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Abstract: The problem regarding the optimal location and sizing of fixed-step capacitor banks in
distribution networks with radial configuration is studied in this research by applying a two-stage
optimization approach. The first stage consists of determining the nodes where the capacitor banks
will be placed. In this stage, the exact mixed-integer nonlinear programming (MINLP) model that
represents the studied problem is transformed into a mixed-integer quadratic convex (MIQC) model.
The solution of the MIQC model ensures that the global optimum is reached given the convexity
of the solution space for each combination of nodes where the capacitor banks will be installed.
With the solution of the MIQC, the suitable nodes for the installation of the fixed-step capacitors
are fixed, and their sizes are recursively evaluated in a power flow methodology that allows for
determining the optimal sizes. In the second stage, the successive approximation power flow method
is applied to determine the optimal sizes assigned to these compensation devices. Numerical results
in three test feeders with 33, 69, and 85 buses demonstrate the effectiveness of the proposed two-
stage solution method for two operation scenarios: (i) operation of the distribution system under
peak load conditions throughout the year, and (ii) operation considering daily demand variations
and renewable generation penetration. Comparative results with the GAMS software confirm the
excellent results reached using the proposed optimization approach. All the simulations were carried
out in the MATLAB programming environment, version 2021b, as well as using the Gurobi solver in
the convex programming tool known as CVX.

Keywords: fixed-step capacitor banks; daily load variations; annual operating cost minimization;
two-stage optimization approach; successive approximation power flow method

1. Introduction
1.1. General Context

Electricity services have become public around the world, as they are considered
necessary for social development in both rural and urban areas [1]. To provide electricity to
all end users (industrial, residential, and commercial), distribution networks are used which
are operated at medium- and low-voltage levels, most of which have radial structures [2].
Radial configuration means that a distribution grid composed of n nodes has n− 1 lines,
which allow for connecting all the end users to the substation by only one route [3,4]. Radial
configurations are preferred in this context for two main reasons: (i) a radial configuration
represents fewer kilometers in conductors and less electrical infrastructure (i.e., minimum
investment costs) [5], and (ii) it reduces the complexity regarding the coordination issues of
protective devices [6]. Even though these are strong, justifiable advantages for distribution
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companies, it is widely known that the radial configuration of the distribution networks
increases the operating costs of the grid (i.e., the costs of the energy losses) in comparison
with any weakly meshed distribution topology [7].

1.2. Motivation

Due to the increment in grid power and energy losses caused by the radial topology
built into medium- and low-voltage distribution grids, distribution companies have im-
plemented different alternatives to reduce their costs. These companies typically employ
three main approaches to reduce grid power losses: (i) implementing grid reconfiguration
schemes [8]; (ii) optimally siting and sizing dispersed generation and battery energy storage
systems [9]; (iii) optimally siting and sizing reactive power compensators [7]. All of these
methodologies can have positive impacts on the total grid power losses. However, in the
case of the reconfiguration of distribution systems, it is necessary for distribution compa-
nies to construct new distribution lines (tie lines) in order to redefine the grid topology
based on the current demand state of the network [10]. The installation of new lines may
not be an economical task, and the reconfiguration problem is highly dependent on the
demand behavior, which implies that an optimal solution for a particular load scenario
may not be optimal for other load scenarios [11]. In the case of the optimal placement and
sizing of dispersed generation and energy storage systems, the aforementioned devices
can help with reducing energy losses in the distribution network [12]. However, their main
application is in the reduction of the greenhouse gas emissions in rural areas, as well as
that of energy purchasing costs at the substation bus. In addition, energy losses for these
applications can sometimes increase, which are compensated by the use of renewables [13].
The main goal of installing renewable energy resources and batteries is minimizing the
annual grid operating costs of the network, including investments and maintenance costs,
where energy losses are typically not considered to be part of the objective function [14].
As for reactive power compensation, two main devices are used: (i) capacitor banks and
(ii) distribution static compensators. The former are economical and have a long useful
life as well as minimum maintenance requirements. The latter also have a long useful life,
as well as the ability to dynamically compensate reactive power. However, they are more
expensive in comparison with with capacitor banks, and they are less reliable, since these
are composed of power electronic converters and require specialized control techniques
and communication channels [15].

Considering the above, this research aims to propose a new optimization methodology
that allows for minimizing the energy loss costs for distribution companies using fixed-step
capacitor banks. Given that they are the most economical devices for reducing energy
losses, they are well-recognized in the electrical sector, and they have long useful lives,
regardless of the weather conditions, which implies that they can work correctly in areas
with complex climatic conditions.

1.3. State of the Art

The problem concerning the optimal location and sizing of capacitor banks in electrical
distribution networks is a well-known optimization problem for distribution grids. Here,
we present a review of some contributions that employ metaheuristics and exact solution
methods in order to deal with this optimization problem.

The authors of the ref. [16] suggested applying the simulated annealing algorithm
to locate and size capacitor banks in radial distribution networks. The authors improved
the effectiveness of the studied algorithm by using sensitivity factors in order to reduce
the solution space, and their contribution was the inclusion of a duration curve for the
system demand behavior. Numerical results in 9- and 69-node test feeders confirmed the
applicability of the proposed methodology regarding the minimization of the objective
function, which was associated with the annual energy losses and investment costs. The
authors of the ref. [17] applied the flower pollination algorithm to locate and size capacitor
banks in distribution networks while considering loss density factors in order to reduce
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the dimension of the solution space. The numerical results obtained from test feeders com-
posed of 15, 69, and 118 nodes demonstrate the effectiveness of the proposed algorithms
in comparison with literature reports based on metaheuristics. The authors focused on
minimizing the annual grid operating costs while including the investment costs of the
capacitor banks. However, only the peak load scenario was tested, which can oversize the
capacitors when compared with daily load scenarios and also yield unrealistic reduction
costs. The authors of the ref. [18] used the Chu and Beasley genetic algorithm to determine
the location and size of fixed-step capacitor banks in distribution networks. The main
contribution of this work has to do with the application of this methodology to radial and
meshed distribution configurations without changing the power flow solver. Numerical
results demonstrated the effectiveness of the proposed optimization approach when com-
pared to the solution of the exact model in GAMS (general algebraic modeling system) and
literature reports based on metaheuristics. The authors of the ref. [19] improved the flower
pollination algorithm employed by [17] to allocate and size fixed-step capacitor banks in
distribution grids. Computational validations in four test feeders composed of 33, 34, 69,
and 85 buses demonstrated the effectiveness of this algorithm when compared to fuzzy
logic and genetic algorithms. However, the authors only considered peak-load operation
conditions, which, as previously mentioned, produces capacitor oversizing and unrealistic
predictions regarding economic benefits.

The authors of the ref. [20] suggested the application of a discrete version of the vortex
search algorithm to locate and size fixed-step capacitor banks in distribution grids with
radial topology. Numerical results in the IEEE 33 and IEEE 69 grids demonstrate the effec-
tiveness of this proposed algorithm in contrast with the flower pollination algorithm and
the solution of the exact model in the GAMS software. The authors of the ref. [5] applied
a specialized version of the genetic algorithm to locate and size capacitor banks, voltage
regulators, and dispersed generators in distribution networks in order to reduce energy loss
costs and improve voltage profiles across the distribution grid. Numerical results demon-
strated the effectiveness of this version of the genetic algorithm in comparison with tabu
search algorithms and particle swarm optimization methods. The authors of the ref. [21]
proposed the application of the second-order cone programming with mixed-integer vari-
ables for siting and sizing fixed-step capacitor banks in radial distribution networks to
reduce grid power losses under peak load conditions. Numerical simulations including
annual grid operating costs under peak load conditions while considering investment costs
in capacitor banks showed the effectiveness of the proposed methodology when compared
to the exact solution in the GAMS software and some metaheuristic optimizers. The authors
of the ref. [22] applied the classical genetic algorithm to locate and size capacitor banks in
distribution networks. The main contribution of the authors corresponds to the usage of a
real distribution network considering daily load and generation curves in order to ensure
that the numerical results reached by the genetic algorithm reflected the operational reality
of the network.

Additional solution methodologies to address the problem concerning the optimal
location and sizing of capacitor banks in distribution grids are summarized in Table 1.

Table 1. Some recent literature approaches to locating and sizing capacitor banks in distribution networks.

Solution Methodology Objective Function Year Ref.

Bacterial foraging algorithm
combined with fuzzy logic Expected annual energy loss costs 2011 [23]

Modified honey bee mating
optimization

evolutionary algorithm

Minimizing power losses and
improving the voltage profile as
well as annual investment and

operating costs

2013 [24]

Cuckoo search-based algorithm Annual investment and
operating costs 2013, 2018 [25,26]
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Table 1. Cont.

Solution Methodology Objective Function Year Ref.

Artificial bee colony
optimization algorithm

Annual investment and
operating costs 2014 [27]

Big bang/big crunch algorithm
and fuzzy logic

Minimizing power losses,
improving the voltage profile, and

reducing the grid
voltage imbalance

2016 [28]

Flower pollination algorithm Annual investment and
operating costs 2016, 2018 [17,19]

Salp swarm optimization Power loss minimization and
voltage profile improvement 2019 [29]

Recursive power flow evaluations
and loss sensitive factors

Power loss minimization and
voltage profile improvement 2020 [30]

Chu and Beasley and specialized
genetic algorithms

Annual investment and
operating costs 2020, 2021 [5,18]

Particle swarm optimization Annual investment and
operating costs 2022 [31]

Bat optimization algorithm Minimization of power loss 2022 [32]

Modified particle swarm
optimization method

Annual investment and
operating costs 2022 [31]

The most important characteristic of all the combinatorial optimization algorithms
reported in Table 1 is that all of the algorithms work under a leader–follower concept
(also known as the master–slave concept), where the leader algorithm is a heuristic or
metaheuristic algorithm that defines the places or nodes where the capacitor banks will be
installed, as well as their size. On the other hand, the follower corresponds to a power flow
tool that allows for determining the final objective function values. The leader–follower
optimization approach allows for decoupling the discrete optimization problem from
that of the nonlinear power flow, which allows for exploring and exploiting the solution
space through penalty factors, with excellent numerical results as reported in [32] for five
different metaheuristic optimization methods compared regarding the problem of the
optimal placement and sizing of capacitor banks for distribution system applications.

An additional characteristic of the methodologies listed in Table 1 is the use of objective
functions related to power loss minimization, voltage profile improvements, and annual
investment and operating cost minimization, which shows that, for distribution companies,
the most important aspect when fixed-step capacitor banks are integrated into their grids
corresponds to the economical feasibility of the final solution, including technical aspects
that are economically quantifiable, as is the case for energy losses, as well as ensuring good
voltage performances.

1.4. Contribution and Scope

Considering the most common aspects to be addressed regarding the problem of the
optimal placement and sizing fixed-step capacitor banks in distribution networks, that is,
annual investment and operating costs reduction and the use of master–slave optimization
strategies, this research contributes with the following aspects:

i. It presents a two-stage optimization methodology to solve the studied problem, which
separates the location problem from the power flow (sizing) problem. As for the
location problem, this work proposes the use of a reduced mixed-integer quadratic
convex (MIQC) formulation based on the optimal branch power flow formulation
presented in [33]. This MIQC formulation allows for simplifying the exact MINLP
model, and it defines the nodes for the installation of the fixed-step capacitor banks.
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ii. It determines the optimal sizes of the fixed-step capacitor banks in the slave stage
by presenting a recursive-based power flow solution method that, once the nodes
where the capacitor banks will be installed are defined, evaluates all the discrete
possibilities for the capacitor sizes. The power flow tool used to evaluate the capacitor
sizes corresponds to the triangular-based power flow method that is specialized for
radial distribution system topologies [34].

It is worth mentioning that the MIQC part of the proposed two-stage optimization
method has been previously proposed in [35] to address the problem concerning the
optimal installation of solar photovoltaic generators. However, the recursive power flow
solution to determine the optimal sizes of the capacitor banks has not been previously
implemented. In addition, the proposed optimization method is only designed for strictly
radial distribution networks due to the restrictions of the MIQC formulation regarding the
branch convex power flow presented in [36].

1.5. Document Organization

The remainder of this work has the following structure: Section 2 presents the MIQC
formulation to select the set of nodes where the fixed-step capacitor banks are to be installed;
Section 3 shows the application of the recursive power flow solution method; Section 4
presents a summary of the proposed two-stage optimization methodology; Section 5 reveals
the main characteristics of the test feeders, the daily load behavior, and the characterization
of the objective function calculation; Section 6 presents the numerical results obtained
with the proposed two-stage optimization approach and their comparison with literature
reports; finally, Section 7 presents the conclusions drawn from this research.

2. Selection of the Nodes

This section presents the approximate mixed-integer quadratic convex (MIQC) model
for the placement of the fixed-step capacitor banks. The MIQC model corresponds to
the relaxation of the branch power flow model proposed in [33] to reconfigure radial
distribution grids. The main characteristics of this formulation are as follows: (i) the voltage
magnitudes are assumed close to the unity value in a per-unit representation, and (ii) active
and reactive power losses in distribution lines can be neglected due to the fact that the
power flows are larger in comparison. The approximated MIQC model to select the nodes
where the capacitor banks will be assigned is defined in Equations (1)–(5) [37].

Objective function:

min zapprox = CkWhT ∑
ij∈L

∑
h∈H

Rij

(
p2

ij,h + q2
ij,h

)
∆h + ∑

j∈N
∑
c∈C

Ccap
c Qcxjc (1)

Subject to:

pij,h − ∑
k:(jk)∈L

pjk,h = Pd
j,h, {∀j ∈ N , j 6= slack, ∀h ∈ H}, (2)

qij,h − ∑
k:(jk)∈L

qjk,h = Qd
j,h − ∑

c∈C
Qcxjc, {∀j ∈ N , j 6= slack, ∀h ∈ H}, (3)

∑
c∈C

xjc ≤ 1, {∀j ∈ N , j 6= slack}, (4)

∑
j∈N

∑
c∈C

xjc ≤ Ncap
ava , {∀j ∈ N , j 6= slack}. (5)

where min zapprox corresponds to the value of the objective function value containing the
expected annual grid operating costs of the network, which combines the annual costs
of the energy losses with the investment costs for the fixed-step capacitor banks; CkWh
represents the expected average costs of the energy losses; T is the number of days in a
year; Rij is the resistive parameter associated with the distribution line that connects node i
with node j; pij,h (qij,h) corresponds to the active (reactive) power flow sent from nodes i to
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j for each period of time h; pjk,h and qjk,h represent the active and reactive power flows sent
from node j to node k for the period of time h, respectively; Pd

j,h and Qd
j,h are the active and

reactive power demands at node j for each period of time h; Ccap
c represents the cost of a

type c fixed-step capacitor bank; Qc represents the nominal reactive power rate of a type c
fixed-step capacitor bank; xjc is the binary decision variable that defines whether the type
c fixed-step capacitor bank is located at node j (xjc = 1) or not (xjc = 0); and Ncap

ava is an
integer parameter that defines the number of fixed-step capacitor banks that can be added
to the network. Note that N represents the set containing all the nodes of the network, and
H is the set with all the periods of time included in the planning study.

The proposed MIQC model presented in Equations (1)–(5) can be interpreted as
follows: Equation (1) presents an approximate objective function that evaluates the total
investment costs of the fixed-step capacitor banks, with an estimation of the expected
energy loss costs (note that the estimation of the power losses was initially introduced
in [33]); Equations (2) and (3) represent the approximation of the active and reactive power
flow variables in the system when it has been assumed that the voltages are ideal; inequality
constraints (Equations (4) and (5)) define that it is only possible to locate a maximum of one
fixed-step capacitor bank per node, and that the number of banks available for installation
is a maximum of Ncap

ava .

Remark 1. It is important to emphasize that the MIQC presented from Equation (1) to Equation (5)
yields the set of nodes where the fixed-step capacitor banks will be installed, as well as their expected
sizes [37]. However, the solution regarding the sizes corresponds to an approximate solution due
to the simplification of the exact MINLP model. For this reason, these sizes are defined in the next
step of the solution methodology through the recursive solution of multiple power flows for each
fixed-step size combination.

On the other hand, it is worth mentioning that the proposed MIQC model defined in
Equations (1)–(5) differs from the optimization model presented in [33] in two main respects:
(i) our proposed model deals with reactive power compensation by means of the optimal
installation of fixed-step capacitor banks in distribution networks while considering daily
load curves, whereas the MIQC model in [33] was developed to solve the problem of
optimal reconfiguration in radial distribution networks while considering the peak load
operation scenario; and (ii) our optimization model is focused on the determination of the
annual expected operating costs of the network, whereas the model proposed in [33] only
focuses on the minimization of the power losses, without considering the intrinsic cost of
opening and closing tie lines to reconfigure the distribution network.

3. Assigning the Optimal Sizes

This optimization stage aims to determine the optimal sizes of the fixed-step capacitor
banks once the MIQC model has defined all the nodes where they are to be installed, i.e.,
the value of the variable xjc. To this effect, a recursive power flow solution approach is
considered which is based on the well-known successive approximation method proposed
by [38]. The recursive power flow approach evaluates each possible capacitor size available
for the j nodes provided by the first optimization stage.

To illustrate the application of the recursive power flow formula to each possible
capacitor size combination, the solution vector defined in Equation (6) is used.

ysol = [i, j, k, | 3, 9, c], (6)

where ysol is the solution vector that determines the sizes of the capacitors placed in nodes
i, j, and k. The most important characteristic of the solution vector in Equation (6) is that it
allows for easily calculating the total investment costs of the fixed-step capacitor banks (see
second component of the objective function defined in Equation (1)).
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It is important to mention that, for the studied grids, the number of capacitors available
for installations is three (i.e., Ncap

ava = 3), and the number of capacitor sizes available is 14
(c = 14). This implies that the dimension of the solution space regarding the sizes of the
capacitors is 143, which corresponds to 2774 possible combinations [37]. Note that this
dimension of the solution space is small, and it can be easily and exhaustively revised with
the proposed recursive power flow evaluation method.

To evaluate each solution vector ysol, a new vector in the recursive power flow for-
mulation is considered: Scap,h. The purpose of Scap,h is to add the sizes defined for the
capacitor in the solution vector (see Equation (6) to the power flow problem. This vector is
defined in Equation (7). Si,h

Sj,h
Sk,h

 =

jQ3
jQ9
jQc

, (7)

With the auxiliary vector defined in Equation (6), the successive approximation power
flow formula proposed in [38] is modified, which takes the form presented in Equation (8).

Vm+1
d,h = Y−1

dd

[
diag−1

(
Vm

d,h

)(
S?cap,h − S?d,h

)
−YdsVs,h

]
. (8)

All of the components of the power flow Formula (8) can be consulted in [39].
Note that the selection of the successive approximation power flow method defined

by Equation (8) is motivated by two main aspects: (i) its convergence can be ensured with
the application of the Banach fixed-point theorem [40]; and (ii) it can be used for radial and
meshed distribution networks with no changes to its formulation [39]. The second aspect is
very important since it allows for extending the proposed two-stage solution methodology
to meshed configurations with no change regarding the radial operation scenario.

To define the stopping criterion of the recursive power flow Formula (8), the difference
between two consecutive solutions at the iterations m and m + 1 is used. This stopping
criterion is defined in Equation (9).

max
h

{
||Vm+1

d,h | − |V
m
d,h||

}
≤ ε, (9)

where ε is the tolerance value, which is assigned as 1× 10−10, as recommended in [38].
Now, with the solution of the power flow problem through the application of Equation (8),

the total grid power losses of the network can be calculated for each period of time, as defined
in Equation (10):

Ploss,h = real
{
V>h (YbusVh)

?
}

, (10)

whereVh is the vector containing the substation and demand voltages ordered as [Vs,h Vd,h]
>,

and Ybus is the distribution network’s nodal admittance matrix. With the power losses for
each period of time, the exact operating costs of the distribution systems with fixed-step
capacitor banks, that is, min zcosts, can obtained as defined in Equation (11).

min zcosts = CkWhT ∑
ij∈L

∑
h∈H

Ploss,h∆h + ∑
j∈N

∑
c∈C

Ccap
c Qcxjc (11)

4. Summary of the Solution Methodology

The two-stage solution methodology proposed in this research for locating and sizing
fixed-step capacitor banks in radial distribution networks is summarized in Algorithm 1.
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Algorithm 1: Solution methodology to locate and size fixed-step capacitor banks
in distribution grids.

Data: Define the distribution network under study.
1 Transform the distribution network into its per-unit equivalent;
2 Determine the number of capacitor banks that will be installed in the distribution

grid (i.e., Ncap
ava );

3 Solve the reduced model (1)–(5) to select the nodes where the capacitors will be
installed;

4 Extract the location nodes for the fixed-step capacitors from the variable xjc, i.e.,
nodes i, j, and k;

5 for c1 = 1 : c do
6 for c2 = 1 : c do
7 for c3 = 1 : c do
8 Construct the vector S?cap,h as S?cap,h = j

[
Qc1 Qc2 Qc3

]> ;

9 Solve the recursive power flow Formula (8);
10 Calculate the power losses for each period of time with Equation (10);
11 Determine the objective function with Equation (11);

12 Order all solutions in ascending form with the values of the objective function;
Result: Report the optimal solution (first solution in the ordered list)

5. Test Feeder Information

With the purpose of validating the proposed hybrid mathematical formulation, three
test feeders broadly used in the current literature are considered. These are the IEEE 33, IEEE
69, and IEEE 85 systems. The parametric information for these grids is presented below.
Note that, with the first two test feeders, the application of the proposed optimization
method with respect to the literature on peak load operation scenarios is validated. The
third test feeder is used to validate the proposed multi-period planning scenario.

5.1. IEEE 33-Bus Grid

The IEEE 33-bus grid is an electrical network that operates with 12.66 kV at the
substation bus located at node 1. This system has a radial structure, that is, 33 buses
and 32 lines. The electrical configuration of this test feeder is shown in Figure 1a and its
electrical parameters in Table 2.

5.2. IEEE 69-Bus Grid

The IEEE 69-bus grid is an electrical network that operates with 12.66 kV at the
substation bus located at node 1. This system is radial, that is, it has 69 buses and 68 lines.
The electrical configuration of this test feeder is shown in Figure 1b and its electrical
parameters in Table 3.

5.3. IEEE 85-Bus Grid

The IEEE 85-bus grid is a medium-voltage distribution grid comprising 85 nodes and
84 distribution lines (with a radial structure) operated with 11 kV as the substation voltage
connected at node 1 (see Figure 2).
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Figure 1. Test feeder grid configuration: (a) IEEE 33- and (b) IEEE 69-node system.

Table 2. IEEE 33-bus system parameters.

Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kvar) Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kvar)

1 2 0.0922 0.0477 100 60 17 18 0.7320 0.5740 90 40
2 3 0.4930 0.2511 90 40 2 19 0.1640 0.1565 90 40
3 4 0.3660 0.1864 120 80 19 20 1.5042 1.3554 90 40
4 5 0.3811 0.1941 60 30 20 21 0.4095 0.4784 90 40
5 6 0.8190 0.7070 60 20 21 22 0.7089 0.9373 90 40
6 7 0.1872 0.6188 200 100 3 23 0.4512 0.3083 90 50
7 8 1.7114 1.2351 200 100 23 24 0.8980 0.7091 420 200
8 9 1.0300 0.7400 60 20 24 25 0.8960 0.7011 420 200
9 10 1.0400 0.7400 60 20 6 26 0.2030 0.1034 60 25
10 11 0.1966 0.0650 45 30 26 27 0.2842 0.1447 60 25
11 12 0.3744 0.1238 60 35 27 28 1.0590 0.9337 60 20
12 13 1.4680 1.1550 60 35 28 29 0.8042 0.7006 120 70
13 14 0.5416 0.7129 120 80 29 30 0.5075 0.2585 200 600
14 15 0.5910 0.5260 60 10 30 31 0.9744 0.9630 150 70
15 16 0.7463 0.5450 60 20 31 32 0.3105 0.3619 210 100
16 17 1.2860 1.7210 60 20 32 33 0.3410 0.5302 60 40

Table 3. Parametric information of the IEEE 69-bus system.

Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kvar) Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kvar)

1 2 0.0005 0.0012 0 0 3 36 0.0044 0.0108 26 18.55
2 3 0.0005 0.0012 0 0 36 37 0.0640 0.1565 26 18.55
3 4 0.0015 0.0036 0 0 37 38 0.1053 0.1230 0 0
4 5 0.0251 0.0294 0 0 38 39 0.0304 0.0355 24 17
5 6 0.3660 0.1864 2.6 2.2 39 40 0.0018 0.0021 24 17
6 7 0.3810 0.1941 40.4 30 40 41 0.7283 0.8509 1.2 1
7 8 0.0922 0.0470 75 54 41 42 0.3100 0.3623 0 0
8 9 0.0493 0.0251 30 22 42 43 0.0410 0.0475 6 4.3
9 10 0.8190 0.2707 28 19 43 44 0.0092 0.0116 0 0
10 11 0.1872 0.0619 145 104 44 45 0.1089 0.1373 39.22 26.3
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Table 3. Cont.

Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kvar) Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kvar)

11 12 0.7114 0.2351 145 104 45 46 0.0009 0.0012 39.22 26.3
12 13 1.0300 0.3400 8 5 4 47 0.0034 0.0084 0 0
13 14 1.0440 0.3450 8 5.5 47 48 0.0851 0.2083 79 56.4
14 15 1.0580 0.3496 0 0 48 49 0.2898 0.7091 384.7 274.5
15 16 0.1966 0.0650 45.5 30 49 50 0.0822 0.2011 384.7 274.5
16 17 0.3744 0.1238 60 35 8 51 0.0928 0.0473 40.5 28.3
17 18 0.0047 0.0016 60 35 51 52 0.3319 0.1114 3.6 2.7
18 19 0.3276 0.1083 0 0 9 53 0.1740 0.0886 4.35 3.5
19 20 0.2106 0.0690 1 0.6 53 54 0.2030 0.1034 26.4 19
20 21 0.3416 0.1129 114 81 54 55 0.2842 0.1447 24 17.2
21 22 0.0140 0.0046 5 3.5 55 56 0.2813 0.1433 0 0
22 23 0.1591 0.0526 0 0 56 57 1.5900 0.5337 0 0
23 24 0.3460 0.1145 28 20 57 58 0.7837 0.2630 0 0
24 25 0.7488 0.2475 0 0 58 59 0.3042 0.1006 100 72
25 26 0.3089 0.1021 14 10 59 60 0.3861 0.1172 0 0
26 27 0.1732 0.0572 14 10 60 61 0.5075 0.2585 1244 888
3 28 0.0044 0.0108 26 18.6 61 62 0.0974 0.0496 32 23
28 29 0.0640 0.1565 26 18.6 62 63 0.1450 0.0738 0 0
29 30 0.3978 0.1315 0 0 63 64 0.7105 0.3619 227 162
30 31 0.0702 0.0232 0 0 64 65 1.0410 0.5302 59 42
31 32 0.3510 0.1160 0 0 11 66 0.2012 0.0611 18 13
32 33 0.8390 0.2816 14 10 66 67 0.0047 0.0014 18 13
33 34 1.7080 0.5646 19.5 14 12 68 0.7394 0.2444 28 20
34 35 1.4740 0.4873 6 4 68 69 0.0047 0.0016 28 20
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Figure 2. Electrical configuration of the IEEE 85-bus grid.

The total active and reactive power consumption of this system is 2570.28+ j2622.20 kVA
under peak load conditions [41]. The electrical information regarding branch impedances
and nodal loads is presented in Table 4.
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Table 4. Parametric information of the IEEE 85-bus system.

Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kvar) Node i Node j Rij (Ω) Xij (Ω) Pj (kW) Qj (kvar)

1 2 0.108 0.075 0 0 34 44 1.002 0.416 35.28 35.99
2 3 0.163 0.112 0 0 44 45 0.911 0.378 35.28 35.99
3 4 0.217 0.149 56 57.13 45 46 0.911 0.378 35.28 35.99
4 5 0.108 0.074 0 0 46 47 0.546 0.226 14 14.28
5 6 0.435 0.298 35.28 35.99 35 48 0.637 0.264 0 0
6 7 0.272 0.186 0 0 48 49 0.182 0.075 0 0
7 8 1.197 0.820 35.28 35.99 49 50 0.364 0.151 36.28 37.01
8 9 0.108 0.074 0 0 50 51 0.455 0.189 56 57.13
9 10 0.598 0.410 0 0 48 52 1.366 0.567 0 0
10 11 0.544 0.373 56 57.13 52 53 0.455 0.189 35.28 35.99
11 12 0.544 0.373 0 0 53 54 0.546 0.226 56 57.13
12 13 0.598 0.410 0 0 52 55 0.546 0.226 56 57.13
13 14 0.272 0.186 35.28 35.99 49 56 0.546 0.226 14 14.28
14 15 0.326 0.223 35.28 35.99 9 57 0.273 0.113 56 57.13
2 16 0.728 0.302 35.28 35.99 57 58 0.819 0.340 0 0
3 17 0.455 0.189 112 114.26 58 59 0.182 0.075 56 57.13
5 18 0.820 0.340 56 57.13 58 60 0.546 0.226 56 57.13
18 19 0.637 0.264 56 57.13 60 61 0.728 0.302 56 57.13
19 20 0.455 0.189 35.28 35.99 61 62 1.002 0.415 56 57.13
20 21 0.819 0.340 35.28 35.99 60 63 0.182 0.075 14 14.28
21 22 1.548 0.642 35.28 35.99 63 64 0.728 0.302 0 0
19 23 0.182 0.075 56 57.13 64 65 0.182 0.075 0 0
7 24 0.910 0.378 35.28 35.99 65 66 0.182 0.075 56 57.13
8 25 0.455 0.189 35.28 35.99 64 67 0.455 0.189 0 0
25 26 0.364 0.151 56 57.13 67 68 0.910 0.378 0 0
26 27 0.546 0.226 0 0 68 69 1.092 0.453 56 57.13
27 28 0.273 0.113 56 57.13 69 70 0.455 0.189 0 0
28 29 0.546 0.226 0 0 70 71 0.546 0.226 35.28 35.99
29 30 0.546 0.226 35.28 35.99 67 72 0.182 0.075 56 57.13
30 31 0.273 0.113 35.28 35.99 68 73 1.184 0.491 0 0
31 32 0.182 0.075 0 0 73 74 0.273 0.113 56 57.13
32 33 0.182 0.075 14 14.28 73 75 1.002 0.416 35.28 35.99
33 34 0.819 0.340 0 0 70 76 0.546 0.226 56 57.13
34 35 0.637 0.264 0 0 65 77 0.091 0.037 14 14.28
35 36 0.182 0.075 35.28 35.99 10 78 0.637 0.264 56 57.13
26 37 0.364 0.151 56 57.13 67 79 0.546 0.226 35.28 35.99
27 38 1.002 0.416 56 57.13 12 80 0.728 0.302 56 57.13
29 39 0.546 0.226 56 57.13 80 81 0.364 0.151 0 0
32 40 0.455 0.189 35.28 35.99 81 82 0.091 0.037 56 57.13
40 41 1.002 0.416 0 0 81 83 1.092 0.453 35.28 35.99
41 42 0.273 0.113 35.28 35.99 83 84 1.002 0.416 14 14.28
41 43 0.455 0.189 35.28 35.99 13 85 0.819 0.340 35.28 35.99

5.4. Economic Assessment Parameters

To determine the annual grid’s operating costs when fixed-step capacitor banks are
installed, the information on their sizes and costs is shown in Table 5 (adapted from [19]).

Table 5. Costs of the capacitors according to their capacity.

Option Qc (kvar) Cost
(USD/kvar-year) Option Qc (kvar) Cost

(USD/kvar-year)
1 150 0.500 8 1200 0.170
2 300 0.350 9 1350 0.207
3 450 0.253 10 1500 0.201
4 600 0.220 11 1650 0.193
5 750 0.276 12 1800 0.870
6 900 0.183 13 1950 0.211
7 1050 0.228 14 2100 0.176
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6. Computational Implementation

The proposed two-stage optimization approach was implemented in version 2019b of
the MATLAB software. The mixed-integer linear programming model was implemented
using CVX and the Gurobi solver. The recursive power flow solution was implemented
by means of our own scripts using the successive approximation power flow formulation.
All simulations were run on a desktop computer with an INTEL(R) Core(TM) i7− 7700
2.8-GHz CPU and 16.0 GB of RAM on a 64-bit version of Microsoft Windows 10. In the case
of the GAMS software, version 23.5 was used along with the BONMIN solver [42].

Note that, in order to calculate the percentage of improvement of the proposed two-
stage optimization methodology with respect to the benchmark cases, the following expres-
sion was used:

Imp% = 100%
|zbc

cost| − |zcost|
zbc

cost
(12)

where Imp% represents the percentage of improvement with respect to the benchmark case,
and zbc

cost is the operating cost of the network with no fixed-step capacitor banks installed
(that is, benchmark simulation case).

6.1. Comparison with Literature Reports

To demonstrate that the proposed two-stage solution methodology is efficient in deter-
mining the optimal siting of the fixed-step capacitor banks in radial distribution networks,
here, our approach is compared with four different optimization methods reported in the
current literature when the objective function is to minimize the total grid power losses (see
Table 6). These methods are: the analytical method (AM) [43], the two-stage method (TSM),
the hybrid fuzzy-based genetic algorithm (FRCGA) [44], GAMS [18], teaching-learning
based optimization [45], and the flower pollination algorithm (FPA) [19].

Numerical results in Table 6 show that the proposed two-stage optimization method
addresses the problem of the optimal location and sizing of fixed-step capacitor banks in
distribution systems with a high efficiency when compared with the literature reports. Note
that for both test feeders, the final location and sizes for the reactive power compensators
reached with the MIQC model allow for better objective function vales when compared
with the best report in [19]. In the case of the IEEE 33-bus grid, the proposed MIQC
model reaches an objective function of 138.473 kW, which is 0.6020 kW better than the FPA,
whereas in the IEEE 69-bus grid, this improvement is about 0.1880 kW with respect to the
GAMS solution. Even though if this results represent small improvements with respect to
the literature reports, these confirm the effectiveness of the proposed model in dealing with
the minimization of the annual grid operating costs including fixed-step capacitor banks
into distribution networks with a radial configuration.

6.2. IEEE 33-Bus Grid

Regarding the IEEE 33-bus grid, it was considered that the system was operated under
the peak load conditions throughout the year, as recommended in [19]. The proposed
MIQC model determined that the fixed-step capacitor banks should be located at nodes
13, 24, and 30. Once these placements were fixed, in the second optimization stage, the
recursive power flow evaluation defined that the optimal sizes for the fixed-step capacitor
banks were 450, 450, and 1050 kvar, respectively. Note that, if this solution is implemented,
then the expected reduction compared to the benchmark case (USD/year 35, 445.909) is
about USD/year 11, 698.592, i.e., 33.04%. It is important to mention that, in order to reach
this solution in the IEEE 33-bus grid, it is only necessary to invest USD/year 467.10 in
reactive power compensators. To demonstrate the effectiveness of the proposed MIQC
model, Table 7 is presents the comparison between the first three solutions reached by our
two-stage solution proposal and the optimal solution found via the exact model in GAMS.
Note that the solution reached using the proposed two-stage optimization method reduces
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the GAMS solution by about USD/year 111.9960, that is, 0.47 % of improvement of the
MIQC model in comparison with the GAMS solution.

Table 6. Comparative results between the two-stage approach and multiple literature reports.

Method Size (Node) (Mvar) Losses (kW)
IEEE 33-bus grid

Benc. Case - 210.987
AM {0.45(9), 0.80(29), 0.90(30)} 171.780
TSM {0.85(7), 0.025(29), 0.90(30)} 144.040
FRCGA {0.475(6), 0.175(8), 0.35(9), 0.025(28), 0.30(29), 0.40(30)} 141.240
FPA {0.45(13), 0.45(24), 0.90(30)} 139.075
GAMS {0.30(14), 0.45(24), 1.05(30)} 139.292

MIQC {0.45(13), 0.45(24), 1.05(30)} 138.473
IEEE 69-bus grid

Benc. Case - 225.072
AM {0.90(11), 1.05(29), 0.45(60)} 163.280
TSM {0.225(19), 0.90(62), 0.225(63)} 148.910
TBLO {0.60(12), 1.05(61), 0.15(64)} 146.350
FPA {0.45(11), 0.15(22), 1.35(61)} 145.860
GAMS {0.45(11), 0.15(27), 1.20(61)} 145.738

MIQC {0.45(11), 0.15(21), 1.20(61)} 145.550

Table 7. Comparative results between the GAMS and the proposed MIQC proposal, IEEE 33-bus grid.

Method Size (Node) (Mvar) Losses (kW) C. Caps. USD C. Total USD

GAMS {0.30(14), 0.45(24),
1.05(30)} 139.292 458.25 23,859.313

MIQC (sol. 1) {0.45(13), 0.45(24),
1.05(30)} 138.473 467.10 23,747.317

MIQC (sol. 2) {0.45(13), 0.60(24),
0.90(30)} 138.917 410.55 23,748.531

MIQC (sol. 3) {0.45(13), 0.45(24),
0.90(30)} 139.075 392.40 23,757.083

The most interesting result in Table 7 is that, with slight modifications in the sizes of
the capacitor banks at nodes 24 and 30 (variations of 150 kvar), solutions are found with
just 10 dollars of difference, all of them better than the solution found with GAMS.

One of the main results in Table 7 is that, with the proposed two-stage optimization
method, it is possible to list the alternative solutions. Note that, in this list, there are three
solutions with better final values regarding the final objective function than in the solution
yielded by GAMS.

6.3. IEEE 69-Bus Grid

In this test feeder, and considering a peak-load operation scenario as reported in [19],
the solution of the MIQC model in the nodal selection stage identified nodes 11, 21, and 61
as the optimal places to locate fixed-step capacitor banks. By fixing these nodal placements
for the capacitors, in the refinement stage, the sizes found for the capacitors were 450,
150, and 1200 kvar, respectively. With this solution, the yearly operating cost reduction
compared to the benchmark case (USD/year 37, 812.056) is about USD/year 12, 966.81,
i.e., 34.29%. Note that this solution only requires an investment of USD/year 392.85 by
the distribution company. On the other hand, Table 8 presents the comparisons between
the solution reached using the GAMS software (exact MINLP solution) and the first four
solutions found using the proposed two-stage solution approach. Note that the solution
reached using the proposed two-stage optimization method reduces the GAMS solution by
about USD/year 31.6640, i.e., 0.13 % of improvement of the MIQC model with respect to
the GAMS solution.
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Table 8. Comparative results between GAMS and the MIQC proposal for the IEEE 69-bus test feeder.

Method Size (Node) (Mvar) Losses (kW) C. Caps. USD C. Total USD

GAMS {0.45(11), 0.15(27),
1.20(61)} 145.738 392.85 24,876.910

MIQC (sol. 1) {0.45(11), 0.15(21),
1.20(61)} 145.550 392.85 24,845.246

MIQC (sol. 2) {0.30(11), 0.30(21),
1.20(61)} 145.492 414.00 24,856.573

MIQC (sol. 3) {0.60(11), 0.15(21),
1.20(61)} 145.614 411.00 24,874.173

MIQC (sol. 4) {0.45(11), 0.30(21),
1.20(61)} 145.556 422.85 24,876.229

The results in Table 8 show that the proposed two-stage optimization approach pro-
vides at least four solution methods with better numerical performance with respect to the
objective function when compared to the GAMS solution. In addition, as with the IEEE
33-bus feeder, for this test system, it is observed that small variations (150 kvar) in some
nodes yield solutions with expected reductions lower than 31 dollars per year of operation.

6.4. Numerical Results Considering Daily Load Variations

This subsection extends the analysis of the optimal placement of the fixed-step capaci-
tor banks to daily operation scenarios while considering the presence of solar photovoltaic
(PV) generation and daily load variations [13]. The demand load variations and the ex-
pected solar PV generation are depicted in Figure 3.
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Figure 3. Expected behavior of the demand and PV generation for a typically sunny day.

In the case of PV generation, the optimal sizes reported in [13] for the IEEE 85-bus test
feeder are considered. These PV sources are located in nodes 35, 67, and 71, with sizes of
1631.31, 463.33, and 503.80 kW, respectively.

In addition, two simulation scenarios are considered. The first case involves the
operation of the IEEE 85-bus grid while only considering the daily power demand with
zero penetration of PV sources. The second case includes both curves, taking into account
that the PV sources generate the maximum power available all the time.

6.4.1. Daily Operation without PV Generation

In this simulation case, the expected annual operating costs of the network without
including fixed-step capacitor banks (i.e., the benchmark case) were USD/year 27, 924.793.
Once the two-stage optimization methodology was applied to the IEEE 85-bus grid, the
nodes found for placing the fixed-step capacitor banks were 9, 34, and 67. With these
locations, the annual expected operating costs of the network considering daily load
variation were reduced to USD/year 16, 089.331, i.e., a reduction of 42.38%. The sizes of
the capacitors were 600, 450, and 450 kvar, respectively, with an annual investment of
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359.70 dollars. Figure 4 presents the daily behavior of the energy losses for one day in this
simulation scenario.
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Figure 4. Daily behavior of power losses without considering PV injection.

As expected, the results in Figure 4 show that the daily energy losses are reduced
when the capacitor banks are installed in the distribution grid. For this simulation scenario,
the daily energy losses are 3989.256 kWh/day when no capacitor banks are installed, and
these are reduced to 2247.090 kWh/day.

6.4.2. Daily Operation Including PV Generation

In this simulation scenario, the optimal location of fixed-step capacitor banks is evalu-
ated while considering the PV generators to be active and with maximum power generation.
The annual expected operating costs without integrating capacitor banks (i.e., the bench-
mark case) was USD/year 21, 313.872. On the other hand, when the MIQC model was
solved, the nodes where the fixed-step capacitor banks were to be placed were 9, 34, and 67
(note that these are the same nodes for the previous simulation scenario). Now, fixing these
nodes in the recursive power flow approach, the optimal sizes for these capacitors were 600,
450, and 450 kvar (these sizes are also the same as those reached in the previous simulation
scenario). With these sizes, the expected annual grid operating costs of the network are
reduced to USD/year 10, 574.253, that is, a 50.39% reduction compared to the benchmark
case. Note that, in order to reach this solution, the total investment in fixed-step capacitor
banks is 359.70 dollars. Figure 5 presents the daily behavior of the energy losses for one
day in this simulation scenario.
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Figure 5. Daily behavior of power losses considering PV injection.

As expected, the results in Figure 5 show that the daily energy losses are reduced
when the capacitor banks are installed in the distribution grid. For this simulation scenario,
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the daily energy losses are 3044.839 kWh/day when no capacitor banks are installed, and
these are reduced to 1459.222 kWh/day.

6.4.3. Complementary Analysis

It is important to mention that, in the studied simulation cases for the IEEE 85-bus
grid, it was observed that: (i) the presence of dispersed generation helps with the expected
costs of the annual grid power losses with a difference of USD/year 6610.92 compared to
the case with zero PV injection; and (ii) the final position of the fixed-step capacitor banks
and their optimal sizes are equal for both analyzed operation scenarios. This behavior can
be attributed to a deficit in reactive power identified in these nodes, regardless of the active
power variations on the grid.

On the other hand, Table 9 presents the comparative objective function value calculated
with the approximated MIQC model (1)–(5) and the exact formula defined by Equation (11).
Note that the fourth column is calculated as follows:

Error% = 100%

(
zapprox − zcost

)2

z2
cost

, (13)

Table 9. Comparative results between the approximated MIQC model and the exact objective
function calculation.

Without fixed-step capacitor bank

System zapprox zcost Error (%)

IEEE 33-bus system 30,605.568 35,445.909 1.865
IEEE 69-bus system 32,186.289 37,812.056 2.214
IEEE 85-bus system (without PV) 23,119.560 27,924.793 2.961
IEEE 85-bus system (with PV) 18,309.428 21,313.872 1.987

With fixed-step capacitor bank

System zapprox zcost Error (%)

IEEE 33-bus system 21,771.320 23,747.318 0.692
IEEE 69-bus system 22,159.467 24,845.247 1.169
IEEE 85-bus system (without PV) 14,430.466 16,089.331 1.063
IEEE 85-bus system (with PV) 9620.335 10,574.253 0.814

The numerical results shown by Table 9 allow stating that: (i) as expected, the mixed-
integer convex model yields a better objective function value in comparison with the exact
formula, given that the MIQC model (1)–(5) neglects the power losses caused by resistance
in distribution lines and underestimates them using active and reactive power flows [33];
and (ii) the mean square errors calculated through Equation (13) show that the maximum
error is present in the case of operation without fixed-step capacitor banks for the IEEE
69-bus system with a value of 2.961%, whereas the minimum error is evidenced in the
case of operation with fixed-step capacitor banks for the IEEE 33-bus grid with a value of
0.692%. However, the most important finding in the fourth column of Table 9 is that all the
estimation errors between the proposed MIQC formulation and the exact formula are lower
than 3%, which confirms the effectiveness of this model at defining adequate locations for
reactive power compensation via fixed-step capacitor banks.

7. Conclusions and Future Works

The problem concerning the optimal location and sizing of fixed-step capacitor banks
in radial distribution networks was addressed in this research by implementing a two-stage
optimization approach. The first optimization stage was entrusted with determining the
set of nodes where the fixed-step capacitor banks were to be installed. To determine the
optimal placement of these capacitors, a new MIQC model was proposed which allows for
ensuring that the global optimum is reached due to the convexity of the solution space for
each nodal capacitor placement combination. With the solution obtained from the MIQC
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model, the second optimization stage was fed, which corresponds to a recursive power
flow solution to exhaustively evaluate all the capacitor size possibilities. Numerical results
in distribution networks composed of 33, 69, and 85 nodes demonstrated the efficiency of
the proposed two-stage optimization approach.

In the peak load scenario, the proposed two-stage optimization approach identified
three better solutions for the IEEE 33-bus system in comparison with the GAMS software,
as well as four better solutions in the case of the IEEE 69-bus grid. When the optimal
solutions obtained for the proposed MIQC model and the recursive power flow solu-
tions were compared with the the benchmark cases, the annual expected operating cost
reductions were 33.04 and 34.29% for the IEEE 33- and IEEE 69-bus systems, respectively.
In addition, the improvements with respect to the GAMS software for both test feeders
were USD/year 111.996 and USD/year 31.664, respectively. These results validate the
two-stage optimization approach as a new reference for studies regarding reactive power
compensation in distribution networks using fixed-step capacitor banks.

In the case of the daily behavior of the demand consumption and the inclusion of
PV generation, it was observed that: (i) the location and sizes of the fixed capacitors for
the scenarios with and without penetration of the PV sources were the same, i.e., nodes
9, 34 and 67, with capacitor sizes of 600, 450, and 450 kvar, respectively, as these results
confirmed that, for the IEEE 85-bus grid, there was a reactive deficit regardless of the active
power generation available in the distribution grid; and (ii) the expected annual profits
considering the daily demand behavior were USD/year 11, 835.462 with respect to the
simulation scenario without PV injection, and they were about USD/year 10, 739.619 when
PV sources were operated in the maximum power point tracking. These results showed that
both simulations with a small investment in fixed-step capacitor banks reached reductions
higher than 42% with respect to the benchmark cases.

Numerical comparisons between the exact formula in Equation (11) and the approxi-
mate objective function value defined in Equation (1) showed that, for all the simulation
cases, the mean square error was lower than 3%, which confirmed the effectiveness of the
proposed MIQC model at determining the better nodal location for the fixed-step capacitor
banks in distribution networks with a radial configuration.

As future research, the following contributions could be made: (i) to extend the
proposed optimization model to locate and size renewable generators and capacitor banks
simultaneously in radial and meshed distribution networks; (ii) to apply the proposed
optimization model to switched capacitor banks while including their loss model; and
(iii) to develop an MIQC model to locate and size voltage regulators in distribution grids
considering investment and operating costs.
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