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Abstract: We consider the scattering of metal colloids in aqueous solutions by an insulating circular
post under the action of an AC electric field. We analyze the effects on the particle of several forces
of electrical origin: the repulsion between the induced dipole of the particle and its image dipole
in the post, the hydrodynamic interaction with the post due to the induced-charge electroosmotic
(ICEO) flow around the particle, and the dielectrophoresis arising from the distortion of the applied
electric field around the post. The relative influence of these forces is discussed as a function of
frequency of the AC field, particle size and distance to the post. We perform numerical simulations
of the scattering of the metal colloid by the insulating circular post flowing in a microchannel and
subjected to alternating current electric fields. Our simulation results show that the maximum particle
deviation is found for an applied electric field parallel to the flow direction. The deviation is also
greater at low electric field frequencies, corresponding to the regime in which the ICEO’s interaction
with the post is predominant over other mechanisms.

Keywords: AC electrokinetics; microfluidics; induced-charge electroosmosis; dielectrophoresis

1. Introduction

Electric fields are commonly used in microfluidic devices to manipulate particles with
the objective of segregating them [1]. Particle separation is often employed in the analysis
of biological samples containing, for example, cells, vesicles, and macromolecules. In
particular, deterministic lateral displacement (DLD) devices with electric fields have been
studied for particle separation [2,3]. In these devices, the characteristics of the particle’s
interaction with an insulating post is central for the efficiency of the separation mechanism.
For example, Ho et al. have recently demonstrated the segregation of micro- and nanoparti-
cles based on their surface charge using DLD devices [4]. Additionally, Calero et al. have
shown that the combination of AC and DC electric fields can give rise to the fractionation
of submicrometer particles within arrays of 20 micron diameter posts [5].

In this work, we study the scattering of colloidal metal particles by a cylindrical
insulating post. The particles are suspended in an electrolyte that flows in a microchannel
with a prescribed velocity and encounter a post of circular shape. The post distorts the
flow streamlines, which recover their original shape past the post. In the absence of an
electric field, colloidal particles follow the streamlines, and, therefore, their motion remains
unaltered after the post is left behind. Notice that this is the case for particle trajectories not
very close to the post, while for trajectories close to the post, there are non-hydrodynamic,
short-range interactions that lead to some deviations of the order of the particle diameter [6].
These hard-wall interactions constitute the physical mechanism for particle deviation of
the original DLD devices. During the 1990s, experimental and theoretical works on the
scattering of a colloidal particle by another particle were performed as a way of studying
contact forces [7–9]. If an electric field is applied, the distortion of the electric field lines

Micromachines 2023, 14, 23. https://doi.org/10.3390/mi14010023 https://www.mdpi.com/journal/micromachines

https://doi.org/10.3390/mi14010023
https://doi.org/10.3390/mi14010023
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/micromachines
https://www.mdpi.com
https://orcid.org/0000-0003-2143-3043
https://orcid.org/0000-0003-3538-2590
https://orcid.org/0000-0002-2190-1188
https://doi.org/10.3390/mi14010023
https://www.mdpi.com/journal/micromachines
https://www.mdpi.com/article/10.3390/mi14010023?type=check_update&version=1


Micromachines 2023, 14, 23 2 of 14

caused by the cylinder gives rise to a non-homogeneous field that leads to dielectrophoretic
(DEP) forces on the particles, i.e., a net electrical force on the particle-induced dipole. The
application of DEP within arrays of posts for particle concentration [10–12] and particle
filtration [13,14] has been extensively demonstrated in microfluidics experiments. It has
recently been shown how to fabricate and use arrays of metal posts for the DEP deviation of
microparticles within microchannels [15]. Besides the DEP force, the particle also undergoes
an electrical wall repulsion arising from the image dipole. Furthermore, AC electric fields
induce quadrupolar electroosmotic flows around metal colloids that can give rise to particle-
wall repulsion, as observed in electrophoresis experiments for nonmetal colloids [16] and
particle-particle interactions [17,18]. All these electrical interactions are able to modify
particle trajectories from the original streamlines. We use numerical simulations to study the
interplay of these phenomena on the scattering due to the post. The main novelty in these
simulations is the interaction with the post due to the quadrupolar electroosmotic flows
induced on the particles. For example, we demonstrate that the repulsion due to these flows
is stronger than the particle repulsion with its image dipole. The latter interaction decays
with distance as r−4, while the repulsion due to the quadrupolar electrosmostic flows does
so as r−2. In addition to its fundamental interest, these results will find applications in the
design of microfluidic devices that combine obstacles and/or constrictions with electric
fields for particle separation and fractionation [10,19].

The paper is organized as follows. First, we describe the different interactions that we
consider between a colloidal metal particle and an insulating post. The relative influence
of these forces is discussed as a function of frequency of the AC field, particle size and
distance to the post. Later, we present the numerical results obtained with the software
Comsol Multiphysics for the particle trajectories for different parameters and draw some
conclusions about the most interesting set of parameters.

2. Analysis of the Physical Problem

Let us consider a small metal particle with radius a in a microchannel being dragged
by the flow of an electrolyte with velocity v0. The particle approaches a cylindrical post of
radius R made of an insulating material (see Figure 1). For simplicity, we will assume that
the cylinder is infinitely long. The application of an electric field within the liquid, E, gives
rise to an interaction of the particle with the post, which results in a deviation of the former
with respect to its original trajectory. We place the cylinder in the middle of a domain where
we impose periodic boundary conditions on the upper and lower planes. Therefore, we
consider that the particle approaches one of the cylinders of an infinite row perpendicular
to the flow direction. The particle-post interaction arises from the combination of the
following mechanisms: particle repulsion with its image dipole, ICEO repulsion from
insulating walls, and dielectrophoresis and dipolophoresis.

X

Y

Figure 1. Schematics of the problem. Particles enter the channel from the left side driven by the fluid
flow with velocity u0. There is an ac electric field applied in the system. The particle trajectories
are affected by the presence of an insulating post. The particle-post interaction arises from different
mechanisms of electrical origin.
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2.1. Particle Repulsion with Its Image Dipole

The electric field induces an electric dipole moment on the particle, which, in turn, is
repelled from the post. This repulsion can be described as the interaction of the electric dipole
with its image dipole due to the proximity of an insulating wall. Let us consider that the particle
is in front of a plane wall placed at z = 0 and that there is an AC field with angular frequency
ω at the particle position, such as E(t) = Re[(Exx̂ + Ezẑ) exp (iωt)]. In this situation, the
particle acquires an induced electric dipole p = Re[4πεa3α(Exx̂ + Ezẑ) exp (iωt)], where ε is the
electrical permittivity of the electrolyte, and α is the complex non-dimensional polarizability of
the particle (also known as the Clausius–Mossoti factor [20]). Thus, the time-averaged repulsion
force of the particle dipole at z = h with the wall at z = 0 is given by:

Fp-p =
3πεa6αα∗(2E2

z + E2
x)

8h4 ẑ (1)

where ε is the medium permittivity, and ∗ indicates the complex conjugate.
The polarizability of a metal sphere in an electrolyte is determined by the charging of

the electrical double layer (EDL) induced at the particle-electrolyte interface and can be
written as [21]:

α =
i(ω/ωDL)− 1
i(ω/ωDL) + 2

(2)

where ωDL is the reciprocal of the RC charging-time of the sphere EDL (ωDL = σ/aCDL,
with σ being the liquid conductivity and CDL being the specific surface capacitance of the
EDL). Since the particle is immersed in a liquid with viscosity η and inertia is negligible
for micron-size particles, this force is balanced by the Stokes drag on a sphere, i.e., Fdrag =
6πηau, with u being the particle velocity. Thus, the particle repels from the wall with a
velocity given by:

up-p =
εa5(2E2

z + E2
x)

16ηh4

(
1 + (ω/ωDL)

2

4 + (ω/ωDL)2

)
ẑ (3)

Although the expression above is found for a flat wall, numerical calculations in
Appendix A show that it is a good approximation for the repulsion from a circular cylinder.
Thus, for simplicity, in our simulations, we will use the following expression in polar
coordinates for the velocity of a particle at a position r = ρρ̂ with ρ > R in a reference
frame centered at the cylinder axis:

up-p =
εa5(2E2

ρ + E2
ϕ)

16η(ρ− R)4

(
1 + (ω/ωDL)

2

4 + (ω/ωDL)2

)
ρ̂ (4)

where Eρ and Eϕ are, respectively, the radial and angular components of the electric field in
polar coordinates.

2.2. ICEO Repulsion from Insulating Walls

Another effect of the electric fields on metal particles dispersed in electrolytes is the
generation of electroosmotic flows on their surface [22]. This phenomenon is commonly
known as induced-charge electroosmosis (ICEO, [23]) and it is caused by the action of
the electric field on the charges of the EDL that the field induces on the metal-electrolyte
interface. For a spherical metal particle, this electroosmotic velocity gives rise to an axysim-
metric quadrupolar flow pattern, with the axis defined by the electric field direction and
with a velocity field in spherical coordinates given by [24]:

v = U
(
(1− (r/a)2)(1 + 3 cos 2θ)

2(r/a)4 r̂ +
sin 2θ

(r/a)4 θ̂

)
, (5)

where U is the maximum slip velocity on the sphere and is given by [22]:
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U = Λ
(9εE2a/4η)

4 + (ω/ωDL)2 . (6)

Here, E is the amplitude of the applied electric field (E2 = E2
x + E2

z ), and Λ is a param-
eter that accounts for the deviation from the ideal EDL. Λ = 1 in the ideal case, where all
the EDL voltage contributes to the slip velocity. However, experimental observations show
that Λ < 1 [21]. ICEO flows around metal particles give rise to hydrodynamic interactions
between them, as theoretically studied in refs. [25–27] and observed in experiments [17,28].

If the metal sphere is close to an insulating wall, the ICEO flow pattern gives rise
to a wall-particle interaction (see, for instance, [16]). As shown by Yariv [29], a small
sphere at a distance h over a flat wall (h� a) moves away from it with a velocity given by
uICEO = 3Ua2/8h2.

We will consider a more general case for the interaction with a flat wall in which the
particles are small but the direction of the electric field is arbitrary. For r � a, the velocity
field (5) reduces to a stresslet with velocity

v =
Ua2

r2

(
1− 3( p̂ · r̂)2

)
r̂, (7)

where p̂ is a unit vector in the direction of the induced dipole (or the field at the particle
position). Smart and Leighton Jr. [30] provided the drift velocity of a stresslet due to
a nonslip flat wall. They used the image system of the Stokeslet given by Blake [31] to
obtain the image system of the stresslet. The velocity of a particle with a stresslet given by
Equation (7) at a distance h from a flat wall at z = 0 is given by:

uICEO =
3Ua2

8E2h2

[
(E2

x − 2E2
z)ẑ− 2ExEz x̂

]
(8)

Note that the expression above can result in either attraction to or repulsion from
the wall depending on the direction of the electric field, and that there is also a velocity
component tangential to the wall. However, close to an insulating wall, the electric field
components, tangential (Ex) and normal (Ez), satisfy Ez � Ex, and the interaction will
mostly be repulsive.

Although Equation (8) is found for a flat wall, numerical calculations in Appendix B
show that it is a good approximation for the particle’s interaction with a circular cylinder.
Thus, we will use the following expression in the simulations of the particle trajectories in
cylindrical coordinates centered at the cylinder axis:

uICEO =
3Ua2

8E2(ρ− R)2

[
(E2

ϕ − 2E2
ρ)ρ̂− 2EϕEρ ϕ̂

]
(9)

2.3. Dielectrophoresis and Dipolophoresis

The homogeneous applied electric field in the channel becomes distorted by the
presence of the cylinder. Thus, the induced dipole p on the particle is subjected to a non-
homogeneous electric field, and, consequently, an electrical force acts on the particle as
given by FDEP = p · ∇E. The motion arising from this force is known as dielectrophoresis
(DEP) [20], and its time-averaged value for an AC field can be calculated as:

〈FDEP〉 = πεa3Re[α]∇|E|2 (10)

where the nondimensional polarizability α of a metal sphere immmersed in an electrolyte is
given by (2), as mentioned above. The velocity induced on the sphere by this mechanism is

uDEP =
εa2

6η
Re[α]∇|E|2 (11)
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Another effect of a non-homogeneous electric field on a metal sphere is that the ICEO
flows induced around the particle are not symmetrical and lead to particle motion. The
combination of this mechanism and DEP is known as dipolophoresis [32–34]. For low
frequencies of the electric field, the theoretical models show that the contributions of
the ICEO and DEP to dipolophoresis are opposite and of the same magnitude, i.e., the
dipolophoresis-induced particle velocity would be zero [32,35]. However, experiments
with metal spheres show that the ICEO mechanism is usually negligibly small [21] (this
fact can be accounted for by using a factor Λ � 1). In this way, at low frequencies
(ω � ωDL), the induced velocity becomes uDIP = uDEP(1−Λ), where the subscript DIP
stands for dipolophoresis.

2.4. Particle Trajectory and Comparisons between Mechanisms

Taking into account the previous interactions of the particle with the post, the particle
trajectory is obtained by integrating the velocity given by

u = up-p + uICEO + uDIP + v (12)

where v is the fluid velocity. This expression is valid since inertial effects can be neglected
for small particles. Additionally, we have simplified the purely hydrodynamic interaction
of the particles with the post, which depends on the structure of the flow field around
them. This is a key problem by itself without including the complications of the electric
field, and it should be carried out in a 3D domain to accurately describe the interaction
of the spherical particle with a cylinder. For example, that kind of calculation could be
useful in predicting the critical diameter for particle deviation in DLD (deterministic lateral
displacement) devices [36,37]. An accurate description of particle trajectories very close
to the cylinder could be carried out by using the moving mesh (ALE) tool in Comsol.
However, since our goal is to analyze the relative influence of the interactions arising from
the application of an electric field, we have simplified the hydrodynamic interaction.

A dimensionless form of the particle velocity can be derived by using the cylinder
radius R, a typical fluid flow velocity v0, and a typical electric field magnitude E0 as
references. The particle velocity in cylindrical coordinates is then given by

ũ =
Nβ5|α|2

16(ρ̃− 1)4 (2Ẽ2
ρ + Ẽ2

ϕ)ρ̂ +
27Nβ3Λ

128(ρ̃− 1)2

[
(Ẽ2

ϕ − 2Ẽ2
ρ)ρ̂− 2ẼϕẼρ ϕ̂

]
+ (1−Λ)

Nβ2Re[α]
6

∇̃|Ẽ|2 + ṽ (13)

where N = εRE2
0/ηv0 and β = a/R.

In our case of an insulating pillar in a microchannel and subjected to an electric field,
we can approximate the electric potential for that around a single pillar in an homogeneous
field. The electric potential phasor is then given by φ̃0 = −(ρ̃ + 1/ρ̃) cos ϕ. Thus, we can
evaluate the terms in (13) and compare them. For low frequencies (ω ≤ ωDL), the ratio of
maximum DEP velocity to the ICEO velocity is uDEP/uICEO = (128/81)(ρ̃− 1)2/β. The
DEP force is negligibly small for small particles (β� 1, or a� R) near the post (ρ̃− 1 ∼ β,
or h ∼ a), where the repulsion with the wall is stronger. However, for ρ̃− 1 ∼ 1 (or h ∼ R),
DEP forces dominate.

ICEO flows vanish at high frequencies, and close to the post, the electrical interaction
with the image dipole becomes relatively more important. For ω > ωDL and using (13),
uDEP/up-p = (32/3)(ρ̃− 1)4/β3, and we can neglect the DEP mechanism for small particles
very close to the post. However, as in the case of low frequencies, DEP is the dominant
force away from the wall.

Note that in this study, we do not consider short-range forces as in the DLVO the-
ory [38]. These forces play a role when colloids are very close to each other or to a wall. As
mentioned above, several works in the decade of the 1990s performed scattering experi-
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ments and simulations between colloidal particles as a way of testing surface attractive
forces [7–9]. The effects of these forces are beyond the scope of the present work.

3. Numerical Simulations of the Trajectories

Numerical simulations were performed using the finite element method (COMSOL
Multiphysics). We used a 2D domain consisting of a rectangle with a circle at its center
representing the cylinder cross-section. To calculate the electric field, Laplace’s equation for
the electric potential (φ) was solved:

∇2φ = 0 (14)

The solution to Equation (14) was found in two cases:

(A) Electric field parallel to the fluid flow. We imposed boundary conditions of zero normal
current density (∂φ/∂n = 0) at the cylinder surface and at upper and lower planes
(see the geometry in Figure 1). Dirichlet boundary conditions were applied at the
entrance and exit so that the applied electric field was equal to E0.

(B) Electric field perpendicular to the fluid flow. We imposed boundary conditions of zero
normal current density (∂φ/∂n = 0) at the cylinder surface and at the entrance and
exit. Dirichlet boundary conditions were applied at upper and lower planes.

The velocity field (v) was obtained by solving the equations for Stokes flow

η∇2v = ∇p ∇ · v = 0 (15)

where p corresponds to the pressure field in the liquid. The boundary conditions are: zero
velocity on the cylinder, symmetry conditions for upper and lower planes in Figure 1,
and v = v0 x̂ far from the cylinder at the entrance and the exit. We have assumed that
the insulating cylinder is uncharged and, therefore, no electroosmosis or concentration
polarization electroosmosis is considered [39].

Particle trajectories are obtained by the integration of Equation (13) and assuming that
the initial positions of the particles are at the entrance of the domain (left side in Figure 1).

3.1. Electric Field Parallel to the Fluid Flow

First, we analyze the case when the electric field is applied along the direction of the flow.
Figure 2 shows particle trajectories at three different conditions for N = 50, β = 0.2.

This set of nondimensional parameters is obtained, for example, with the following values:
radius of the post R = 10 µm, flow velocity v0 = 100 µm/s, and electric field amplitude
E0 = 2.67× 104 V/m for water at room temperature. Electric fields of this order or greater
were employed in reference [40]. Figure 2 shows the particle trajectories for three different
cases: (a) low frequency of the applied field and Λ = 1, (b) low frequency of the applied
field and Λ = 0.5, and (c) high frequency. For clarification, by low and high frequency, we
mean, respectively, that the frequency of the applied voltage is either much lower or much
higher than ωDL, the reciprocal of the RC time for the charging of the sphere EDL. For a
2 micron particle in a 1.5 mS/m KCl electrolyte (100 mM), we estimate ωDL/2π =5 kHz.

For case (a), the dipolophoresis is zero for spherical particles, i.e., for an ideal EDL
(Λ = 1), the motions induced on the particle by DEP and ICEP cancel out. Therefore,
particle trajectories are only affected by the reflected ICEO flow from the post and the
image dipole interaction. Repulsion by the ICEO is stronger, and the dipole repulsion is
only noticeable for particle trajectories that pass very close to the cylinder. It turns out that,
for all cases that we studied in this work, the dipole repulsion has a negligible effect on the
particles’ trajectories.

For the case (b) of low frequency and not ideal EDL with Λ = 0.5, negative dielec-
trophoresis affects the trajectories, and the scattering from the post is a combination of
ICEO repulsion and negative DEP.
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It is possible to extract a function that relates the initial vertical position yi, where the
particle enters the channel, and the final exiting position y f , where the particle leaves the
channel. Cases (a) and (b) show y f > yi, that is, the vertical position at the exit is greater
than the vertical position at the entrance.

Figure 2. Particle trajectories for an applied electric field parallel to flow direction: (a) Low frequency
and Λ = 1. (b) Low frequency and Λ = 0.5. (c) High frequency. The colors represent the magnitude
of the particle velocity in units of v0.

Finally, for the high-frequency case shown in (c), the ICEO flow becomes negligibly
small, and the particle is subjected to positive DEP since, at those frequencies, the EDL has
negligible charge and the particle behaves as a conductor in a dielectric medium. As can be
seen, some trajectories end on the cylinder, meaning that those particles can be trapped
on the cylinder surface. This trap is where the electric field amplitude is the greatest. The
particles that are not trapped show y f < yi, that is, the vertical position at the exit is smaller
than the vertical position at the entrance.

3.2. Electric Field Perpendicular to the Fluid Flow

Now, we analyze the case when the applied electric field is perpendicular to the flow
direction.

Figure 3 shows particle trajectories for N = 50, β = 0.2 at three different cases: (a) low
frequency and Λ = 1, (b) low frequency and Λ = 0.5, and (c) high frequency.

For case (a), the main effect is the ICEO interaction. Interestingly, there are trajectories
where the flow velocity is balanced by the ICEO repulsion so that the particle reaches an
equilibrium position on the left of the cylinder. A zoom of these trajectories is shown in
Figure 4. Those trajectories that reach the exit present y f < yi, that is, the vertical positions
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at the exit are smaller than the vertical positions at the entrance. In this case, particles are
attracted to the post because there is an important component of the electric field Eρ, which
makes the trajectories bend towards the center of the channel.

Figure 3. Particle trajectories for an applied electric field perpendicular to flow direction: (a) low
frequency and Λ = 1; (b) low frequency and Λ = 0.5; (c) high frequency. The colors represent the
magnitude of the particle velocity in units of v0.

Figure 4. Zoom of particle trajectories for an applied electric field perpendicular to flow direction in
the case of low frequency and Λ = 1. The colors represent the magnitude of the particle velocity in
units of v0.
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For case (b) of low frequencies and Λ = 0.5, the results are similar to the previous case,
but without equilibrium points. DEP affects the trajectories, but as in case (a), the net effect
is that the height of trajectories at the exit is smaller than at the entrance y f < yi.

The case of high frequencies (case (c)) shows trapping, as for the longitudinal fields.
The positive DEP on the particles make them move to the cylinder, and there are trajectories
that end on the cylinder surface so that they can be trapped. The difference with the case of
the longitudinal field is that the high-amplitude positions of the electric field are shifted 90o.

3.3. Particle Deviations

From the perspective of employing the particle-post interactions for separation, the
cases analyzed at low frequency with the longitudinal field seem more promising, since
they lead to y f > yi, i.e., greater particle deviation. At the least, producing greater particle
deviation is pursued in the case of DLD devices where tunable particle repulsion from the
posts is the objective [3]. In Figure 5, we show y f − yi versus yi for cases (a) and (b) of
Figure 2, that is, particle trajectories when the electric field is longitudinal with N = 50
in the cases (a) Λ = 1 and (b) Λ = 0.5. In order to check the accuracy of the numerical
calculations, we have repeated the simulations with meshes of increasing quality and
checked that the results for the deviation converge to the data shown in Figure 5.

0 1 2 3

0 . 0

0 . 1

0 . 2

0 . 3

0 . 0

0 . 1

0 . 2

0 . 3

y f - y
i

 β  =  0 . 1
 β  =  0 . 2

(Β)

(Α)

 β  =  0 . 1
 β  =  0 . 2

 

y f - y
i

y i

 

Figure 5. Deviation y f − yi versus yi at N = 50 for two cases: (A) low frequency and Λ = 1; (B) low
frequency and Λ = 0.5.
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4. Conclusions

In this paper, we have studied the scattering of a colloidal metal particle by an insulat-
ing circular post when subjected to an AC electric field. The particles are driven by fluid
flow, and deviations from their original trajectory are studied as a function of the applied
AC field. The forces that we have considered in this study are the dielectrophoresis and
dipolophoresis forces, the wall repulsion by the image dipole, and the wall interaction
by the ICEO flow reflected by the post. The latter two cases have been implemented
using known expressions for plane walls. In the appendices, we have shown that these
expressions are good approximations for small distances between the particle and the
cylinder surface.

The relative influence of the forces on particle motion is discussed as a function of
frequency of the AC field, particle size and distance to the post. We perform numerical
simulations of the scattering of the metal colloid by the insulating circular post flowing in
a microchannel. Our simulations show that the maximum particle deviation is found for
an applied electric field parallel to the flow direction. Our theoretical predictions could be
checked against experiments in microfluidic devices with suspensions of metal colloids or
any other conducting particles such as colloidal conductive polymers. Additionally, greater
deviations are found at low electric field frequencies, corresponding to the regime in which
the ICEO interaction with the post is predominant over other mechanisms.
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Appendix A. Dipole-Dipole Repulsion from a Cylinder

Y

X

Z

Figure A1. 3D domain for computing the reflections by the cylinder of both the electric fields of the
dipoles and the velocity field of the stresslets.

In Section 2.1, the repulsion force on a dipole due to the presence of an insulating
cylinder was approximated using the force due to an insulating plane wall. In this way,
we obtained the drift velocity given by (4). Here, we check numerically the validity of this
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approximation. The potential due to a dipole in the presence of the insulating cylinder can
be written as φnet = φdipole + φreflected, where

φdipole =
p · r
4πr3 (A1)

and φreflected is the potential reflected by the wall that results as a consequence of the
boundary condition on the cylinder surface ∂φnet/∂n = 0. Thus, φreflected is a solution
of Laplace’s equation with the boundary condition ∂φreflected/∂n = −∂φdipole/∂n. We
have solved this problem numerically with COMSOL Multiphysics in a 3D domain (see
Figure A1). The computed force on the dipole F = (p · ∇)Ereflected can be compared to the
approximation given by (4).

Figure A2 shows the numerical results for the force on a dipole as a function of the
distance to the surface of the cylinder, ρ − 1. The force is calculated for two different
orientations of the dipole: (A) a dipole parallel to the radial direction ρ̂ (FA) and (B) a dipole
perpendicular to the cylinder axis and to the radial direction ρ̂ (FB), i.e., when the dipole is
oriented in the direction of ϕ̂. For checking the flat-wall force approximation, Figure A2
also shows the forces calculated according to Equation (1), which results in the following
expressions for the two orientations: FA = 3/2π(ρ− 1)4 and FB = 3/4π(ρ− 1)4.
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Figure A2. Nondimensional force on dipole versus distance to the cylinder surface. Comparison
between numerical force and the theoretical approximation according to Equation (1).

Appendix B. ICEO Interaction with a Cylinder

Because there is ICEO flow around the particle, we have assumed in Section 2.2 that
the particle’s interaction with the post results in a drift velocity given by Equation (9),
which corresponds to the particle drift velocity due to a flat wall. In this appendix, we
check that this is a good approximation for small particles not far from the cylinder wall.

The ICEO flow given by Equation (5) coincides with the flow due to a stresslet for
r � a (Equation (7)). The flow field of the stresslet becomes affected by the presence of
a post. The net flow field can be written as vnet = vstresslet + vreflected, where vreflected is
the field generated by the wall of the post, which arises as a consequence of the no-slip
boundary condition on the cylinder surface (vnet = 0). Thus, vreflected is solution of the
Stokes equation (15) in a domain containing a cylinder of radius R with the following
boundary condition on the cylinder wall: vreflected = −vstresslet. The velocity field vreflected
at the position of the stresslet (say r0) is the drift velocity of the particle due to the presence
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of the nonslip cylinder wall (uICEO = vreflected(r0)). We are going to check that uICEO as
given by Equation (9) is a good approximation by comparing with the numerical results.
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Figure A3. Particle drift velocity due to ICEO flow reflected on a cylinder versus the distance to the
cylinder wall.

For convenience, we write Equation (7) as:

vstresslet

Ua2 = p2
xvxx + p2

zvzz − 6px pzvxz (A2)

where px, py, pz are the Cartesian coordinates of a unit vector in the direction of the electric
field, and we have defined the following components of the stresslet field:

vxx =

(
1
r3 −

3x2

r5

)
r̂ (A3)

vzz =

(
1
r3 −

3z2

r5

)
r̂ (A4)

vxz =
( xz

r5

)
r̂ (A5)

Placed at the stresslet position, we take −ẑ as ρ̂, the direction from the center of the
cylinder to the stresslet, and x̂ as ϕ̂, the direction perpendicular to the cylinder axis and
to ρ̂ . We have used COMSOL Multiphysics in the 3D domain previously shown to find
vreflected for each of the three stresslet components (A3) as a function of the distance to the
cylinder axis. Figure A3 shows the comparison between the reflected velocity due to a
cylindrical wall calculated numerically with the reflection calculated using Equation (9).
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