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Abstract: Accurate description of the single scattering properties of atmospheric particles can be an
essential factor influencing the remote sensing of atmospheric microphysics. In this paper, a database
for the linearized single scattering properties of ice particles was developed in the visible to infrared
spectral region of 0.4–15 µm and for size parameters ranging from 0.5 to 500. The linearized invariant
imbedding T-matrix method and linearized physical-geometric optics method were jointly applied.
A full set of integral scattering properties including extinction efficiency, single scattering albedo,
asymmetry factors, and differential scattering properties, including six phase matrix elements, were
the basic scattering parameters in the database. Furthermore, the Jacobians of these regular scattering
properties with respect to refractive index (real and imaginary parts) and effective radius were also
included and used for sensitivity determinations. The spectral and size-dependent variations and
changing rates of the derivative characteristics with actual application values, such as backscattering
depolarization ratios, were also discussed.

Keywords: light scattering; database; analytical linearization

1. Introduction

The single scattering properties of atmospheric particles play a substantial role in the
retrieval of atmospheric components, the radiative forcing estimation in climate modeling,
and the evaluation of aerosol–cloud interactions [1,2]. Numerous algorithms have been
established to capture the scattering features of spherical and non-spherical particles [2–7],
but there is no universal algorithm for the entire size parameter spectrum and all shapes [8].
For spherical particles, the Lorenz–Mie theory is the analytical solution derived from fun-
damental Maxwell’s equations [9,10]. There are plenty of numerically accurate methods
for small non-spherical particles [11]. The T-matrix is an effective tool for computing the
scattering properties of homogenous non-spherical particles by relating the expansion
of the incident and scattered fields in vector spherical wave functions [12,13]. Both the
invariant imbedding T-matrix method (IITM) and extended boundary condition method
(EBCM) are semianalytical T-matrix methods for solving Maxwell’s equations [14–17]. Each
has its advantages in terms of calculation speed and applicable shapes [18,19]. Scattering
for a non-spherical particle of large size can be solved by approximate methods, such as
the physical-geometric optics method (PGOM), that require fewer computational resources
than rigorous methods [20]. The fundamental integral and differential single scattering
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properties required for radiative transfer computation can be generated using these al-
gorithms or obtained using deep learning approaches [21,22]. Plenty of single scattering
property databases for application in remote sensing and the simulation of radiative trans-
fer have been developed to satisfy spectral and scale continuity, and they employ a variety
of algorithms, such as those of the Lorenz–Mie theory [23–26], the discrete dipole approxi-
mation [26–28], the T-matrix methods [25,28–32], the geometric optics method [33–37], the
finite-difference time-domain method [35,38], etc. Combinations of methods are usually
applied to consider algorithm applicability, as well as computational resources [31,39].
Moreover, a significant amount of experiments have been undertaken to obtain differential
scattering properties for the validation of theoretical simulations [40–42].

To evaluate the radiative effect of cloud, aerosol, dust, and other particulate matter
on the Earth atmosphere system, it is first necessary to undertake accurate quantitative re-
trieval. Due to the inhomogeneity and morphological complexity of atmospheric particles,
the retrieval of their microphysical properties is a great challenge. With their global scale
and high frequency, satellite observations have become the predominant data source for
remote sensing [43,44]. Multiple-channel measurements of the numerous high-resolution
radiation devices are used in remote sensing of the atmospheric states. These observations
constitute the measurement vector Y in retrieval and the unknown parameters constitute
the state vector X to be retrieved, which contains quantities that adequately represent
the atmospheric state [45]. The inversion of atmospheric parameters is undoubtedly a
non-linear problem and must be solved numerically and iteratively. The retrieval process
can be described in terms of iterations of the guessed state vector by entering the vector
into the forward model F(X) and testing each output departure from the observations. Each
step of retrieval is affected by the prior information, the accuracy of instrumental measure-
ments, and the uncertainties of the forward model. The Jacobian matrix, K = ∂Y/∂X, also
termed the weight function matrix, is used to linearize and invert the forward model, which
indicates the sensitivity of the forward model to the state vector [46]. Most atmospheric
science problems are moderately non-linear, where linearization is adequate for the error
analysis [45]. Consequently, linearization of the forward model is of great importance in
microphysical inverse problems. The forward model used for the microphysical parameters
of atmospheric retrieval combines the scattering algorithm and radiative transfer model,
with linearization of the two components being required to provide the sensitivity of mea-
surement with respect to the state vector. The direct calculation of the linearized radiative
transfer model generates the required Jacobians, as has been applied practically [47–50].
Meanwhile, the derivatives of single scattering properties with respect to optical param-
eters, such as refractive index, and shape parameters, such as aspect ratio and effective
radius, can be generated from the linearization of scattering algorithms [51]. The aforemen-
tioned algorithms, such as IITM, EBCM, and PGOM, have been linearized and validated by
the finite difference method and against each other [51–54]. Previous studies have shown
that single scattering properties calculated by the linearized IITM and PGOM (abbreviated
as LIITM and LPGOM) are sufficiently accurate for a wide range of size parameters [55]. To
reduce the burden of computation and time for the finite difference approximation of the
retrieval, a linearized single scattering property database was pre-calculated in this study
by employing a combination of LIITM and LPGOM.

As a commonly observed particle morphology from the in situ observations of ice
clouds [56–58], hexagonal prisms were used as the model for the database with random
orientations, and the size parameter, defined as the ratio of the particle size to the incident
wavelength, was used as the input size property, as in previous studies [23–26,28,33–35].
A database containing the single scattering properties and their partial derivatives for
wavelengths of 0.4–15 µm and size parameters of 0.5–500 for hexagonal prism ice particles
was established jointly using the LIITM and LPGOM algorithms. The paper is organized
as follows: the methodology and parameters are introduced in Section 2; the simulation
results and sensitivity are analyzed in Section 3; the discussion of derivatives characteristics
is given in Section 4, and conclusions are given in Section 5.
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2. Materials and Methods
2.1. Parameters

The real and imaginary parts of the refractive index(mr and mi) of ice, from the visible
to mid-infrared regions, were taken from the compilation by Warren et al. (2008) [59]. The
selected size parameters for each algorithm and incident wavelength are listed in Table 1.
The ranges of the real and imaginary parts of the refractive index and their finite-difference
values with respect to wavelength are shown in Figure 1, and points indicate selected
wavelengths. Figure 1b,d indicate the sensitivity of the refractive index to the wavelength
calculated by linear difference. Both the real and imaginary parts of the refractive index
oscillate markedly at approximately λ = 3 µm. The choice of wavelength takes into account
the trend in refractive index and the uniformity of its distribution over the studied range.
As shown in Figure 1a,c, the chosen wavelengths match the original curve well enough to
facilitate subsequent interpolation.

Table 1. Grid point values of database parameters.

Parameters Grid Points

x (IITM)
0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0, 5.5, 6.0, 6.5, 7.0, 7.5, 8.0, 8.5, 9.0, 9.5, 10.0,
11.0, 12.0, 13.0, 14.0, 15.0, 16.0, 17.0, 18.0, 19.0, 20.0, 21.0, 22.0, 23.0, 24.0, 25.0, 26.0,

27.0, 28.0, 29.0, 30.0, 32.5, 35.0, 37.5, 40.0, 42.5, 45.0, 47.5, 50.0

x (PGOM)
30.0, 32.5, 35.0, 37.5, 40.0, 42.5, 45.0, 47.5, 50.0, 55.0, 60.0, 65.0, 70.0, 75.0, 80.0, 85.0,
90.0, 95.0, 100.0, 125.0, 150.0, 175.0, 200.0, 225.0, 250.0, 275.0, 300.0, 325.0, 350.0,

375.0, 400.0, 425.0, 450.0, 475.0, 500.0

λ
0.400, 0.560, 0.720, 0.880, 1.000, 2.000, 2.675, 2.899, 3.003, 3.077, 3.115, 3.195, 3.9690,
4.505, 5.000, 6.061, 7.042, 8.065, 8.929, 10.000, 11.000, 11.900, 12.990, 14.080, 15.150

Regular hexagonal prisms of unit aspect ratios were used as standard ice crystal shapes
in the database. For a regular hexagonal prism, the side lengths of the bottom and top
facets are equal, which are denoted as a, and the vertical length is denoted as h. The aspect
ratio is defined as σ = 2a/h. To describe particle habits, the effective radius is defined as a
radius of an equivalent volume sphere; i.e., V = 4π/3r3

e = 3
√

3/2a2h. With the unit aspect
ratio, the shape parameter follows the relationship re = a 3

√
9
√

3/4π ≈ 1.24a. Lengths
parameters used in the scattering algorithm are related to the ratio of particle size to the
incident wavelength, and defined as the dimensionless size parameter x = 2πre/λ. The
corresponding particle heights with various size parameters and selected wavelengths are
shown in Figure 2.

2.2. Model and Algorithms

The physical models of the two methods (LIITM and LPGOM) are shown in Figure 3.
The scattering properties of hexagonal prisms with small size parameters were obtained
using the invariant imbedding T-matrix method. A non-spherical particle can be divided
into some concentric imbedding shells from inscribed to circumscribed spheres. The T-
matrix iteration is shown schematically in Figure 3a. By using the volume-integral equation
of the scattering field, the T-matrix of the inscribed sphere Tis obtained from Lorenz–Mie
theory can be iterated step by step to the T-matrix of the circumscribed sphere Tcs. Tα

denotes the α-th step iteration of T-matrix. The truncation order of the infinite T-matrix
and the resolution of the spherical shell jointly determine the accuracy of the algorithm.
The invariant imbedding T-matrix method performs matrix inversion at each iterated
step, which is time consuming. With the invariant imbedding technique based on the
volume-integral equation, stable matrix inversions can be performed without encountering
ill-conditioning problems. The storage required for the calculation grows exponentially
with truncation order and particle size parameter. Therefore, the IITM is used to calculate
the scattering properties of small size particles, while taking into account computation
efficiency and storage requirements.
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Figure 3. (a) Schematic view of the invariant imbedding T-matrix method. Tis and Tcs represent the
T-matrix of the inscribed and circumscribed spheres, respectively. Tα denotes the α-th step iteration
of T-matrix. (b) An example of beam-splitting in the physical-geometric optics method. êi denotes
the incident beam; ê1 is the initial refracted beam and was divided into two parts (green and blue
shades); and ê2 indicates secondary refracted beam. The dashed lines show the reflected-refracted
beams exiting the particle.

The scattering properties of hexagonal prisms with large size parameters were ob-
tained using the physical-geometric optics method because of the capability and efficiency
of the rigorous method. An incident light hit on the side facet of a large hexagonal prism is
reflected and refracted to different surfaces involving beam-tracing processes and beam-
splitting technology. As shown in Figure 3b, for example, the beam êi that was incident on
the left facet of the hexagonal prism is reflected and refracted on the surface, and the re-
fracted part of the beam, ê1, hits two facets of the prism. To improve computation efficiency,
the beam was split into separate parts, and the particles were segmented into sub-prisms
to ensure that each beam was incident on only one facet. By considering refraction, reflec-
tion, diffraction, and far-field mapping, the PGOM calculates the scattering properties of
large particles.

3. Results

The structure of the database is illustrated in Figure 4. Considering the memory
requirement, results were saved in binary form. The integral scattering properties included
extinction, absorption, scattering cross-sections (Cext, Cabs, Csca, respectively), asymmetry
factor g, single scattering albedo ω, which follows ω = Csca/Cext, and Cext = Csca + Cabs.
Corresponding efficiencies were calculated by dividing the cross section by the geometric
cross section S, i.e., Qext = Cext/S. By representing the incident and scattered beams
as Stokes vectors Ii = [Ii, Qi, Ui, Vi], Is = [Is, Qs, Us, Vs] (subscripts “i”, “s” refer to the
incident and scattered beams, respectively), they can be related by the differential scattering
properties in a 4× 4 phase matrix P. As shown by Equation (1), the phase matrix for a
hexagonal prism includes six non-zero independent elements P11, P12, P22, P33, P44, and
P34. The first element, termed the scattering phase function, P11, indicates the energy
distribution of scattering [6]. The asymmetry factor g, calculated as the integral mean of
the product of the cosine of the scattering angle and the phase function in Equation (2),
represents the relative magnitude of scattering relative to forward and backward directions,
and is also included in the database output. For 0 < g ≤ 1, scattering is mainly forward
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with scattering angles from 0◦ to 90◦; for−1 ≤ g < 0, scattering is predominantly backward
with angles from 90◦ to 180◦; and for g = 0, scattering is front-to-back symmetrical, as for
Rayleigh scattering [5]. The linearization of single scattering properties is described by
Equation (3), which includes partial derivatives of the effective radius, as well as real
and imaginary parts of the refractive index, and stored in files with suffixes of er.bin,
mr.bin, and mi.bin, respectively. Partial derivatives of the aspect ratio are contained in the
ar.bin-suffixed PGOM files. Files with var.bin suffixes store original scattering properties.

Is
Qs
Us
Vs

 =
Csca

4πr2


P11 P12 0 0
P12 P22 0 0
0 0 P33 P34
0 0 −P34 P44




Ii
Qi
Ui
Vi

 (1)

g =

1∫
−1

P11(cos θ) cos θd(cosθ) (2)

∂y
∂x

=
∂(Qext, ω, g, P)

∂
(

re f f , mr, mi

) =

[
∂

∂re f f
,

∂

∂mr
,

∂

∂mi

]T

[Qext, ω, g, P] (3)
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3.1. Integrated Scattering Properties

The variation in integrated single scattering properties for wavelengths of 0.4–15 µm
and size parameters of 0.5–500 is shown in Figure 5. The properties of the two algorithms
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were combined at a size parameter of 50. The real and imaginary parts of the refractive index
represent the scattering and absorption capacity of particles, respectively. Integrated scatter-
ing properties therefore varied with refractive index, which was determined by wavelength.
Normally, the extinction efficiency peaks with increasing size parameter before converging
to a value of two. Similar features of the maximum extinction efficiency,Qext(max) in
Figure 5a, and the real part of the refractive index in Figure 1a are shown. The steep decline
of mr indicates that Qext(max) occurred at a larger size parameter, and the wavelength
of maximum mr was associated with the smallest Qext(max) occurrence size parameter.
Extinction efficiencies at all wavelengths in the studied range converged to 2 with size
parameters greater than 40. Variations in single scattering albedo reflected the values of the
imaginary part of the refractive index, as shown in Figure 5d. For wavelengths less than
3 µm with smaller mi, single scattering albedos near unity indicate that scattering predomi-
nated in the single scattering process. In the case of larger absorption, albedos converged
to a constant with size parameters greater than 20. Asymmetry factors in Figure 5g were
relatively stable and increased monotonically toward unity with increasing size parameter.
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Figure 5. Trends in integral scattering properties and their partial derivatives with respect to wave-
length and effective radius for wavelengths of 0.4–15 µm and size parameters of 0.5–500. Nine
diagrams correspond to extinction efficiency Qext (a), single scattering albedo ω (d), and asymmetry
factor g (g) and their Jacobians with respect to the wavelength (b,e,h) and effective radius (c,f,i).
Dashed lines in the third column represent the division of positive and negative derivatives.

The subplots in Figure 5b,e,h and Figure 5c,f,i illustrate the vertical and horizontal change
rates of the integrated single scattering properties, respectively. The change rate with respect



Remote Sens. 2022, 14, 6138 8 of 15

to wavelength can be calculated using the chain rule ∂y/∂λ = ∂y/∂mr · ∂mr/∂λ + ∂y/∂mi ·
∂mi/∂λ. Partial derivatives with respect to the wavelength in Figure 5b,e,h indicate spectral
sensitivities, which oscillated with increasing size parameter. The oscillation of Jacobians
was caused by the constructive and destructive interference between the diffraction and
transmission fields. The interference structures were strongly damped when absorption
became large, which were proxied by the bigger imaginary parts of the refractive index
between wavelengths 5 and 15 µm [6]. The variation was evident at about 3 and 11 µm,
due to drastic changes in the refractive index. However, variations with size parameter in
Figure 5c,f,i were clustered at smaller sizes, and mainly positive values decreased. Weak
negative values are annotated by dashed lines and occurred mainly with a size parameter
of 10. These features were correlated with a trend of increasing then plateauing integral
scattering properties, which indicates that all these properties converged to fixed values as
particle size increased.

3.2. Differential Scattering Properties

A comprehensive database enables analysis of variations in particle scattering distribu-
tions with spectra and size parameters. Six non-zero phase matrix elements were included
in the database as functions of scattering angles, and an example is shown in Figure 6. The
first element of phase matrix P11 is termed the phase function. As a function of angle, P11
reflects the distribution of scattering energy. A strong forward diffraction peak and halos of
the hexagonal prism were all shown in the phase function diagram. The other phase matrix
elements indicate the intensity of polarization and are presented as ratios, P ij

11
= Pij/P11

(“ij” denotes the subscript of any other phase matrix elements other than 11).
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When the particle size is much smaller than the wavelength, scattering can be solved
using the Rayleigh approximation, and the phase function will be symmetric in the forward
and backward directions [6]. For a regular hexagonal prism with a fixed size parameter of
x = 0.5, the stronger forward peaks of phase function P11 appear, and minimal scattering
occurs perpendicular to the incident direction, as shown in Figure 7a. Discrepancies
between forward and other angles are not obvious for smaller size parameters. Another
noteworthy feature is that the phase function does not vary significantly as the refractive
index oscillates with wavelength. The phase function for a size parameter of 100 is shown
in Figure 7b. With its large size parameter compared to the Rayleigh regime, the asymmetry
of the forward and backward phase functions was evident. The extremely strong forward
diffraction peaks in the phase function differed from those of the backward direction by
five orders of magnitude, with a significant effect on the efficiency of radiative transfer
calculations. The weak absorption due to the minor imaginary part of the refractive index
resulted in two halos at about 22◦ and 46◦, and wavelengths less than 2 µm could be faintly
seen. Additionally, the dashed line in Figure 7b indicates the halo peak angle calculated
from the incident angle and the real part of the refractive index [60]. The halo dashed
line corresponded well to extremes of the phase function. Light passing through facets of
randomly oriented hexagonal prisms generated the 22◦ halo feature. Oscillation of the real
part of the refractive index had a significant effect at large degrees of scattering, especially
for the low extremes at wavelengths of 3 and 10 µm.
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Figure 7. Scattering phase function trends of a regular hexagonal prism of unit aspect ratio for
wavelengths of 0.4–15 µm. Size parameters are x = 0.5 (a) and x = 100 (b). The refractive index of ice
corresponds to the incident wavelength, as shown in Figure 1.

The variations in phase functions with size parameters are shown in Figure 8 for a
fixed wavelength. The phase functions of small particles had a relatively uniform scattering
distribution, which was consistent with the features shown in Figure 7a. A clear angular
signature appeared in the phase functions of large particles at wavelengths less than 2 µm
as, for example, the forward diffraction peaks, with halos at ~22◦ and 46◦, 120◦–160◦ ice
bow features, and faint peaks in the backward direction that are shown in Figure 8a,b. As
wavelength increased, these halos peaks tended to occur at smaller angles, such as 20◦ and
38◦, as in Figure 8b, and the range of ice bow features at scattering angles of around 130◦

was extended to 100◦–180◦. The large forward peak of the phase function could be seen
only at wavelengths larger than 2 µm (e.g., 3.195 µm in Figure 8c). With the most elevated
real parts of the refractive index, values of side-scattering greater than 20◦ were less than 1,
and the halo features of the ice hexagonal prism were removed.
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Figure 8. Scattering phase function trends for size parameters of 0.5–500. The refractive index of ice
corresponds to incident wavelengths of 0.4 µm (a), 2.0 µm (b), and 3.195 µm (c). Wavelengths plotted
separately due to the differences in magnitude between forward and backward angles.

4. Discussion

The scattering properties and their partial derivatives derived from the linearized
algorithms were presented in Section 3. The optical parameters, such as exact backward
scattering and backscattering depolarization ratios, are widely applicated in atmospheric
detecting and can be further obtained by means of these basic characteristics.

The exact backward scattering corresponding to 180◦ of phase function, termed retro-
reflection, has significant impact on groundbase instrumental observations. Figure 9a
shows the variation of the exact backward scattering (P11 (180◦)) with wavelength and
particle size parameter. The change from negative to positive in partial derivatives of
P11(180◦) with respect to wavelength corresponded to the backward scattering trough, as
shown particularly with intermediate size parameters. This feature is evident in Figure 9b,
with the strongest negative and positive alternations occurring at a wavelength of 3 µm
with an intermediate size parameter. Variations in size parameters corresponded to partial
derivatives with respect to effective radius, with small oscillations occurring at small sizes,
as shown in Figure 9c.
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wavelength (b) and effective radius (c) for size parameters of 1–500 and wavelengths of 0.4–15 µm.
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In lidar application, the backscattering depolarization ratio is commonly taken into
account to indicate the particle nonsphericity. The linear, circular backscattering depolar-
ization ratios could be calculated by the phase matrix elements [15] as

δl =
P11 − P22

P11 + P22
, (4)

δc =
P11 + P44

P11 − P44
=

2δl
1− δl

. (5)

For randomly oriented hexagonal prisms, there are certain relations between the
phase matrix elements [3]. Consequently, the linear and circular backscattering depolar-
ization ratios vary in the roughly same way [15,61,62]. Figure 10 displays an example of
the fluctuations of the linear backscattering depolarization ratio and its derivatives with
size parameters at a given wavelength. As with variation in previous studies, the linear
backscattering depolarization ratio rapidly increased at a size parameter of about 10 and
gradually decreased after oscillation. It is worth noting that the derivatives of the refractive
index had different sensitive size parameters and showed opposite trends.
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5. Conclusions

A synthetic scattering database was developed that contains integral and differential
single scattering properties and their partial derivatives with respect to the real and imag-
inary parts of the refractive index and effective radius for randomly oriented hexagonal
prisms for a spectral range from 0.4 to 15 µm and size parameter ranges from 0.5 to 500.
The creation of the database is based on a combination of the linearized invariant imbed-
ding T-matrix method and the linearized physical-geometric optics method. The essential
characteristics of scattering properties and their sensitivities were investigated. Change
features were dominated mainly by the refractive index and were strongly influenced
by size parameters at relatively small values. The partial derivatives with respect to the
refractive index, wavelength, and effective radius quantified the features of the variations.
Furthermore, the spectral and size-dependent variations of the partial derivatives of the
single scattering properties and useful characteristics were also discussed. The linearized
database will be helpful in improving the accuracy of remote sensing applications.
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