). Moreover there is a two dimensional manifold, in which 2
and 4 are the best responses, hence every orbit inside this set tends towards the Nash equilibrium
Ny = (O, g, 0, %) of the restricted game. After finite time s is reached and Nia34 is reached in finite
time again. The movement inside B** is forced in the way that orbits close by want to cross B** from
both sides. Thus the resulting movement is towards Noy. We can describe the dynamics for the game
as follows. Some orbits that head for pure strategies cycle towards N1234 and reach it in finite time. All

other orbits (especially those x, with V (x) < V(N1a34)) converge via s to N34 in finite time.
3. Main Results

In this section the main results of this paper are summarised. The following lemma is a central part
for the analysis. It shows the form the return map which plays a crucial role in the analysis of the best
response dynamics. One big advantage is that this map is of lower dimension than the game. Due to the
lower dimension the map is easier to analyse, but no information on the global dynamics is lost. This is
in contrast to the analysis of the replicator equation in [3] where the cross sections for the return map are
placed near fixed points (the vertices) via a linearisation. These fixed points cannot be Nash equilibria of
the game and hence no information on the behaviour close to Nash equilibria can be achieved directly by
this method. This is especially true with respect to the interior Nash equilibrium. Whereas for the best
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response dynamics these cross-sections for the return map are given more naturally and no linearisation
is needed. Almost all orbits for the best response dynamics cross a transition face and so this allows
us for the best response dynamics to give results for almost all orbits. Moreover for some cases we are
also able to give some general results about the existence and stability of Nash equilibria. Especially
for the interior Nash equilibrium Nj434, if it exists, we can give very precise results about its stability.
Clearly if we can state a result on the existence of a Nash equilibrium for the best response dynamics it
automatically applies for the replicator equation. The focus in [3,4] was on the study of the heteroclinic
cycle and hence no results on the Nash equilibria were given.

Lemma 2 If there is an orbit from B~ to B%*! the map from B~ to B¥"*! can be written in the

form (after an appropriate parametrisation):

Pu

= —— EZRZ RZ
1+dz-~u’ + 7 B

where P; is a 2 X 2 matrix. This is a central projection and the center of the projection (see Section 6.3)
is the best response vertex.
If there is an orbit from B*~1" to B™™Y" following the full cycle the map from B~ 1" to B can be

written in the form (after an appropriate parametrisation):

M(u) - Pu

where P is a 2 X 2 matrix.

Surprisingly the transition matrices for the stability analysis of the replicator equation in [3] are
identical to the transition matrices found for the best response dynamics (after a careful choice of
variables). Some technical difficulties arise in the analysis of the best response dynamics. This results
from the placement of the cross-sections and the fact that the return map II is a fractional linear map
and hence a priori the map is not defined for all x € R2. For the replicator equation there must exist an
orbit from one cross-section to the next, if only the neighbourhood is chosen small enough. This follows
directly from the form of the differential equation: &; = z; f;(x). (In fact there are some other technical
difficulties for the replicator equation, regarding the mapping from one cross-section to the next. These
problems concern the shape of the image of the domain, which plays an important role in the analysis.)
For the best response dynamics it is not clear if there is always an orbit from one cross-section to the
next. Preliminarily this can only be guaranteed if an interior Nash equilibrium exists (because in that
case no strategy is dominated and so each pure strategy is used for some Xx), but as the examples in
Section 4 below show it is not always true that an interior Nash equilibrium N;»34 exists. Thus we have
to show that no strategy is dominated to prove that there is in fact always an orbit from one cross-section
to the next. The problem with the denominator of the map can be solved by using a compactification of
R? by introducing the real projective plane RP? (in short notation ?). This is a detour, which was not
necessary for the analysis of the replicator equation. But the gain for the best response is that we get
more global results. To be more precise in [3,4] all results are local results. In contrast all statements
found in this work apply at least to all orbits following a specific cycle. This means in a lot cases a result

about almost all orbits.
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Let us now turn to the concrete results on the best response dynamics. We start with a result on so
called monocyclic matrices. The terminology follows [7] and it describes a payoff matrix for which all

t;s are negative and hence the matrix only contains one better reply cycle.

0 —C2 tg €4
0 - t
A= €1 C3 4 (14)
tl €9 0 —Cy4

where ¢; > 0, e;, > Oand ¢; < O for¢ = 1,...,4. In [10] is shown that for games with monocyclic
payoff matrix and an interior Nash equilibrium x* all orbits converge to the interior Shapley polygon if
x*- Ax* < 0 holds. We used a different approach for the return map as in [10] and get more information
on the global dynamics. Proposition 16 below gives a complete classification of the attractors for
monocyclic matrices and hence a more precise result on the existence of a Shapley polygon. Additionally
we get conditions for the stability of the interior Nash equilibrium. In [6] a list of equivalences for
monocyclic games is given. With the help of the return map and some considerations on the index of
the Nash equilibria we can completely classify 4 x 4 monocyclic games see Section 7 below. The only
parameters needed for the classification are det(A), Ile; and Il¢;.

A behaviour can be observed similar to a supercritical Hopf bifurcation for monocyclic payoff
matrices. In case Ni934AN234 is smaller than O there exists a Shapley polygon. In case Ni934AN1934 = 0
holds this polygon shrank to the point Nj234. We will call this a degenerated Shapley polygon. In case
Nia34+- AN7934 > 0 no Shapley polygon exists.

Theorem 3 Let A be a monocyclic payoff matrix. Then the following statements are equivalent

(i) There is no (possibly degenerated) Shapley polygon for the best response dynamics.
(ii) All orbits converge in finite time to the interior Nash equilibrium Nys34.
(iii) The system is permanent for the replicator equation.

This result shows the strong connection between the replicator equation and the best response
dynamics and it follows immediately from [2] that at least the time average of every interior orbit
for the replicator equation converges to the interior Nash equilibrium. So by giving a classification
for the best response dynamics for monocyclic games we automatically improve some results for the
replicator equation.

The next two theorems give some results on payoff matrices with one additionally embedded
RSP cycle.

Remark There are some recurring terms in the following results and throughout the analysis in the

sections below (mainly in Lemma 11). To enhance readability we summarise these terms here.

21 = —(Clegtg + Czegtl + tltztg)
22 = —<02€3t4 + C3€4t2 + t2t3t4)
e = Ile;, c=1Ile; andg= (\/_—\/E)2
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Y31 and X5 can be interpreted as the stability criteria for the Shapley triangle to exist in the full game.
If the restricted game A|( 23y has a Shapley triangle then 3, < 0 assures that it still exists in the full
game. The same holds for Y5 and the 234 restricted game. The expression det(A) > —g is equivalent to

the requirement that the return matrix (13) has a real eigenvalue.

Theorem 4 Let A be a payoff matrix as in (8) with t154 < 0 and t5 > 0. Then the game has an
interior Shapley polygon, which is locally attracting if det A > 0 or e < c and one of the following
conditions hold.

(i) X1 >0
(ii) X1 < 0,35 > 0 and det A > max {e — ¢+ 2t4ACY — 2, A0 —q}

For (ii) there are two interior Shapley polygons. One is locally attracting and one is a saddle. To be more
precise every orbit following the 1234 is either attracted by the attracting Shapley polygon or repelled
(except a two dimensional manifold) by the saddle-type Shapley polygon to follow a different cycle after
some time.

This is exactly the same result as in [3] for the existence of relatively asymptotically stable heteroclinic
cycle following the cycle 1234. Again note that that this result is not simply local. It is a result for all
orbits following the 1234 cycle at least once. The next theorem shows that the return map for the best
response dynamics is again more ‘powerful’than for the replicator equation and gives a result on the

existence of the interior Nash equilibrium and its stability.
Theorem 5 Let A be a matrix as in (8) and let t; 54 < 0 and t3 > 0 hold. If ejests < |t1|cacs holds and
(a) 31 < 0 holds, then an attracting Shapley polygon following the 123 cycle exists.

(b) X1 > 0 holds and no interior Shapley polygon exists (see theorem 4) then an asymptotically stable

interior Nash equilibrium N1934 exists.

Theorem 4 together with Theorem 5 also give conditions under which an attracting Shapley triangle,
an attracting Shapley polygon in the interior and a second interior Shapley polygon, which is a saddle,
exist. The theorem above also provides a connection between the existence of an attracting Shapley
polygon and the stability of the interior Nash equilibrium. And hence it draws a connection to the
existence of heteroclinic cycles and the interior Nash equilibrium, which was not done in [3] and [4].

The next theorem presents some statements on games with two embedded RSP cycles.

Theorem 6 Let A be a matrix as in (8) and let t; < 0,t5 < 0 and t3 > 0,t4 > 0 and let X1 > 0 and
Y9 > 0 hold. Then if

(i) det(A) > 0 or e < c hold then an interior Shapley polygon exists, which attracts almost all orbits.

(ii) —q < det(A) < 0 and e > c hold then an interior Nash equilibrium Nya34 exists, which is globally
asymptotically stable.
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Note that the results from Theorem 5 can be also applied so with two embedded RSP cycles it also
possible to construct examples with two Shapley polygons on the boundary. One following the 123
cycle and one following the 234 cycle. It is important to note that the return map per se only allows
a statement that the interior Nash equilibrium N34 is relatively asymptotically stable (for a definition
see [3]) with respect to the set of orbits that follow the 1234 cycle. But on one hand we know for the
best response dynamics (especially when no orbit can follow a cycle different to 1234 infinitely many
times) that only a set of measure 0 does not converge to the interior Nash equilibrium and on the other
hand in cases mentioned above we were able with some additional considerations to show that no other

Nash equilibrium can exist and hence the interior equilibrium is globally asymptotically stable.
4. Examples

In this section some examples for the different cases in the sections above are presented. These
examples show that there is no connection between the support of the Shapley polygon and the support
of the Nash equilibria. There is also no connection between the global dynamics and the Nash equilibria.
The examples will also show that the support of the best reply cycle and the support of the cycle the
Shapley polygon follows, do not have to be identical. There is also an example, where the support of
the unique Nash equilibrium is not contained in the best reply cycle. Under this assumption the Shapley
polygon can be seen as another solution concept for games which only have unstable Nash equilibria.

Example 2 This example has a unique Shapley polygon. It lies on the 123 face and the game has
no interior Nash equilibrium. Note that the best response cycle connects the strategies 234, while the
attracting Shapley polygon follows the 123 cycle (Theorem 4). So the support of the best response cycle

does not have to be contained in the support of the attracting Shapley polygon and vice versa.

0 -1 & 1
1
Al 0 =52
-1 1 0 —4
-1 =15 1 0

The unique Nash equilibrium is given by

_(u 10 2
N123_<81 81 27 0>

Example 3 The second example has a unique Shapley polygon on the 123 face (Theorem 4) and a
unique Nash equilibrium on the 124 face. This example stresses the non-correlation of Nash equilibria
and Shapley polygons as neither the support of the Nash equilibrium is contained in the support
of the Shapley polygon nor is the support of the Shapley polygon contained in the support of the

Nash equilibrium.
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The unique Nash equilibrium is given by

N124:<ﬂ 20 0 ﬂ)

697 41 697

Example 4 The following example has one Nash equilibrium but no interior. The consequence is that
it is not necessary to have an interior Nash equilibrium, if there is a Shapley polygon with full support.
The Shapley polygon on the boundary lies on the 123 face, whereas the best response cycle connects 234
(Theorem 5).

1
3
1 0 -2 2

The unique Nash equilibrium is given by

_ (1 4 3
N123_<30 15 10 0)

Example 5 The last example has two Shapley polygons on the boundary and one in the interior. The
two Shapley polygons on the boundary lie in the 123 and the 234 face (Theorem 6).
12623
0 =2 20000 1

0 _1L 381
A— 100 10

-3 1 0 -10
-1 -3 1 0

The unique Nash equilibrium is given by

Nioe — 19223 57092 36000
123 256315 256315 51263

We get two attractors (Shapley polygons) on the boundary and an interior unstable Shapley polygon.
Additionally there is one orbit from the 234 face that moves towards Nis3.

5. General Properties of the Dynamics

The following lemma gives more insight in the solutions of the game with payoff matrix A and the

assumptions made in the beginning.

Lemma 7 Let A be a payoff matrix of the form (8) with the assumptions (9)—(12). Let x € B’ with
i = 1,...,4 then there exists a T € (0, 00| such that the solution x(t) is unique for t € [0,T] and
x(t) € Ui, B' holds for almost all 0 < t < T. Fort > T the solution x(t) is no longer unique or there
is an interval I = [t', "] such that the orbit x(t) & \J;_, B! fort € I.

If T < oo holds, then either an interior Nash equilibrium is reached in finite time or x(t) converges for

t — oo to a Nash equilibrium on the boundary. If T = oo holds, then x(t) — Vy as t — oc.

Remark Note that assumption (11) is needed for this lemma, which excludes forced movement. In

general we cannot predict the behaviour of the orbit after the interior Nash equilibrium /N;534 is reached
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via a forced movement. If Njs34 1s the unique equilibrium the orbit cannot leave V1934, but if the game
has several Nash equilibria, then uniqueness is lost and it is possible to continue the path towards each
equilibrium at any time. If, for example, V3 exists the orbit can move towards Vi3 and then can move

towards strategy 1 or 3 at any time. In this case the orbit reenters the set U?:l B

Proof x € B* means that

(Ax); > (Ax); V) #i

which means that the orbit has to move towards e; and hence can be written as
x(t) =e'x+ (1 —e e
for ¢ small enough. If we look at (after a change of time ¢ — 1 — e™%)

Ax(t) = Ax + tA(e; — x)

we can calculate, which strategy becomes the next best response. Ae; is simply the i-th column of the
matrix A = (a;;). We know by (9) and (10) that a;; = 0, a;+1,; > 0 and a,_1; < 0. Now there are two

possibilities for a; 2 ;, which corresponds to ¢;. It can be greater or smaller than zero.

® G190 < 0:
In this case it is obvious that only the payoff of the (i + 1)-st strategy is increasing and for some ¢

(Ax(£)); = (AX(}))i+1 > (AX(F))ir2irs

which means that x(£) € B! or in other words the best response is not unique at this moment. To
find out the possible solutions we have to look at the restricted game in which only these strategies
are used, which are best replies at the moment. The orbit can move in the direction of any Nash
equilibrium of this restricted game A|;,,, = (ay), ,m = 14,7 + 1.

This restricted game A|;,, has only one Nash equilibrium E;; (because of (9) and (10)). Thus the
path can only be continued in one way, so x(¢) enters B*™!, which means that the solution stays

unique.

® ai9;>0:
By (11) we know that in this case a; ;12 < 0 must hold. Now three strategies can become best

replies which means that we have three possibilities
- x(t) € B¥ !
as before x(t) € B! fort > .

- x(t) € B¥"*?
as before x(t) enters B2 for t > .
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— x(f) € BiitLi+2
We have to look at the restricted 3x3 game and check for all possible Nash equilibria. The
matrix has the following sign pattern.

a; =0 i1 <0 @42 <0
Aiivtivz = | @ix15 >0 G101 =0 Gig1,i40 <0
Ait2; >0 Aig2i41 >0 g2 =0

so it is easy to see that this game has also only one Nash equilibrium (the pure strategy i + 2).

Hence the solution x(¢) remains unique and enters B*™2.

To show the second part of the lemma we first assume that 7' = oo then we know from Lemma 1
that x(¢) converges to the set 145. Now assume that 7" < oco. Using Lemma 8 (see below) we know
that the orbit x(¢) ultimately follows only one better reply cycle. We distinguish between the following
two cases.

e The orbit follows the cycle 1234 for ¢t < T'.
We show that in this case the interior Nash equilibrium is reached in finite time. Take the sequence
x(t) of turning points (note that at these points at least two strategies have the same payoff), then
the sequence t; converges to 7. The map ¢ — (Ax(t)), is continuous for i = 1,...,4. As the
orbit follows the cycle 1234 along one cycle of the orbit the payoff of each strategy is equal to its
successor, so because of continuity as the difference between ¢, and ¢, can be chosen arbitrarily
small, the difference between the different payoffs gets also arbitrarily small. Thus for ¢t = T
all payoffs must be equal. This means that all strategies have the same payoff after finite time.
It is not possible to reach the boundary (from int A,) so the orbit must reach an interior Nash
equilibrium in finite time. To make this verbal argument more precise take a sequence of ¢1; such
that (Ax); = (Ax)s holds and ¢ such that (Ax); = (Ax)3 and so on. Each of these sequences

tix, © = 1,2,3,4 converges to T" and hence at 7" the payoffs for all strategies must be equal.

e The orbit follows the cycle 123 (which we can choose without loss of generality). Note that this
can only happen if the 123 better reply cycle exists, e.g. t; < 0 and 3 > 0. We can use the same
argument as for the cycle 1234 that for x(7) at least strategies 123 must have the same payoff.
This means that at x(7") the following holds

e -Ax = ey AX = e3- Ax > e4- Ax

If all strategies have the same payoff a Nash equilibrium is reached, so we assume now that we
reach a point x(7°), where only 123 are the best replies. To continue the orbit, we have to look at
the restricted game A|93. It follows from assumptions (9)-(11) that this is an RSP game. Thus if
supp (x(7)) = 123, then the orbit has reached a Nash equilibrium. This can only happen if the
starting point of the orbit was already in the 123 face.

If supp (x(77)) # 123 then the orbit moves towards the unique Nash equilibrium of the RSP game.
Along this movement the payoff of strategies 123 change at the same rate, only the payoff of
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strategy 4 changes differently. Therefore the orbit either hits an interior Nash equilibrium (if
it exists) or converges to the unique Nash equilibrium of the RSP game (which is also a Nash
equilibrium of the full game). This means we either get x(7") = Nja34 or X moves towards Nia3.

Remark We can formulate the last statement in the proof above a bit stronger. Suppose 7' is finite and
the orbit x(¢) follows the 123 cycle and reaches at time 7" a point p with payoff Ap = (a, a, a, b) with
a > b, then the orbit reaches an interior Nash equilibrium V34 if and only if the Nash equilibrium N3
of the restricted RSP game A|93 is no Nash equilibrium of the full game. This follows directly from the
fact that the payoff of the fourth strategy changes differently to the payoff of the strategies 123.

Lemma 8 An orbit x(t) can switch between better reply cycles at most once.

Proof We show this without loss of generality for the 123 and 1234 cycles. First note that for the
possibility to switch between these two better reply cycles, there must be some orbits, which follow
the 123 cycle and some orbits which follow the 1234 cycle. Now let x be an orbit, which follows
the 123 (at least once). Hence this orbit must cross the sets B2, B?3 and B3!. Now let y be an orbit
which follows 1234. This orbit must cross the sets B'2, B?3, B3* and B'. If we start in B3 then
31 and 34 can become best replies. Thus there is a subset of B3 which is mapped to B34, which is
a one dimensional set by our assumption that A is generic. Hence the preimage of B*** on B? is a
line segment s. The orbits starting in s and moving to B3* span a plane P in B3, which separates the
orbits that follow the 123 cycle and the orbits that follow 1234. Because of the uniqueness of solutions
in each B’ this plane P can only be crossed in one way and hence switching between cycles is only

possible once.
An immediate consequence of this lemma is
Corollary 9 For a matrix fulfilling (8) no chaotic behaviour can occur.

The results for the RSP game with respect to V[, possibly gives rise to the idea that the behaviour is
identical for a 4 x 4 payoff matrix in the sense that if 1} is not empty it is already an attractor. The
following example 6 shows that the set V; in general neither has to be attracting nor invariant. It is
possible to enter or leave this set in finite time.

Example 6 We take the following payoff matrix

0 -1 1 4
1 0 -8 2
A= 4 (15)
-1 3 0 -1
-1 2 5 0

This payoff matrix has a unique Nash equilibrium Ny934 = (%, %, %, %) with

101

N = N AN -
V( 1234) 1234 1234 3155 >
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but the minimum of V (x) is attained at ¥ = ({5, 28, 22 0) with V(x) = —2%. The results from

Theorem 6 above show that almost all orbits converge to the interior Nash equilibrium.

Figure 2. The set V} is shown by the green pyramid. The red orbit connects X, the top of the
pyramid, the Nash equilibrium Nj34 and the target point N3, for the line segment spanned
S by x and N1234.

But besides the result from this theorem we can give a complete description of this game. The set 1}
is a pyramid with top p = (43/157, 121/1099, 57/1099, 620/1099). At this point the payoff vector Ap
is of the form (—w, 0, 0, 0) where w > 0. This means the trajectory starting at p continues towards the
unique Nash equilibrium Nas3, of the restricted 234 game Na34 = (0, 51/1180, 29/1180, 55/59). (Note
that Ny34 is not a Nash equilibrium of the full game!) Inside the pyramid V' (x) < 0 holds and outside
the pyramid V' (x) > 0 holds. So every orbit that starts inside the pyramid reaches the line segment s
(spanned by x and Nj934) in finite time, where 234 are the best replies. (This means the orbit reaches
a point, where its payoff vector is of the form (—b, —a, —a, —a), with b > a). In s the orbit moves
towards Nogy, passes p and reaches V1934 in finite time. Close to s the dynamics is the same as for an
RSP game with attracting Nash equilibrium.

Every orbit that starts in Vj spirals (following the cycle 234) towards p and reaches it in finite time,
but after an infinite number of turning points! Then again the orbit reaches Np,34 in finite time. Orbits
outside the pyramid behave similar to the orbits inside, they spiral towards s reach it in finite time and
thus reach the Nash equilibrium Njs34 in finite time. In this example every orbit reaches Njs34 in finite

time. Therefore Nyo34 is globally asymptotically stable.
6. Construction and Properties of the Return Map

The previous example showed that the analysis of the set V} is not sufficient to analyse 4 x 4 games.
So another tool is needed. We will introduce the concept of Poincaré or —also called— return maps in
this section. We just give a rough concept, which should be made intuitively clear by figure 3 below.
For more detailed information and all the technical assumptions needed see for example [6]. To create

a return map we simply take a cross-section and a starting point p in this cross-section. We now follow
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the orbit p(¢) until it returns to the cross section for the first time. We denote this new point in the cross
section by p’. The map p — p’ is called the return map. This map can be used to find periodic orbits,
fixed points and to check their stability.

Figure 3. A simplified drawing of the kind of return map we will use below.

transition_face 1 transition face 2

cross—section

We will use a set B~ as the cross-section and hence this set is the domain for our return map
(which will be defined later). Since solutions are piecewise linear it is not possible to calculate the return
map at once. Instead of doing so we have to calculate four transitions maps and glue them together to
obtain a return map. First we have to find a proper parametrisation of our four cross-sections. (These
cross-sections are simply given by B2, B*, B34 and B*! which correspond to the cycle given by the

structure of the matrix.) It turns out that the following parametrisation of the set B'~! is very useful
m = (m;) = ((Ax); — (Ax);) forx e B (16)

We get m > 0. Without loss of generality we assume that m # 0 (if m = 0 then x is an interior
Nash equilibrium as all payoffs are equal there. This parametrisation can be interpreted as an incentive
function, since it measures the relative success of strategy ¢ compared to all others.) Hence the domain
for our special parametrisation is a convex subset of R? or is empty, which means that no orbit follows
the full cycle.

We calculate the transition from B~} — B“*1 We do this by calculating the time it takes a point
from the inset B'~1¢ to reach the outset B***1,

Remark The terminology in- and outset is chosen since the set B° can be entered through Bi~!* and
can be left through B%**1. Note that these need not be the only ways to enter or leave the set B,
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6.1. Proof of Lemma 2

Proof To improve the readability of the proof we prove this exemplarily for an orbit from B to B2
So we start with a point x € B*! and parametrise it as in 16. Since 4 and 1 are the best replies the orbit

moves towards 1. For ¢ > 0 small enough the following holds:
Ax(t) = e "Ax + (1 — e ") Aey (17)
We assume now that 2 becomes the next best reply. We have to solve
(Ax(t))1 = (Ax(t))2 (18)
for (17). The solution can be easily calculated and is given by
€1

—t*
T o (A% — (Ax)s (19

where t* represents the transition time from B! to B'2. So we get the following mapping for m:

0 0
m— (AX)l — (AX)Q A 0 _ m,
(Ax); — (Ax)3 e1 ((Ax); — (Ax)3) — 11 ((Ax); — (Ax)s)
0 c1 ((Ax)1 — (Ax)2))
with A = ——%———_ Clearly we get m’ > 0. As there are two zeros in this map it is possible to

e1+(Ax)1 —(Ax)2
interpret this map as a two dimensional map, if we set u/e; = (Ax); — (AX)y and v/e; = (Ax); — (AX)3

and u = (u, v) we obtain the following:
f U 1 v — %u 20)
N —
v 1+ 2 Lu

- Plll
N 1—|—d1'll’

This map (20) is of the form:
Ti(u) : T, : B* — B"

It is easy to see that for a arbitrary map 7; from B! to B4+ we get

—tife; 1 1/e?
P‘ = — v
i ( ciles 0 > ;o d; ( 0 ) 2D

where P; is called the transition matrix. This map is projective map and properties of such maps can
be found in Section 6.3 including that the composition of two projective maps is again a projective map
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(this follows directly from (31)). Glueing (via a composition) four transition maps together gives us the
return map I1(u) from B* to itself by

M(u) = — (22)

where P = P, P; P, P, and d are given by

p_ 1 [ cicseseq + cseatita — 421 €129 (23)
€ 6421 23
1 c1 _ ti1 _ _cotq tito  _ _cts _ _titots
d— dl _ e% + e1e§ eleg eleQe?1 + 61626§ 61636?1 616263631 (24)
d 1 + c2  _ _to tots
2 % ezez ezez 626362

6.2. A Necessary Condition for Shapley Polygons

The important property of the return map II is that its fixed points either correspond to an interior
fixed point (Nash equilibrium) or to a periodic orbit (Shapley polygon) for the best response dynamics.
More precisely, the origin 0 € R? corresponds to an interior Nash equilibrium and every other fixed
point in B*! to a Shapley polygon. To find a fixed point of IT we have to solve the equation

Pu
1+d-u

u= (25)

which is simply an eigenvalue problem
(1+d-u)u=Pu

Note that the vector m in (16) is nonnegative. Hence for a full cycle a nonnegative vector must be
mapped onto a nonnegative vector under the return map II. If this is not possible no orbit follows the full
cycle. The following corollary follows directly

Corollary 10 A Shapley polygon following the full cycle can only exist if the return matrix P in (13) has

a nonnegative eigenvector.

Proof A Shapley polygon corresponds to a fixed point for the return map II in (13). This fixed point is
an eigenvector of P by (25) and only nonnegative vectors can correspond to the set B*!, where the return

map initially started.

We state some general results for a certain class of two by two matrices 7' from [3]. In [3] these are
conditions that the replicator equation has a relatively asymptotically stable heteroclinic cycle following
the full better reply cycle, whereas for the best response dynamics they are necessary conditions for an

attracting interior Nash equilibrium or the existence of an interior Shapley polygon.

Lemma 11 Let 21 = —<0162t3 + 0263t1 + t1t2t3), 22 = —<0263t4 + C364t2 + t2t3t4), € = Hei, C = HCZ'
and q = (y/e — \/5)2 and let P as in (13) and assume that p;; # 0 for all i, j = 1,2 and that piy # paa.
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Then P has a positive eigenvalue A\, with a corresponding positive eigenvector u . if and only if one of

the following statements hold

(1)%; >0, X9 > 0and det(A) > —q (26)
(11)85 < 0, ¥1 > 0 and det(A) > max{e — ¢ — 2, A®Y, —¢} (27)
(119) 2 > 0, ¥y < 0 and det(A) > max{e — ¢ 4+ 26,4 — 2, A0 _g} (28)

where A% is the determinant of the matrix we obtain by omitting the ith row and the jth column in A.
Additionally for the eigenvalue A, holds N\, > 1 iff

(a) det(A) > 0or (b)e<c (29)
6.3. Projective Geometry and Fractional Linear Maps

The next step is to analyse the behaviour if the iteration of the return map. This can lead to technical
difficulties because (22) cannot be defined for all x € R?. So before we start with the analysis of the
concrete return map as described in Section 2 we give some general results on fractional linear maps of

the form
(x) := Px I(x): R*\ {xeR*:du=-1} - R? (30)
o 14dx ' '
a b d1 . . .. .
where P = Pk d = J with det(P) # 0. (We also implicitly assume that the matrix P
c 2

has no entry equal to zero. The results would not differ, but else the proofs would contain a lot of cases.)
Maps of this form are also called central projections or projective maps. We have already mentioned in
Section 6.2 that a nonnegative vector has to mapped onto a nonnegative vector. Consequently we have to
find conditions under which an invariant set in R? exists. If there is no such set no orbit can follow the
full cycle infinitely many often hence no Shapley polygon in the interior can exist. We also know from
Section 6.2 the fixed points of (22) to study their stability we have to analyse [1"(x) = [IToIlo... o II(x).

To do so we use projective geometry, for more details about projective geometry see [11]. We use
homogenous coordinates and get the following: If zy # 0 then (zg, 1, x2) ~ <1, ;—;, %) These points
are called regular and this method creates a bijective mapping from the regular points in ’? to R?. Points
with 2y = 0 are called points at infinity and the set of all (0, x;, x3) is called the line at infinity. With

this concept we can write the two dimensional fractional linear map II from (30) in the following form

1 d1 dg Zo
T:PP—P, T(x)=Tx=|0 a b T 31
0 ¢ d To

In this map 7 the real points which satisfy 1 + dyz + dazly, = 0 (with 2] = z1/x¢ and =, = x3/x0)
are mapped to the line at infinity. We denote with 7 both the matrix and the map, but as the map is

only a matrix times a vector, there is no problem in doing so. This map is a block triangular matrix and
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hence the product of two such matrices is again a block triangular matrix. This gives any easy proof that
the composition of two central projections is again a central projection. Any line [ with starting point

) l2

in R? can be embedded in P? in the following form

(x1, x2) and direction (Iy, [5)

1 0
UX=| o | +ul 0 (32)
) lz

Here [ from (32) contains only regular points which exactly correspond to the points defined by I. A map

through the origin in R? is mapped under 7 to

dylype + dalope + 1
Tl = w(aly + bls)
p(cly + dls)

To calculate which lines in R? embedded in P? are invariant, we simply have to calculate the eigenvectors
of P (not of 7! But note that if we project the eigenvectors of 7 onto their second and third component,
we get the eigenvectors of P and the origin in R?.). These eigenvectors u _ are given by (note that

we assumed in the beginning of this section that the matrix has no zero entry and its determinant is also

not zero!)
—d =+ \/tr(P)? —4det(P —d tr(P)? — 4 det(P
o (ozdEVEPPAP) ) () asdE PP
’ 2c 2b
with k£ € R and their corresponding eigenvalues
1
M =5 (tr(P) + /(P — 4det(P)> (34)

chosen such that |\, | > |A_|. We are only interested in real eigenvalues and hence we assume for all

following considerations
tr(P)* — 4det(P) > 0 (35)

which means that one (and hence both) eigenvalue is real. Note that due to the block form of the matrix
T its eigenvalues are given by 1 and the eigenvalues of P. We also get from (35) that P is similar to a

diagonal matrix and as a consequence we get that 7 is similar to (a matrix we will also call 7)

1 d dy
T=0x 0 (36)
0 0 A
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It is easy to see (by induction) that

w4 dy Y5 Mowa 4+ da 3570 Mo 1
T'x= iy ~| 5 (37)
A" x5 ;VI3

where N = 1 +d; Z?;& N, o+ dy Z;:& M 25 and hence 7"x — (1, 0, 0) forn — oo, if Ay _| < 1.
This means if the absolute value of both eigenvalues of P is smaller than or equal to 1, the iteration of
the map II in (30) leads to convergence to the origin. If we use that
nlggo AL"Tx = kul (38)
where u’_ is the equivalent (or the regular point corresponding to u;) of u; in P? and k£ € R and x is
an arbitrary vector, but not in span{(1, 0, 0), u* } (this set corresponds to the eigenspace E(\_) in R?)
and |\ | > max {1, |A_|} holds, we get that all vectors x, which are not eigenvectors, converge to the
eigenspace of the eigenvalue with greatest absolute value. (This can be seen easily by using the fact that
T is diagonalizable.) It follows from (35) that 7 has 3 different eigenvalues and hence three different
eigenvectors. These eigenvectors are regular points in P? and therefore corresponding to points in R?
and hence the map II has three fixed points if A, _ > 0 holds and each line connecting two of these
fixed points is invariant under the map I1. More precisely, one eigenvector of 7 corresponds to the origin
in R? and hence two of these three invariant lines correspond to the eigenspaces F(\,) and E(A\_) of
P. The third invariant line connects the fixed points inside these eigenspaces and is generically disjoint
from the origin. This third line corresponds to the set V for the best response dynamics.

Proposition 12 Let det(P) > 0 and )\, > 1 then all x € P? (except the two different eigenvectors of
T ) converge to the fixed point in E(\,) in a monotone way. If 0 < Ay < 1 all x € P? converge to

the origin.

Proof Convergence properties follow from (38) and from det(P) > 0 (both eigenvalues are positive)
follows det(7") > 0 and hence 7 is orientation preserving and convergence is monotone.

Corollary 13 It is impossible for an attracting interior Nash equilibrium N1934 and an interior Shapley

polygon to exist simultaneously.

Proof An interior Shapley polygon only exists if the dominating eigenvalue A\, is greater than 1.
Conversely Nj234 is only attracting (with respect to the orbits that follow the 1234 cycle) if A, is smaller
or equal 1.

6.4. The Domain of the Return Map

Definition 5 A strategy y is called dominated if there exists p € A,, such that

n n
Zpiaij > Zyiaij
i—1 i—1
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for all 3 = 1,....n and inequality is strict for one j. If inequality is strict for all j then y is called
strictly dominated.

Finally we define the domain of the return map in the following way

P
T(w) = ;‘u, D — BY (39)
where
P
D= {u €BU: ;'u S Bl4} (40)

A crucial point is to show that D is not empty. To do this we use the proof of a theorem from [6]
(page 90, Theorem 8.3.2). We directly get the following

Lemma 14 Let x € int A\, if e is contained in the w-limit (x(t)) for (2) then k cannot be a dominated
strategy.

The lemma above shows that if the replicator equation has a heteroclinic cycle following the
cycle 1234,which attracts an interior orbit, then no strategy can be dominated. Hence, whenever P
has a positive eigenvector then D is not empty! This follows directly by Lemma 11. In [3] the conditions
from Lemma 11 guarantee the existence of a relatively asymptotically heteroclinic cycle following the
cycle 1234. Hence at least one interior orbit is attracted by this heteroclinic cycle.

6.5. Shapley Triangles in 4x4 Games

This section does not apply the methods of the return maps. We constructed the return map to analyse
orbits that follow the full cycle. But as we are interested in games with embedded RSP cycle we have
to find conditions under which these RSP cycles form have a Shapley triangle. It turns out that a direct
approach is easier than an approach via return maps to find this conditions.

Definition 6 If the payoffs of all unused strategies along a Shapley polygon are negative, the Shapley
polygon is called regular.

Proposition 15 Given a payoff matrix A as in (8) then

o The 123 cycle has an asymptotically stable regular Shapley polygon, iff all of the following

conditions are satisfied

(i) t3 > O, t1 <0,
(ll) ejests < ‘t1|0203 and

(iii) Y1 = —(Clegtg + coesty + tltztg) < 0.

e The 234 cycle has an asymptotically stable regular Shapley polygon, iff all of the following

conditions are satisfied

(i) ts >0, ty <0,
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(ii) egesty < ‘t2’6304 and

(iii) Yo = —(62€3t4 + czeqts + t2t3t4) < 0.

Proof We take the following payoff matrix

0 —bg as d1
121 _ aq 0 —b3 d2 (41)
—bl (05} 0 d3

S1 S92 S3 0

This is a rock-scissors-paper game, if we take 121\{123}. So we simply added a fourth arbitrary strategy to
a typical RSP game. It is well known [6] that a Shapley polygon exists for the RSP game iff

ajasasz < blbgbg (42)

holds. We will call the s;s the transversal incentives since they are the positive or negative incentives to
leave the 123 surface.

We denote the vertices of the Shapley polygon by S, S, and S5. We need that (AS;), < 0 holds
for s = 1,2, 3. Because 4 must not be the best reply to a vertex of the Shapley polygon as in this case
the dynamics would leave the 123 surface and enter the interior of A4. This leads to the following

inequalities:
bgb381 + ajaszSo + b2a183 <0 (43)
bgagsl + b1b382 + a1a983 < 0 and (44)
aoa381 + b1a382 + b1b283 <0 (45)

Clearly one of the s; must be negative to fulfil these inequalities. We assume without loss of generality
s1 < 0 holds. Note that these inequalities are trivially fulfilled if s; < 0 holds forallz = 1, 2, 3.

e Firstly assume that s3 > 0 holds:

Now suppose (44) holds. We get

b1a3$2 + b1b283

—a9S81 >
as

and hence we obtain

b bib

—a2b381 > b3' 10352 + 010253 = b1b382 + blbgbg'ﬁ > b1b382 + a1a983
as as
Hence (45) also holds.
We also have (together with (42))
b b1b
baby > a1a903 and — s, > 1a3S2 + 010253

1 G203
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so we get
a1a20as3 blagsg + bleS[),

—b2b381 > = 1038y + a1b233

bl o203
and (43) also holds.

e Secondly assume that s, > 0 and s; 3 < 0 hold.

Suppose (44) holds. We have
b3a231 + a1a92S3

- >
”2 bibs
We get
b
—biazsy > braz- 30251 1 010253 = a90a3S1 + M
b1b3 bs
Since s3 < 0 is satisfied we have (see (42))
hdats < biby and
3
D055y
b3
and (44) holds.
We also have
b1bab
—ai1a3 > — 17273
)
_s bsass, + aiasss3
i biby

SO we get

b1bybs bsassy + ajass:
10203 030251 123:b2b381+b2(1183

—Qa1a3Sy >
(05} blbg

and (43) holds. A simple relabelling of the payoffs proves the proposition.
7. A Complete Classification of the Attractors of Monocyclic 4 x4 Matrix

This section splits up in two parts. The first part gives a complete classification of monocyclic payoff
matrices and provides a connection of the global stability of the interior Nash equilibrium Njs34 for the
best response dynamics and permanence for the replicator equation. The second part provides the very

technical but necessary part on the properties of the payoff matrix.
7.1.  Classification of the Asymptotical Behaviour

As shown in 6 the return map II is of the following form

Pu

— Bl4 N B14
1+du’

[1(u)
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In the case of a monocyclic matrix we get D = B!, as the transition matrices are nonnegative
and as a consequence we get that P > 0 (as a product of four nonnegative matrices) and d > 0
(because of (24)) hold. Hence for the map ]R{i is invariant and as we have shown every x € B returns
to this set after one cycle in case our matrix is monocyclic (see Lemma 7). The remaining question is if
there are any fixed points in R? besides the origin 0.

To calculate the fixed points of II we need to find the eigenvectors of the return matrix P. The
Perron-Frobenius theorem states that P has a dominating eigenvalue A, to a positive eigenvector u and
that any other eigenvector v which is not in the eigenspace of A, symbolically v & F(\,) is not positive.
The remaining question is under which conditions A is greater or smaller than 1. The following theorem
answers this question and provides a complete classification for monocyclic payoff matrices:

Proposition 16 For a monocyclic matrix (14) one of the following statements holds for the best response

dynamics (1):

(i) Ay <1< det(A) < 0ande > c: All orbits converge in finite time to the unique interior Nash

equilibrium Nig34.

(ii) Ay = 1 < det(A) = 0and e > c: All orbits converge (no longer in finite time) to the interior
Nash equilibrium Ni934, which we will call a degenerated Shapley polygon.

(iii) A\ > 1< det(A) > 0 ore < c: Almost all orbits converge to the interior Shapley polygon.

Proof First note that the classification is complete because det A = 0 and e = ¢ cannot hold
simultaneously as shown in Lemma 19 below. The statements about A, follow directly from
Lemma 11, because for a monocyclic matrix >, 5 > 0 is automatically fulfilled. Convergence to N334
or an interior Shapley polygon follows from Proposition 12. The equivalence in (ii) follows from some
easy calculations. In case of convergence to the interior Nash equilibrium Njs34 it remains to show that
all orbits converge to it (not only those following the 1234 cycle). This follows from the uniqueness of
the equilibrium by Lemma 18 below. Convergence in finite time in (i) is an application of Lemma 1. If
convergence would not occur in finite time V' (x(¢)) would go to zero, but V' (Nq234) > 0 holds.

In [6] (p. 178) it is shown that a system is permanent under the replicator equation (2) iff we obtain
an )M -matrix from A by moving the top row of A to the bottom. The following corollary contains the
statements from Theorem 3 and provides a connection between ) -matrices, permanence and the interior
Nash equilibrium Njo34. It is a collection of statements in [6], Proposition 16 and Lemma 20 below.

Corollary 17 For a monocyclic matrix (14) the following statements are equivalent:

(i) For the best response dynamics (1) there exists no (degenerated) Shapley polygon.

(ii) For the best response dynamics all orbits converge in finite time to the interior Nash
equilibrium Nya34.

(iii) There is an interior Nash equilibrium Nyo34 and Nyo34+ AN1a34 > 0.

(iv) For the replicator equation (2) the system is permanent.

(v) det(A) < 0ande > chold.

(vi) The matrix C' obtained by moving the top row of A to the bottom is an M -matrix.
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Remark As the examples in Section 4 show in the other cases the existence and stability of Nash
equilibria is not so easy to predict. There are games, for which det(A) > 0 holds, but they do not have
an interior Nash equilibrium. These examples also show that in case of e > c neither the existence of

Nash equilibria on the boundary is guaranteed nor is the uniqueness of a Nash equilibrium guaranteed.
7.2.  General Remarks on the Payoff Matrix

We start with a result on the interior Nash equilibrium.

Lemma 18 Let A be a generic monocyclic payoff matrix as in (14). Suppose Nig34 exists and
det(A) < 0and e > c hold then N34 is the unique Nash equilibrium of the game.

Proof First we show that no Nash equilibrium on the 13 or 24 face can exist. We show this only for the
24 face as the proof for the 13 face is the same (modulo some permutations of the indices).

We start with
t t
F24 - 07 : ) 07 2
to + ta to + 4

and calculate the payoffs there. We have to check, if (AF5y); < (AF54)2 and (AFy)s < (AFy)2 can
hold simultaneously. Therefore we have to check if this system of inequalities has a solution.

(1) eregeszey — ccaczeq > 0 (46)
(17) det(A) <0 47)
(191) eqty — cotg > toty and (48)
(1) egty — cqto > toty (49)
First note that if (47) holds then also
—C1C9C3Cy + Cocye1e3 + CiCc3e9€4 — €169€364 < 0 (50)

holds as we only omit positive terms. Similarly if (48) and (49) hold then

€4t2 Z Czt4 and (51)
oty > Cata (52)

also hold. Combining these inequalities leads to the following system

(Z) CoCy€1€3 + C1C3€2€4 < €1€62€3€4 -+ C1C2C3Cy (53)
(ZZ) CoCy Z €4€9 and (54)
(1i1) e1e3 > c1c3 (55)

Now (53) can be transformed into

62(010364 — 616364) < C1C2C3C4 — C9Cy€1€3 (56)



Games 2010, 1 215

using (55) for (56) we get

er > 22 (57)
€4
which is a contradiction to (54). Hence F54 cannot be a Nash equilibrium for the game. (Similarly it is
impossible for 73 to be a Nash equilibrium.)

The next step is to check all possible Nash equilibria p with card(supp(p)) = 3. To do so we look at
the restricted game 123. (The proof is the same for any other face). We assume that this restricted game
has an interior equilibrium /N;93. Now we use the index theorem (see for example [6] page 159). Clearly
the pure strategy 3 is a Nash equilibrium of the restricted game, if there is also an interior equilibrium
Ni23 there must be a third equilibrium N;3. We now check the indices. We get

i(e3) = 1 (58)
and hence i(Njp3) = 1 (as the indices must sum up to 1). Every Nash equilibrium with
card(supp(p)) = 3 has index 1. As a consequence only three Nash equilibria can exist in the full

game and the index of the interior Nash equilibrium must be —1. We will show that this leads to a
contradiction. To do so we use that for a unique interior Nash equilibrium N;53,4 the following holds
(see [6] page 165)

det(4)  _ (—1)"'sgndet(A,) (60)

(V. = ()" lsgn—-F" " — =
(Mizaa) = (=1) s Nigz4- AN1234

where A,, is the matrix we obtain if we replace the last column in A with the vector which entries are all
1. It turns out (see below) in case of e > ¢ that A,, has the same sign as A and hence we get i(Ny234) = 1,

which is a contradiction.

det(An) = C1C2C3 — C2€1€3 — €1f}2t3 + Cci1C3€9 — €e1€9€3 + Cgtltz + C2€3t1+

+t1t2t3 + 01€2t3 + €1€2t3 + C2C3t1

Suppose now det(A,,) is greater than zero then clearly also the following holds as we have only omitted

negative terms
C1C9C3 — Cg€1€3 + C1C3€9 — €1€9€3 + Cgtltg >0 (61)
Again we get a system of inequalities

(Z) — (C1C2C3C4 + C1C3€0€y — €1€2€3€4 + 03€4t1t2 + cocyere3 < 0
(ZZ) C1CaC3 — Co€1€3 + C1C3€9 — €169€3 + c3tite > 0 and

(ZZZ) €1€2€3€4 > C1C2C3Cy
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We have to show that this system has no solution. We can transform this system into

(Z) CQC4(€163 - Clcg) < 64(—C103€2 + e1e9e3 — Cgtltg)
(’Ll) C264(C103 - 6163) > 64(—010362 + e1e0e3 — C3t1t2) and

(ZZZ) €1€2€3€4 > C1C2C3Cq

This system can be written as

(Z) 0204(6163 — 0103) < 64(—010362 + e1e9e3 — Cgtltg) < 0264(01C3 — 6163) and (62)
(ZZ) €1€2€3€4 > C1C2C3Cy (63)

From (62) follows that
(6163 — 61C3) <0 (64)

If (62) and (63) hold then also
egeq(cre3 — ejes) < cacq(crc3 — eqe3) (65)
holds. We get
e9ey < CoC4 (66)

but this is together with (64) a contradiction to e > ¢. Therefore det(A) and det(A,,) cannot be of

opposite sign.

Lemma 19 For a monocyclic payoff matrix A as in (14) det(A) = 0 and e = ¢ cannot hold

simultaneously.

Proof We have to solve this system of equations:

—(C1C2C3C4 + C2C4€1€3 + C1C3€E2€4 + Cg€4t1t2 + C4€1t2t3+
+C263t1t4 + 61€2t3t4 + t1t2t3t4 — €1€9€3€4 (67)

€1€2€3€4 — C1C2C3Cy (68)
Obviously each term in (67) that contains a ¢; is positive, so it suffices to show that a system

—C1CoC3Cy + Cocge1e3 + C1C3€9€4 — €169€364 + P =0 (69)

€1€9€3€4 = C1C2C3Cy (70)
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with p > 0 has no solution. First note that from (69) follows that e;e3 # ¢;c3 must hold. We assume
now (without loss of generality) that e;e3 > c;c3 holds, hence also cocy > esey must hold. If we write
(69) in the following form

0204(6163 — 0103) + 6264(0103 — 6163) —|—p =0

it is easy to see that the left side is always greater than zero and hence the system has no solution,
therefore det(A) = 0 and e = ¢ cannot hold simultaneously.

Proposition 20 For (14) the following statements are equivalent:
(i) det(A) < 0and e > c holds.
(ii) The matrix C' obtained by moving the top row of A (see (14)) to the bottom is an M -matrix.

Proof To prove this we will show that all leading principal minors are positive. Clearly

er >0, eteo >0 and
det(C) >0 (71)

hold. Thus we have only to check if
—cy1c3e9 + e1eqe3 — cstity > 0

also holds. We assume that the converse is true. We will show that the resulting system of inequalities
will lead to a contradiction. We have

—cic3e9 + e1e9e3 — catity < 0 (72)
€1€9€3€4 — C1CaC3¢4 > 0 (73)
C1C2C3C + e169€36y > c3eytits + ciczeaey + cocyeres (74)

where (74) comes from (71) after omitting some negative terms on the left side. Multiplying (72) with

e4 and putting these inequalities together we get
c1Cac3cy < e1e9e3ey < 6403(0162 + tltg) < €1€9€3€64 + C1CaC3C4 — CoCyC1€3
and hence
0< €1€2€3€4 — C1C2C3Cy < 0103(6264 — 0264) + czeqtits < 6163(6264 — 0264)
From this follows that e;e3 > c¢yc3 and exeq > cocq hold and hence we can write

0 < ejegegey — ercaescy < crcs(egey — Cacy) + cgeqtits < ejes(esey — cocy)
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which is a contradiction. This proof also works in the other direction, clearly if det(C') > 0 holds
then also det(A) < 0 holds, if additionally all leading principal minors are positive then e > ¢ holds.

8. Proofs
8.1.  Proof of Theorem 4

We split the proof in two parts. The first part is on a certain property of the return map.

Lemma 21 With the assumptions from Theorem 4 we get

H(S)eﬂﬁ
n(()):(lww)(mv)
v P22V

and hence we have to show that under the assumptions made ds, p12 and pyy are greater than 0. That
P2 > 0 holds can be seen by using the fact that tr(P) > 2v/det P > 0 holds. From

forv > Q.

Proof It holds that

CoCy€3 + C4t2t3

P22 = e > 0 = cocyes + cytats > 0 = coeg + tots > 0
2€3¢4
now follows that
1 Co to lots 2 2 2 2
dy = 6_2 + 6262 - 6262 + 626362 >0< e3€; + Caegey — €2€4t2 > —egestats
2 4 3 4

holds. Lastly note that po; = €135 and as Y5 > 0 holds under the assumptions made (use Mathematica
to prevent some lengthy calculations to show this. The Mathematica file is added as a supplementary file

called additionalmaterial.nb), which proves the lemma.

Proof of Theorem 4 It follows from Lemma 11 that the conditions guarantee the existence of a positive
eigenvalue )\, and a corresponding positive eigenvector. It follows from Lemma 14 that no strategy is
dominated. Hence each strategy is used and the domain of the return map is not empty. It follows from
Lemma 21 that an invariant set in Ri exists, which is at least given by the set that lies between u
and (0, v).

8.2.  Proof of Theorem 5 and 6

Proof of Theorem 5 The first part is from Lemma 15 and assures the existence of an attracting Shapley
polygon on the 123 face. For the asymptotic stability of the Nash equilibrium it only remains to show
that there are no other Nash equilibria in the game. This can be seen by using the index theorem [6]. If
there are only regular Nash equilibria there must be a Nash equilibrium with index —1 to be able to get

more than one Nash equilibrium. With the help of Mathematica we get that N4 (which has index —1)
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does never exist, if X1 > 0, ¥ > 0 and ejests < |t1]|cacs hold. Again we use Mathematica to show
that the index of the interior Nash equilibrium Njs34 is +1 (with the formula from (60)), so it must be
the unique Nash equilibrium and hence it is asymptotically stable. Note that no other Shapley polygon

can exist. The Mathematica file is added as a supplementary file called additionalmaterial.nb.

Proof of Theorem 6 This follows directly from the proofs of Theorem 5 and Theorem 4.
9. Conclusions

In this paper we presented some results on the existence and stability of Shapley polygons. It turns out
that it is possible to give a complete classification of the attractors for monocyclic matrices, whereas—as
the examples in Section 4 show—it is rather impossible to give a classification for general matrices. It
should be also mentioned that the support of Nash equilibria, Shapley polygons and best response cycles
may be disjoint making it even harder to predict the asymptotical behaviour. As shown in [2] there is a
strong connection between the replicator equation and the best response dynamics. This connection is
especially stressed by the fact that we were able to construct a a return map which had an identical return
matrix as found in the analysis of the replicator equation. The return map found in this work turned
out to be able to deliver also results on the interior Nash equilibrium. From this point of view it might
be interesting to have a closer look at the replicator equation and check the orbits, whose time averages
converge to the saddle-type Shapley polygon.
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