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Abstract: From the raw measurements at a single Global Navigation Satellite System (GNSS) ground-
based station, the Zenith Total Delay (ZTD) and the tropospheric gradient can be estimated. In
order to assimilate such data into Numerical Weather Prediction (NWP) models, the observation
operator must be developed. Our previously developed tropospheric gradient operator is based
on a linear combination of tropospheric delays and, therefore, is difficult to implement into NWP
Data Assimilation (DA) systems. In this technical note, we develop a fast observation operator.
This observation operator is based on an integral expression which contains the north-south and
east-west horizontal gradients of refractivity. We run a numerical weather model (the horizontal
resolution is 10 km) and show that for stations located in central Europe and in the warm season, the
root-mean-square deviation between the tropospheric gradients calculated by the fast and original
approach is about 0.15 mm. This deviation is regarded acceptable for assimilation since the typical
root-mean-square deviation between observed and forward modelled tropospheric gradients is about
0.5 mm. We then implement the developed operator in our experimental DA system and test the
proposed approach. In particular, we analyze the impact of the assimilation on the refractivity field.
The developed tropospheric gradient operator, together with its tangent linear and adjoint version, is
freely available (Fortran code) and ready to be implemented into NWP DA systems.

Keywords: GNSS; atmospheric remote sensing; zenith total delay; tropospheric gradient; observation
operator; numerical weather prediction; data assimilation

1. Introduction

From the carrier phase and code measurements at a single Global Navigation Satellite
System (GNSS) ground-based station, the Zenith Total Delay (ZTD) and the tropospheric
gradient can be retrieved [1,2]. The ZTDs are available from station networks in (near) real
time and numerous studies indicate that the assimilation of ZTDs improve short range
weather forecasts. Therefore, several weather agencies assimilate ZTDs [3-5]. The ZTD
contains information on the Integrated Water Vapor (IWV) above the station. This is the
reason why ZTDs are beneficial, in particular, for rainfall monitoring and forecasting [6,7].
On the other hand, the ZTD at some station does not contain information about local
gradients in the highly variable water vapor field. Tropospheric gradients do potentially
provide additional information. However, they are currently not assimilated at weather
agencies. The majority of published works deal with the (inter-technique) comparison of
tropospheric gradients.

Ref. [2] presented preliminary results showing that the tropospheric gradients contain
atmospheric features and do not solely absorb multipath, satellite orbit and clock errors in
the analysis. However, the main focus was the positioning domain; a spurious improve-
ment for the station repeatability was achieved when tropospheric gradients were taken
into account in the analysis. Afterwards, researchers started to investigate the potential
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of tropospheric gradients in meteorology. For a couple of stations, ref. [8] compared tro-
pospheric gradients from GNSSs with tropospheric gradients derived from a Numerical
Weather Model (NWM). The correlation between the GNSS and NWM tropospheric gradi-
ents was good for inland stations but not for stations close to the coast. Ref. [9] showed
that the variation in tropospheric gradients follows the variation in the moisture field. This
was investigated by the passage of a weather front. It was shown that the tropospheric
gradients when plotted as vectors point from dry to moist areas. This was also shown
by [10] studying deep convection. Ref. [11] used different software packages and compared
the differences in the estimated tropospheric gradients for several stations on an island in
the Mediterranean Sea. Recently, the quality of tropospheric gradients with high tempo-
ral resolution has been assessed by comparison to independent measurements such as a
microwave radiometer [12]. To this end, the studies were limited to a handful of stations.
Ref. [13] compared tropospheric gradients for hundreds of stations utilizing weather model
data. The visual inspection of tropospheric gradient maps clearly showed that the GNSS’s
tropospheric gradients contain real atmospheric features. Ref. [13] studied the sensitivity
of tropospheric gradients to several options in the processing. It turns out that the (near)
real time estimation of tropospheric gradients is still challenging due to inaccurate satellite
orbit and clocks. However, in post-processing mode, robust estimation of tropospheric
gradients is possible.

Figure 1 shows a typical example for the GNSS and NWM tropospheric gradient map
when large tropospheric gradients are present. Large tropospheric gradients often show up
during severe weather events, and to make this visible the tropospheric gradient maps are
overlaid with the radar data available from the Deutscher Wetter Dienst (DWD). In addition,
the map showing the IWV values at the stations shows that the tropospheric gradients can
be related to horizontal INV gradients. It can be seen that tropospheric gradients point
from dry to moist areas. In this particular example, the tropospheric gradients point into a
strip of increased IWV extending across Germany. This convergence in the moister field is
at least to some extent the reason for strong precipitation in accordance with the radar data.

2013052712 o) K= : WRF 2013052712 o/ & GRCH3 2013052712 oo/ K= L GRCH3
Fanad ™ ~ e N ree N N

Figure 1. On 27 May 2013, 12 UTC large tropospheric gradients were present in central Europe. The
left (middle) panel shows the NWM (GNSS) tropospheric gradient map. The tropospheric gradient
maps are combined with radar precipitation data provided by the Deutscher Wetter Dienst (DWD).
The radar precipitation data correspond to the instantaneous rain and is measured in mm/h. The
color scale is yellow-green-blue-purple-red. The darker tone of a specific color means a higher rainfall
intensity. The GNSS Integrated Water Vapor (IWV) map is shown in the right panel. Courtesy of
Michael Ka¢matik.

Comparisons such as those shown in Figure 1 triggered recent studies. The goal was
to make use of the information contained in the tropospheric gradients. For example,
the observation that tropospheric gradients are related to horizontal IWV gradients was
utilized in order to show that the IWV interpolation is improved by utilizing tropospheric
gradients [14]. Improved IWYV fields are valuable for severe weather monitoring. However,
it is the three-dimensional moisture field that is required in Numerical Weather Prediction
(NWP). Therefore, we made a first attempt to estimate the impact of tropospheric gradients
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in variational data assimilation [15]. In the preliminary study, we put a lot of emphasis
on a systematic approach. We started the investigations with simulated observations
before we used real observations. In addition, we considered three scenarios. In the first
scenario, we assimilated ZTDs only. In the second scenario, we assimilated tropospheric
gradients only. Finally, in the third scenario, we considered the assimilation of ZTDs and
tropospheric gradients. This allowed us to show that the assimilation of tropospheric
gradients in addition to the ZTDs improves the atmospheric fields. Though the results from
this preliminary study were promising, a number of questions remained. In particular, the
developed observation operator for tropospheric gradients is based on a combination of
tropospheric delays. Such an observation operator is difficult to be implemented into NWP
Data Assimilation (DA) systems. It is the purpose of this contribution to introduce a more
simple and faster observation operator. The developed operator, together with its tangent
linear and adjoint operator, is made available to be implemented into NWP DA systems.

Finally, we want to note that there are other ways to make use of tropospheric gradients
in NWP. For example, ref. [16] proposed to take the GNSS zenith delay and tropospheric
gradient estimates, assemble slant path delays (without the so-called post-fit-residuals
added), perform a tomographic reconstruction of the refractivity field and then assimilate
the resulting refractivity field into an NWM. The method we describe in this technical
note is different in that we propose the direct assimilation of the GNSS zenith delay and
tropospheric gradient estimates into an NWM.

Hence, this paper is structured as follows. In Section 2, we describe in brief how
ZTDs and tropospheric gradients are estimated with the GNSS. This is important to better
understand the observation modelling, i.e., the way we compute ZTDs and tropospheric
gradients in an NWM. We show how our original tropospheric gradient operator works
before we introduce our new approach: the fast tropospheric gradient operator. In Section 3,
we compare the original and the fast approach, we compare measured and forward mod-
elled tropospheric gradients and we show impact utilizing our experimental DA system.
We discuss the results in Section 4 and provide the conclusion of this work in Section 5.

2. Materials and Methods
2.1. GNSS Zenith Total Delays and Tropospheric Gradients

In the processing of GNSS raw data, the tropospheric delay is approximated utilizing
Mapping Functions (MF), zenith delays and tropospheric gradient components. In essence,
for some elevation angle e and azimuth angle a, the tropospheric delay T is written as

T(e,a) = my(e) - ZHD + my(e) - ZWD + mg(e)-[cos(a) - N + sin(a) - E] (1)

Here, ZHD is the Zenith Hydrostatic Delay, ZWD denotes the Zenith Wet Delay, my,
stands for the hydrostatic MF, m;, stands for the wet MF, N denotes the north gradient
component and E denotes the east gradient component. The gradient MF is given by

1
— - 2
mg(€) = Snleytan(e) F ¢ @
where c is a constant [17]. The ZTD is obtained through
ZTD =ZHD + ZWD (3)

The hydrostatic MF, the wet MF and the ZHD are typically derived from a climatology
or a weather model [18-20]. The model for the tropospheric delay is plugged into the
observation equation for the carrier phase (code) measurements and the ZWD, the north
gradient component N and the east gradient component E are estimated together with
the station coordinate, clock and other parameters in a common least square adjustment.
Typically, the low elevation angle carrier phase (code) measurements are down-weighted
to mitigate multipath effects and the error of the hydrostatic and wet MF. The error of the
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a priori ZHD is largely compensated by the estimated ZWD so that the resulting ZTD is
obtained with high accuracy. For details, refer to [20].

2.2. Original ZTD and Tropospheric Gradient Operator

The original ZTD and tropospheric gradient operator is based on tropospheric delays.
We thus first explain in brief how the tropospheric delays are computed. For some station
satellite link, the tropospheric delay S is obtained through

S:/nds—g 4)

Here, n stands for the index of refraction, s denotes the arclength of the ray path
and g stands for the geometric distance. The index of refraction # is calculated from the
refractivity ¥ through

n=10"%+1 (5)

The refractivity is a function of the pressure, temperature and humidity [21]. The ray
path follows from Fermat’s principle: the path taken by the radio signal between two points
is the path that can be traversed in the least time. In essence, the variation of the optical
path length must vanish

S/nds:O (6)

We neglect out-of-plane bending. This means that we assume that the ray path remains
in the plane, which is defined by the station, the satellite and the center of the osculating
sphere. Then, from variational calculus, it follows that the ray path between the station and
the satellite [x, z(x)] is obtained by solving the following differential equation [22]

1+ (dz(;))zl =0 @)

where the subscripts indicate partial derivatives. Given the position of the station and the
satellite, the boundary value problem is solved by a finite difference scheme [22].

For some station locations, we calculate 120 tropospheric delays. The spacing in
azimuth is chosen to be 30° and the elevation angles are chosen to be 3°, 5°, 7°, 10°, 15°, 20°,
30°, 50°, 70°, 90°. Then, the ZTD operator denoted Hz7p, the north gradient component
operator denoted Hy and the east gradient component operator denoted HE read as [20].

d?z(x)  [ngz(x,z) ny(x,z)dz(x)
dx? _{n(x,z) ©on(x,z) dx }

Hzrp = 5(90°,0°)

Hy — Z{-‘Zl mg(ei)sin(e,»)zcos(a,v)S(ei,a,»)
N= Z{;l mg(e,-)251'n(e,-)2cos(al-)2 (8)

Hp — Ziyma(epsin(e)’sin(a)S (e )

2 .. 2 . 2
L mg(er)sin(e;)sin(a;)

where the indices indicate the specific azimuth and elevation angle.

The formula for the north gradient component and east gradient component is the
result of a weighted least square adjustment [20]. The idea behind this weighted least
square adjustment is to mimic the way tropospheric gradients are estimated in the GNSS
analysis. Simulation studies justify this approach [20]. Another viewpoint is the following:
we define the tropospheric gradient components (and ZTDs) according to our equation
above and question ourselves whether it is possible to estimate such quantities with raw
data collected at a ground based GNSS station. According to our simulation studies, the
answer is yes [20]. In variational data assimilation, the tangent linear and adjoint operators
are required too. The tangent linear code enables the computation of the total derivative
and the adjoint code enables the computation of the partial derivative of the respective
quantity with respect to the underlying control variables. In our case, the underlying
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control variables are the pressure, temperature and water vapor field. The tangent linear
(adjoint) operators are derived from the forward operator by rigorous application of the
chain rule of differential calculus in forward (reverse) mode [23]. The tropospheric gradient
operator can be interpreted as a specific linear combination of tropospheric delays. The
coefficients of the linear combination do not depend on the control variables. Thus, the
difficulty in the derivation of the tangent linear (adjoint) code comes from the difficulty of
deriving the tangent linear (adjoint) code for the tropospheric delay. However, this task
was already performed in one of our previous works [24].

The operator for the tropospheric gradient is costly since the computation of a single
tropospheric gradient vector requires the calculation of 120 tropospheric delays. Therefore,
we started to develop what we call the refined tropospheric gradient operator. This was
done by two nearby simplifications: (1) we reduce the precision of the tropospheric delays
that are utilized in the calculation of the tropospheric gradients, i.e., the number of nodes in
the finite difference scheme is reduced and (2) we compute 30 instead of 120 tropospheric
delays; the elevation angles are chosen to be 3°, 7°, 15°, 30° and 70° and the spacing in
azimuth is chosen to be 60°. A single tropospheric delay is calculated for the elevation angle
90°. Comparing tropospheric gradients calculated by the refined and original operator
lead to the conclusion that we can safely replace the original operator by the refined
operator. The refined operator is tuned for efficiency. However, it is still based on dozens
of tropospheric delays and, therefore, it remains difficult to be implemented into NWM
DA systems

2.3. Fast ZTD and Tropospheric Gradient Operator

The fast tropospheric gradient operator is utilizing the closed-form proposed by [25]
which depends on the north—-south and east-west horizontal gradients of refractivity. This
is rendering the calculation of tropospheric delays unnecessary. In essence, for some station
locations, the ZTD operator, the north gradient component operator and the east gradient
component operator read as

Hzmp = 106 flPdZ
Hy =107% [z'¥, dz )
Hp =107% [z-¥y -dz

where x, y and z denote the cartesian coordinates in the stations local horizon system. The
subscripts indicate partial derivatives. The ZTD is identical to the previously introduced
tropospheric delay in the zenith direction. The ZTD, the north gradient component and
east gradient component are obtained by numerical integration over height and we utilize
Simpson’s rule for that purpose [22]. The key is the computation of the horizontal refractiv-
ity gradients ¥, and ¥,. At first, we express the horizontal refractivity gradients in terms
of the station longitude A and latitude ¢.

¥,
¥, = 2L
Y 7
b4 (10)
= rcc?sd)

where r denotes the radial distance (distance to the center of the osculating sphere). We
propose to calculate the horizontal refractivity gradients by a least square adjustment. In
essence, the refractivity ¥ and the horizontal refractivity gradients ¥, and ¥ at some
altitude h are related to the vertically adjusted refractivity at the adjacent grid points of the
NWM (Taylor series expansion).

Vi=Y+ (M —A)¥+ (1 — )
Yo ="+ (A2 —A)¥r+ (¢2—¢)- ¥y

Y =¥+ (Am —A)Fr + (P — ¢)-

(11)
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The vertically adjusted refractivity ¥; is obtained through vertical interpolation

k+1 yk

_ gk i i k
= (n— k) (12)
1 1

where ¥/ and 1¥ denote the refractivity and the height for the kth level of the vertical profile
(k=1,...,9), respectively. At and above the NWM top, the vertically adjusted refractivity
¥ is approximated by

(n—nT)
Y = ‘Fl.q -exp _GiT.n (13)
1

where ‘Pl.q, Tiq and h? denote the refractivity, temperature and height at the NWM top,
respectively, and G stands for the hydrostatic constant. The equation above is derived under
the assumption that above the NWM top, the water vapor is negligible, the temperature is
constant and the pressure follows from the hydrostatic equation and by approximating the
geopotential height by geometric height. Given the vertically adjusted refractivity ¥; on
the left hand side of Equation (11), the horizontal refractivity gradients ¥ and ¥') and the
refractivity ¥ are determined by

¥
-1

% | = (MTM) M7 () (14)

i

where the coefficients of design matrix M are the partial derivatives of the right hand side
of Equation (11) with respect to the refractivity and horizontal refractivity gradients. Let us
define the matrix I" by

r= (MTM) T (15)

then the resulting horizontal refractivity gradients ¥ and ¥ can be written as

m
Yo = L i

S (16)
Tty = Zl I3

i=

The least square adjustment includes grid points inside a radius of about 35 km. For
an NWM with a horizontal resolution of, e.g., 10 km, we have 8 x 8 grid points that are
involved in the computation of the horizontal refractivity gradients. At first glance, the
choice of grid points involved in the least square fit appears arbitrary. However, this choice
is motivated by the observation geometry, i.e., the inverse cone made up of station satellite
links. In fact, we experimented with the number of the grid points that are included in
the least square adjustment. In the end, it is the comparison of the resulting tropospheric
gradient components with the rigorously derived tropospheric gradient components that
justifies our approach (see below). The tangent linear (adjoint) operators are derived from
the forward operator by application of the chain rule of differential calculus in forward
(reverse) mode. The fast gradient operator is a linear, depending on the refractivity field. In
addition, in the construction of the tangent linear (adjoint) code, we ignore the dependency
of the refractivity above the model top on the temperature. Therefore, the tangent linear
and adjoint code construction is a straightforward task. Hence, as far as one is considered
with the refractivity field (and not the humidity, pressure and temperature field separately),
the fast gradient operator represents a linear forward operator. For further details, the
reader is referred to the forward, tangent linear and adjoint code written in Fortran 90 and
freely available (see Data Availability Statement).



Remote Sens. 2023, 15,5114

7 of 15

2.4. WRF Model Simulations

The Weather Research and Forecasting (WRF) model [26] (version 3.9.1.1) is utilized to
simulate the state of the atmosphere. The model domain covers the central part of Europe.
The initial and boundary conditions are obtained from the Global Forecast System (GFS)
analysis of the National Centers for Environmental Prediction (NCEP). The mesoscale
model is initialized every day at 0 UTC and every day 24 h free forecasts are computed. The
following parameterizations were utilized: for the microphysics, the Thompson scheme [27]
was utilized; for the deep convection, the Kain—Fritsch scheme [28] was chosen; for the
planetary boundary layer, the Yonsei University scheme [29] was applied; for the radiation,
the Rapid Radiative Transfer Model (RRTM) Short and Longwave scheme [30] was utilized;
the Unified Noah Land Surface Model [31] was chosen for the land surface model; and
for the surface layer the revised Mesoscale Model 5 (MM5) scheme [32] was selected. The
water vapor, temperature, pressure and geopotential field was stored every hour with a
horizontal resolution of 10 km.

2.5. Experimental Data Assimilation System

This experimental system allows us to study the impact of various GNSS observations
on the refractivity field by variational assimilation [15]. It does not allow us to study
the impact on the water vapor, temperature and pressure field separately. The system
works with simulated and real observations. When we work with simulated observations,
it is as follows: we choose the true refractivity field, compute (error-free) zenith delays
and tropospheric gradients, add noise in order to create observations, assimilate these
observations into the background refractivity field and, in the last step, we check by how
much the obtained analysis refractivity field is closer to the true refractivity field compared
to the background refractivity field. When we utilize real observations, the workflow is
the same except that simulated observations are replaced by real observations. The GFS
analysis available with a horizontal resolution of 0.25° is regarded as the true refractivity
field. The GFS 24 h forecast valid at the same time is regarded as the background refractivity
field. The background error covariance matrix is estimated by calculating the difference
between the GFS 24 h and 48 h forecast valid at the same time. For further details on the
experimental DA system, refer to [15].

3. Results
3.1. Comparison of Fast and Original Tropospheric Gradient Operator

For this comparison, we select 400 stations covering Germany. The atmospheric
fields are derived from WRF simulations which we ran for the time period June and July
2021. For each station location and every hour, we compute the tropospheric gradient
components utilizing the original and fast tropospheric gradient operator. We then compare
the tropospheric gradients components and quantify systematic and random deviations
between the two approaches.

At first, we take a look on a map of the tropospheric gradient components. Figure 2
shows such a map for the north and east gradient component for an epoch where large
tropospheric gradients are present. The tropospheric gradient components were calculated
utilizing the original gradient operator. In these maps, the magnitude of the gradient
components exceed 3 mm at specific locations and this indicates that large gradients are
present in the refractivity field in the vicinity of the respective locations. The gradients in
the refractivity field are mainly caused by gradients in the humidity field. This is usually the
case in the warm season so that, roughly spoken, tropospheric gradient vectors point from
dry to moist areas. Looking into the map of ZWDs supports this hypothesis. Figure 3 shows
the north and east gradient component for the same epoch but now the east and north
gradient components were calculated utilizing the fast gradient operator. The comparison
of Figures 2 and 3 reveals that the tropospheric gradient maps from both approaches show
a very similar pattern. In fact, the two approaches appear almost indistinguishable from
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one another. However, there are some locations on the map where deviations can be noted
and those are apparent when we have large gradient values.
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Figure 2. Map of tropospheric gradient components valid at 7.6.2021, 12 UTC. The original tropo-
spheric gradient operator was utilized to derive the north and the east gradient component. The left
(right) panel shows the east (north) gradient component.
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Figure 3. Same as Figure 2 but the fast tropospheric gradient operator was utilized to derive the
north and the east gradient component.

Next we take a close look on the time series for a single station. The station is located in
Potsdam, Germany. We show solely a zoom into the time series (June and July, 2021) so that
details are visible. Figure 4 shows this zoom into the time series of the north and the east
gradient components. The gradient components vary between 4 mm. Values close to zero
indicate small variation in the local humidity field and large deviations from zero indicate
large variations in the local humidity field. In such time series, the variations around zero
appear random. However, tropospheric gradients maps, such as the one shown in Figure 1
(Figure 2 or Figure 3), clearly show that the peak values at specific locations and times are
associated with specific atmospheric conditions such as the passage of warm and moist
air masses (frontal systems) The different colors in the upper panel indicate the result for
the two approaches: the fast and original approach. Again, it is difficult to distinguish the
two approaches as the fast and the original approach yield similar east and north gradient
components. When we form the difference between the tropospheric gradient components
which is shown in the lower panel of Figure 4, we find that they can occasionally reach up
to 0.9 mm.

Finally, we calculated the station specific mean and standard deviation between the
two approaches for all stations. The station specific mean deviations are well below 0.1
mm for the tropospheric gradient components. The station specific standard deviations
are typically about 0.15 mm for the tropospheric gradient components. Hence, we have
random but no systematic deviations between the two approaches. By averaging over
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all stations, we conclude that the observation error, i.e., the error of the fast observation
operator, is about 0.15 mm. This is small compared with the typical standard deviation
of about 0.5 mm we find between measured and forward modeled tropospheric gradient
components (also see next section).

_ 4
£ 2r
E 0L,
= uilbi e db iR e
26 27 28 29 30 31 32 33 34
4 : : : : : : : : :
E 2
E 0
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N 2 27 28 29 30 31 32 33 34
= 2 : : : : : ‘ : : ‘
=
E
z
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E‘Z
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56 2I7 Zé 2‘9 3I0 3‘1 3‘2 3I3 3‘4

time [day]
Figure 4. Zoom into the time series of the north and the east gradient components at the station
POTS (Potsdam, Germany). The upper panel shows the tropospheric gradient components derived
with the original (fast) observation operator in black (red) as a function of the time. The lower panel
shows the differences between the tropospheric gradient components as a function of the time.

3.2. Comparison of NWM and GNSS Tropospheric Gradients

For this comparison, we select 250 stations which cover Germany, the Czech Republic
and some parts of Austria and Poland (also see Figure 1). The GNSS data are taken from
the Benchmark data set produced within the European COST Action ES1206 GNSS4SWEC
(Advanced GNSS tropospheric products for monitoring severe weather and climate). For
comprehensive information about the Benchmark data set, refer to [13]. We utilize the
GNSS solution that is based on the G-Nut/Tefnut software [33] which is processing GNSS
observations in Precise Point Positioning (PPP) [34] mode. For details on the GNSS pro-
cessing, refer to [13]. The atmospheric fields are derived from WRF simulations which
we ran for the time period May and June 2013. For each station location and every hour,
we compute ZTDs and tropospheric gradient components. In the following, we call the
computed (forward modeled) ZTDs and tropospheric gradients simply NWM ZTDs and
tropospheric gradients. These NWM ZTDs and tropospheric gradients are then compared
with the corresponding GNSS observation.

At first, we compare GNSS and NWM ZTDs. Figure 5 shows the station specific mean
and standard deviation for the ZTD. The upper panel shows that for each station, the
percentage number of measurements for the considered time period exceeds 75%. The
mean deviations are mostly negative. On average, the mean deviation equals —3.7 mm. The
standard deviations are around 11 mm. On average, the standard deviation equals 11.4 mm.
Note that the ZTD for the considered area and season is about 2.5 m. Therefore, these
numbers indicate good agreement between GNSS and NWM ZTDs and these numbers are
consistent with the numbers provided by [13]. Hence, we expect good agreement for the
east and the north gradient components as well.

Figure 6 shows the station specific mean and standard deviation for the north and
the east gradient components, respectively. We note that the fast tropospheric gradient
operator was applied. For both the east and the north gradient components, the mean
deviations are close to zero. On average, the mean deviations are well below 0.1 mm. The
standard deviations are around 0.5 mm. On average, the standard deviation for the east
and the north gradient components equals 0.57 mm and 0.55 mm, respectively. Again, these
numbers are consistent with the numbers provided by [13]. Figure 7 shows the station
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specific mean and standard deviation for the north and the east gradient components,
respectively. In this comparison, the original tropospheric gradient operator was applied.
For both the east and the north gradient components, the mean deviations are close to
zero. On average, the mean deviations are well below 0.1 mm. The standard deviations
are around 0.5 mm. On average, the standard deviation for the east and the north gradient
components equals 0.56 mm and 0.52 mm, respectively. Hence, the standard deviations
when we applied the original tropospheric gradient operator are somewhat smaller than
the standard deviations when we applied the fast observation operator. However, as far as
we are concerned with the statistics, it does not matter whether we apply the original or
the fast tropospheric gradient operator.
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Figure 5. We compare GNSS and NWM ZTDs for a two month period (May and June 2013). The
250 stations cover Germany, the Czech Republic and parts of Austria and Poland. The upper panel
shows the data availability in percent per station. The middle panel shows the station specific mean
deviation. The lower panel shows the station specific standard deviation. The number (yellow
background) equals the average value of the respective parameter.
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Figure 6. We compare GNSS and NWM tropospheric gradient components for a two month period
(May and June 2013). The 250 stations cover central Europe. The fast tropospheric gradient operator
is utilized for this comparison. The left (right) panel shows the statistic for the east (north) gradient
components. The upper panel shows the station specific mean deviation. The lower panel shows the
station specific standard deviation. The number (yellow background) equals the average value of the

respective parameter.
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Figure 7. Same as Figure 6 but the original tropospheric gradient operator is utilized for this
comparison.

3.3. Results from Our Experimental Data Assimilation System

We assimilate data four times per day (0, 6, 12, 18 UTC) for a period of four months
(May, June, July, August, 2021). We consider simulated and real observations from the
station Potsdam, Germany. The workflow of the assimilation experiment is as follows:
(1) Compute true ZTDs and tropospheric gradients from the GFS analysis and write
them to disk. The original operator is used. (2) Import the true ZTDs and tropospheric
gradients and add noise, i.e., 10 mm for the ZTDs and 0.5 mm for the tropospheric gradients.
(3) Assign observation errors; 10 mm for the ZTDs and 0.5 mm for the tropospheric
gradients. (4) Assimilate the observed ZTDs and tropospheric gradients into the GFS 24 h
forecast valid at the same time. Here, we distinguish two possibilities: the original operator
or the fast operator can be utilized. We note that for both operators, the same observation
error of 0.5 mm is applied as we do not find a significant difference in the observation
minus background statistic (also see Section 3.2 above). (5) Check the refractivity error in
the vicinity of the station. When we utilize real observation, we omit step two and utilize
the GNSS solution that is provided by the Nevada Geodetic Laboratory (NGL) [35]. This
GNSS solution is based on the GipsyX software [36] and is processing GNSS observations
in PPP mode. For details on the GNSS processing, refer to [35].

The impact of the various types (and combinations) of GNSS observations in varia-
tional data assimilation is measured by analyzing the refractivity profiles surrounding the
station [15]. We restrict our discussion to the case where we assimilate real observations.
We obtain similar results for the case where we assimilate simulated observations. The
experiment with simulated observations fully supports all main findings from the experi-
ment with real observations. Figure 8 shows the root-mean-square error of the background
refractivity (black line), the root-mean-square error of the refractivity when we assimilate
ZTDs only (blue line) and the root-mean-square error of the refractivity when we assimilate
both ZTDs and tropospheric gradients (red line) as a function of the pressure. The original
tropospheric gradient operator is utilized in this experiment. It can be seen that there is
an improvement when the ZTDs are assimilated and that there is a further improvement
when the tropospheric gradients are assimilated together with the ZTDs. The impact of
the tropospheric gradient assimilation is restricted to altitudes around 750 hPa. This is
consistent with what we found in our previous work [15]. Next, instead of the original
tropospheric gradient operator, the fast tropospheric gradient operator is utilized in the
experiment. Figure 9 shows the root-mean-square error of the background refractivity
(black line), the root-mean-square error of the refractivity when we assimilate ZTDs only
(blue line) and the root-mean-square error of the refractivity when we assimilate both ZTDs
and tropospheric gradients (red line) as a function of the pressure. Again, it can be seen
that there is an improvement when the tropospheric gradients are assimilated in addition
to the ZTDs and again, the impact of the tropospheric gradient assimilation is restricted to
an altitude around 750 hPa. It appears that the impact is somewhat smaller below 750 hPa
but somewhat larger above 750 hPa. We do not obtain exactly the same impact for both
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tropospheric gradient operators, but as the impact is similar for both cases, we conclude
that the fast gradient operator is applicable. The formula for the fast tropospheric gradient
operator makes clear why we have small impact at low altitudes: the horizontal refractivity
gradients are weighted by height above the station, and when the height above the station
is close to zero, the contribution to the integral is close to zero. Therefore, unlike the ZTDs,
tropospheric gradients are not sensitive to the near surface variables. This implies that the

assimilation of tropospheric gradients does not affect surface variables. The main impact
can be found somewhere around 800 hPa [15].
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Figure 8. The root-mean-square error of the refractivity in percent as a function of the pressure.
The black line corresponds to the background, the blue line corresponds to the case when ZTDs are
assimilated and the red line corresponds to the case where both ZTDs and tropospheric gradients are
assimilated. GNSS ZTDs and tropospheric gradients for the single station Potsdam are assimilated
four times per day (0, 6, 12, 18 UTC) for a period of four months (May, June, July and August 2021).
The original tropospheric gradient operator is utilized in the assimilation.
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Figure 9. Same as Figure 8 but the fast tropospheric gradient operator is utilized in the assimilation.
4. Discussion

The ZTD and the tropospheric gradients can be measured with a single ground-based
GNSS station. In order to make use of such observations in NWP, the forward operators
must be implemented into DA systems. Notably, in variational data assimilation, besides
the forward operator, the tangent linear and adjoint version of the operator are required too.
Where this task is straightforward for the ZTD, it is not straightforward for the tropospheric
gradient components. Our original tropospheric gradient operator [15] is complicated as it
is based on dozens of ray-traced tropospheric delays. Therefore, in this work, we introduce
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an alternative approach which we call the fast tropospheric gradient operator. This is
rendering the calculation of ray-traced tropospheric delays unnecessary. We utilize the
WRF model (horizontal resolution of 10 km) and compare the original and the fast approach.
We find a random deviation of about 0.15 mm between the two approaches. The systematic
deviation between the two approaches is negligible. We also compare forward modelled
and measured tropospheric gradients and found negligible differences in the statistics for
the two approaches. We then implemented the fast tropospheric gradient operator in our
experimental DA system. With this experimental DA system, we cannot run actual weather
forecasts. The main purpose of it is to give a glimpse on the impact of various types of
observations on (initial) refractivity fields. Again, we demonstrated that the assimilation
of tropospheric gradients on top of the assimilation of the ZTD improves the refractivity
field in the vicinity of the station. In particular, we show that it does not matter which
tropospheric gradient operator is utilized in the assimilation. In essence, when we utilize
the fast tropospheric gradient operator, we find similar impact than when we utilize the
original (rigorous) tropospheric gradient operator. Clearly, as the functional dependency of
the fast tropospheric gradient operator from the refractivity is different than the functional
dependency of the original tropospheric gradient operator from the refractivity, the impact
is not the same. Our results are representative for stations in central Europe and in the
warm season. Whether adaptation of the fast gradient operator is required for different
regions and seasons must be analyzed in future work.

5. Conclusions

In this study, we developed an efficient tropospheric gradient operator (a piece of
Fortran code). The advantage of the proposed tropospheric gradient operator over the
original (rigorous) tropospheric gradient operator is that it does not require the calculation
of dozens of ray-traced tropospheric delays. Together with the tangent linear and adjoint
operator, it is ready to be implemented into DA systems. The source codes are freely avail-
able (see Data Availability Statement). The source codes are snippets from our experimental
DA system so some adaptation is required when implemented into another DA system.
However, the source codes certainly help to better understand the details and the ease
of implementation of the proposed approach. In future, we will implement the operator
into sophisticated DA systems. In fact, recently the operator was implemented into the
WRF DA system in support of the project EGMAP (‘Exploitation of GNSS tropospheric
gradients for severe weather monitoring and prediction’) funded by the German Research
Foundation (DFG).
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