
remote sensing  

Article

MTRC-Tolerated Multi-Target Imaging Based on 3D Hough
Transform and Non-Equal Sampling Sparse Solution

Yimeng Zou, Jiahao Tian * , Guanghu Jin and Yongsheng Zhang

����������
�������

Citation: Zou, Y.; Tian, J.; Jin, G.;

Zhang, Y. MTRC-Tolerated

Multi-Target Imaging Based on 3D

Hough Transform and Non-Equal

Sampling Sparse Solution. Remote

Sens. 2021, 13, 3817. https://doi.org/

10.3390/rs13193817

Academic Editor: Andreas Reigber

Received: 31 August 2021

Accepted: 20 September 2021

Published: 24 September 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

College of Electronic Science and Technology, National University of Defense Technology, No. 109 Deya Road,
Changsha 410073, China; zouyimeng@nudt.edu.cn (Y.Z.); guanghujin@nudt.edu.cn (G.J.); zyscn@163.com (Y.Z.)
* Correspondence: tianjiahao@nudt.edu.cn

Abstract: Distributed radar array brings several new forthcoming advantages in aerospace target
detection and imaging. The two-dimensional distributed array avoids the imperfect motion compen-
sation in coherent processing along slow time and can achieve single snapshot 3D imaging. Some
difficulties exist in the 3D imaging processing. The first one is that the distributed array may be
only in small amount. This means that the sampling does not meet the Nyquist sample theorem.
The second one refers to echoes of objects in the same beam that will be mixed together, which
makes sparse optimization dictionary too long for it to bring the huge computation burden in the
imaging process. In this paper, we propose an innovative method on 3D imaging of the aerospace
targets in the wide airspace with sparse radar array. Firstly, the case of multiple targets is not suitable
to be processed uniformly in the imaging process. A 3D Hough transform is proposed based on
the range profiles plane difference, which can detect and separate the echoes of different targets.
Secondly, in the subsequent imaging process, considering the non-uniform sparse sampling of the
distributed array in space, the migration through range cell (MTRC)-tolerated imaging method
is proposed to process the signal of the two-dimensional sparse array. The uniformized method
combining compressed sensing (CS) imaging in the azimuth direction and matched filtering in the
range direction can realize the 3D imaging effectively. Before imaging in the azimuth direction,
interpolation in the range direction is carried out. The main contributions of the proposed method
are: (1) echo separation based on 3D transform avoids the huge amount of computation of direct
sparse optimization imaging of three-dimensional data, and ensures the realizability of the algorithm;
and (2) uniformized sparse solving imaging is proposed, which can remove the difficulty cause by
MTRC. Simulation experiments verified the effectiveness and feasibility of the proposed method.

Keywords: 3D imaging; sparse array; multi-targets; 3D Hough transform; MTRC-tolerated; com-
pressed sensing (CS); uniformized imaging

1. Introduction

Radar realizes target detection and ranging by emitting electromagnetic waves which
has penetration ability. It is widely used in aerospace target surveillance because of its day
to night and all-weather advantages [1]. Imaging radar can obtain target images, which
can help to recognize targets more directly and easily [2,3]. Traditional target imaging
radar utilizes 2D imaging with the synthetic method to improve the azimuth resolution.
It is widely used in civil and military application including military surveillance, target
detection, strategic warning, marine monitoring, biomedicine, and other fields [1–5].

Traditional imaging radar works in monostatic mode [6,7]. It employs inverse syn-
thetic aperture radar (ISAR) imaging technology [8] to realize high resolution. With the
help of motion compensation algorithm, the motion measurement errors are compensated.
It has been developed from theoretical research to a wide application in practical cases. A
large amount of ISAR images of aircrafts, satellites, missiles and other aerospace targets
have been obtained [9–12].
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As the aerospace technology develops in star constellations, missile multiple warheads,
and aircraft fleet, there are more and more targets that should receive more attention.
Because the ISAR technology based on monostatic radar has only two-dimensional data,
it strongly limits the further application in solving complex condition. To obtain more
precise information of targets and detect targets accurately, some scholars proposed three-
dimensional imaging technology [13]. Among them, there is a three-dimensional imaging
method of moving targets based on ISAR sequence images [13–16]. This method expands
the imaging dimension by using the rotation information of the target, but the coherent time
is long, and it also has certain requirements for the three-dimensional rotation of the target
or needs to know the rotation trajectory of the target, so there are limitations in practical
application. Another monopulse angle measurement method uses the sum difference beam
in azimuth and pitch direction to solve the azimuth and pitch angle of scattering points on
each range unit [17]. However, it cannot solve the angle error caused by angular flicker
when there are multiple strong scattering points in the same range unit. In 2001, a three-
dimensional imaging algorithm based on three-antenna interference was proposed [18–21].
However, this result is pseudo-three-dimensional. The distributed array radar is a new
kind of radar forms with multi-static arrays. With the two-dimensional multi-static arrays,
radar can provide four-dimensional data in range, azimuth, elevator, and slow-time. It
will strongly support observation of the multi-targets simultaneously [22–24]. In 2003,
Rabideau and Parker of Lincoln Lab propose the concept of MIMO radar for the first
time [25], so the three-dimensional imaging method based on the two-dimensional array
has attracted the attention of scholars. In 2007, Baraniuk of Rice University in the United
States was the first to propose and apply a compressed sensing theory to radar imaging.
He proposed using a low-speed A/D converter at the receiver as well as a restoration
algorithm to reconstruct the target image [26]. This further promotes the process of imaging
based on two-dimensional array radar and CS algorithm application on radar imaging
area [27–29]. In 2010, Duan proposed the method of combining cross array MIMO radar
with ISAR imaging technology to obtain 3D imaging results [30]; in 2011, Zhu designed a
MIMO array for 3D imaging to achieve shorter time imaging [31]; and Gu combined MIMO
technology and CS theory to propose a sparse L-shaped MIMO array single snapshot
imaging algorithm [32].

The two-dimensional distributed array avoids the imperfect motion compensation in
coherent processing along slow time and can achieve single snapshot 3D imaging. Some
difficulties exist in the 3D imaging processing. The first one is that the distributed array
may be only in small amount. It means that the sampling does not meet the Nyquist sample
theorem. The second one is that echoes of objects in the same beam will be mixed together,
which means that sparse optimization dictionary is too long to bring the huge computation
burden in the imaging process. Furthermore, different range migrations of targets cannot
be solved uniformly in the subsequent process.

In this paper, to solve above problems, an innovative method is proposed on 3D
imaging of the aerospace targets in the wide-area of sparse array. Firstly, multiple targets
are not suitable to be processed uniformly in the imaging process. We utilize 3D Hough
transform to separate different targets based on the range profiles plane difference because
the transform can detect planes in the 3D image. In this way, it’s feasible to solve the
problem that the multi-target echo cannot be processed uniformly. Secondly, the migra-
tion through range ceil (MTRC)-tolerated imaging method is proposed in the subsequent
imaging process. It combines compressed sensing in the azimuth direction and matched
filtering in the range direction to overcome the non-uniform sparse sampling of the dis-
tributed array in space effectively and avoid the huge amount of computation of 3D data.
Before imaging in the azimuth direction, interpolation in the range direction is carried
out. The main contributions of this paper are: (1) a multi-target received signal separation
method is proposed based on 3D Hough Transform; and (2) uniformized imaging which
can overcome difficulties of MTRC and large amounts of computation while directly using
compressed sensing algorithm to process the 3D data.
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The rest of this work is organized as follows. Section 2 introduces the signal model
and proposes a multi-target received signal separation process with 3D Hough transform.
Because different targets’ range profiles are shown as different surfaces in the image, 3D
Hough transform can detect and separate these surfaces. Section 3 introduces a two-step
MTRC-tolerated imaging method. The traditional pulse compression in range direction and
compressed sensing algorithm in two-dimensional azimuth are combined to realize three-
dimensional imaging. Simulation experiments are carried out on the proposed algorithm,
and the simulation results are shown in Section 4. Sections 5 and 6 contains the discussion
and conclusions of this study.

2. Multi-Target Echo Processing Based on 3D Hough Transform

Above all, the signal model should be built according to the geometrical relationship
between targets and radar. After that, if the received signal containing several targets’
information is processed directly, it may lead to defocusing. So, the echo preprocessing to
solve the problem of the multi-target echo must be considered.

2.1. Signal Model

Now that imaging radar works at high frequencies, targets can be regarded as a set
of scattering points. The electromagnetic characteristics of targets can be described by
multiple scattering points. It is assumed that the scattering function of the target does not
change during the imaging process.

As shown in Figure 1, a reference point on the target is referred to as the origin to
establish the target’s Cartesian coordinate system, and the reference point is set as O. The
vector from the radar to the reference center is R0, and the vector direction is also the line
of sight direction of the radar. I is the unit vector in R0, and the vector of the radar reaching
the scattering point is Rr. The vector from the reference center to the target scattering point
is r. Suppose that the transmitted signal is st(t), and the bandwidth and center frequency
are B, f0.
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The received signal is: 

Figure 1. Schematic diagram of radar and target.

The received signal is:

sr(t) =
∫
Ω

σ(r)st

(
t− 2Rr

c

)
dr (1)

where Ω is the spatial range of the target, and σ(r) represents the electromagnetic scattering
function of the target. Based on the geometric relationship shown in the graph, Rr = R0 + r
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can be obtained. When the distance between the radar and the target is much larger than
the size of the target itself, that is R0 � r, it can generally be approximated that:

|Rr = R0 + r| ≈ R0 + r·I (2)

The echo can be transformed to the frequency domain and substitute Equation (2) into
Equation (1) to obtain:

sr( f ) = st( f ) exp
(
−j2π f

2R0

c

)∫
Ω

σ(r) exp
(
−j2π f

2r·I
c

)
dr (3)

After matched filtering and coherent processing, the echo can be expressed as:

sr( f ) = rect
(

f − f0

B

)∫
Ω

σ(r) exp
(
−j2π f

2r·I
c

)
dr (4)

Let k = 2I f /c be a spatial spectrum vector, then Equation (4) becomes:

s(k) = W(k)
∫
Ω

σ(r) exp(−j2πr·k)dr (5)

The above Equation (5) shows that the echo of the target can be transformed into the
form of the space spectrum after processing, and the relationship between space spectrum
sampling points and the target electromagnetic scattering function is Fourier transform.

For radar imaging technology, the transmitted signal which meets the large time-
bandwidth product will perform better. Therefore, LFM signals are often used as trans-
mitting signals. Because of its characteristics, the echo can be dechirp processed, which
can simplify the equipment and save the computation cost. Using LFM signal as the
transmitting signal, the received target echo is:

sr(t) =
K

∑
k=1

σkrect
[

t− τk
Tp

]
exp

[
j2π

(
fc(t− τk) +

1
2

K(t− τk)
2
)]

(6)

where Tp is the pulse duration, fc is the central frequency, K is the frequency modulation
ratio of the LFM signal, M represents the number of scattering points, σk is the electromag-
netic scattering of the scattering points, and τk =

2Rk
c , Rk is the distance from the scattering

points to the radar.

The LFM signal corresponding to the delay τre f =
2Rre f

c of the reference distance
Rre f is used as the reference signal for dechirp processing. The result after processing is
as follows:

sr(t) =
K

∑
k=1

rect
[

ts

Tp

]
exp{−j2π( fc + Kts)τ∆} (7)

where τ∆ = 2Rk
c −

2Rre f
c is the difference of range delays between target and reference point.

For the planar array radar designed in this paper, the array elements are arranged on
the uniform grid along the two edges of the rectangle, and the relationship between the
radar line-of-sight direction and the target reference coordinate system is shown in Figure 2.

Where α is the angle between the projection of the radar line of sight in the XOY
plane and the positive direction of the Y-axis, the range of values is 0

◦
–360

◦
, θ is the angle

between the radar line of sight and the XOY plane, and the range of values is 0
◦
–90

◦
. As a

result, Equation (7) is further processed to get:

sr(t) =
K

∑
k=1

σk exp{−j4π( fc + Kts)(xk sin α cos θ + yk cos α cos θ + zk sin θ)/c} (8)
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where τ∆ = 2(xk sin α cos θ+yk cos α cos θ+zk sin θ)
c is the range delay.
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2.2. Multi-Target Echo Separation in the Sub-Block

For the multi-target received signal, because of the different line of sight direction
from radar elements to different targets and the range migration of different targets in the
echo being different, which cannot be processed uniformly in the subsequent imaging, the
subsequent single three-dimensional imaging scene cannot contain the whole wide-area
space at the same time. It is necessary to separate the echo signal containing multi-target
information to obtain the signal of single target information and process them one by
one. In the process of multi-target echo separation in traditional ISAR imaging, after the
accumulation of coherence time, different targets reflect as multiple lines with different
slopes in the range profile. Then, different lines are detected and separated by Hough
transform in the image domain. In this paper, the array radar can take use of space instead
of time to expand dimensions of the image, so the azimuth information can be obtained
without coherent time accumulation. For the radar array that has resolution ability in
two-dimensional azimuth, targets signals are displayed as different three-dimensional
surfaces in the range profile. Referring to the idea that different lines are distinguished by
detecting the slope and intercept of lines with Hough transform, the 3D Hough transform
is proposed to detect different surfaces in three-dimensional space.

The plane in space can generally be expressed by equation as:

Ax + By + Cz + D = 0 (9)

The normal vector of the plane is:

→
v =

 A
B
C

 (10)

where D is the distance from the origin to the plane. Therefore, the plane can be expressed
by a normal vector containing direction and distance information. Further, the direction
of the normal vector can be expressed by its pitch angle ϕ and azimuth angle θ in the
coordinate system (this angle is independent of the radar angle of line of sight in the
previous section). The distance is expressed by r, as shown in Figure 3.



Remote Sens. 2021, 13, 3817 6 of 21

Remote Sens. 2021, 13, x FOR PEER REVIEW 6 of 24 
 

 

A

v B

C

 
 

=  
 
 

 (10) 

where D is the distance from the origin to the plane. Therefore, the plane can be expressed 

by a normal vector containing direction and distance information. Further, the direction 

of the normal vector can be expressed by its pitch angle   and azimuth angle   in the 

coordinate system (this angle is independent of the radar angle of line of sight in the pre-

vious section). The distance is expressed by r , as shown in Error! Reference source not 

found.. 

ϕ

 

v

θ
 

r

y

x

 

Figure 3. Parametric representation of plane normal vector. 

Therefore, Equation (9) of the plane can be expressed as a parametric formula by 

three parameters ( ), ,r  , which is rewritten as: 

cos sin sin sin cos 0x y z r    + + + =  (11) 

For each point in the image, converting it to the parameter space is a surface. Since 

the points on the same plane whose normal vector is ( )0 0 0
, ,r   meet the same parameter 

equation, the strong point will be accumulated at ( )0 0 0
, ,r   in the parameter space cor-

responding to the plane, and different planes will form maximum points at different po-

sitions in the parameter space. Therefore, the corresponding planes of different targets on 

the range image can be detected and separated by 3D Hough transform. 

The detection process is an accumulation process. Through the discretization of 

, ,r  , the parameter space is discretized, and a three-dimensional data array ( ), ,r   is 

constructed as the accumulator. For each point in the image domain, its coordinates and 

a group ( ),
i i

   can obtain an 
i

r with Equation (11). The value of the point in the image 

domain is used as the weight for accumulation at ( ), ,
i i i

r   of the accumulator. The ac-

cumulation is completed after traversing the combination of all points and angles. Finally, 

the maximum value in the accumulator is found, which is the parameter of the plane. 

2.3. Sub-Block Splicing 

However, for the large size of the array, the angle of line of sight direction of radar 

changes greatly, and each scattering point is far away from the reference point, so the 

Figure 3. Parametric representation of plane normal vector.

Therefore, Equation (9) of the plane can be expressed as a parametric formula by three
parameters (θ, ϕ, r), which is rewritten as:

x cos θ sin ϕ + y sin θ sin ϕ + z cos ϕ + r = 0 (11)

For each point in the image, converting it to the parameter space is a surface. Since
the points on the same plane whose normal vector is (θ0, ϕ0, r0) meet the same parame-
ter equation, the strong point will be accumulated at (θ0, ϕ0, r0) in the parameter space
corresponding to the plane, and different planes will form maximum points at different
positions in the parameter space. Therefore, the corresponding planes of different targets
on the range image can be detected and separated by 3D Hough transform.

The detection process is an accumulation process. Through the discretization of
θ, ϕ, r, the parameter space is discretized, and a three-dimensional data array (θ, ϕ, r) is
constructed as the accumulator. For each point in the image domain, its coordinates
and a group (θi, ϕi) can obtain an ri with Equation (11). The value of the point in the
image domain is used as the weight for accumulation at (θi, ϕi, ri) of the accumulator. The
accumulation is completed after traversing the combination of all points and angles. Finally,
the maximum value in the accumulator is found, which is the parameter of the plane.

2.3. Sub-Block Splicing

However, for the large size of the array, the angle of line of sight direction of radar
changes greatly, and each scattering point is far away from the reference point, so the
position of the same target in the range profile of each array element is quite different, as
shown by Figure 4. Here, the array is arranged into a vector on this figure’s horizontal scale.

In the three-dimensional range profile, this difference in position makes the plane
deform into a curved surface, so it cannot be simply regarded as a plane for detection
and separation.

In order to make the image meet the conditions of plane detection, this paper cut the
range profile in 3D space along the two-dimensional azimuth and divided it into sub-blocks
of the same size. Furthermore, the profile of each target can be approximately planar for
detection and separation in each sub-block as shown in Figure 5.
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After the plane detection of each sub-block by 3D Hough transform, different targets
in each sub-block can be separated. Then, single target echoes obtained in each sub-block
needs to be stitched together to restore the echo signal of the same target.

If only one of (θ, ϕ, r) is used as the criterion to judge whether echoes of the two
sub-blocks belong to the same target or not, the misjudgment may be caused by the
excessive change in the parameters between the two sub-blocks, and the robustness is
weak. Therefore, it is necessary to consider the joint judgment basis of all three parame-
ters. This paper considers normal vectors included in angles between the two sub-blocks
as the main judgment basis and the intercept difference as the verification condition.
Suppose that the plane parameter of a target is (θ0, ϕ0, r0) after 3D Hough transform,
and the normal vector of the plane is v0 = (cos θ0 sin ϕ0, sin θ0 sin ϕ0, cos ϕ0). Similarly,
the normal vector of the corresponding plane of each target in the next sub-block is
v1i = (cos θ1i sin ϕ1i, sin θ1i sin ϕ1i, cos ϕ1i) (where i represents different targets), and the
angle between two normal vectors is calculated:

α =
v0·v1

|v0||v1|
(12)

It is found that the two planes with the smallest angle may be the planes corresponding
to the same target in the front and next subblocks. In order to make the judgment method
more robust and avoid misjudgment caused by the similarity of the plane normal vectors
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of the two targets, after calculating the included angle, a distance difference threshold T is
set; if the plane intercept difference between the front and next subblocks with the smallest
angle is more than T, it is judged that the two planes do not belong to the same target. A
plane with a smaller angle for splicing is then found. Furthermore, the first sub-block of
the next row is not compared with the previous sub-block, but with the first sub-block of
the previous row to make sure that two adjacent sub-blocks are compared. This can ensure
the stability of the splicing process. The flow of the algorithm is shown in the following
Figure 6.
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3. MTRC-Tolerated Imaging Based on Compressed Sensing Imaging

According to the actual scene in this paper, aerial targets in wide-area space can be
regarded as imaging under sparse conditions, which meets the conditions of compressed
sensing. On the other hand, due to the actual requirements of large array design, the
array is often sparse. So, the scene is sparsely sampled. Traditional radar imaging can be
realized by matched filtering the received signal of the uniformly arranged array. However,
compared with the uniform array radar, the sparse array radar’s spatial sampling is not
uniform; thus, the signal does not satisfy the Nyquist sampling theorem in the azimuth
direction so it cannot be processed by DFT. Therefore, after multi-target echo separation,
this paper carries out compressed sensing imaging instead of traditional matched filtering
in the subsequent imaging processing.

3.1. Compressed Sensing Method

For the mathematical model, compressed sensing raises problems in solving the equation,

s = Ag (13)
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where s is the observation vector, A is the measurement matrix, g is the solution vector. A
is an incomplete dictionary, solving a set of the sparsest coefficients to represent s. i.e.,

ĝ = min
g
‖s− Ag‖2

2 + λ‖g‖p
p (14)

where λ is a normalization coefficient, ‖.‖p is `p norm,

‖g‖p =
(
∑|gi|p

)1/p (15)

The most direct representation of the sparsity is the `0 norm, which represent the number
of non-zero elements. However, `0 norm is an N-P hard problem and cannot be solved [33].
Many algorithms have been developed to solve this problem in practical conditions.

This paper uses the basis pursuit algorithm [34,35] and the orthogonal matching pur-
suit algorithm (OMP) [36] as sparse reconstruction methods. The basis pursuit algorithm
converts `0 norm into `1 norm under certain conditions to avoid the N-P problem. The
current mainstream method is the linear programming method, which converts the opti-
mization problem with `1 norm into a programming problem. Let g ≡ u− v, v > 0, u and
v are the positive and negative parts of g, x ⇔ (u, v) , A⇔ (D,−D) , c⇔ (1, 1) , c is the
vector of all 1, b⇔ s . Aiming at the noiseless model and the noisy model, it is transformed
into a quadratic programming problem and solved by mathematical method.

mincTx +
1
2
‖γx‖2 +

1
2
‖p‖2 and Ax + δp = b, x ≥ 0 (16)

where γ = 10−4, δ = 1 in the noisy model, and δ = 10−4 in the noiseless model. The global
optimal solution can be obtained stably by using the primal–dual interior-point algorithm
to solve the above quadratic programming problem.

The orthogonal matching pursuit algorithm is an improved algorithm based on the
matching pursuit algorithm, which establishes an over-complete atomic library. OMP
algorithm selects the atom that best matches the signal for approximation in each iteration,
and calculates the residual after the iteration. In the next iteration, the atom that best
matches the residual of the signal is selected. In this process, the algorithm recursively
orthogonalizes the selected atomic set to ensure the optimality of the iteration and avoid
the possibility that the iterative result is suboptimal because of the non-orthogonality of
the selected atoms. The steps are shown as Algorithm 1:

Algorithm 1. The Orthogonal Matching Pursuit Algorithm

Input: observation signal s and measurement matrix A
Output: sparse vector g
Step 1: Set the initial value of the residual as r0 = s, the selected atomic as Ω0 = 0, and the
number of iterations as k = 1
Step 2: Find the atom in the set (each column in the measurement matrix) that best matches
the signal,

jk ∈ arg max
j

∣∣〈rk−1, Aj
〉∣∣, Ωk = Ωk−1 ∪ {jk} (17)

Step 3: Solve the solution of minimizing noise min
x

1
2‖s− Ag‖2

2 according to the least

square method,

gk =
(

AH
Ωk

AΩk

)−1
AH

Ωk
s (18)

Step 4: Update residual,
rk = s− AΩk gk (19)

Step 5: Let k = k + 1, keep looping steps 2 through 4 before meeting the condition to end the loop.
Step 6: Output the result

g(i) =

{
xk(i), i ∈ Ωk

0, else
(20)
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3.2. Imaging Algorithm Based on Compressed Sensing

The echo in Equation (8) is also applicable to the subsequent processing because the
signal form does not change after multi-target echo separation. It is discretized in the range
direction, and the azimuth angle changes with the array element. Assuming that the layout
of the radar array elements is Na × Na and the number of sampling points in the range
direction is Nr, the echo is discretized as follows:

sr( fnr, αna1, θna2) =
K

∑
k=1

σk exp{−j2π fnrτ∆(na1, na2, k)} (21)

the equation is rewritten in matrix form:

s =



exp
{
−j 2π

c f1τ∆(α0, θ0, 1)
}

· · · exp
{
−j 2π

c f1τ∆(α0, θ0, k)
}

· · · exp
{
−j 2π

c f1τ∆(α0, θ0, K)
}

...
...

...
...

...
exp

{
−j 2π

c fNrτ∆(α0, θ0, 1)
}

· · · exp
{
−j 2π

c fNrτ∆(α0, θ0, k)
}

· · · exp
{
−j 2π

c fNrτ∆(α0, θ0, K)
}

...
...

...
...

...
exp

{
−j 2π

c fNrτ∆(αNa, θNa, 1)
}
· · · exp

{
−j 2π

c fNrτ∆(αNa, θNa, k)
}
· · · exp

{
−j 2π

c fNrτ∆(αNa, θNa, K)
}


·



σ1
...

σk
...

σK


(22)

In the above model, to solve the optimization problem, it is necessary to determine
the order of the model. Because the number of scattering centers in the actual scene is
unknown, this paper effectively avoids this problem by discretizing the scene.

Change the point scattering model in Equation (21),

sr( fnr, αna1, θna2) =
MNL

∑
l=1

σl exp{−j2π fnrτ∆(na1, na2, l)} (23)

The imaging scene is divided into M× N × L grids. This paper assume that each grid
is a scattering point. When it is indeed a scattering point, the scattering coefficient σl is not
0. When it is not the scattering point, the scattering coefficient σl tends to 0. In this way, the
problem of an uncertain number of scattering points is skillfully avoided, and the order of
the above equation is determined.

In this way, the observation vector s and measurement matrix A are determined,
which can be directly substituted into BP and OMP algorithms. However, in the process
of practical application, because the range and azimuth sampling are three-dimensional,
and the discrete imaging grid is also three-dimensional distribution, resulting in a sharp
increase in the amount of data. For large scenes, the real-time performance of the imaging
algorithm cannot be well guaranteed, and there is no possibility of practical implementa-
tion. This paper combines the traditional matched filtering with the compressed sensing
algorithm effectively. In the range direction, because the sampling frequency meets the
Nyquist sampling theorem, the DFT method can be used to focus the profile. Furthermore,
compressed sensing imaging is only used in the two-dimensional azimuth direction, which
greatly reduces the amount of computation.

Now, the imaging processing is separated into two parts: the pulse compression in
the range direction and the compressed sensing imaging in the azimuth direction. As
explained before, there will be range migration of target positions between different array
elements in the range profile. If pulse compression is performed in the range direction
before compressed sensing imaging performed in the azimuth direction, the range unit
substituted for compressed sensing cannot be accurately ensured during imaging in the
azimuth direction. Therefore, this paper first performs compressed sensing processing in
the azimuth direction of each range unit and matched filtering in the range direction then,
which realizes the MTDC-tolerated 3D imaging.

Simplify Equation (23):

sr
(

fx, fy, fz
)
=

MNL

∑
l=1

σl exp
{
−j

4π

c
(

fxx + fyy + fzz
)}

(24)
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where fx = fnr sin α cos θ, fy = fnr cos α cos θ, fz = fnr sin θ.
For Equation (24), if compressed sensing imaging in the azimuth direction is to be

performed, fzz needs to be made constant in the same range unit. Compared with ISAR
imaging technology, ISAR achieves the azimuth resolution through multiple pulses. In
this paper, the azimuth resolution is achieved by sampling the space through the array
elements at different positions, but its signal model has certain similarities. Figure 7 shows
the spectrum support region.
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As shown in Figure 7, when the echo of each array element is equal in fnr, fz varies.
This is because the angle of line of sight of each array element is different. Therefore, to
complete compressed sensing imaging in the azimuth direction, it is necessary to interpolate
the echo in the range direction. Then, fz in the echo of each array element is constant. Take
the line of sight direction of the central array element as the standard. The interpolation
diagram is shown in Figure 8:
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As shown in Figure 8, “
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As shown in Figure 2, “ ” is the received signal after interpolation, which is rec-

orded as '

v
s . in this way, imaging in azimuth direction can be performed for each 

iz i
f z , 

i.e., 

” is the received signal after interpolation, which is recorded
as s′v. in this way, imaging in azimuth direction can be performed for each fzi zi, i.e.,

s′r
(

fx, fy, fzi

)
=

MN

∑
l=1

σl exp
{
−j

4π

c
(

fxx + fyy
)}

exp(−j
4π

c
fzi zi) (25)

The last phase terms are constants, which can be combined into the scattering coeffi-
cient σl :

s′r
(

fx, fy, fzi

)
=

MN

∑
l=1

σ′l exp
{
−j

4π

c
(

fxx + fyy
)}

(26)

Perform compressed sensing imaging on Equation (26), and σ′l (x, y, fz) can be solved
for any fz. Then, pulse compression is performed on the σ′l in the range direction, and
finally the image is obtained. The imaging processing flowchart is shown as Figure 9.
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4. Experiment Simulations

For the wide-area space multi-target echo signal, the multi-target echo separation and
3D imaging algorithm proposed in this paper constitute a complete imaging processing flow.
The whole processing process is simulated with the same radar system. The parameters of
radar signal and scene layout remain unchanged. This paper considers the sparse layout of
array elements is carried out on the set grid.

Simulation radar parameter setting and array and scene layout are shown in Tables 1 and 2,
and the scattering coefficient of targets is assumed to be 1.

Table 1. Radar signal parameters.

Parameter Value Parameter Value

Pulse duration 10 µs Sampling Frequency 70 MHz
Bandwidth 100 MHz Wavelength 0.15 m

Carrier Frequency 2 GHz

Table 2. Array and scene parameters.

Parameter Value Parameter Value

Array Size 25 × 25 Target 1 Position (0, 0, 0) m
Baseline Length 900 m Target 2 Position (−593.5, −820.2, −179.7) m

Reference Point Position (0, 0, 9000) m Target 3 Position (673.1, −802.5, −50.3) m

It is more reasonable to perform Fourier transform on the beat signal obtained after
dechirp processing. At this time, the carrier frequency difference of the target is only
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determined by positions of different target points. If the range of the scene is ∆r, the range
of the carrier frequency difference is 2K ∆r

c . Therefore, when sampling the beat signal, the
sampling frequency only needs to meet the following requirements:

Fs ≥ K
2∆r

c
(27)

Because the imaging principles and processes of sparse array radar and full array radar
are the same, in order to facilitate the display of methods and results, the next processing
process will take the full array case as an example, coupled with the simulation results of
the sparse array.

4.1. Multi-Target Echo Separation

After dechirp processing, the result in 3D space is shown in Figure 10:
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Figure 10. The range profile in 3D space.

Obviously, it is impossible to separate the three surfaces directly in Figure 10. The
range profile is divided into 25 sub-blocks along two edges of the array, so that targets’ range
profiles can be approximately processed as planes in each sub-block. The parameters of
the plane in the sub-block are detected according to the 3D Hough transform in Section 2.2.
When using Equation (11), the imbalance between the range dimension and two azimuth
dimensions of the 3D image may cause errors, so it is necessary to substitute the per unit
actual distance dx, dy, dz into the equation.

x cos θ sin ϕ·dx + y sin θ sin ϕ·dy + z cos ϕ·dz + r = 0 (28)

When range profiles to the parameter space are converted, as shown in Figure 11, the
coordinate of this maximum point is the parameter of the plane.

Figure 11 shows the 3D Hough transform result, from which the peaks can be detected
easily. Furthermore, the corresponding plane in the range profile can be obtained, which
means that the range profile of a single target in the sub-image can be extracted. After
the separated single target range profile is processed according to the splicing flow of
Section 2.3, the complete range profile of the single target is obtained. Each target can be
effectively imaged by the back-projection algorithm as shown in Figure 12.
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target 3. (f) Imaging result of target 3.
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4.2. Compressed Sensing Imaging Algorithm

In order to show the resolution of the imaging algorithm in three dimensions, a single
point target in the imaging scene is changed into three-point targets with differentiation
in three dimensions. Assuming that the three-point targets are all in the imaging scene of
target 1, the coordinates are (7, 7, 10), (7, 7, 10), and (−8, 6, 10). According to the method in
Section 3.2, the echo is first interpolated in the range direction to get the echo signal s′r, as
shown in Figure 13.

1 

 

   

(a)  (b) 

  Figure 13. The images before and after interpolation are compared. (a) The echo signal sr before interpolation. (b) The echo
signal s′r after interpolation.

After interpolation, in range units at the upper and lower ends, the data are partially
zero. In order to avoid the impact of the window, the study abandons this part of the data
and only keep middle parts of the data, as shown in Figure 14.
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Figure 14. Schematic diagram of the intercepted part after interpolation.

Then, basis pursuit and OMP algorithms are used for azimuth imaging of each range
unit and obtain a two-dimensional azimuth image, as shown in Figure 15.
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Figure 15. Azimuth image on a single range unit. (a) The 22nd range unit’s azimuth image of basis pursuit algorithm;
(b) The 22nd range unit’s azimuth image of OMP algorithm.

The data processed by compressive sensing in the azimuth direction are focused by
matched filtering in the range direction, and finally, the three-dimensional image of the
targets’ scene is obtained.

As shown in Figure 16, the proposed method can realize three-dimensional imaging
and well distinguish the points arranged in the three dimensions.
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Figure 16. The final imaging results of the two algorithms. (a) Final imaging result of BP algorithm.
(b) Final imaging result of OMP algorithm.

For the multi-target echo of the sparse array, the processing flow is the same as that
of the above full array. The sparse array used in this paper is a random sparse array. A
certain number of elements are randomly removed from 625 array elements. Here, this
paper removes 65 array elements in the original array, leaving 560 array elements. The
array elements distribution is shown in Figure 17.

The range profile obtained in 3D space is shown in Figure 18.
The echo of a single target can also be obtained by 3D Hough transform, and the

separation result is shown in Figure 19.
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Remote Sens. 2021, 13, 3817 18 of 21

For the signal of sparse array, because of its uneven spatial sampling, only the com-
pressed sensing algorithm can achieve imaging goal in the imaging process. According to
the above imaging process, the imaging result is shown in Figure 20.
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After simple point targets simulation, dot-matrix targets’ simulation is carried out as
well. Targets information is set according to Table 3.

Table 3. Target information.

Scattering Points Position Scattering Points Position Scattering Points Position

T1 (0, −5.25, 0) m T8 (0, 0, 0) m T15 (0, 5.25, 0) m
T2 (−3.75, −5.25, 8991) m T9 (−3.75, 0, 8991) m T16 (−3.75, 5.25, 8991) m
T3 (−7.5, −5.25, 8982) m T10 (−7.5, 0, 8982) m T17 (−7.5, 5.25, 8982) m
T4 (−11.25, −5.25, 8973) m T11 (−11.25, 0, 8973) m T18 (−11.25,5.25, 8973) m
T5 (3.75, −5.25, 9009) m T12 (3.75, 0, 9009) m T19 (3.75, 5.25, 9009) m
T6 (7.5, −5.25, 9018) m T13 (7.5, 0, 9018) m T20 (7.5, 5.25, 9018) m
T7 (11.25, −5.25, 9027) m T14 (11.25, 0, 9027) m T21 (11.25, 5.25, 9027) m

Simulation results are shown in below Figure 21. The electromagnetic characteristics
of the model is displayed clearly.
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These results of basis pursuit and OMP algorithm in the paper are not used for
comparison. They can both verify the feasibility and effectiveness of the imaging algorithm
proposed in this paper.

5. Discussion

The three-dimensional imaging technology of array radar obtains two-dimensional
horizontal resolution by spatial sampling, and then realizes three-dimensional imaging
in combination with the vertical resolution achieved by transmitting wide band signal.
Because of sampling in space instead of time, the single snapshot imaging of the spatial
target is realized. However, for the situation of many targets in the wide area, the range
migrations of different targets cannot be solved uniformly. Therefore, this paper first pro-
poses a multi-target echo separation method. By migrating the ability of Hough transform
to detect straight lines in 2D space, this paper applies a 3D Hough transform in the three-
dimensional range profile to separate the targets represented by different surfaces. In order
to adapt to the condition that the target surface is not ideal, a method of dividing range
profiles into sub-blocks is also proposed. Then, due to the non-uniform characteristics of
the sparse array in spatial sampling, the traditional match filtering method cannot be used
for imaging. This paper utilizes CS algorithms (both basis pursuit and orthogonal matching
pursuit algorithms) in the imaging process to make use of the sparse characteristics of
the single target echo. In this process, to avoid the huge amount of calculation in the
direct processing of three-dimensional data and the influence caused by range migration, a
MTDC-tolerated imaging method is proposed in this paper. Firstly, the echo is interpolated
in the range direction according to the line of sight direction of the central array element.
Then, the azimuth compressed sensing imaging is carried out in each range unit, and finally
matched filtering is performed to make the data after CS focus in the range profile and
realize 3D imaging. Both basis pursuit and OMP algorithms are utilized in simulations of
point targets and dot-matrix targets, which can prove the feasibility and effectiveness of
the proposed 3D imaging method.

6. Conclusions

To achieve the goal of 3D imaging, there must be enough dimensions of the radar
system’s observation in principle. Methods mentioned before [13–17] are all based on ISAR
imaging technology and expand another dimension by obtaining additional information
such as targets’ rotation and angles variation, etc. Different from these methods, this paper
based on the 2D radar array can avoid coherent time accumulation with two-dimensional
space sampling and realize 3D imaging in a single snap. The study realizes 3D imaging
based on the sparse 2D array. Because angles of line of sight from radar to targets are vari-
ous, it is hard to process the signal containing all the targets uniformly. Three-dimensional
Hough transform is utilized to separate different targets’ echoes before imaging processing
by detecting and separating different planes which represent targets in range profiles. On
the problem of sparse array, due to the non-uniform space sampling, matched filtering
cannot be used for imaging in the azimuth direction. This paper proposes an MTDC-
tolerated imaging method based on the CS theory. Firstly, it can successfully solve the
huge computation burden of directly imaging processing on three-dimensional data with
the CS algorithm. Besides, the method proposed in the paper combines the CS algorithm
in azimuth direction with matched filtering in range direction in order, which can avoid
MTDC problem in the imaging process. The simulation can show the great potential of the
proposed method in the applications of radar 3D imaging.
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