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Abstract: To achieve high-resolution and wide-swath (HRWS) synthetic aperture radar (SAR) images,
this paper focuses on resolving the problem of separating range-ambiguous echoes with the space–
time coding (STC) array. At the modeling stage, the transmit elements and pulses of the STC array are
configured with time delay and phase coding modulation, which introduces extra degrees of freedom
(DOFs) in the transmit domain. To separate the echoes corresponding to different range-ambiguity
regions, the equivalent transmit beamforming is performed in the two-dimensional space–frequency
domain. Moreover, in order to compensate for the loss of range resolution during the beamforming
progress, the frequency splicing method is proposed. At the analysis stage, the distributed target
simulation is provided to demonstrate the effectiveness of obtaining HRWS SAR images in the STC
radar. Additionally, the performance of resolving range ambiguity is compared with the traditional
radar in terms of the range-ambiguity-to-signal ratio (RASR).

Keywords: advance radar techniques; space–time coding; transmit beamforming; synthetic aperture
radar; range ambiguity; high resolution and wide swath

1. Introduction

The synthetic aperture radar (SAR) has been extensively utilized in both military and
civil applications due to its ability to provide high-resolution imaging for a specific area of
interest [1–4]. Traditionally, to achieve high-resolution images in the azimuth, a high pulse
repetitive frequency (PRF) is employed to avoid Doppler ambiguity [5,6]. On the contrary,
a low PRF is utilized [7] to obtain a wide range swath. Therefore, both wide unambiguous
swath coverage and high azimuth resolution present contradicting demands on the design
of satellite SAR systems. For the case where Doppler ambiguity is present, the spectral
reconstruction method [8,9] and the displaced phase center antenna (DPCA) method [10]
at low PRF are proposed. In this study, we focus on resolving range ambiguity without
Doppler ambiguity at high PRF.

Various techniques have been proposed in the literature to address the issue of range
ambiguity in the application of high-resolution and wide-swath (HRWS) SAR [11–23]. Tradi-
tional methods have been discussed, such as the up–down chirp modulation [13–15] and
sub-pulse techniques [16]. In [15], the up–down chirp modulation method was investigated,
which weakens the energy of range ambiguity with mismatched processing rather than
eliminating it. In [16], beamforming in azimuth and elevation was performed. However,
due to the lack of effective system degrees of freedom (DOFs), the performance in resolving
range ambiguity is limited. To this end, the multi-channel SAR system in the receive side,
i.e., single-input-multiple-output (SIMO), was investigated with extra spatial DOFs [17].
The approaches of multiple range beams [18,19], multiple azimuth beams [20], and joint
range–azimuth two-dimensional (2-D) beam scanning [21] were discussed. In [19], the
multiple narrow beams in elevation were formed to discriminate range-ambiguity regions.
In [22], the range-ambiguity suppression scheme was proposed based on azimuth phase
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coding. Moreover, in [23], the range beams were toggled to achieve unambiguous echoes,
and the Doppler bandwidth could be enlarged with the azimuth beams in the Mosaic SAR
system. However, this approach introduces the problem of high computational complexity.

Recently, compared to SIMO-SAR, multiple-input-multiple-output (MIMO)-SAR has
received significant attention recently due to the increased transmit DOFs [24–28]. The
MIMO-SAR system is divided into two categories based on the methods of separating
transmit waveforms: same carrier frequency (SCF)-MIMO-SAR [29] and multiple carrier
frequencies (MCF)-MIMO-SAR [30]. In SCF-MIMO-SAR, phase coding waveforms are
designed considering the constraint of orthogonality. For instance, in [31], the frequency
diverse array (FDA)-MIMO was studied to achieve HRWS imaging with the range DOFs
at the transmit side. In [32], the space–pulse phase coding (SPPC) scheme was employed
to separate the range-ambiguous regions in the spatial domain. On the other hand, the
orthogonal frequency division multiplexing (OFDM) waveforms were utilized in MCF-
MIMO-SAR [33–36]. In [36], the linear frequency modulated (LFM) waveforms with
large time–bandwidth product were divided into several OFDM waveforms to improve
the suppression performance. However, since the orthogonal waveforms suffer from
recurrent lobes in the MIMO radar, the performance is limited in the presence of distributed
targets [37].

The space–time coding (STC) technique was initially studied in communication sys-
tems [38–40]. It is now also employed in radar systems, which combine the fast time
and spatial channel dimension [41–44], as well as the pulse and element dimension [45].
In [46], the spatial coverage capability of STC radar was examined, albeit at the cost of
range resolution. Additionally, the transmit diversity technique based on circulating coding
in the slow-time dimension is introduced. The property of wide angular coverage with
stable gain is maintained, avoiding the loss of range resolution [47]. In particular, in [48], a
novel space–time coding waveform scheme was proposed for MIMO-SAR. To sum up, the
digital beamforming and waveform diversity technique are utilized in the advanced SAR
system [49,50]. In our work, we prefer to apply the proposed STC scheme to resolve the
problem of range ambiguity.

In this paper, the range-ambiguity problem is studied in the STC radar. At the mod-
eling stage, the transmit elements and pulses are configured with time delay and phase
coding. Moreover, the transmit beamforming is performed to obtain unambiguous echoes.
Additionally, the frequency splicing method is studied to improve the range resolution,
accounting for the bandwidth loss. In summary, the contributions are briefly summarized
as follows:

• A novel and simple space–time coding scheme is proposed to address the range-
ambiguity issue, which is easy to be implemented in practice. Compared to the
popular FDA radar, it does not necessitate a complicated orthogonal waveform design.

• The range-ambiguity regions corresponding to different transmit spatial frequencies
are separated by performing equivalent transmit beamforming.

• A method of frequency splicing is proposed to obtain high-range resolution imaging,
avoiding the need to increase the system bandwidth.

At the analysis stage, the principle of transmit beamforming is validated with sim-
ulated results. Furthermore, numerical outcomes of distributed targets in terms of the
range-ambiguity-to-signal ratio (RASR) are presented to illustrate the effectiveness of the
developed method in resolving range ambiguity.

The structure of this paper is organized as follows: In Section 2, we devise the signal
model of STC array. Section 3 presents the approach for separating range-ambiguous
echoes. In Section 4, we present the numerical experimental results. Finally, conclusions
are drawn in Section 5.
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2. Signal Model

Let us consider transmit antennas in a uniform line array (ULA) configuration with M
transmit elements. The baseband envelope of the m-th transmit element is expressed as

s(t− (m− 1)∆t) = rect(t− (m− 1)∆t)ejπγ(t−(m−1)∆t)2
, (1)

where the rectangular envelope rect(t) is denoted as

rect(t) =
{

1, |t| < Tp
0, else

, (2)

where Tp denotes the pulse width, B is the bandwidth, γ = B
Tp

represents the modula-
tion frequency, and ∆t denotes a little time delay. Additionally, as shown in Figure 1,
transmit channels and pulses are modulated with the coding phase b(m, k), which can be
expressed as

b(m, k) = ej2π k
M (m−1). (3)

t
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Figure 1. The modulation of delay and coding in STC radar.

Hence, the radiated electromagnetic wave is expressed as

sSTC(t, k) =
M

∑
m=1

b(m, k)s(t− (m− 1)∆t)ej2π fct, (4)

where fc is the carrier frequency.
Assume that the STC array is adopted in the satellite-borne SAR platform along the

flight direction, where the side-looking SAR geometry is depicted in Figure 2. It is known
that the azimuth ambiguity arises when the Doppler bandwidth exceeds the designed PRF.
However, the range swath is limited to the maximum unambiguous range Ru = c

2PRF .
In the paper, we primarily focus on the issue of resolving range ambiguity under high
PRF, where the Doppler ambiguity is avoided. After passing through mixers, filters, and
analog-to-digital conversion, the echo of the n-th receive element without range ambiguity
is expressed as

Sn(tr, ta) = ξ
M

∑
m=1

b(m, k)rect(tr − (m− 1)∆t− τn(ta))ejπγ(tr−(m−1)∆t−τn(ta))
2
e−j2π fcτn(ta), (5)

where tr is the range fast time, ta = k
PRF is the azimuth slow time, ξ is the complex

echo amplitude (accounting for the transmit amplitude, phase, target reflectivity, and
channel propagation effects), and τn(ta) is the round-trip time delay of the received signal
corresponding to the n-th received element, i.e.,

τn(ta) =
2R(ta, RB)− (n− 1)dR sin(θ)

c
, (6)

where dR is the inter-element spacing of the receive array. The instant slant range is

expressed as R(ta, RB) =
√

RB
2 + (Vta)

2, where V is the velocity of radar and RB is the
nearest range from the target to the flight path.
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1st range region

V

2nd range region

qth  range region

uR

Figure 2. Geometric configuration of side-looking SAR.

In Figure 3, the range-ambiguity problem is illustrated. Specifically, the echo of the
1st range-ambiguity region corresponding to the k-th transmit pulse is received at the
same pulse index. The range-ambiguity problem occurs in the radar where the echo of the
q-th (1 ≤ q ≤ Q) range-ambiguity region is received at the (k + q)-th pulse. As a result,
at the k-th pulse, the received echo corresponding to the q-th range-ambiguity region is
expressed as

Sn,q(tr, ta) = ξq

M

∑
m=1

b(m, k− q)rect(tr − (m− 1)∆t− τn(ta))ejπγ(tr−(m−1)∆t−τn(ta))
2
e−j2π fcτn(ta), (7)

where ξq is the complex amplitude of the target in the q-th range-ambiguity region.

Pulse 1 Pulse 2 Pulse 3 Pulse 4

The 3rd range region

The 1st range region

Pulse 5

The 2nd range region

The 4th range region

Figure 3. Illustration of range ambiguity.

With the range Fourier transform (the Fourier transform is performed by the fast
Fourier transform (FFT) algorithm), the echo of Equation (7) can be expressed as

Sn,q( fr, ta) = ξqTPsinc( frTP)
M

∑
m=1

ej2π
(

k−q
M − fr∆t

)
(m−1)e−j2π dR sin(θ)

λ (n−1)e−jπ fr
γ

2

e−j2π( fc+ fr)
2R(ta ,RB)

c , (8)

where sinc(x) = sin(πx)
πx . The spectrum of the LFM signal exhibits a quadratic phase. To

give the spectrum a flat shape with a linear phase, the compensation of the quadratic phase
is required, which is expressed as

Hcomp( fr) = ejπ fr2
γ . (9)

Subsequently, the echo can be rewritten as

S̃n,q( fr, ta) = ξqTPsinc( frTP)
M

∑
m=1

ej2π
(

k−q
M − fr∆t

)
(m−1)e−j2π dR sin(θ)

λ (n−1)e−j2π( fc+ fr)
2R(ta ,RB)

c

= ξqTPsinc( frTP)
sin
[

Mπ
(

k−q
M − fr∆t

)]
sin
[
π
(

k−q
M − fr∆t

)] ej(M−1)π
(

k−q
M − fr∆t

)
e−j2π dR sin(θ)

λ (n−1)e−j2π( fc+ fr)
2R(ta ,RB)

c .

(10)
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With the inverse Fourier transform of Equation (10) in range, it yields

S̃n,q(tr, ta) = ξqTPB
M

∑
m=1

sinc
(

B
(

tr −
2R(ta, RB)

c
− (m− 1)∆t

))
ej2π k−q

M (m−1)e−j2π dR sin(θ)
λ (n−1)e−j4π fc

R(ta ,RB)
c . (11)

3. HRWS SAR Imaging Method

In this section, the transmit beamforming method is performed to separate range-
ambiguity regions in the STC radar. According to Equation (10), the distribution of fre-
quency spectra, as depicted in Figure 4, is governed by the amplitude envelope
sin
[

Mπ
(

k−q
M − fr∆t

)]
sin
[
π
(

k−q
M − fr∆t

)] . It is found that the spectra location is linked to the index of range ambiguity

q. Therefore, the range-ambiguous echo can be separated by dividing the spectra.

......

fr

2

B
−

2

B

1q = 2q = 3q = 4q =

Figure 4. Distribution of range-ambiguity regions in the frequency domain.

Specifically, according to Equation (11), the range envelope is associated with the
number of transmit elements. There are multiple point targets in the fast time domain due
to the modulation of time delay ∆t, which is clearly shown in Figure 5. Furthermore, the
phase difference of the m-th equivalent transmit element is discriminated from the range
envelope of M targets. Therefore, the minimum delay time is

∆t =
1
B

. (12)

...

... tr

Δt

( )2 ,a BR t R

c

Figure 5. Distribution of target in the fast time domain.

Hence, the transmit steering vector of the range-ambiguity region is expressed as

Φ(k, q) =
[

0, ej2π k−q
M , . . . , ej2π k−q

M (M−1)
]

. (13)

The transmit spatial frequency is written as

fT =
k− q

M
, (14)

where the transmit spatial frequency depends on the index of transmit pulse k and the
index of range-ambiguity region q. Since the spectrum distribution is associated with the
transmit spatial frequency, the equivalent transmit beamforming can be performed to select
the range frequencies of range-ambiguity regions.

Specifically, the procedure of separating different range regions is carried out by
transmit beamforming in Appendix A, which is performed by
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Ŝn,q(tr, ta) = S̃n,q(tr, ta)⊗ h(q̂)

= ξqTPB
M

∑
m′=1

M

∑
m=1

sinc
(

B
(

tr −
2R(ta, RB)

c
−
(
m−m′

)
∆t
))

ej2π k−q
M (m−1)e−j2π k−q̂

M (m′−1)

e−j2π dR sin(θ)
λ (n−1)e−j4π fc

R(ta ,RB)
c ,

(15)

where q̂ corresponds to the index of range region to be separated, ⊗ is the convolution
operator, and the convolution function is defined as

h(q̂) =
M

∑
m=1

sinc(B(tr − (m− 1)∆t))e−j2π k−q̂
M (m−1). (16)

In the following, the separation performance is analyzed with the following two cases.
Case I: q = q̂
To separate the q-th range region, i.e., q = q̂, the frequency spectra are written as

w( fr) =
sin2

[
Mπ
(

k−q
M − fr∆t

)]
sin2

[
π
(

k−q
M − fr∆t

)] . (17)

Figure 6 displays the spectra of adjacent pulses, corresponding to the index of transmit
pulse k and range-ambiguity region q. The spectra of different range-ambiguity regions
are distinguished in the range–frequency domain, and the spectra of adjacent pulses are
distributed separately. It is worth noting that the reduction in bandwidth results in a
degradation of the range resolution. In this regard, the spectra of adjacent pulses for the
same range region can be utilized to improve the range resolution.

rf

k

1k = 2k = 3k =

/ 2B

/ 2B−

1q =
2q =
3q =

Figure 6. Spectra distribution of range ambiguous with different pulses.

More specifically, the spectra of q-th range-ambiguity region are spliced with adjacent
M pulses, which is expressed as

S′n,q( fr, ta) =
M

∑
k=1

Ŝn,q( fr, ta) = ξar( fr)e−j4π( fc+ fr)
R(ta ,RB)

c . (18)

The derivation of Equation (18) is presented in Appendix B. By utilizing adjacent
pulses, the range spectra are expanded by M times, compared to using a single pulse. Thus,
the range resolution is M times better.

Case II: q 6= q̂
In this case, the interference of other range-ambiguity regions is expressed as

S′′n,q( fr, ta) = ξqTPsinc( frTP)
M

∑
m=1

ej2π
(

k−q
M − fr∆t

)
(m−1)

M

∑
m=1

e−j2π
(

k−q̂
M − fr∆t

)
(m−1)e−j2π dRsin(θ)

λ (n−1)e−j2π( fc+ fr)
2R(ta ,RB)

c . (19)
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Substituting Equation (A11) into the above formula yields

S′′n,q( fr, ta) = 0. (20)

Thus, the interference from the other range regions is effectively suppressed based on
the processing method utilizing adjacent pulses. In fact, the range-ambiguity regions are
separated completely since their echoes correspond to distinct spectra. It should be noted
that the maximum resolvable range-ambiguity index is M.

Figure 7 illustrates the procedure of resolving range ambiguity in the STC radar.
Firstly, the range-ambiguous echoes are received, where the delaying time and phase
coding are designed at transmit elements and pulses. Secondly, the echoes from different
ambiguous regions are separated by utilizing the equivalent DBF technique. Thirdly, the
spectra of adjacent pulses are distributed at different bands, enabling the improvement of
range resolution by using multi-band frequency splicing. Finally, separated SAR images
corresponding to different range-ambiguity regions are achieved with the traditional SAR
imaging algorithm. In the article, the range swath is expanded without resolution loss.

Range FFT

( )1, ,q r aS t t ( )2, ,q r aS t t ( ), ,N q r aS t t

( )1, ,q r aS f t ( )2, ,q r aS f t ( ), ,N q r aS f t

Quadratic phase compensation via Eq.(8)

Range IFFT

Equivalent transmit beamforming via Eq.(15)

Spectrum splicing via Eq.(18)

Traditional SAR imaging

Receive beamforming

Range region 1 Range region 2 Range region Q

1
st
 image 2

nd
 image Q-th image

Range region 3

3
rd

 image

Figure 7. Procedure of imaging in the STC radar.

4. Simulation Results

In this section, the performance of resolving range ambiguity in the STC radar is
examined with simulated data. The simulation parameters used to reproduce the simulation
results are shown in Table 1. Additionally, the performance of achieving HRWA image is
evaluated in terms of the range ambiguity-to-signal ratio (RASR).
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Table 1. Simulation parameters.

Parameter Value Parameter Value

Carrier frequency 5.3 GHz Transmit channels 4
Pulse width 40 us Pulse repetition frequency 6000

Signal bandwidth 100 MHz Range-ambiguity number 4
Array time delay 0.01 us Slant range of scene center 800 km

Effective radar velocity 7100 m/s Slant range swath width 100 km

4.1. Simulation with Point-like Targets

In Figure 8, the spectra of adjacent pulses in joint range frequency and transmit
spatial frequency domain are shown. It is observed that the transmit spatial frequency
is modulated at each transmit pulse. In addition, the distribution of range spectrum is
associated with the transmit spatial frequency. That is to say that the distribution of range
spectrum is decided by the index of the transmit pulse. Thus, the range-ambiguity regions
corresponding to different range spectra can be separated.

Pulse 1 Pulse 2 Pulse 3 Pulse 4

Transmit spatial frequency

N
o

rm
al

iz
ed

 f
re

q
u

en
cy

/B

-0.5 0 0.5-0.5 0 0.5 -0.5 0 0.5-0.5 0 0.5-0.5 0 0.5-0.5 0 0.5 −0.5 0 0.5−0.5

−0.5 −0.5 −0.5 −0.5

−0.5−0.5−0.5−0.5

−0.5 −0.5

Figure 8. Analysis of spectrum for different pulses.

In order to verify the effectiveness in resolving range ambiguity, an illustrative example
with point-like targets is examined. The targets situated in four range-ambiguity regions
are randomly distributed at different range cells. The target parameters are shown in
Table 2. To distinguish the range-ambiguous targets, the equivalent transmit beamforming
is performed, as shown in Figure 9. Figure 9a shows the results in the range domain. It is
seen that the four targets are received at different range cells. However, their indexes of
range ambiguity cannot be determined in the range domain. Figure 9b shows the result
of quadratic phase compensation in the range domain. It is seen that the envelope of the
target is distributed at multiple range cells due to the time delay of the transmit element.
Based on the separation of the target envelope, the equivalent phase in the transmit domain
can be obtained. Figure 9c shows the distribution of the four targets in the transmit spatial
frequency domain. Remarkably, different indexes of range ambiguity are distinguishable
since they correspond to different transmit spatial frequencies.

Taking the separation of the first range-ambiguity region as an example, Figure 10
shows the separation results by utilizing the equivalent transmit beamforming. It can be
seen in Figure 10a that target A in the first range-ambiguity region is separated effectively.
However, as shown in Figure 10b, the resolution is relatively small due to the reduction in
bandwidth. By performing the proposed frequency splicing method with multiple pulses,
the range resolution is about four times better as can be seen in Figure 10c.
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Table 2. Target parameters.

Parameter Value

Target Index Target A Target B Target C Target D
Range-ambiguity region 1 2 3 4

Real range (km) 790 820 830 835
Unambiguous range (km) 790 795 805 810

(a) (b) (c)

Figure 9. Performing transmit beamforming: (a) The four targets at different range-ambiguity regions.
(b) Result of quadratic phase compensation for target A. (c) Result of transmit beamforming.

(a) (b) (c)

Figure 10. Performance of range resolution: (a) Result of separating the first range-ambiguity region.
(b) Result of single pulse. (c) Result of spectrum splicing with adjacent pulses.

4.2. Simulation with Distributed Targets

In this subsection, a complex scene comprising distributed targets is used to demon-
strate the effectiveness of the proposed method. The system parameters of the SAR array
are shown in Table 1. The HRWS imaging results of different range-ambiguity regions are
obtained with the range Doppler algorithm. The range–azimuth swath of the partial image
is about 3 km × 3 km. The range–azimuth resolution is about 1.5 m × 1.5 m.

The HRWS imaging results of the first and second range regions are shown in Figure 11
with the FDA-MIMO radar [31] and the up–down chirp modulation method [15]. It can
be seen in Figure 11a,b that the range-ambiguous echoes are able to be separated with
FDA-MIMO by utilizing the DOFs in the range dimension. However, designing ideal
orthogonal waveforms for the FDA-MIMO radar is challenging, leading to energy diffusion
problems in range cells. In Figure 11c,d, the result with lower image quality is shown with
the up–down chirp modulation method. Since the range-ambiguity regions correspond
to the up and down chirp modulations, the range ambiguity is resolved by waveform
mismatching, resulting in defocused images. Essentially, the method does not suppress
ambiguity energy in the range domain.
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Figure 11. Partial SAR imaging results of different range regions with traditional methods: (a) Partial
imaging result of first range-ambiguity region with the FDA-MIMO radar. (b) Partial imaging
result of second range-ambiguity region with the FDA-MIMO radar. (c) Partial imaging result of
first range-ambiguity region with up–down chirp modulation. (d) Partial imaging result of second
range-ambiguity region with up–down chirp modulation.

In the STC radar, the HRWS image quality is enhanced by resolving the range am-
biguity, as illustrated in Figure 12. The first range-ambiguity region and the second
range-ambiguity region are separated, as shown in Figure 12a,c. The corresponding spectra
profiles of the 325-th azimuth cell are shown in Figure 12b,d. Since the spectrum width is
expended after frequency splicing, the range resolution is improved. The range profile of
the 325-th azimuth cell is shown in Figure 13. The imaging result of STC radar exhibits a
lower sidelobe, which demonstrates the effectiveness of the proposed method.
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ra
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e

azimuth

(a) (b)
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azimuth

(c) (d)

Figure 12. Partial SAR imaging results of different range regions with the proposed method: (a) Partial
imaging result of first range-ambiguity region with the proposed method. (b) Spectra profile of the
first region. (c) Partial imaging result of second range-ambiguity region with the proposed method.
(d) Spectra profile of the second region.

Figure 13. Range profile comparison of 325-th azimuth bin.
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In this subsection, the performance in terms of computational complexity is analyzed.
For comparison, assume that the number of range ambiguity is Q (Q < M), the sample
points of the range dimension are L, and the number of azimuth pulses is P. The computa-
tional load of the STC method lies in the equivalent transmit beamforming and spectrum
splicing with respect to the range-ambiguity index. The spectrum splicing can be performed
with parallel processing. Thus, the computational load is O(QMPL). In the FDA-MIMO
radar, the computational load lies in the waveform separation and the suppression of range
ambiguity, which is O(QM2PL). Compared with the above methods, the complexity of
the up–down chirp modulation algorithm is extremely low. However, the performance is
limited, and only two range-ambiguity regions can be separated. Table 3 shows the results
of the operational complexity of the three algorithms and the comparison results of the
running time under the same conditions.

Table 3. Comparison of computational complexity.

Method Computational Load Computational Time

Proposed STC method O(QMPL) 12.425 s
FDA-MIMO radar O(QM2PL) 40.368 s

Up–down chirp modulation O(2PL) 3.732 s

4.3. Performance of Range-Ambiguity Separation

In this paper, the performance of the range-ambiguity separation is evaluated by the
RASR, which is defined as the ratio of the range-ambiguous signal power to the desired
signal power, that is

RASR = 10 log 10


Q
∑

i=1,i 6=q

B/2∫
−B/2

S′n,q( fr, ta)d fr

B/2∫
−B/2

S′n,q( fr, ta)d fr

. (21)

The RASR values for imaging range-ambiguity regions are analyzed as a function of
range cells, using the STC method, FDA-MIMO method, and the up–down chirp modula-
tion method. By examining the results presented in Figure 14, we can infer that the RASR
value for the range-ambiguity region is below−25 dB, indicating that the proposed method
performs well in separating range-ambiguous echoes.

Figure 14. Evaluation of separating range ambiguity with RASR.
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5. Discussion

Discussion 1 : The proposed STC scheme resolves the issue of range ambiguity based
on the obtained DOFs in the transmit domain. Observe that the transmit DOFs are contained
in the range envelope. According to Equation (11), the target envelopes are related to
the delay time ∆t. Thus, the design of an appropriate delay time in the future research
is necessary.

Discussion 2: The range resolution is improved with the frequency splicing method.
However, the orthogonality of coding holds in the scenario where the range migration of
target can be ignored during M pulses. When the target is migrated, the range spectra
need to be compensated or recovered without distortion. We will study it in depth in our
future work.

6. Conclusions

The problem of range ambiguity in the HRWS SAR imaging is investigated with
the STC technique. At the modeling stage, transmit elements and pulses are configured
with time delay and phase coding. Thus, the spectrum distribution is related to the
transmit spatial frequency. Furthermore, the range-ambiguity regions, corresponding to
different transmit spatial frequencies, are separated by equivalent transmit beamforming.
In addition, to improve the range resolution, the frequency splicing method is proposed
by synthesizing adjacent pulses. At the analysis stage, the performance of equivalent
transmit beamforming is assessed considering the range-ambiguous targets. Moreover, the
simulated results of the distributed targets are provided to demonstrate the effectiveness of
the proposed STC method.
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Appendix A. Derivations of Performing Transmit Beamforming

The process of convolution is carried out through multiplication in the frequency
domain. The Fourier transform of Equation (16) is expressed as

H(q̂) =
M

∑
m=1

e−j2π
(

k−q̂
M − fr∆t

)
(m−1). (A1)

The beamforming is performed in the range–frequency domain by

Ŝn,q( fr, ta) = S̃n,q( fr, ta)FFTtr{h(q)}

= ξqTPsinc( frTP)
M

∑
m=1

ej2π
(

k−q
M − fr∆t

)
(m−1)

M

∑
m=1

e−j2π
(

k−q̂
M − fr∆t

)
(m−1)e−j2π dR sin(θ)

λ (n−1)e−j2π( fc+ fr)
2R(ta ,RB)

c .
(A2)

The transmit beamforming result is expressed as
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Ŝn,q(tr, ta) = ξqTPB
M

∑
m′=1

M

∑
m=1

sinc
(

B
(

tr −
2R(ta, RB)

c
−
(
m−m′

)
∆t
))

ej2π k−q
M (m−1)e−j2π k−q̂

M (m′−1)

e−j2π dR sin(θ)
λ (n−1)e−j4π fc

R(ta ,RB)
c .

(A3)

Appendix B. Derivation of Spectrum Splicing

Assume that F[·] represents the operation of the discrete Fourier transform. There
exists a Fourier transform

F
[

ej2π
(

k′
M

)
(m−1)

]
= Mδ

(
k− k′

)
. (A4)

Let

Aq =
M

∑
m=1

ej2π
(

k−q
M − fr∆t

)
(m−1), (A5)

Aq̂ =
M

∑
m=1

e−j2π
(

k−q̂
M − fr∆t

)
(m−1), (A6)

and
aq(m) = ej2π( q

M + fr∆t)(m−1), (A7)

aq̂(m) = ej2π
(

q̂
M + fr∆t

)
(m−1). (A8)

Then, we have

Aq = F∗
[
aq(m)

]
= Mδ

(
k−M

( q
M

+ fr∆t
))

, (A9)

Aq̂ = F
[
aq̂(m)

]
= Mδ

(
k−M

(
q̂
M

+ fr∆t
))

. (A10)

Hence, it yields

M

∑
k=1

Aq Aq̂ =

{
M2, q = q̂
0, q 6= q̂

, (A11)

i.e.,

M

∑
k=1

sin
[

Mπ
(

k−q
M − fr∆t

)]
sin
[
π
(

k−q
M − fr∆t

)] sin
[

Mπ
(

k−q̂
M − fr∆t

)]
sin
[
π
(

k−q̂
M − fr∆t

)] =

{
M2, q = q̂
0, q 6= q̂

. (A12)

Substituting Equation (A12) into the spliced spectra yields Equation (18).
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