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Abstract: Calibration using corner reflectors is an effective way to estimate the distortion parameters
of hybrid compact polarimetric (HCP) synthetic aperture radar (SAR) systems. However, the existing
literature lacks a discussion on the inconsistency of the amplitude and phase coefficients between
measured scattering vectors of different corner reflectors. In response to this problem, this paper first
proves that this inconsistency will seriously deteriorate the estimation accuracy of polarimetric dis-
tortion parameters. Based on the optimization algorithm, two calibration schemes for simultaneously
estimating the traditional distortion parameters and the amplitude/phase coefficients are proposed
while ignoring crosstalk (ICT) and considering crosstalk (CCT). In the process of distortion parameter
estimation, the idea of “optimizing while compensating” is adopted to eliminate the problem of
uneven echo intensity. Simulation results show that both schemes can eliminate the influence of the
inconsistency of amplitude and phase coefficients, and estimate distortion parameters accurately.
When the received crosstalk level is lower than −30 dB, the ICT scheme can accurately estimate
polarimetric distortion parameters. The CCT scheme has a wider application range of crosstalk and
can work well when the crosstalk level is lower than −20 dB, but it also has a higher requirement
for the signal-to-clutter ratio (SCR). When SCR is greater than 35 dB, the CCT scheme yields higher
estimation accuracy than the ICT scheme. In addition, the effectiveness of the calibration schemes
is verified based on the L-band measured data acquired by the Aerospace Information Research
Institute, Chinese Academy of Sciences.

Keywords: synthetic aperture radar (SAR); hybrid compact polarimetric (HCP); polarimetric calibration;
amplitude and phase coefficient inconsistency; optimization

1. Introduction

Recently, more and more researchers have begun to turn their attention to Hybrid
Compact Polarimetric (HCP) Synthetic Aperture Radar (SAR), and the research covers
many aspects, such as system architecture [1], interpretation algorithms [2–5], and the
potential for the technology in remote sensing applications [6–8], etc. HCP emits left-
handed (L) or right-handed (R) circularly polarized electromagnetic waves and receives
in horizontal (H) and vertical (V) polarization. Although HCP can only acquire partial
polarimetric information of the ground target compared to quad-polarimetric system, it can
overcome shortcomings such as narrow imaging width, high pulse repetition frequency,
and complicated system design due to additional channel gain [9]. These advantages reduce
the cost of hardware design, which is consistent with the goal of payload miniaturization.

HCP was first implemented in mini-SAR [10] and mini-RF [11] of lunar-orbiter SAR.
Later, RISAT-1 [12] in India, ALOS-2 [13] in Japan, and RADARSAT Constellation Mission
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(RCM) [14,15] in Canada were all equipped with this model. China’s upcoming LT-1 will
also support this mode. Although more and more satellites support HCP, there is limited
work discussing the calibration scheme of this mode. In general, the idea of the existing
calibration scheme can be divided into three different types—calibration using corner
reflector (CR), calibration using distributed targets (DT) [16], and calibration using both CR
and DT.

Freeman et al. [17] first established the system model for compact polarimetric SAR. In
2010, Truong-Loï et al. [18] provided an HCP calibration scheme using three CRs (trihedral,
dihedral and, 22.5◦ rotated dihedral, hereinafter referred to as T2D calibrator configuration)
based on the Freeman model. Their calibration scheme has been used in the measured data
of ISRO ASAR and RISAT-1 [19,20]. However, Truong-Loï assumes that the emission is a
completely undistorted electromagnetic wave, which may restrict the scope of application
of the scheme. Chen et al. [21] proposed six calibration schemes with different combinations
of passive and active calibrators.

The calibration scheme based on the DT usually needs to work together with the corre-
sponding quad-polarimetric data, and some assumptions are also involved. Sabry et al. [22]
first calculated a feature parameter of the DT from the corresponding quad-polarimetric
data and then used this feature to estimate the transmission distortion parameters in HCP
data. This method only considers the transmission distortion, and it is not always easy to
obtain the corresponding quad-polarimetric data. Touzi et al. [23] established a model
considering the non-circularity of transmitted polarization. This model served as the basis
for the development of a new method that is shown to be efficient for PALSAR2 axis ratio
(AR) measurement using Amazonian rainforests. Tan et al. [24] proposed a calibration
algorithm based on an optimization algorithm in combination with a trihedral calibrator
and distributed targets.

To accurately estimate distortion parameters and reduce the introduction of assump-
tions, we consider using CRs for calibration. In the HCP calibration schemes using CRs,
no researchers have discussed the influence of the inconsistency of amplitude and phase
coefficients on the accuracy of HCP SAR system distortion parameter estimation when
extracting the measured scattering vector of different CRs. Considering this, this paper dis-
cusses this problem for the first time and proves that the accuracy of distortion parameter
estimation deteriorates seriously when consistency is not satisfied. Based on the analysis
results, this paper emphasizes that it is necessary to estimate the amplitude and phase coef-
ficients of different CRs measuring scattering vectors simultaneously while estimating the
traditional distortion parameters. This paper discusses the problem of distortion parameter
estimation in the presence of this inconsistency, and gives calibration schemes based on the
circumstances of ignoring crosstalk (ICT) and considering crosstalk (CCT).

The content of the paper is organized as follows. Section 2 briefly introduces the sys-
tem model of HCP SAR, and analyzes the influence of the inconsistencies in the amplitude
and phase coefficients between the measured scattering vectors of different CRs on the
calibration results. The proposed calibration schemes are presented in Section 3. The perfor-
mance of the calibration schemes on the simulation and measured data is demonstrated in
Section 4. Further discussions are presented in Section 5. Section 6 summarizes this paper.

2. Model and Motivation

Considering the transmission/reception errors and the Faraday rotation effect, the
system model of HCP SAR can be expressed by the following equation [17,21].

−→
E r = A · ejφ · [R] · [Ω] · [S] · [Ω] · −→E t (1)

where
−→
E t and

−→
E r represents the Jones vector of transmitting and receiving electromagnetic

waves, respectively. A is the amplitude coefficient which depends on slant distance,
incident angle, and the characteristics of the target, including the influence of factors such
as the peak transmitted power, the transmitting and receiving gains, the link transmission
loss, and the backscattering coefficient of the target [25]. φ is the phase coefficient that
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represents the phase delay of the entire link. [R] =

[
1 δ2
δ1 f1

]
is the receiving distortion

matrix, where δ1 and δ2 represent crosstalk in the receiving channel. f1 represents the
receiving channel imbalance. [S] represents the Sinclair scattering matrix of the ground
target and [Ω] represents the Faraday rotation matrix. The specific forms are given in the
following equation.

[S] =
[

SHH SHV
SVH SVV

]
, [Ω] =

[
cos Ω sin Ω
− sin Ω cos Ω

]
(2)

where Ω is the Faraday rotation angle. [Ω] will be ignored in the subsequent derivation
and we will discuss the rationality of this assumption in the discussion section.

For the HCP system that emits right-handed electromagnetic waves, a left-handed
circularly polarized signal orthogonal to it will inevitably be involved in the transmitted
signal. Therefore, the transmitted signal can be modeled as [17,21]

−→
E t =

1√
2

{[
1
−j

]
+ δc

[
1
j

]}
=

1√
2

[
1 + δc
−j(1− δc)

]
. (3)

In the above equation, δc represents the transmission crosstalk. Different CR-measured
vectors may have different amplitude and phase coefficients (A · ejφ in Equation (1)); we will
denote this as the inconsistency of the amplitude and phase coefficients in the following
content. However, in Chen’s simulation experiment, they assume that the amplitude
and phase coefficients introduced in the entire transmission link are ideal responses. In
other words, the A · ejφ term is treated as 1 (please refer to Equations (9)–(15) in [21]). If
only the ratio between the H-channel and V-channel echoes of the same CR is used in
distortion parameter estimation, this assumption is reasonable and will not affect the final
calibration result.

In theory, the antenna pattern and the transmission slant distance may result in this
inconsistency of the amplitude and phase coefficients, and this can be compensated by
theoretical calculation or electromagnetic simulation [26,27]. However, it is difficult to
accurately model and compensate for these factors one by one during the data processing.
The results in [28,29] show that even after radiometric correction, the intensity displayed
by the CRs with the same size in the image also has a certain difference. Therefore, when
performing radiometric calibration, it is also necessary to average the calibration constants
calculated from multiple CRs to eliminate the influence of errors. Except for factors such
as antenna pattern and transmission slant distance, the amplitude and phase coefficients
at different CRs are also affected by data processing. The inconsistency of amplitude and
phase coefficients between CRs may affect the calibration accuracy. In the following content,
we will use Scheme 6 in [21] as an example to quantitatively analyze the influence of the
above-mentioned consistency problem.

Four CRs are used in Scheme 6, namely trihedral, dihedral, and two active calibrators.
In their scheme, both crosstalk and Faraday rotation angles are related to the channel
imbalance. Therefore, we analyze the influence on the estimation accuracy of the channel
imbalance parameter when the measured scattering vectors of the “inconsistent” CR
and other reference scalers are inconsistent in amplitude and phase coefficients. In the
simulation, this inconsistency is quantified by the deviation of the “inconsistent” CR
relative to the measured scattering vector amplitude and phase coefficient of the reference
CR. The fluctuation range of amplitude deviation is limited to between ±0.3 dB in the
simulation, and the limit of phase deviation is between ±3◦. The corresponding results
are shown in Figure 1, in which the first line is the analysis result when the trihedral is
the “inconsistent” CR, and the second line is the analysis result when the dihedral is the
“inconsistent” CR. The first column and the second column are the estimation errors of the
amplitude imbalance and phase imbalance, respectively.
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Figure 1. The impact on the estimation accuracy of channel imbalance parameters when the amplitude
and phase coefficients of the CR-measured scattering vectors are inconsistent. The first and second
row respectively represent the results when trihedral or dihedral is the “inconsistent” CR. (a,c) are
estimation errors for amplitude imbalance (dB). (b,d) are estimation errors for phase imbalance (◦).

The center point of each subgraph in Figure 1 represents the situation where the
measured scattering vectors meet the consistency. It can conclude that the parameter
estimation error is quite small at this point, all close to 0, which agrees with the result
of [21]. However, with the increase in the magnitude and phase deviation, the estimation
accuracy of the channel imbalance is seriously reduced. Taking the GF-3 as an example, the
design accuracy of the channel amplitude imbalance is better than ±0.5 dB, and the phase
imbalance is better than ±10◦ [29], which requires a high-precision calibration scheme.
Considering the above index requirements, if the CR-based method is used to evaluate
the distortion parameters of the HCP SAR system, the consistency between the measured
scattering vectors of different CRs must be very high. However, as there are too many
factors affecting consistency, it is impossible to accurately model and analyze them one by
one. This means that it is difficult to guarantee this consistency requirement. Therefore,
we need to consider the inconsistency of the amplitude and phase coefficients between
the measured scattering vectors of CRs in the process of distortion parameter estimation.
Considering this, the measured scattering vector of the corner reflector can be expressed by
the following formula.

−→
E r,i = Ai · ejφi · [R] · [S]i ·

−→
E t (4)

where the subscript i refers to different CR targets. Therefore, when constructing the
calibration scheme, the traditional distortion parameters such as channel imbalance and
the absolute amplitude and phase coefficients of each calibrator should be estimated
simultaneously. In the following content, we will introduce two polarimetric calibration
schemes based on the optimization algorithm.

3. Polarimetric Calibration Schemes

Considering the unity of the configuration of the CRs in the traditional calibration
algorithm using passive CRs [18,30], we build the calibration algorithm based on the T2D
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configuration. Under T2D configuration, a total of 12 real observations can be obtained,
while the model in (4) has a total of 14 unknown parameters (3 amplitude coefficient,
3 phase coefficient, 3 complex crosstalk, and 1 complex channel imbalance). This makes the
problem under-determined. In the following content, we consider two cases to solve the
problem. The first case is the case of ignoring crosstalk (ICT), and the second case is the
case of considering crosstalk (CCT).

3.1. Calibration Scheme Ignoring Crosstalk (ICT)

After ignoring crosstalk, [R] becomes a diagonal matrix. At this time, the number of
unknowns is reduced to 10, which can be solved by an optimization algorithm.

Assume that the measured scattering vectors extracted from SAR image are
−→
M i,

where the subscript i refers to different CR targets, the Levenberg–Marquardt optimization
algorithm [31,32] can be used to solve the distortion parameters. Considering that the
measured scattering vectors are all complex numbers, the following equation can be used
as the optimization objective function to minimize the difference between the measured
scattering vector and the theoretical value.

F =min ∑
i

∥∥∥−→M i −
−→
E r,i

∥∥∥
2

=min ∑
i

∥∥∥Re(
−→
M i)− Re(

−→
E r,i)

∥∥∥
2
+
∥∥∥Im(

−→
M i)− Im(

−→
E r,i)

∥∥∥
2

(5)

where ‖·‖2 represents the 2-norm of the vector. In the experiment, if Equation (5) is directly
used to solve the problem, the result will deviate from the accurate value. There are two
reasons contributed to this result. One is the echo intensity imbalance between the H-
channel and the V-channel, and the other is the echo intensity imbalance between CRs. If
the imbalance of the receiving channel causes the echo intensity of the H-channel to be
higher than that of the V-channel, the optimization process will proceed in the direction
of giving priority to minimizing the error of the H-channel signal, and the importance of
the V-channel signal will decrease. If the echo intensity of the trihedral is higher than the
other two CRs due to the inconsistency between the amplitude coefficients of the measured
scattering vectors, the optimization process will be carried out in the direction of giving
priority to minimizing the error of trihedral, and the importance of other CRs will decrease.
Therefore, an iterative optimization solution process is designed to avoid these situations.

At the beginning of the iteration, initialize the amplitude coefficients, phase coefficients
and channel imbalance Âi = 1, φ̂i = 0, f̂1 = 1.

Step 1: Assuming that the amplitude coefficients of three CR-measured scattering
vectors are the same, A1 = A2 = A3. Then f̂ (k)1 can be estimated from the optimization
problem (other distortion parameters can also be obtained, but not used here), where the
superscript (k) represents the estimated value at the k-th iteration.

Step 2: Using f̂1 ← f̂1 · f̂ (k)1 to update f̂1, where the symbol “←” represents assigning
the calculated value on the right to the variable on the left. Compensating the channel
imbalance of the measured scattering vectors using

−→
M i ← [R̂(k)]−1−→M i, with

[R̂(k)]=

[
1 0
0 f̂ (k)1

]
(6)

where the superscript (k) represents the measured scattering vector at the k-th iteration.
Step 3: Iteratively execute Step 1 and Step 2 until the distortion parameters converge.

The convergence condition is that the channel imbalance parameter approaches 1 at the
k-th iteration, i.e., the amplitude imbalance is less than 10−6 dB and the phase imbalance is
less than 10−6 degree.
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The purpose of the Step 1 to Step 3 is mainly to reduce the impact of the echo intensity
imbalance between the channels, and to make the intensity uniform between the channels
through iteration.

Step 4: Record the transmission crosstalk δ̂c = δ̂
(k)
c . Update phase coefficient φ̂i ←

φ̂i + φ̂
(k)
i in the last iteration, and compensate its influence using

−→
M i ← e−jφ̂(k)

i · −→M i.
Step 5: Assuming that the phase coefficients of three CRs measured scattering vectors

are the same after compensation, φ1 = φ2 = φ3. Since the receiving distortion is also com-
pensated, then amplitude coefficients Â(m)

i can be obtained by the optimal solution given
f1 = 1 and δ̂c. The superscript (m) and (k) have the same meaning, which also indicates
the number of iterations, but two letters are used to indicate different iteration levels.

Step 6: Compensate amplitude coefficients using
−→
M i ←

−→
M i/Â(m)

i and update ampli-

tude coefficients using Âi ← Âi · Â
(m)
i . The purpose of Step 5 and Step 6 is to reduce the

impact of the imbalance echo intensity between CRs.
Step 7: Repeat step 1 to step 6 until the distortion parameters converge. The convergence

condition is that the updated value of amplitude and phase coefficients are less than 10−6 dB
and 10−6 degree. The ICT scheme is recapped in Algorithm 1. A very core idea, “optimizing
while compensating”, is adopted in the ICT scheme. The purpose of compensation is to
eliminate the imbalance of the two echo intensities mentioned above, so that all information
can be used fairly by the optimization algorithm and to obtain the accurate solution. This
idea is also used in the CCT scheme.

Algorithm 1: ICT calibration scheme

Input: Measured scattering vectors
−→
M i(i = 1, 2, 3);

Output: Distortion parameters f̂1, δ̂c, Âi and φ̂i;
1 Initialize Âi = 1, φ̂i = 0, f̂1 = 1, max_iter = 12;
2 for m = 1 : max_iter do
3 for k = 1 : max_iter do
4 Estimate f̂ (k)1 , φ̂

(k)
i and δ̂

(k)
c using (5) assuming the amplitude coefficients

are the same;

5 Update f̂1 ← f̂1 · f̂ (k)1 ;
6 Compensate

−→
M i ← [R̂(k)]−1−→M i;

7 if convergence then
8 break;
9 end

10 end

11 δ̂c = δ̂
(k)
c ;

12 Update φ̂i ← φ̂i + φ̂
(k)
i ;

13 Compensate
−→
M i ← e−jφ̂(k)

i · −→M i;

14 Estimate Â(m)
i using (5) assuming the phase coefficients are the same;

15 Update Âi ← Âi · Â
(m)
i ;

16 Compensate
−→
M i ←

−→
M i/Â(m)

i ;
17 if convergence then
18 break;
19 end
20 end

3.2. Calibration Scheme Considering Crosstalk (CCT)

In the following content, we will introduce a calibration scheme considering crosstalk
(CCT). The execution steps of the CCT scheme are as follows. The result obtained from
the ICT scheme is adopted as the initial error value of CCT scheme and the channel
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imbalance f̂1, amplitude coefficients Âi, and phase coefficients φ̂i are compensated by
−→
M i ← e−jφ̂i · [R̂]−1−→M i/Âi with

[R̂]=

[
1 0
0 f̂1

]
. (7)

Step 1: Assuming that the amplitude and phase coefficients of three CRs are the same,
the distortion parameters δ̂

(k)
1 , δ̂

(k)
2 , f̂ (k)1 , δ̂

(k)
c can be solved by Equation (5). Then the current

distortion matrix is

[R̂(k)]=

[
1 δ̂

(k)
2

δ̂
(k)
1 f̂ (k)1

]
. (8)

Step 2: Correct the receiving distortion using
−→
M i ← [R̂(k)]−1−→M i, and update the dis-

tortion matrix using [R̂]←[R̂] · [R̂(k)].
Step 3: Iteratively execute Step 1 and Step 2 until the distortion parameters converge.

The convergence conditions are the same as Step 3 in the ICT scheme.
Step 4: Since the receiving distortion is compensated, the current measured scattering

vectors can be considered to be receiving distortion-free ([R] is the identity matrix). Given
δ̂
(k)
c , then Â(m)

i and φ̂
(m)
i can be estimated for each CRs using Equation (5).

Step 5: Update amplitude and phase coefficients using Âi ← Âi · Â(m)
i and φ̂i ←

φ̂i + φ̂
(m)
i . Then, we can compensate these coefficients using

−→
M i ← e−jφ̂(m)

i · −→M i/Â(m)
i .

Step 6: Repeat Step 1 to Step 5 until the distortion parameters converge and output
the distortion matrix [R̂] and coefficients Âi, φ̂i. The whole CCT scheme is recapped in
Algorithm 2.

Algorithm 2: CCT calibration scheme

Input: Measured scattering vectors
−→
M i(i = 1, 2, 3);

Output: Distortion parameters [R̂], δc, Âi and φ̂i;
1 Initialize f̂1, Âi and φ̂i from Algorithm 1;
2
−→
M i ← e−jφ̂i · [R̂]−1−→M i/Âi;

3 for m = 1 : max_iter do
4 for k = 1 : max_iter do
5 Estimate δ̂

(k)
1 , δ̂

(k)
2 , f̂ (k)1 and δ̂

(k)
c using (5) assuming the amplitude and

phase coefficients are the same;
6 Compensate

−→
M i ← [R̂(k)]−1−→M i;

7 Update [R̂]←[R̂] · [R̂(k)];
8 if convergence then
9 break;

10 end
11 end

12 Given δ̂c = δ̂
(k)
c , estimate Â(m)

i and φ̂
(m)
i ;

13 Update Âi ← Âi · Â
(m)
i ;

14 Update φ̂i ← φ̂i + φ̂
(k)
i ;

15 Compensate
−→
M i ← e−jφ̂(m)

i · −→M i/Â(m)
i ;

16 if convergence then
17 break;
18 end
19 end
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4. Results
4.1. The Effect of Crosstalk on Calibration Schemes

We simulated the estimation error when each distortion parameter changes with
crosstalk under the T2D calibrator configuration. The amplitude of δ1 and δ2 changes from
−40 dB to −10 dB. The rotated dihedral calibrator in T2D is usually set to 22.5◦ or 45◦,
and the simulation results of these two settings are almost the same. Therefore, in the
following content, we only give the result of 22.5◦ rotated dihedral. In the simulation, the
channel imbalance is set to | f1| = 3 dB, arg{ f1} = −30◦. The transmission crosstalk is set
to |δc| = −20 dB, arg{δc} = −40◦ Three amplitude coefficients are set to 0 dB, 1.5 dB and
−1.5 dB, respectively. The phases coefficients are set to 36◦, −51◦, and 75◦. The phases of
δ1 and δ2 are set to 10◦ and −50◦ respectively.
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Figure 2. The distortion parameter estimation error of the ICT scheme under different crosstalk levels.
(a) amplitude imbalance (dB). (b) phase imbalance (◦). (c) amplitude of transmission crosstalk (dB).
(d) phase of transmission crosstalk (◦).

Figure 2 shows the variation of channel imbalance and transmission crosstalk estima-
tion error with received crosstalk. The horizontal axis represents δ1, and the vertical axis
represents δ2. The first row and the second row are channel imbalance and transmission
crosstalk estimation error, respectively. The first column is the amplitude estimation error,
and the second column is the phase estimation error. The lower left corners of all subgraphs
are displayed in blue, which means that when the crosstalk level is relatively low, the
estimation error of the polarimetric distortion parameter is small. As the crosstalk level
gradually increases to −10 dB, the estimation accuracy of each parameter also decreases.
In the given example, the maximum error of channel amplitude imbalance can reach 1 dB,
and the phase imbalance can reach 10◦. The effect of transmission crosstalk with crosstalk
is obviously greater than the channel imbalance parameter, and the maximum amplitude
error and phase error are about 5 dB and 30◦. Since the transmission crosstalk itself is
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small, the relative error will fluctuate more. We use the transmission axial ratio to judge
the estimation accuracy of the actual transmission state.
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Figure 3. The estimation error of the ICT calibration scheme for the transmission axial ratio under
different crosstalk levels.

Figure 3 shows the estimated error of the transmission AR, which is directly calculated
by the method in Appendix A based on the above transmission crosstalk. It can conclude
that when the crosstalk level is low, the transmission axial ratio estimation error is also at a
relatively low level. When the receiving crosstalk increases, the transmission axial ratio
estimation error also gradually increases to 1 dB. Figure 4 shows the estimated error of
the ICT scheme for amplitude and phase coefficients emphasized in this paper. The first
column is the amplitude coefficient estimation error, and the second column is the phase
coefficient estimation error.

The characteristics of all parameters in Figure 4 are similar to the above. As the
crosstalk level increases, the estimation error will increase to varying degrees. It is worth
noting that coefficient estimation errors have different sensitivity to δ1 and δ2. For example,
the estimation error of A1 is more sensitive to changes in δ2, while A2 and A3 are more
sensitive to changes in δ1. This may be related to the optimization process and the sensitivity
of the parameters in the transmission model. Combining the above results, a rough
conclusion can be drawn. When the crosstalk level is better than −30 dB, the ICT scheme
can obtain relatively accurate estimates of each distortion parameter.

To obtain more accurate and quantitative conclusions, the effect of receiving the
crosstalk phase also needs to be taken into the consideration. We simulated the maximum
estimation error of each distortion parameter under different receiving crosstalk levels
(other parameters are kept the same as above). The simulation results are given in Table 1.
For example, the first number 0.10 indicates that the maximum estimation error of f1
amplitude is 0.10 dB when δ1 and δ2 are not better than −40 dB. Combined with the data in
the table, if the approximate crosstalk level of the SAR antenna is known, the accuracy of
the ICT calibration scheme can be estimated by looking up the table.

From Table 1, the estimation accuracy of the polarimetric distortion parameter shows
a downward trend with the increase of crosstalk. When the crosstalk level is better than
−30 dB, the estimated error of the amplitude and phase of the channel imbalance obtained
by the ICT scheme is better than 0.31 dB and 2.11◦. The estimated errors of the amplitude
and phase of δc are lower than 1.42 dB and 10.76◦, and the corresponding AR estimation
error does not exceed 0.31 dB. The estimation accuracy of amplitude and phase coefficients
is lower than 0.30 dB and 1.84◦ respectively. It is worth noting that only the maximum
estimated error is given in the table, which represents an upper limit. In most cases,
the actual estimated error will be lower than this value. Therefore, these error ranges
are acceptable.
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Figure 4. The amplitude and phase coefficients estimation error of the ICT calibration scheme under
different crosstalk levels. The first column is the amplitude coefficient estimation error, and the
second column is the phase coefficient estimation error. (a,b) are estimation errors of trihedral
(A1, φ1). (c,d) are estimation errors of dihedral (A2, φ2). (e,f) are estimation errors of 22.5◦ rotated
dihedral (A3, φ3).

The results show that the CCT scheme cannot always accurately estimate the crosstalk
value. When the level of the two crosstalks is comparable, the estimation error will be
relatively small. Therefore, the constraint condition for using the CCT algorithm to estimate
a more accurate crosstalk value is that the two crosstalk levels of the receiving channel
should be close. Another reason for the large maximum estimation error of the receiving
crosstalk in the above simulation results may be due to its low level, which is similar to
the previous transmission crosstalk. Although the estimation error of this parameter is
large, it may still be close to the real situation. Thus, to demonstrate the effectiveness of the
CCT scheme, we further give the worst estimation accuracy of the CCT scheme for other
distortion parameters under a given crosstalk level. Table 2 gives the specific results.



Remote Sens. 2022, 14, 416 11 of 22

Table 1. The maximum estimation error of the distortion parameters obtained using the ICT scheme
under different crosstalk levels.

Distortion Receiving Crosstalk Level (dB)
Parameters −40 −35 −30 −25 −20 −15 −10

| f1| (dB) 0.10 0.18 0.31 0.54 1.01 2.11 5.04
arg{ f1} (◦) 0.67 1.20 2.11 3.72 6.62 11.92 21.34
|δc| (dB) 0.49 0.85 1.42 2.73 5.80 14.77 36.30
arg{δc} (◦) 3.38 6.02 10.76 19.50 36.71 75.57 219.78
A1 (dB) 0.07 0.13 0.22 0.40 0.72 1.35 4.23
A2 (dB) 0.09 0.17 0.30 0.54 0.96 1.75 3.32
A3 (dB) 0.09 0.15 0.27 0.49 0.89 1.63 3.10
φ1 (

◦) 0.46 0.82 1.44 2.55 4.63 8.69 17.27
φ2 (

◦) 0.58 1.03 1.84 3.26 5.77 10.20 18.01
φ3 (

◦) 0.51 0.91 1.61 2.84 4.99 8.74 15.59
AR (dB) 0.10 0.18 0.31 0.54 0.90 1.43 2.15

The effect of the receiving crosstalk level on the ICT scheme is quantitatively analyzed
above, and the corresponding application scope recommendations are provided. Below,
we analyze the estimation accuracy of the CCT scheme for receiving crosstalk. The esti-
mation accuracy of the CCT scheme under different receiving crosstalk levels is analyzed
through simulation, and the estimated errors (differences between estimated and true
values) are shown in Figure 5. The specific simulation parameters are consistent with the
previous settings.
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Figure 5. The estimated error of the received crosstalk using the CCT scheme under different received
crosstalk distortion conditions. (a) estimated error of δ1. (b) estimated error of δ2.

Overall, the upper limit of the estimated error obtained by CCT scheme is lower than
that of ICT scheme under the same crosstalk level. However, it is worth noting that when
the crosstalk is lower than −20 dB, the difference of the amplitude and phase coefficient
estimation error between the two schemes is small, and the CCT scheme performs slightly
better than the ICT scheme. The main difference between the two is the estimation of
channel imbalance and transmission crosstalk. For example, when the crosstalk is −30 dB,
the estimation error of the amplitude and phase of the channel imbalance in the CCT
scheme is better than 0.09 dB and 0.56◦, which is significantly higher than the ICT scheme
by 0.22 dB and 1.55◦, respectively. In addition, Table 2 also indicates that the maximum
estimation error of the channel imbalance and transmission crosstalk of the CCT scheme
with crosstalk level at −20 dB is similar to the case of the ICT scheme of crosstalk level at
−30 dB. This proves that the CCT scheme relaxes the constraints on crosstalk compared to
the ICT scheme.

In addition to the above analysis, we also discussed the rationality of using the
estimator to correct the measured scattering vector when there is a certain error in the



Remote Sens. 2022, 14, 416 12 of 22

crosstalk estimation. Referring to the definition of similarity parameters [33], the following
evaluation indicators are introduced.

γ = −20 log

1
3

3

∑
i=1

(
−→
MCorrect

i )
H
· −→MTrue

i∥∥∥−→MCorrect
i

∥∥∥
2
·
∥∥∥−→MTrue

i

∥∥∥
2

 (9)

−→
MTrue

i represents the theoretical scattering vector without receiving distortion (includ-
ing only transmission distortion), and

−→
MCorrect

i represents the measured scattering vector
after correction according to the estimated receiving distortion parameters.

−→
MTrue

i = [S] · −→E t (10)
−→
MCorrect

i = [R̂]−1−→M i · e−jφ̂i /Âi (11)

γ is positive and characterizes the dissimilarity between
−→
MTrue

i and
−→
MCorrect

i . γ = 0 dB
indicates the two vectors are exactly the same. When γ is close to 0 dB, it means that
the two vectors are similar, which also shows that it is reasonable to use the estimated
distortion parameters for correction. Since this paper only corrects the distortion of the
receiving channel, the theoretical measured vector used as a comparative standard still
contains the influence of transmission crosstalk. The reason the theoretical measured vector
containing only transmission crosstalk is used as the comparison standard is that this paper
only considers the correction of the error of the receiving channel. As for the transmission
distortion, it cannot be corrected based on the measured scattering vector [18].

Table 2. The maximum estimation error of the distortion parameters obtained using the CCT scheme
under different crosstalk levels.

Distortion Receiving Crosstalk Level (dB)
Parameters −40 −35 −30 −25 −20 −15 −10
| f1|(dB) 0.03 0.05 0.09 0.17 0.32 0.66 1.51
arg{ f1}(◦) 0.18 0.32 0.56 1.02 1.95 3.87 8.78
|δc|(dB) 0.14 0.26 0.46 0.81 1.45 2.59 4.69
arg{δc}(◦) 0.89 1.58 2.80 4.99 8.86 15.73 27.75
A1(dB) 0.06 0.11 0.20 0.37 0.67 1.25 2.44
A2(dB) 0.08 0.15 0.27 0.49 0.89 1.65 3.18
A3(dB) 0.08 0.15 0.26 0.48 0.87 1.60 3.07
φ1(
◦) 0.40 0.72 1.28 2.29 4.12 7.55 14.20

φ2(
◦) 0.51 0.90 1.61 2.86 5.12 9.21 16.88

φ3(
◦) 0.49 0.87 1.55 2.76 4.93 8.88 16.25

AR(dB) 0.03 0.05 0.09 0.17 0.32 0.61 1.24
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Figure 6. The dissimilarity between measured scattering vector and the theoretical receiving vector
containing only transmission errors. (a) Original measured scattering vector. (b) Measured scattering
vector corrected by ICT scheme. (c) Measured scattering vector corrected by CCT scheme.
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Figure 6 shows the dissimilarity parameters between the corrected vector and the real
vector before and after correction using ICT and CCT estimation parameters. The result
shows that the original received vector is quite different from the actual received vector, and
the approximate dissimilarity level is about 5 dB. After correction using the ICT scheme,
the difference can be reduced to about 0.05 dB when the crosstalk is low. After correction
using the CCT scheme, the dissimilarity value can be reduced to about 0.001 dB when the
crosstalk level is low, or the crosstalk level is similar. This proves that the two schemes can
perfectly correct the measured scattering vector even though the crosstalk is ignored, or the
crosstalk estimation accuracy is not high. This also confirms that the crosstalk estimation
accuracy has a limited effect on the final corrected vector. Therefore, if the accuracy of the
measured scattering vector correction is used as the criterion, the accuracy assessment of
the calibration scheme should mainly focus on the channel imbalance parameters and the
transmission crosstalk.

4.2. Estimation Accuracy of Distortion Parameters

In the following content, the distortion parameter estimation accuracy of the two
calibration schemes is analyzed. To demonstrate the robustness of the calibration schemes,
δ1 and δ2 are set to be relatively different. The amplitudes of δ1 and δ2 are set to −35 dB and
−30 dB, and the phases are set to 10◦ and −50◦, respectively. Other distortion parameters
are set to be consistent with the above. Figure 7 shows the estimated channel imbalance
and transmission crosstalk of the ICT and CCT schemes. Among them, the amplitude
imbalance varies from −3 dB to 3 dB, and the transmission crosstalk amplitude varies from
−40 dB to −10 dB. The range of phase imbalance and transmission crosstalk phase change
is from −120◦ to 120◦.

The results demonstrate that the estimation accuracy of the CCT scheme is generally
higher than that of the ICT scheme. The ICT scheme can only achieve comparable per-
formance to the CCT scheme when estimating the phase imbalance. For the amplitude
imbalance, the estimated value obtained by the two schemes will slightly deviate from the
true value by 0.1 dB to 0.2 dB. When estimating the transmission crosstalk amplitude, as
its amplitude increases, the estimation error obtained by the ICT scheme will gradually
decrease. One possible reason for this is that when the crosstalk is low, it is more sensitive
to various error factors. For the transmission crosstalk phase, the estimated value of the
ICT scheme slightly deviates from the true value of 5◦.

Figure 8 further shows the amplitude and phase coefficient estimation of ICT and
CCT calibration schemes. The three rows in the figure correspond to trihedral, dihedral,
and 22.5◦ rotated dihedral, respectively. The first column is the amplitude coefficients
error, and the second column is the phase coefficients error. The results suggest that both
schemes can accurately estimate the actual coefficient values. The estimated error level
of the actual amplitude coefficients is roughly 0.1 dB to 0.2 dB, and the phase coefficient
estimation error is less than 1◦. This also proves the correctness of the idea of “optimizing
while compensating” in the calibration scheme. The above results prove that the proposed
schemes can indeed reduce the requirements of polarimetric calibration for the radiometric
calibration accuracy (e.g., accuracy of antenna pattern correction). Thus, the impact of
radiometric calibration error on polarimetric calibration is reduced.

The above example is the error estimation situation when the crosstalk level is
low. Next, we further demonstrate a case where the crosstalk level is relatively high
(|δ1| = −20 dB, |δ2| = −25 dB), to observe the estimation error of channel imbalance and
transmission crosstalk in this case. Figure 9 shows the estimated value of the corresponding
channel imbalance parameter and transmission crosstalk. The characteristics shown in the
figure are consistent with the case of low crosstalk. The overall estimation accuracy of the
CCT scheme for each distortion parameter is still higher than that of the ICT scheme. In
addition, the estimated characteristics of each specific distortion parameter are the same
as in the low-crosstalk case for the ICT scheme. The only difference is that the estimation
error is further increased. The estimation error of the amplitude imbalance between chan-
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nels deteriorates to about 0.4 dB–0.8 dB. The maximum estimation error of transmission
crosstalk has deteriorated from the original 7 dB to 12 dB. It is especially worth noting that
after the crosstalk level increases, certain errors also occur when using the ICT scheme to
estimate the phase imbalance. This also proves that it is not suitable to use the ICT scheme
for calibration when the crosstalk level is relatively high.
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Figure 7. Simulation of distortion parameters estimation. (a) | f1| (dB). (b) arg{ f1} (◦). (c) |δc| (dB).
(d) arg{δc} (◦).

4.3. Effects of Clutter on Calibration Accuracy

Previous discussions are all noise-free cases. However, when extracting CR infor-
mation in the actual calibration process, this will be affected by a certain level of clutter.
Therefore, it is necessary to analyze the impact of different signal-to-clutter ratios (SCR)
on the calibration results. The estimation error of each distortion parameter is analyzed
through simulation when SCR changes between 20 dB and 50 dB (the settings of the other
distortion parameters are consistent with the above case). In the experiment, it is assumed
that the clutter satisfies the Gaussian distribution, and 10,000 Monte Carlo simulations
are performed.

Figure 10 shows the estimation error of channel imbalance and transmission crosstalk
under different SCR. Among them, the first row is channel imbalance, and the second row
is transmission crosstalk. The first and second columns are the amplitude and phase errors,
respectively. Figure 11 shows the estimated error of the amplitude and phase coefficients
under different SCR. The three rows correspond to the trihedral, the dihedral, and 22.5◦

rotated dihedral, respectively. The first column is the amplitude coefficient estimation error,
and the second column is the phase coefficient estimation error.

The results demonstrate that the estimation error of each distortion parameter will
decrease with the increase of SCR. When the SCR is greater than 40 dB, the clutter has little
effect on the final error estimation accuracy. It can be considered that the estimated value in
this case is close to the estimated value in the ideal case without clutter. For the amplitude
imbalance, the estimation accuracy of the two schemes is better than 0.1 dB when the SCR
is greater than 40 dB. For phase imbalance and transmission crosstalk, when SCR is low,
the estimation error of the ICT scheme is slightly better than that of the CCT scheme. When
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SCR is greater than 35 dB, the CCT scheme can obtain a higher estimation accuracy than
ICT. When SCR is 50 dB, the estimation accuracy of the CCT scheme is better than 0.25◦,
0.25 dB, and 2◦, respectively. Under the same conditions, the estimation accuracy of the
ICT scheme is relatively low, and the estimation error is roughly 1◦, 0.7 dB, and 3◦.
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Figure 8. Simulation of amplitude and phase coefficients estimation. (a) |A1| (dB). (b) φ1 (◦).
(c) |A2| (dB). (d) φ2 (◦). (e) |A3| (dB). (f) φ3 (◦).

4.4. Results of AIRCAS L-Band Airborne SAR Data

In February 2021, the Aerospace Information Research Institute, Chinese Academy of
Sciences (AIRCAS) carried out an L-band airborne hybrid quad-polarimetric SAR flight
experiment in Boao, Hainan province, China. The experimental system alternately emits
right-handed (R) and left-handed (L) circularly polarized electromagnetic waves, simul-
taneously using horizontal (H) and vertical (V) linearly polarized antennas for receiving
single-look complex data of four polarimetric channels, HR, VR, HL, and VL. Many hybrid
quad-polarimetric data are acquired in this experiment, which can provide data support
for analyzing the characteristics of different targets under hybrid polarimetric basis or
circularly polarimetric basis (synthesized from the original data).
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Figure 9. Simulation of distortion parameters estimation when the crosstalk level is relatively high
(|δ1| = −20 dB, |δ2| = −25 dB). (a) | f1| (dB). (b) arg{ f1} (◦). (c) |δc| (dB). (d) arg{δc} (◦).

Since the hybrid quad-polarimetric data are acquired in this experiment, we can
extract the HR and VR channels to form the HCP data. There is only a difference in
swath width between the extracted data and the data directly acquired by the real HCP
system. Therefore, the data can be regarded as real HCP data and used for subsequent
calibration analysis.

Figure 12 presents the intensity image of the extracted HCP data. The scene includes
features such as ocean, farmland, and forest. Four CRs—two trihedral, one dihedral—and
one 22.5◦ rotated dihedral, are deployed in the farmland. The layout position of the CRs is
marked with a red box in Figure 12. Figure 13 shows an enlarged view of the calibration
field, in which the red boxes mark the position of each CR. From top to bottom, they are
trihedral, 22.5◦ rotated dihedral, dihedral, and trihedral.

There are two trihedral CRs in the scene and each trihedral can be combined with two
dihedral CRs to form the T2D group required for calibration. Therefore, there are actually
two T2D groups in the scene that can be used for calibration. We denote the CR group
containing the top trihedral as T2D1, and the CR group containing the bottom trihedral as
T2D2. After extracting the measured scattering vectors of the four CRs from the image, the
ICT scheme and the CCT scheme are employed for calibration.

Table 3 gives the results of the distortion parameters calibrated using the above two
sets of T2D calibrators. For the same calibration scheme, the results obtained by two
different CR groups are similar. However, the distortion parameter values obtained by the
ICT and CCT schemes are slightly different. It can be seen from the calibration results that
although we have done antenna pattern correction, the amplitude coefficient deviation
between the three CRs obtained by the two calibration schemes is up to 2 dB, and the
difference between the phase coefficients is even greater. This also demonstrates that when
using CRs for HCP calibration, the impact of the inconsistency of the amplitude and phase
coefficients between the measured scattering vectors need to be additionally considered.

The SCR of four CRs in the image are all greater than 40 dB through calculation.
Therefore, the distortion parameters obtained using the CCT scheme will have theoretically
higher accuracy than the ICT scheme. Before the flight experiment, the researchers tested
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the transmission AR of the system in a microwave anechoic chamber, which is about 2 dB.
This is very close to the transmission AR estimated by the CCT scheme, which also shows
the effectiveness of the scheme.
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Figure 10. Simulation of distortion parameters estimation error with different SCR. (a) | f1| (dB).
(b) arg{ f1} (◦). (c) |δc| (dB). (d) arg{δc} (◦).
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Figure 11. Simulation of distortion parameters estimation error with different SCR. (a) |A1|(dB).
(b) φ1(

◦). (c) |A2| (dB). (d) φ2 (◦). (e) |A3| (dB). (f) φ3 (◦).

(c) (d)

Figure 12. Intensity image of L-band airborne HCP data in Boao, Hainan province, China. (a) HR
image. (b) VR image.

(a) (b)

Figure 13. Enlarge intensity image of L-band airborne HCP data in Boao, Hainan province, China.
(a) HR image. (b) VR image.
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Table 3. Estimated distortion parameters of L-band HCP data using ICT and CCT schemes.

Distortion ICT CCT
Parameters T2D1 T2D2 T2D1 T2D2

| f1| (dB) −0.40 −0.44 −0.43 −0.54
arg{ f1} (◦) −7.13 −6.74 0.17 0.19
|δc| (dB) −21.92 −22.27 −18.69 −18.70
arg{δc}(◦) 164.87 162.11 136.53 136.50
A1 (dB) 19.73 19.20 19.70 19.22
A2 (dB) 18.68 18.70 18.53 18.59
A3 (dB) 17.61 17.63 17.71 17.78
φ1 (

◦) 101.63 185.76 97.49 181.84
φ2 (

◦) 141.47 141.27 137.66 137.63
φ3 (

◦) −90.01 −90.19 −94.57 −94.47
AR (dB) 1.40 1.34 2.03 2.03

5. Discussion

Aiming to solve the problem of inconsistency between the amplitude/phase coef-
ficients of the measured scattering vectors for CRs during HCP calibration, this paper
proposes two calibration schemes based on optimization algorithms. In the process of
estimating the distortion parameters, we adopted the idea of “optimizing while compensat-
ing”. The word “compensating” has three meanings. Two meanings have been pointed out
in the previous content, namely the compensation of the amplitude coefficients and the
receiving error matrix to eliminate the influence of the unbalanced echo intensity between
different CRs, and the unbalanced signal intensity between the H and V receiving channels.
In addition, there is also compensation for phase coefficients. In the optimization objective
function (5), the modulus difference between the measured scattering vector

−→
M i and the

theoretical error vector
−→
E r,i is directly evaluated. If there is only a phase difference between

the two, i.e.,
−→
M i = ejφ−→E r,i, the difference between the two should be 0, in theory. However,

when using (5), the difference will be very large. Therefore, it is necessary to eliminate this
problem by individually compensating the phase coefficient.

Although two calibration schemes are proposed in the paper, they each have their
own applicable conditions, and there is no one scheme that can always perform better
than the other. The ICT scheme ignores the influence of crosstalk, which is destined to
only adapt to low-crosstalk conditions where the crosstalk level is better than −30 dB.
For the CCT scheme, the parameter estimation process is actually an optimized solution
to an under-determined problem, and naturally, there are certain requirements for the
characteristics of the distortion parameters. The simulation experiment shows that the CCT
scheme can only accurately estimate the crosstalk when receiving crosstalk are close. If it
is necessary to accurately estimate other polarimetric distortion parameters, the received
receiving level is required to be lower than −20 dB. Although the CCT scheme expands
the applicable range of crosstalk level compared with the ICT scheme, Section 4 reveals
that only when SCR is higher than 35 dB does the CCT scheme achieve higher estimation
accuracy than the ICT scheme. Therefore, in the actual calibration process, the prior value
of the system distortion parameter and the actual SCR conditions should be combined to
select the applicable calibration scheme.

The influence of Faraday rotation is not considered in the calibration scheme proposed
in this paper. However, for long-wavelength spaceborne SAR systems, this is one of the
factors that must be considered in the calibration process. In fact, the two schemes proposed
in this paper are still available when the Faraday rotation effect exists. Tan points out [34]
that the transmitter error can also be characterized by an equivalent crosstalk parameter
when Faraday rotation exists:
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−→
E ′t = [Ω] · −→E t

=

[
cos Ω sin Ω
− sin Ω cos Ω

]{[
1
−j

]
+ δc

[
1
j

]}
= e−jΩ

{[
1
−j

]
+ δcej2Ω

[
1
j

]} (12)

Therefore, after considering the Faraday rotation effect, an additional phase related to
the Faraday rotation angle is added to the original transmission crosstalk. For the receiving
channel, the equivalent receiving error matrix after considering the Faraday rotation effect
can be expressed by (13).

[R′] = [R] · [Ω]

=

[
1 δ2
δ1 f1

][
cos Ω sin Ω
− sin Ω cos Ω

]
=

[
cos Ω− δ2 sin Ω δ2 cos Ω + sin Ω

δ1 cos Ω− f1 sin Ω f1 cos Ω + δ1 sin Ω

]
= (cos Ω− δ2 sin Ω)

[
1 δ′2
δ′1 f ′1

]
(13)

Combining (12) and (13), we can conclude that the original system model is still
valid after considering the Faraday rotation effect, but all the distortion parameters are
modulated by the Faraday rotation angle Ω. In this case, if the above scheme is used for
calibration, although the actual Faraday rotation angle cannot be estimated, the error of
the receiving channel can still be compensated to obtain data without receiving distortion.
Moreover, after the actual Ω is estimated using the Total Electron Content (TEC) [35], the
original distortion parameters can be recovered.

6. Conclusions

This paper points out that there are inconsistencies between the amplitude and phase
coefficients of different CR-measured scattering vectors and these inconsistencies will
seriously affect the estimation accuracy of the calibration scheme for system distortion
parameters. Therefore, this paper proposes two calibration schemes for simultaneously
estimating traditional distortion parameters and amplitude and phase coefficients under
cases of ignoring crosstalk (ICT) and considering crosstalk (CCT). The CCT scheme takes
the error estimate of the ICT scheme as the initial value, and further iterative optimization
solutions are carried out on this basis. Two calibration schemes have different applicable
conditions. Based on simulation experiments, it is concluded that the worst-receiving
crosstalk levels applicable to the ICT and the CCT scheme are −30 dB and −20 dB, respec-
tively. The estimation accuracies of each distortion parameter under the two cases of low
crosstalk and medium crosstalk are also analyzed through simulation, and the results show
that the CCT scheme can achieve higher accuracy. However, the CCT calibration scheme
can only exert excellent performance when SCR is higher than 35 dB. In addition, L-band
airborne HCP SAR data in Hainan, China acquired by AIRCAS has been used to prove
the effectiveness of the calibration scheme. Therefore, the method in this paper helps to
promote the practical application of the HCP calibration scheme based on CRs.
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Appendix A. Calculate the Axial Ratio (AR) from Transmission Crosstalk δδδc

Based on electromagnetic theory, any polarized wave can be described by a polariza-
tion ellipse [36] and the actual emission electromagnetic waves

−→
E t in this paper can be

expressed by

−→
E t =

[
cos θ − sin θ
sin θ cos θ

][
cos χ
j sin χ

]
(A1)

where the absolute amplitude and phase terms are ignored. θ is the ellipse orientation
angle, and χ is the ellipticity angle. The parameter χ describes the “circularity” of the
emitted signal. χ = 45◦ indicates the emitted electromagnetic waves are perfectly circularly
polarized and χ = 0◦ indicates the emitted electromagnetic waves are linearly polarized
electromagnetic waves. Axial ratio (AR) [37] is an index that quantitatively describes the
emission error.

AR = cot |χ| (A2)

To obtain AR, the ellipticity angle must be calculated first. Given the transmission
crosstalk, the Jons vector of the actual emitted sinal

−→
E t is known. Rotate

−→
E t according to

the following equation.

−→
E t(θ) =

[
EtH(θ)
EtV(θ)

]
=

[
cos θ − sin θ
sin θ cos θ

]
· −→E t (A3)

Find θ that when the phase difference between the H and V channels is 90◦, that is
arg{EtH(θ)E∗tV(θ)} = ±90◦. Thus, θ̃ = −θ. The corresponding ellipticity angle can be
obtained by

tan χ̃ = min
{
|EtV(θ̃)|
|EtH(θ̃)|

,
|EtH(θ̃)|
|EtV(θ̃)|

}
(A4)
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