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Abstract: An immanent feature of the housing market is a large spatial dispersion of real estate prices
along with their simultaneous high stratification. Application of classic methods of data interpolation
results in an excessive simplification of the outcome because of a conversion of the dispersed data
sets into areas of spatial continuity by reducing the above-average real estate prices. The main aim of
the article was to search for spatial discontinuities of real estate prices’ distribution with 3D modeling
using Voronoi diagrams as a method of irregular division of this space. Used methods of geospatial
analyses with GIS tools enabled to identify clusters of high housing market activity and to avoid an
excessive generalization of data resulting from the reduction of the above-average real estate prices.
The research was conducted for over 7000 real estate transactions in years 2010–2017 in Olsztyn,
the capital city of Warmia and Mazury in Poland, resulting in a 3D visualization of real estate prices
for the chosen market, including the discontinuity in their spatial distribution.
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1. Introduction

The spatial dimension is an inseparable attribute of human existence and activity, and the
space itself is a central category of mathematical, physical, natural, social, humanistic, and technical
sciences [1–6] The synergy of anthropogenic and natural mechanisms transforms the existing space,
and this transformation, consequently, determines the needs, behavior, and the forms of social, cultural,
and economic activities of people. Measurement of spatial relationships between objects is possible
by using a system of concepts known from earth sciences and mathematics (especially topology).
Assigning the space (understood as Newtonian absolute space) with measurability features creates
a homogeneous (uniform), isotropic, and three-dimensional geodetic space, which is the basis for
heterogeneous real spaces that take into account the diversity of both natural and human environment,
i.e., the geographical and economic space. The costs of overcoming the resistance of space, resulting
from the distance of distribution of various spheres of human lives and various forms of human
activities (organizational, economic, and social), are the foundation of both management within the
space and spatial management. In this sense, spatial economy [7–9] includes all activities related to
land development, which are required to achieve sustainable development while taking into account
the properties of land and natural resources and including the entirety of natural environment and
urbanized environment. Moreover, spatial economy searches for similarities of economic and social
phenomena through separating regional structures [10] and searching for universal regularities for
them [11].

One of the elements of spatial management is real estate management, in which a significant role
is served by the determinants of the real estate market as a place where decisions related to it are
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implemented. Real estate management [12–15] is also a specific, comprehensive system necessary,
inter alia, for controlling the use of real estate and resolving spatial conflicts, ensuring the availability
of information on the real estate for market game participants, ensuring legal security of development,
transforming, and investing in real estate, determining the real estate tax value, and ensuring a
cooperation platform for both the public and private sector. There is a strong feedback cycle between
the real estate market space (understood as economic interactions) and the actual boundaries of the
urbanized city space (in terms of geolocation). The housing market is among the fundamental areas of
the economy, which significantly affect the level of social needs fulfillment, the pace of socio-economic
processes, and the effectiveness of all development activities. The interconnectedness between the
housebuilding industry and the economy indicates that it should play a significant role in raising the
level of social, economic, and spatial cohesion of the country [16]. The housing market activity is largely
affected by the phenomenon of interaction between the variables, describing the economic environment
and the factors, which characterize demand, supply, and prices [17], with the phenomenon, according
to Orenstein and Hamburg [18], exhibiting high variability in time and space.

An inherent feature of the housing market is the high dispersion and the discrete nature of data,
as well as their irregular temporal variability. With the continuity of space in mind, it is important to
search, among these structures, for appropriate standards that enable the determination of relatively
homogeneous areas. The spatial continuity can be obtained from a dispersed set of points, thanks
to the application of interpolation. A significant disadvantage of this approach is the tendency to
oversimplify the obtained results by reducing above-average values (which are a normal occurrence on
the real estate market, referred to as price peaks and depressions), resulting in formulated conclusions,
which fail to adequately represent the housing market specificity.

This study addressed this issue in order to introduce the specific language of a description of the
real estate price spatial discontinuity on the housing market to the scientific discussion. At the same
time, the procedure proposed in the study procedure of three-dimensional modeling of discontinuity in
the spatial distribution of apartment prices using Voronoi diagrams could be a significant innovation in
the research into the housing market. According to Mostafavi [19], most of the spatial phenomena are
dynamic, and the presentation of changes in these processes using appropriate, more comprehensive
visualization models and forms is crucial.

The study was conducted in the north-eastern part of Poland, in the city of Olsztyn. The study
location is regarded only as a research example since the proposed methodology is applicable to
various national and international housing markets. The object of the study was the spatial distribution
of apartment prices in the years 2010–2017. The article comprises an introduction, three sections, and a
conclusions. Section 2 includes description of research area, data collections and the characteristics of
the research methods applied. Section 3 uses Voronoi diagrams as a method of an irregular division
of the space to provide a 3D depiction of real estate values. Section 4 discusses the research concept
adopted for the study, in the broad theoretical context The article concludes with a conclusions.

2. Materials and Methods

2.1. Description of Research Area

The study was conducted in the north-eastern part of Poland, in the city of Olsztyn
(Warmińsko-Mazurskie Voivodeship)—Figure 1.

The city is currently inhabited by about 180,000 people in the area of almost 90 km2. The city has
four rivers flowing through it; there are 15 lakes within its boundaries (9% of the city area), and a large
part of its area is covered by forested areas and municipal greenery (including two nature reserves,
Mszar and Redykajny)—58% of urban areas. These objects, along with industrial areas, generate a
specific spatial structure, which, to a large extent, determines the spatial distributions of apartment
prices (Figure 2).
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The city is currently inhabited by about 180,000 people in the area of almost 90 km2. The city has 
four rivers flowing through it; there are 15 lakes within its boundaries (9% of the city area), and a 
large part of its area is covered by forested areas and municipal greenery (including two nature 
reserves, Mszar and Redykajny)—58% of urban areas. These objects, along with industrial areas, 
generate a specific spatial structure, which, to a large extent, determines the spatial distributions of 
apartment prices (Figure 2).  

 

Figure 2. Forested areas and municipal greenery (green color), water reservoirs (blue color), and 
industrial areas (brown color) in Olsztyn. 

Figure 1. Location of (a) Olsztyn and (b) warmińsko-mazurskie voivodeship in Poland.
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2.2. Research Methodology—Voronoi Diagrams

The conducted study proposed the application of irregular divisions of an Euclidean space through
the use of the so-called Voronoi diagrams that are one of the numerous methods of spatial tessellation.
Tessellation is understood as a method consisting of the division of a selected surface or space into a
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set of pre-defined geometric figures, which fill this area completely without leaving gaps or creating
overlapping shapes [20,21]. The polygons formed in this way are referred to as cells, and the set
of points on which they are based, to seeds, or nuclei [22]. The geometry of cells defined in this
way (size, shape, orientation), as well as their spatial distribution (regularly or irregularly grouped
patterns), maybe a tool for the identification of hierarchical relationships within spatial arrangements
in relation to the attributes, both typically geographical and social phenomena. Spatial tessellations are
extremely broadly used in a number of research areas, which translates into a significant increase in
the publication activity while using tools of this type for, inter alia, the following:

(1) model the Earth’s crust and the surface of water bodies [23];
(2) make corrections of the area whose topography is represented by triangular solids [24];
(3) visualize the catastrophe and natural disaster sites in order to establish a rescue system [25];
(4) analyze environmental pollution [26];
(5) examine the population’s education and income levels in a selected area [19];
(6) model the areas of urban [27] and rural settlement [28];
(7) map the morphology of human settlements, and to monitor the expansion of urbanized areas [29];
(8) map the areas contaminated with barium or titanium found in paints [30];
(9) generate optimal grids for object modeling [31];
(10) examine real estate prices and their dynamics [19].

As a rule, tessellation is divided into methods based on regular or irregular shapes [22,32],
as shown in Figure 3.

Regular tessellations are divisions of highly symmetrical spaces, which comprise congruent
polygons with regular shapes that include equilateral triangles, squares, and regular hexagons [19].
Classical theories of spatial economy, i.e., theories by Christaler, Lösch, Berry, and Isard, are based
on regular geometric figures, with particular emphasis on hexagons. The so-called hexagonal lattices
satisfy two principles of spatial optimality, i.e., the principle of boundary length minimization and the
principle of transport minimization; this type of tessellation has been widely used among city planners,
spatial planners, and architects.

However, methods based on regular shapes have many limitations, particularly in the context
of mapping the space presented using irregularly distributed phenomena. A major problem is the
inflexibility of such structures at various levels of the aggregation of data concerning actual phenomena.
Such observations are inherently too complex for regular grids, which usually result in lower accuracy
of the models being generated, primarily those addressing the dynamics and relationships between
the presented phenomena [19]. According to Kraus [34], the discretization of space through its regular
division using simple geometric figures had numerous limitations, and the use of irregular polygons
enabled the fitting of tessellation to the studied phenomenon or area in a more flexible manner.
Assuming the regular division of the space in the study referred to the natural human tendency to
simplify heterogeneous space towards the maximization of regularity and simplicity of the applied
reality models. However, according to the authors of this study, regular forms of space fragmentation
did not reflect the dominant irregularities in the real world. With reference to the housing market,
which was the object of research in this study, the irregular tessellation preferred by the authors might
be an appropriate tool for analyzing the activity of this market. This article adopted the assumption
that Voronoi diagrams enabled, through the application of irregular division of areas on local housing
markets, the visualization of the spatial aspect of the phenomena occurring on the housing market in a
manner similar to their actual heterogeneous character, particularly in the case of dispersed data or a
small volume of them.
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Voronoi diagrams are a method for dividing Euclidean space [35], which takes into account the
relationships between points and their surroundings when they are combined into groups as a result
of context generalization based on the similarity of geographical structures of the analyzed area [36].
This division is the so-called natural tessellation, i.e., dividing a larger plane with points scattered onto
it into non-overlapping areas in the form of polygons [21], by assigning each of its fragments to the
nearest one of the set of the so-called generating points [37], in accordance with the spatial structure
of the set under study [38]. Each point is assigned to one region in the form of a convex polygon
(so-called Voronoi cell), to which it is situated closer than to any other polygons of the diagram [39].
This means that inside a particular Voronoi cell, the distance to the generating point of a particular cell
is shorter than that to generating points of any other cells [40].

Voronoi diagrams can be defined as a set of vertices N = {n1, n2, . . . , nM} with pre-defined
Cartesian coordinates in Rd, where Rd is a d-dimensional Euclidean space [41]. Voronoi diagram of a
set N is a division of the space into regions TI (Voronoi cells) in accordance with the Equation (1):

TI =
{
x ∈ Rd : d(x, xI) < d

(
x, xJ

)
∀J , I

}
(1)

where: d(x, xI) =

√(
x1 − xI1

)2
+

(
x2 − xI2

)2
—Euclidean distance, being the distance between x (the

analyzed point) and xI (an i-th neighboring point chosen for the comparison). The set of n points,
formed in this way, has a maximum of 2n− 5 vertex and 3n− 6 edges, and each of the vertices is, at the
same time, the center of a circle circumscribed on at least three points located within the neighboring
cells [42]. The process of formation of a Voronoi diagram can be described as follows [43]: where points
p and q are available, they are connected with a section whose mid-perpendicular divides the space
into two halves, each of which contains an area closer to each of the generating points. This operation is
repeated for all possible pairs of points that are the closest neighbors of one another. The intersections
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between the obtained mid-perpendiculars form cells assigned to each of the points of the set, and the
resulting grid of polygons is called a Voronoi diagram.

According to Guruprasad and Ghose [44], the main reason for the development of the method
for dividing the space using Voronoi diagrams was to explain and describe various heterogeneities
by determining local concentrations or clusters in order to obtain quantitative measures of system
homogeneity [33] through forming groups with identical values of a selected feature [36]. They
allowed one to observe the links between the vertices of particular areas, offer a certain overview of the
topography of the studied area, and provide information on the neighborhood of selected points and
its characteristics [45]. This is because the non-homogeneity of space requires, for cognitive reasons,
that it is divided into elements with an identical structure, clearly distinguishable from the other parts
of the area under study [11]. The most significant characteristic of this method is the possibility of
preserving the original data despite their processing, and, primarily, for surviving the unavoidable
smoothing in connection with the spatial distribution of data and avoiding additional smoothing due
to interpolation of the analyzed values [24].

2.3. Data Collections

The source of data on apartment sale and purchase transactions was the real estate price and
value register (RCiWN) maintained by the Olsztyn municipal office. These transactions concerned the
ownership rights to residential properties sold on the free market and originating from the secondary
market, where natural persons were parties to the transaction. The time horizon covered a period
from 1 January 2010 to 31 December 2017. Figure 4 presents the procedure for the preparation of
data necessary to generate a three-dimensional model of discontinuity in the spatial distribution of
apartment prices using Voronoi diagrams.
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Figure 4. The course of data preparation and further research for Olsztyn. RCiWN: real estate price
and value register.

In the first stage of the procedure (Figure 4), data on apartment prices were collected from the
city of Olsztyn real estate price and value register in the form of an XLSX file. After completing the
process of removing incomplete records and unifying the entries, 7303 transactions were obtained in
the database formed in this way. This was followed by the determination of basic statistics (Table 1).
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The calculated statistical measures showed that the arithmetic mean of prices for an apartment
during the analyzed period (2010–2017) amounted to approx. 4200 PLN/m2 (ca. 980 EUR/m2), with the
most frequently noted price (dominant) of 5000 PLN/m2 (ca. 1200 EUR/m2). The variation coefficient
of 21% indicated low but statistically significant non-homogeneity of the collected data. Furthermore,
in this case, we were dealing with left-sided asymmetry (negative values of the asymmetry index
and skewness index, exceeding the value of 1), which means that the symmetrical distribution of the
studied parameters around the mean value does not occur too often in reality. The kurtosis value
indicated a flattened number curve and a small concentration of values around the mean value. After
importing data to a QGIS software (Open Source Geographic Information System), the next stage of
work was the so-called geocoding of addresses of each of the 7303 apartment sale prices in order to
determine the geographical coordinates of the analyzed transactions.

Table 1. Basic descriptive statistics for real estate prices in Olsztyn.

Measure Price
[PLN/m2]

Floor Area
[m2] Location Floor Number

of Rooms

Arithmetic average 4223.77 50.23 2.09 2.30 3.04
Standard error of the average 10.50 0.21 0.01 0.01 0.01

Dominant (mode) 5000.00 48.20 2.00 3.00 3.00
Median 4221.64 48.00 2.00 3.00 3.00

Quartile 1. 3632.37 38.62 2.00 1.00 2.00
Quartile 3. 4787.37 59.50 3.00 3.00 4.00
Minimum 1011.63 14.00 1.00 1.00 1.00
Maximum 9560.55 282.35 3.00 3.00 36.00

Range 8548.92 268.35 2.00 2.00 35.00
Interquartile range 1155.00 20.89 1.00 2.00 2.00

Variance 805,430.91 307.57 0.50 0.74 1.06
Standard deviation 897.46 17.54 0.71 0.86 1.03

Coefficient of variation 0.21 0.35 0.34 0.37 0.34
Asymmetry ratio −776.23 2.03 0.09 −0.70 0.04

Skewness coefficient −1.16 8.65 8.23 −1.22 24.27
Kurtosis 1.23 10.65 −0.99 −1.38 144.01

Skewness 0.21 1.99 −0.12 −0.61 4.78
Interquartile coeff. of dispersion 0.14 0.21 0.20 0.50 0.33

OpenStreetMap and Google Maps services used for the geocoding failed to find some addresses;
it was necessary to manually indicate the location of these transactions, followed by the verification of
result correctness for the remaining part of the set. The final stage of the preparation of data for the
construction of a three-dimensional model of discontinuity in the spatial distribution of apartment
prices using Voronoi diagrams was the compilation of both a map of spatial distribution of apartment
prices in Olsztyn and a map of the number of transactions in particular districts (administrative units
in the city), presented in Figure 5.

The spatial distribution of 7303 prices of apartments in Olsztyn in the years 2001–2017, presented
in Figure 5, confirmed the previously presented considerations, concerning the specificity of housing
markets. What was clearly visible was the irregular dispersion of apartment sale transactions, as well
as the occurrence of near-distance accumulations of smaller or larger price clusters. One of the reasons
for this state of affairs is the rather complex spatial structure of the city of Olsztyn, which includes a lot
of natural (forested areas and waters) and anthropogenic obstacles (industrial areas). The location of
demand activity on the housing market could, therefore, be observed only outside these areas. For this
reason, one needs to be aware that traditional methods of data interpolation that are aimed at the
generation of continuous surfaces, in the case of such empirical data as those shown in Figure 5a,
could generate significant uncertainty of the correctness of value maps compiled in this way. Based on
the results of an analysis of the number of transactions in particular districts of Olsztyn (Figure 5b),
it could be noted that most transactions were concluded during the period under study in the southern
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part of the city (from 752 to 328 transactions in a single unit), in the years 2001–2017. This area is a
relatively new part of the city (housing estates: Jaroty, Generałów, Brzeziny, and Nagórki), which
includes a significant number of residential buildings.Remote Sens. 2020, 12, 229 8 of 19 
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3. Results

The aim of the study was to search for the spatial discontinuity of apartment price distribution
through the application of Voronoi diagrams as a method of irregular division of the space and to 3D
visualize this discontinuity. In order to accomplish the task formulated in this way, after the preparation
of spatial data from the years 2001–2017 for the city of Olsztyn (see: Section 2.3), a number of analyses
were conducted using QGIS and ArcGIS Pro Software (accumulation of transactions). The first step
was to conduct tessellation, i.e., the Olsztyn city area was divided into a grid of irregular polygons, the
so-called Voronoi cells, in which each of the generating points (an apartment price) formed its polygon.
The addition of more so-called generating points to the existing Voronoi diagram grid resulted in the
generation of new links and, consequently, a new structure. The process of adding subsequent points
and generating new Voronoi diagrams for particular years, defined in this way, is presented in Figure 6,
based on the example of changes in the data structure in the years 2010–2011.

The applied procedure for cumulating data (apartment prices) from subsequent years enabled
the visualization of the housing market activity in Olsztyn in the years 2010–2017. Figure 7 presents
changes in the polygon mesh structure (Voronoi diagrams) in particular years.
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Figure 7 shows the distribution and number of transactions in the city of Olsztyn using mesh size
and density. The largest clusters of Voronoi cells were formed in the central and southern parts of the
city, which coincided with both the distribution of residential buildings in its area and the number of
transactions recorded in particular districts (Figure 5b).

Another stage of work was to generate the fields of apartment value in Olsztyn by combining
Voronoi diagrams with chorochromatic maps. The combination of these methods enabled the
presentation of the studied feature’s spatial diversity in the analyzed area through color differentiation
in accordance with the value selected for visualization. Consequently, non-classical maps of apartment
values were obtained through the application of irregular tessellation with Voronoi diagrams (Figure 8a).
To improve the readability of the generated maps, it was decided to aggregate cells in accordance with the
adopted five-point scale. At the same time, in reference to the Five Principles of Spatial Econometrics [46],
which address the need to take into account topographical elements in the two-dimensional spaces
being created (see Section 4), a value map was compiled using irregular tessellation with Voronoi
diagrams, including forested areas, waters, and industrial areas (Figure 8b).
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Voronoi diagrams and chorochromatic maps, including forests, water reservoirs, and industrial areas
(b) in Olsztyn in 2017—prices of apartments [PLN/m2].

In the classical interpolation methods (see Section 4), the observation of the value map prevented
the assessment of the reliability of the obtained value level. As regards the proposed method, i.e., an
irregular tessellation with Voronoi diagrams and chorochromatic maps (Figure 8a), an observer of the
map constructed in this way could unambiguously assess the risk levels for the generated apartment
values. The rule should be adopted that the larger the Voronoi cells are, the higher the number of
transactions in these areas and, consequently, the lower the reliability of the obtained real estate
values. The inclusion of topographical elements, i.e., green areas, waters, and industrial areas in which
no apartment sale transactions could be conducted, brought one closer to modeling actual spatial
relationships in urbanized areas. The map of apartment values in Olsztyn, presented in Figure 8b,
through such a “rough” visualization was rather difficult to accept for recipients accustomed to value
maps based on the spatial continuity applied, as a rule, in classical interpolation models. However,
the form of visualization defined in this way did not suggest to the recipient unrealistic phenomena,
i.e., unambiguously defined apartment value levels in the area of forests or lakes.
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The next stage of geospatial analysis of apartment values in Olsztyn in the years 2010–2017 was
the procedure for spatial visualization in the form of a 3D model using the so-called solid cartogram
(blockogram). An analysis of discontinuity zones (areas with big abrupt changes in the value on field
boundaries) enabled the localization of areas, which require particular attention (uncertainty zones),
mainly in terms of determining intermediate values between particular generating points. Figure 9
presents a 3D model of apartment prices in Olsztyn in the form of a solid cartogram using irregular
tessellation with Voronoi diagrams.
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On the other hand, Figures 10 and 11 present a smaller part of the urban space of the city of
Olsztyn, in which differences are demonstrated between 3D models, both including and excluding
wooded areas, waters, and industrial areas. Such a comparison on a small fragment of the city part
allowed one to realize, to a greater extent, the so-called spatial discontinuity of apartment prices and,
at the same time, informs of the significant impact of topographical elements on the shaping of the
spatial distribution of these prices.

The three-dimensional maps of apartment values in Olsztyn, presented in Figures 9–11, were
distinctly different from the value maps compiled using classical interpolation models. The spatial
discontinuity of apartment prices was clearly diagnosed, and the above-average apartment prices
were not removed from the model in the smoothing process but were an integral part of this model.
On the housing market, not each variable (as long as it is market-based) was a statistical error or a
deviation from the norm (an average price), and this should be taken into account in spatial analyses
of this market.
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Figure 11. 3D model of spatial discontinuity of apartment unit prices [PLN/m2] in Olsztyn in the
form of a solid cartogram using irregular tessellation with Voronoi diagrams, excluding forests, water
reservoirs, and industrial areas, in Olsztyn.

Figures 9–11 show the prices of apartments (red) of more than 8000 PLN/m2 (ca. 1850 EUR/m2) at
a distance of less than 0.1 km from the cluster of prices (green), ranging from 2000 PLN/m2 to 4000
PLN/m2 (from ca. 460 EUR/m2 to ca. 930 EUR/m2). Such significant price disparities are an inherent
feature of the housing market and should not be reduced by various forms of smoothing in order to
create a continuous surface of the value map. The occurrence of discontinuity zones and hyper-outlying
prices on the three-dimensional model in the city of Olsztyn was much more evident than in the case
of 2D imaging. The inclusion of numerous field obstacles (forested area, waters, and industrial areas)
showed that omitting this issue in research into the housing markets could lead to serious abuse,
particularly during analyses of land with such an irregular distribution of the set of points concerned.
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As regards newer residential buildings that are often characterized by considerably higher prices than
neighboring older buildings, such an approach enabled the search for similar objects at appropriate
levels, which were distinct zones in the 3D model. According to Zhang [47], three-dimensional analysis
methods had obvious advantages over two-dimensional approaches, especially for multi-information
presentation and complex spatial analysis. Previous research on urban housing prices mainly used
kriging and co-kriging techniques for price prediction, while the application of geo-visual analytics is
rare, especially for the analysis and visualization of non-linear complex urban spatial structures and
spatial morphology.

4. Discussion

The formation of value fields on the basis of irregular tessellations in the form of Voronoi
diagrams, proposed in this article, and the subsequent 3D visualization procedure, are an innovative
method for identifying clusters of the demand zone of high activity on the housing market and for
identifying the areas of above-average prices, which are, as a rule, removed from interpolation models
as hyper-outlying ones. The research concept presented in this way refers to the main ideas of the
systemic approach (4C: complexity, chaos, catastrophe, cybernetics) [48–52]. The presented paper
promoted greater methodological pluralism (in the spirit of holism, realism, and limited rationality),
which is characterized by greater openness in searching for alternative solutions while applying
interdisciplinary research methods. Such an approach facilitates research into untypical economic
phenomena within the urbanized space of cities. The theoretical basis of the conducted research, in the
broadest theoretical context, has been discussed in the further part of this chapter.

In the simplest terms, the geospatial analysis focuses on the presentation of spatial relationships,
description of data distribution, and searching for standards, clusters, and outlying observations in a
pre-defined area [53,54]. It deals with various computational transformations and procedures, which
result in an appropriate preparation of spatial information, which allows scientific problems to be
solved [55] or complex decision-making models to be constructed [56]. The basic assumptions used in
geospatial analyses are so-called Tobler’s First Law of Geography and Five Principles of Spatial Econometrics.

According to the First Law of Geography [57], everything is related to everything else, but those
which are near to each other are more related when compared to those that are further away. On the
other hand, according to the Five Principles of Spatial Econometrics [46], spatial research should take the
following into account:

(1) spatial interdependence;
(2) spatial asymmetry in the measures of spatial interdependence;
(3) Allotopy—the influence of exogenous variables from another spatial localization;
(4) ex-post interaction being different from ex-ante interaction;
(5) two-dimensional space, containing topological elements.

The above-mentioned fundamental laws of spatial analyses, which are the essence of a number
of empirical scientific studies [58–61], essentially address the problem of generating continuous
spatial structures from the set of dispersed points. In its essence, space has a continuous [23,38]
and not discrete (discontinuous) form; however, in reality, it is practically impossible to obtain an
appropriate number of observations in order to obtain such continuity [19,62]. Consequently, a number
of procedures are obtained from the non-homogeneous set of empirical data, which in reality aim at
assigning appearances of continuity to the studied phenomena emanations that are of discontinuous
(discrete) nature. Many spatial data are observed in irregularly distributed locations [63,64], with the
simultaneous occurrence of significant clusters of these data, as well as zones completely devoid
of them. As a result, in the processes of generating a continuous spatial distribution of the studied
phenomenon, various levels of data quality are involved. In certain zones, the spatial analysis is based
on a few spatial data, while, in other zones, it generates continuity based on a few dozen or a few
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hundred. Obtaining spatial continuity from the dispersed and non-homogeneous spatial data is based
on various interpolation methods [62,65].

The interpolation of spatial data [55] is defined as a “process of intelligent speculating”, which,
according to Okabe [27], involves the determination of reasonable estimates of the value of space in
locations in which no observations have been carried out, based on known values occurring within
their surroundings. Interpolation consists of finding an appropriate function (so-called interpolant),
which transforms numerical values of single operations into a continuous or more densely sampled
surface [55] in order to visualize the way in which the phenomena observed in the form of point data
may be distributed over a pre-defined area within the space [66]. Interpolation procedures can be
divided into:

(1) deterministic—which are models comprised of functions based on the distance or surface, which
determine the particular mathematical surface, inter alia inverse distance weighted method,
polynomial interpolation, nearest neighbor method, natural neighbor method, quasi-natural
interpolation, radial basis functions, or spline functions;

(2) stochastic (geostatistical)—which are based on stochastic models and take into account data
autocorrelation, which allows them to assess errors in the obtained results and to assess the
probability of the occurrence, in a particular place, of values differing from the pre-specified
threshold value along with the compilation of maps, which illustrate this situation, inter alia the
kriging or areal interpolation.

According to Zhang [41], with the rapid development of GIS technologies and the gradual
evolution towards geographical information science [67], an increasing number of studies introduced
the GIS-based spatial analysis methods for analyzing spatial characteristics of urban housing. Spatial
interpolation methods (such as kriging or inverse distance weighted method) are often used to estimate
the land price in an unknown area in a city [68,69]. It can be stated that classical interpolation methods
are a proven and appropriate method for generating the continuity of the studied phenomenon from
discontinuous spatial data; however, the spatial distribution visualizations obtained in this way imply
the uniform level of confidence in results within the entire area under study. Regarding the housing
market, as mentioned above, the distribution of prices is not uniform. In such a case, there are various
levels of confidence in the obtained results of classical interpolations, which implies the need for a
scientific discussion about this issue.

A significant feature of the structures occurring on the housing market is the high dispersion of
points, and the spatial development of real estate prices is not regular or equidistant. At the same time,
irregular accumulations of near-distance observations (apartment prices) are observed in the form of
single, small groups. The obvious is the fact that the urban spatial structure is becoming more and more
complicated. It is difficult to describe and interpret urban spatial characteristics with the monocentric
hypothesis and simple linear models [70]. According to Zhang [47], recent research has focused on the
polycentric urban region in urban studies [71–73] as polycentric urban development morphology is
becoming a trend [74]. In this study, the authors attempted to focus more on the issues of discontinuity
than on the creation of continuity (interpolation) from the set of discrete spatial variables. The originator
of the catastrophe theory (also known as the theory of discontinuous passages or morphogenesis
theory), Thom [75], claimed that each science is the examination of certain morphologies, with these
morphologies being contained within a certain space, which is usually our space-time continuum or any
space that originates from it, and the interesting issue should primarily be the significant components
of these morphologies, i.e., discontinuities. Discontinuities, or transition zones, are ubiquitous [76]
and are potentially important in maintaining biodiversity [77,78]. Discontinuity occurs where a set of
system behaviors is divided into qualitatively different types, and transitions between them appear
due to continuous changes in the set of causes [79].

Observation of empirical data from housing markets (dispersion, irregularity, various cluster
levels) demonstrates the actual certain misfit to Tobler’s First Law of Geography (similarity of close
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objects) to the phenomena occurring on this market. According to this law [57], in the case of apartment
price clusters, the concentration of similar apartment prices should be observed since the closer objects
are more dependent on one another than the distant ones. However, prices of apartments in the
immediate vicinity can be substantially different, which generates the creation of the so-called price
peaks and depressions (a natural phenomenon on housing markets). As a rule, the classical methods of
spatial data interpolation [80,81] usually fail to tackle the issue of hyper-outlying prices of apartments
while determining the smoothing process and, consequently, eliminate such data from the database.
A result of such a procedure is the correctly constructed interpolation of maps of apartment prices or
values in a particular urbanized zone, which, however, does not represent the actual specificity of the
housing market.

The source of the occurrence of hyper-outlying prices of apartments (in the same location) is
the qualitative non-homogeneity of residential buildings, which corresponds to the substantially
different positions of potential purchasers in the social hierarchy. This phenomenon intensified,
following the international financial crisis of 2007–2008, when the access to financing sources was
restricted, the uncertainty of employment and long-term maintenance of high incomes increased,
and the investment opportunities for the wealthy section of society relatively decreased. Consequently,
the search for investment areas in the vicinity of city centers intensified, which contributed to a change
in the classical suburbanization process. A part of society with high incomes generated pressure on the
quality of the construction matter of new developer’s investments, as the abandonment of settling
outside the urban zone did not mean, at the same time, a reduction in requirements as regards the
architectural quality, finish of the building, shared spaces of the building or its surroundings. At the
same time, this pressure on the (developers’) supply sphere created a trend for searching for free areas
designated for residential development in the city’s central zones. This resulted directly from the
purchasers’ expectations, for whom an alternative was a house within the rural space zone, including
the inconveniences of transport to a workplace located within the urban space zone. Consequently,
next to similar civil structures constructed using similar technologies, with similar apartment prices
on the secondary market, modern luxury apartment buildings were constructed, whose apartment
prices significantly exceeded average local prices. The result of such processes is the observation of the
principal price non-homogeneity of residential buildings located close to one another.

5. Conclusions

The study promoted greater methodological pluralism (in the spirit of holism, realism, and limited
rationality), which is characterized by greater openness in searching for alternative solutions while
applying interdisciplinary research methods. Consequently, the authors fully accepted the complexity
and non-linearity of spatial relationships that are dominant in the real world and accepted spatial
discontinuity as an inherent feature of the housing market.

In contrast to classically applied interpolation methods that create problems in geospatial analyses
typical of the housing markets of highly diversified areas, this study assessed the possibility of
implementing irregular tessellation methods for this purpose. Particular attention was paid to the
Voronoi diagrams, which enabled the identification of local clusters of the studied phenomena within
the heterogeneous space. The proposal of 3D visualization of the real estate price spatial distribution
presented in the article, which takes into account the occurrence of discontinuity zones, might prove to
be a significant innovation in research into the housing market and affect the effectiveness of economic
decision-making. The methods applied in the study enabled avoiding excessive generalization, as well
as obtaining false results or their over-interpretation due to an excessive reduction in above-average
values. The effect of such an approach was the appropriate representation of real estate specificity, as
well as the reflection of the heterogeneous character of reality, with account taken of the occurrence of
areas permanently excluded from market activity or characterized by its high activity and the existence
of hyper-outlying areas with prices significantly deviating from those observed in the neighborhood.
The basic effect of the study, determining its innovative character, was the visualization of spatial
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discontinuity of the real estate price distribution using 3D modeling, which enabled the identification
of high activity clusters and areas with high prices, which were, as a rule, removed from interpolation
models as hyper-outlying ones.

The authors were aware that the proposed way of visualizing the spatial distribution of real
estate prices was difficult for users accustomed to maps based on interpolation methods. This was
one of the limitations of the proposed method. Another difficulty in the applicability of tessellation
was that, contrary to interpolation methods, results of using Voronoi diagrams were not a form of a
continuous function. They were a set of discrete cells with assigned attributes, joined with each other
on the basis of their neighborhood. This could affect the quite rapid changes of values at the edges of
particular cells, considered as areas of uncertainty, which increases the risk level of spatial analyses.
On the other hand, however, classical interpolation methods also presented numerous limitations and
disadvantages, which was the reason for our interest in Voronoi diagrams.

Thanks to the implementation of Voronoi diagrams, the results of geospatial analyses might
provide real estate market participants with an initial overview of the market situation and supplement
municipal or county spatial information systems (geoportals), tools used by real estate surveyors or
real estate brokers (for preliminary identification of the market situation), or systems for examining
applications for a mortgage loan (as a tool of initial data verification by banks). These results might
also be a valuable source of information for local authorities by providing them with an overview
of the current condition of the equipment in the area under their responsibility with public utility
facilities and allowing them to plan changes in the space with the aim of adapting to society’s needs in
this regard. They could also become part of the procedures related to making investment decisions
concerning real estate management by interested parties, in accordance with the procedure proposed
in the paper.
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79. Jakimowicz, A. Katastrofy i chaos w wyjaśnianiu złożoności procesów gospodarczych. Studia Ekon. 2013, 3,

359–385.
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