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Abstract: Dimensionality reduction is of great importance which aims at reducing the spectral
dimensionality while keeping the desirable intrinsic structure information of hyperspectral images.
Tensor analysis which can retain both spatial and spectral information of hyperspectral images has
caused more and more concern in the field of hyperspectral images processing. In general, a desirable
low dimensionality feature representation should be discriminative and compact. To achieve this,
a tensor discriminant analysis model via compact feature representation (TDA-CFR) was proposed in
this paper. In TDA-CEFR, the traditional linear discriminant analysis was extended to tensor space
to make the resulting feature representation more informative and discriminative. Furthermore,
TDA-CEFR redefines the feature representation of each spectral band by employing the tensor low
rank decomposition framework which leads to a more compact representation.

Keywords: dimensionality reduction; hyperspectral images classification; tensor; discriminant analysis

1. Introduction

Hyperspectral images can offer wealth ground objects information which make the precision
analysis of different material come true. On the other hand, the high spectral dimensionality not
only leads to high computational and storage costs but also degrade the processing performance
especially when the training samples are scarce, which is known as “curse of dimensionality”.
Dimensionality reduction (DR) is a critical preprocessing of hyperspectral images which aims at
reducing the spectral dimensionality while keeping the desirable intrinsic structure information of
hyperspectral images [1,2].

According to whether the labeled training samples are used or not, the existing dimensionality
reduction methods can be categorized into three categories: unsupervised, supervised and semi-supervised.
The labeled samples are needed in supervised methods which may lead to a more discriminative
low dimensionality subspace, but the cost of labeling samples in hyperspectral images is extreme
high which may limit the application of these methods in practice. The most widely used supervised
dimensionality reduction is Linear Discriminant Analysis (LDA). The unsupervised methods obtain
the low dimensionality representation by mining the structure characters of original dataset and need
no label samples and Principal Components Analysis (PCA) is the most famous unsupervised criterion.
To jointly consider the advantages of supervised and unsupervised methods, the semi-supervised
criterion utilizes the label information from a few labeled samples and the structure information
extracted from a large number of unlabeled samples [34].

From another perspective, the existing DR methods can also be classified into two types: feature
extraction [5-7] and feature selection [8,9]. When feature selection is concerned, it refers to select
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feature subset which can retain the most original information of hyperspectral images according
to some designed criteria. While feature extraction refers to project the original dataset into a low
dimensionality with a designed project matrix.
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Figure 1. The flowchart of the proposed TDA-CFR.

A lot of dimensionality reduction methods have been proposed, but how to obtain a desirable
lower dimensionality feature representation of original hyperspectral images remains a challenge.
LDA is the most popular discriminant analysis criterion which aims at projecting the original high
dimensionality dataset to a lower dimensionality subspace where the samples with the same labels
are close to each other and the samples with different labels are apart from each other. With the
advantages of enhance the discrimination of projected dataset, LDA has been widely used in subspace
learning community [10-13]. In traditional LDA based methods, the original cube hyperspectral
images have to be converted to matrix and the corresponding pixel samples is presented in vector
form, the vectorization processing may destroy the intrinsic spatial region structure information.

To overcome the disadvantage of vectorization, a multilinear algebra framework, i.e., tensor analysis
has been introduced to the community of hyperspectral images processing [14-19]. By presenting
the original cube image as a 3-order tensor, tensor analysis can deal with the tensor samples
directly. Furthermore, to jointly consider the advantages of discriminant analysis and tensor analysis,
the traditional LDA model has been extended to tensor space via different criteria. Yan et al. [20]
proposed a multilinear discriminant analysis (MDA) model which treated the original images as a two
or three order tensor and achieved supervised dimensionality reduction. Tao et al. [21] extended the
differential scatter discriminant criterion (DSDC) model to tensor space and constructed the general
tensor discriminant analysis (GTDA) framework. Nie et al. proposed a local within class scatter matrix
criterion which overcome the drawback of Gaussian hypothesis in LDA [22]. Zhong et al. proposed an
integrated spatial-spectral feature extract method for original hyperspectral images under the tensor
analysis framework which can characterize the intrinsic formation of the original hyperspectral images
more efficiently [23]. By constructing the same class and different class patch with tensor samples,
Zhang et al. proposed the discriminative analysis by maximizing the distances of different class while
minimizing the distances of different class [19].

It can be observed from the analysis above that, extracting the intrinsic spatial-spectral information
of the original hyperspectral images and enhancing the discriminant ability are two critical issues
in hyperspectral images dimensionality reduction. In vector samples based discriminant analysis
methods, the spatial neighborhood information of hyperspectral images may be destroyed during the
process of vectorization which may degrade the performance of dimensionality reduction. In addition,
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some tensor based discriminant analysis methods extend the discriminant analysis model into tensor
space to make the processed dataset more discriminantive, but these methods are directly implemented
on the raw spectral bands which may degrade the dimensionality reduction performance due to the
redundant, scattered and chaotic spectral information distribution.

In general, the compact feature representation is more informative and representative [24]. When
hyperspectral images are concerned, the wealthy spectral information makes the analysis of land covers
more efficient. It is noted that, the original information of hyperspectral images is distributed in all the
spectral bands randomly, and the information offered by different bands may be scattered, or even
chaotic and conflicting. All these may degrade the representative ability of original spectral bands.
To alleviate the conflict of different bands and derive a compact feature representation, a low rank tensor
decomposition based compact feature representation method (TDA-CFR) is proposed. In TDA-CEFR,
hyperspectral image is treated as a 3-order tensor dataset, and a novel tensor decomposition criterion is
proposed to eliminate the spectral redundant information and make the resulting feature representation
more compact and informative. The flowchart of the proposed TDA-CFR is shown in Figure 1.

The main contributions of this paper can be concluded from three points: (1) by employing the
fixed spatial window criterion, the proposed TDA-CFR constructs the training samples in 3-order
tensor form which can well preserve the spatial neighborhood information and lead to a more effective
representation of the hyperspectral image. (2) by employing tensor low rank criterion, the proposed
method obtains a more compact feature representation which can eliminate the chaotic and conflicting
information offered by different bands. (3) by integrating the compact feature representation into the
tensor discriminant analysis framework, the proposed method obtains a compact and discriminative
feature representation.

The rest of this paper is arranged as follows. Some related works are introduced in Section 2.
TDA-CEFR is described detailed in Section 3. In Section 4, experiments are conducted to evaluate the
performance of TDA-CFR. Some important issues of the proposed method are discussed in Section 4
and Section 5 shows the conclusion of this paper.

2. Related Work

2.1. Linear Discriminant Analysis

LDA [25] aims at finding a projection direction which can ensure the samples with the same
labels are as close as possible in the low dimensionality subspace, while samples belonging to different
classes are far from each other. Suppose there are C classes of all samples and x;; denotes the samples j
belonging to class i, n; is the training samples number of class i, m; is the mean values of the samples
belonging to class i and m is the mean value of all samples. Then the within class scatter matrix can be
defined as [21]

1 &
Sw=—Y ¥ (xij —m;)(xij — m;)" @™
niZia
similarly, the between class scatter matrix can be defined as
1& T
Sp = — ) ni(m; —m)(m; —m) @

With the difference scatter discriminant criterion, the objective function of LDA can be represented as

argmax tr{U(S, — {Su)U"} (©)]
u

where  is a tuning parameter and U is the optimal projection matrix.



Remote Sens. 2019, 11, 1822 4 0f 19

2.2. Tensor Analysis

In this section, some basic tensor operations are presented. For an N-order tensor X ¢
RIxhxxIN the related tensor operations are elaborated as follows.

n-mode flattening matrix: By fixing all the indices of X" except i, we can obtain the n-mode
vectors of X. n-mode flattening matrix is constructed by taking all the n-mode vectors in columns

which can be represented as
X, ERI,,><(11><12><~--I,1,1><I,,+1><~~~><IN) (4)

n-mode product: Given a matrix U € RJ*In  the n-mode product can be denoted as V) = X x ,U,
where the symbols “X’ x ,U” means the tensor X' products matrix U along mode nand ) € RI>x]xxIy
with elements V; i,...i, i, iy = Zln_l iyin iy 1ining1-in Wiy~ 1N addition, the n-mode product can be
denoted in a matrix form

Yy=Xx,UeY,=UX, (5)

Tucker decomposition: Given the factor matrices U, € R InxRn (1 < n < N), Tucker decomposition
can be formulated as

yZXleIlXQUQX---XNuN
Ry R Ry (6)

Y X 0 X Xprpery Uy O U2y, Ot O UNpy
r1=1ry=1 rn=1

/l 7

where is the outer product of the vectors.

Tensor Frobenius norm: The tensor Frobenius norm is calculated by

HXHF = Z Z 2 ipip-- (7)

11 =1 12—1 ZN—
3. Tensor Discriminant Analysis via Compact Feature Representation

3.1. Tensor Discriminant Analysis

In this section, the traditional LDA is extended to tensor discriminant analysis (TDA). Suppose p
tensor samples, i.e., Xl, X, -, Xy € RIxBxxIy, belong to C classes, n; is the samples number

of class i, i.e, p = Z n;. Let Xj; represent the j-th sample of class i, the mean tensor of class i
i=1
nj
can be denoted as M; = ni Y. Aj; and the mean tensor of all samples can be denoted as M =
hj=1

1 c n 1 c
v, Z Z Xij =5 L miM;.
i—1i= i—1

Slmilar to the discussion above, TDA aims at finding a series of factor matrices

U, Uy, -+, Uy, U, € RI"XI"( = 1,2,---N) to project the original tensor dataset to a low
dimensionality subspace,

N !/ / !/
Vij = Xjj H XkUkT e RhxhLxxly ®)

where YVj; is the projected data of &Xj;.
The projected mean tensor of class i in the low dimensionality subspace can be represented as

- n N
./\/li:n%] yijzn,]zl(?f HlkakT)

©)

=z LD=

= ./Vll' XkUkT

»
Il

1



Remote Sens. 2019, 11, 1822 50f 19

Similarly, the projected mean tensor of all samples in the low dimensionality subspace can be
denoted as

N
M= MTT =y (10)
k=1

It is noted that, the solution of k factor matrices in Equations (9) and (10) are high order
optimization problems which cannot be solved simultaneously. An iteration scheme is adopted
to calculate the optimal factor matrices by solving one factor matrix at a time while with the remaining
fixed [26]. To apply this iteration scheme, the tensor samples are flattened along mode n and the
between class scatter matrix can be denoted as

¢ N N N N
By = '21 ”i[(Mikl—Il XL ) (m) — (M kl_ll ka,?)<n>][(MikH1 X e ) () — (M kH1 <) )"
1= = = = —

c N N
= L omi[(M; - M)kljl XU ] oy [(M — M)kU1 x Uy ]

O

(11)

=

1
c N
:Ug{glﬂi[(/\/li—/\/l) [T < Ul (M = M)

kaT T U
k=1k#n k=1 k](”)} "

T
S
2

= urBu,

_ c N N

where B} = ¥ ni[(M; = M) TI > Ul [(Mj—M) TI ka,(T](Tn) is the projected between
i=1 k=1k#n k=1k#n

class scatter matrix except mode #.

Similarly, the n mode within class scatter matrix can be defined as

¢ N . N . N . N -
Wi =Y ¥ [(Xj TT x<xUp ) (ny — (M TT <5 Ui ) () (X5 TT XUy ) gy — (M TT XU ) ()]
i=1j=1 k=1 k=1 k=1 k=1

c N N
_ TV Ag. T M nr
= L mil( — M) TT xkukN] (o [( = M) TT iUy ](n)N (12)
=UI{Y ¥ (% —M) IT <Ufll(X— M) TT =Uf)? b,

i=1j=1 k=1,k#n k=1,k#n
= ufwru,

where W' = i % (X — M;) ]N[ XkUkT](n) (X — M;) ]Ij[ x Ul (Tn) is the projected within
i=1j=1 k=1k+#n k=1k+#n
class scatter matrix along all modes except mode #.
To measure the distance of tensor samples in the low dimensionality subspace, the tensor
Frobenius norm is chosen to calculate the distance of tensor samples. According the tensor operations,

maximize the tensor Frobenius norm of the projected mean tensor can be reformulated as Equation (13)

2

= argmax tr{UI WU, } (13)
F ull

N
(M;—M) H Xkug
k=1

C
argmax ) _n;
Uy i=1

Similarly, minimize the tensor Frobenius norm of the projected mean tensor is equal to minimize
the trace of mode n within class scatter matrix, which can be denoted as Equation (14)

2

= argmin tr{Ul BIU,} (14)
uﬂ

arg min i ZI:

Uy i=1j=1

N
(Xij — Ml) H kakT
k=1

F

By adopting the difference scatter discriminant criterion [21,27], the objective function of TLDA
can be reformulated as Equation (15).

F(U,) = argmax tr{UTBIU,} — er{UIWIU,}
Uy (15)
s.t U, Ul =1
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where ¢ is the tuning parameter.
Finally, the optimal factor matrix U}, can be solved by Equation (16) .

U, = argmax tr{Ul (B! — eW"U,} (16)
u,uf=I

The projected data of sample Xj; in low dimensionality subspace can be calculated by
Equation (17).
Vij= &ijx Uy x ol x - - x yUN 17)

The detailed steps of TDA are illustrated in Algorithm 1.

Algorithm 1: Tensor discriminant analysis

INPUT: Original cube hyperspectral image X € R!1*12*5 and the corresponding labels,
the dimensionality of projection space Ii X Ié X I:;, spatial size of tensor training samples By
and By, the training samples number of each class n;, parameter ¢, maximum iteration
number Ty.x and iteration error tolerance «.

Construct n; tensor training samples for each class with spatial size By x By

Initialize UY) = T Ix I,

Fort=1,2, - Thax

Forn=1,2,--- ,Ndo

compute B!l by Equation (11).

compute W/ by Equation (12).

compute factor matrixU, by Equation (16).
end

N
check error(t) = ¥ ‘Uﬁ(u;tq_l)T
n=1

<e
F
end

OUTPUT: The optimal factor matrices U,,n = 1,2, 3.

3.2. Compact Feature Representation of Hyperspectral Images

The large spectral bands number of hyperspectral images bring rich spectral information,
but when the ability of representation is concerned, the original spectral bands may not be the
ideal representation.There are at least two drawbacks of the original spectral bands: (1) there are
redundancy information among different spectral bands, especially between the neighboring bands
which may lead to the high computational and storage cost. (2) the intrinsic spectral feature of original
hyperspectral images is randomly distributed in all the spectral bands, compared with the compact
feature distribution, it is difficult to extract the disperse information from all the spectral bands.
These two drawbacks may result in a chaos and even conflicting spectral representation which will
degrade the representative of the original spectral bands. To overcome these drawbacks, a novel tensor
analysis based compact feature representation method of hyperspectral images is proposed.

The original cube hyperspectral image can be directly presented as a 3 order tenser dataset,
i.e., two spatial dimensions and one spectral dimension. Suppose a hyperspectral image X € R *12x1s,
where [} and I, are the spatial dimensions and I3 is the spectral dimension. The low rank tensor
decomposition aims at finding a approximate tensor X € R1*2*I which satisfies the Equation (18)

£(®) = argmin||X — 2|3 (18)

where ranky (X) = ry, ranky(X) = ro, ranks(X') = r3 is the given rank along each mode of X. It have
been proved that, Equation (18) can be converted to Equation (19),
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max ||X X 1U1 X 2U2 X 3U3

2
o I (19)

where U, n = 1,2, 3 is constructed by the first r,, eigenvectors of R, RZ and R, is the n—mode flattening
matrix of X' [28]. The solution of Equation (19)can be represented as

)2 =X x 1P X 2Py X 3P3 (20)

where P, = U, U}, n =1,2,3.

The purpose of compact representation is to make the randomly distributed in all the spectral
bands more concentrated. By extending the PCA to tensor space, the eigenvectors corresponding to
the larger eigenvalues of R, R retains more intrinsic information of mode 7.

Inspired by the analysis above, it can be concluded that, the concentration of spectral bands can be
achieved by concentrating the eigenvalues corresponding to the covariance matrix R3R] along spectral
mode, so we resort the eigenvalues and represent the new eigenvalues array as J. It is noted that,
the spatial region neighborhood information of hyperspectral images must be kept, so the compact
representation is only considered in spectral domain. Here, the rank along each mode is set to be equal
to the original size of hyperspectral image, i.e., r1 = I;, 12 = Ip,r3 = I3. The compact representation of
X can be calculated by Equation (21).

Xcompact =X X 1P X 2Py X 3A71/2u\’; (21)

where A is the diagonal matrix corresponding to J.

To illustrate the effect of compact spectral feature representation, some selected raw bands and
compact representation bands of three real hyperspectral images are shown in Figure 2. Figure 2a
shows the raw and compact representation of Indian Pines dataset with the bands of [1 4 10 80 150 200],
Figure 2b shows the raw and compact representation of Pavia University dataset with the bands of
[125 4580 103] and Figure 2c shows the raw and compact representation of Salinas dataset with the
bands of [1 4 10 80 150 200]. It can be seen from Figure 2 that, for the raw representation, the spectral
information is randomly distributed in all spectral bands which make it difficult to extract the intrinsic
information of the hyperspectral images, while for the compact representation, the spectral information
is mainly preserved in the first spectral bands and the latter bands contain little useful information.

3.3. Dimensionality Reduction of Hyperspectral Images by TDA-CFR

In general, a ideal feature representation of hyperspectral image should be compact and
discriminative. To achieve this, a hyperspectral images dimensionality reduction model called tensor
discriminant analysis via compact feature representation (TDA-CFR) is constructed by integrating the
TDA and the compact representation. There are mainly three steps of the proposed model, i.e., compact
spectral feature representation, tensor samples construction and dimensionality reduction.

For compact spectral feature representation, by setting the rank along each mode equal to the
original size of the hyperspectral image, the compact spectral feature representation can be calculated
by Equation (21).

To fully preserve the spatial region neighborhood information of the hyperspectral images,
tensor samples are constructed for each pixels by a fixed spatial window B; x B,. For the compact
representation Xeompact € RIxkxl3 the tensor samples dataset, which is called sub-tensor dataset can
be represented as Xs”bpact € RBE1xBaxlx(hixh) where By, B, is the spatial size of tensor samples, I is

com
the spectral dimensionality and I; x I, is the number of tensor samples.



Remote Sens. 2019, 11, 1822 8 of 19

&

Original band 1

Campact band 1 Campact band 4 Campact band 80 ~ Campact band 150  Campact band 200

(a) The original spectral representation and the compact spectral representation of
Indian Pines with bands [1 4 10 80 150 200]
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(b) The original spectral representation and the compact spectral representation of
Pavia University with bands [1 2 5 45 80 103]
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(c) The original spectral representation and the compact spectral representation of
Salinas with bands [1 4 10 80 150 200]

Figure 2. The compact representation of hyperspectral images.
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In the framework of Tucker decomposition, the dimensionality reduction of tensor samples can
be achieved by Equation (22),

b
Vi = Xfo”mifﬁct X 1l X 2Up X 3U3 (22)
where Xcsﬁs{zct is the i-th tensor sample and ) is the corresponding low dimensionality projection.

The critical issue of Equation (22) is the factor matrices U, which can be calculated by Equation (16).
In Equation (16), we select the first I;l eigenvectors corresponding to (B! — W) along mode n and

the factor matrices U, can be denoted as U,, € ]RI"XI;, I, > I;l, n =1,2,3, where I, is the original size
along mode n and I,, is the reduction dimensionality along mode #. It is noted that, to keep the spatial
dimensionality of hyperspectral image unchanged and reduce the spectral dimensionality, the spatial
factor matrices Uy, Uy are constructed by the largest eigenvector along mode 1 and mode 2, while the
factor matrix Uj is constructed by the first I, eigenvector along mode 3. After rearranging the projected

tensor samples ), the dimensionality reduction dataset ) € Rh Xlzxé is obtained.

The detailed steps of TDA-CFR are shown in Algorithm 2.

Different form the existing tensor based discriminant analysis methods which are directly applied
in the raw spectral bands of hyperspectral images, the proposed TDA-CFR integrates the tensor
discriminant analysis and compact feature representation in one framework which can eliminate the
chaotic and conflicting information of the raw spectral bands and lead to a more discriminative and
informative feature representation. On the other hand, the tensor sample volume of TDA-CFR is larger
than that of vector base methods due to the tensor samples criterion is employed in the proposed
method which may result in a longer running time.

Algorithm 2: The Proposed TDA-CFR

INPUT: Original cube hyperspectral image X € Rl *2*k, the spatial size of sub-tensor samples By and
By, the training samples number of each class 1;, parameter ¢, maximum iteration number Tax and
iteration error tolerance ¢.

Calculate the compact representation of hyperspectral image Xcompact € RhxLxIs by Equation (21).
Construct n; tensor training samples for each class with spatial size By x By

Calculate the factor matrices Uy, n = 1,2,3 by Algorithm 1.

Calculate the low dimensionality projection of all tensor samples by Equation (22).

Rearrange the projected dataset );.

OUTPUT: The dimensionality reduction dataset )

4. Experimental Results and Analysis

The performance of TDA-CFR, i.e., the classification accuracy, the sensitivity with different
number of spectral bands and the computation efficiency are presented in this section.

4.1. Experimental Setup
(1) Hyperspectral dataset

Three real hyperspectral images, namely Indian Pine, Pavia University and Salinas are selected as
the experimental datasets in the following experiments [29]. The pseudo-color and ground truth maps
of these three hyperspectral images are shown in Figure 3a,b, Figure 4a,b and Figure 5a,b respectively.

Indian Pines: there are 16 different land covers in this scene. The spatial size of Indian
Pine is 145 x 145. After removing the noisy bands, 200 bands are considered in spectral domain.
Pavia University: The land covers in Pavia University are classified into 9 classes. The spatial size of
this image is 610 x 340 and the number of spectral bands is 103. Salinas: this scene contains 16 different
land covers. After removing 20 noisy bands, the cube size of this image is 512 x 217 x 204.



Remote Sens. 2019, 11, 1822

Grass-trees (730)

() GTLR (g) TDA (h) LRTA (i) TSLGDA (g) TDA-CFR
Alfalfa (46) Corn-notill (1428) Corn-mintill (830) Corn (237)
Grass-pasture (483)

Grass-pasture-mowed (28)

Hay-windrowed (478)

Oats (20)

Soybean-notill (972)

Soybean-mintill (2455)

Soybean-clean (593)

Wheat (205)

Woods (1265)

=

Buildings-Grass-Trees (386)

Stone-Steel-Towers (93)

(a) Pseudo-color

(f) GTLR

Figure 3. The classification maps on Indian Pines.
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(d) LDA

(g) TDA-CFR
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Figure 4. The classification maps on Pavia University.
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(f) GTLR (g) TDA (h) LRTA (i) TSLGDA (g) TDA-CFR
Brocoli_green_weeds_1 (2009) Brocoli_green_weeds_2 (3726) Fallow (1976) Fallow_rough_plow (1394)
Fallow_smooth (2678) Stubble (3959) Celery (3579) Grapes_untrained (11271)
Soil_vinyard_develop (6203) Corn_: ced_green (3278) Lettuce_r ine_4wk (1608) Lettuce_r ine_Swk (1927)
Lettuce_romaine_6wk (916) Lettuce_romaine_7wk (1070) Vinyard_untrained (7268) Vinyard_vertical_trellis(1807)

Figure 5. The classification maps on Salinas.

(2) Comparison methods

The proposed TDA-CER is a tensor discriminative analysis based dimensionality reduction
method, some related methods, including Linear discriminant analysis (LDA), sparse and low rank
graph for discriminant analysis (SLGDA) [30] which employs the sparse and low rank constraints
to achieve dimensionality under the graph embedding framework, low rank tensor approximation
(LRTA) [31] in which the tensor low rank decomposition criterion is directly implemented on the raw
hyperspectral images, group tensor based low rank decomposition (GTLR) [32] in which the tensor
samples of hyperspectral images are firstly grouped into some clusters and then the tensor low rank
decomposition is implemented on the obtained clusters, tensor discriminant analysis without compact
representation (TDA) is also chosen as the comparison method to evaluate the effect of compact feature
representation, tensor sparse and low rank graph based discriminant analysis (TSLGDA) [33] which is
a tensor graph method with sparse and low rank constraints and the raw spectral feature (Original) is
chosen as the benchmark.

Two popular classifiers, i.e., the Support Vector Machine (SVM) and Nearest Neighborhood (1NN)
and chosen as the classifiers. The Gaussian kernel function is employed in SVM and the parameters
in SVM are obtained by the 5-flod cross validation. 10% training samples are randomly selected to
train the classifiers and the remaining are used as testing samples. To reduce the effect of randomness,
all experiments are repeated 100 times and the mean values and variance are reported.

Let N be the number of all samples, C be the number of all classes, N; be the samples number of
class i and n; be the number of correctly classified samples of class 7, the corresponding evaluation
indexes can be defined as follows.
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OA evaluates the percentage of correctly classified samples in the total samples which is defined
by Equation (23).

nj

Tto

i
OA = c
X N;

i=1

(23)

AA measures the mean values of the correctly classified percentages of all classes which is denoted
by Equation (24).

Ad— L i ki (24)
C &N,

CA is the percentage of correctly classified samples for individual class which is defined
by Equation (25).

n;
A — 2
CA; N; (25)

Kappa coefficient is a multivariate statistical method for evaluating classification accuracy which

can take into account the uncertainty of classification results and reflect the error of classification more
accurately. Suppose the confusion matrix M is denoted by Equation (26).

myp o MyC
M=+ - (26)
mecy - McC

where m;; is the number of pixels which belong to class i and be classified to class j. Then, the Kappa
can be calculated by Equation (27)

Po — Pe
Kappa = 27
ppo= =7 27)
where po = 3 Ty Mii, pe = 57 L1 MMy and m, = ch:l Mij, My = Z]-C:1 mjj.
Kappa coefficient is between 0 and 1, and the higher Kappa coefficient means the better consistency
of classification results.

4.2. Classification Results

The separability of hyperspectral dataset after dimensionality reduction is an important index for
dimensionality reduction. Classification experiments are employed to evaluate the separability of the
dimensionality reduced hyperspectral dataset. The classification results (including OA, AA, Kappa
coefficients and Class-special Accuracy) are listed in Tables 1-3, the classification maps are shown in
Figures 3-5.

Indian Pines is a relatively complicated scene, there are small sample classes (class 7 and 9,
marked by) as well as the classes with good consistency (such as class 11 and 14, marked by white
rectangle). TDA-CFR can obtain the best performance in terms of OA, AA and Kappa. Specifically,
for the small samples classes, TDA-CFR achieves about 94% and 81% classification accuracy of class
7 and class 9. For the classes with large samples and good consistency, such as classes 11 and 14,
TDA-CFR achieves about 98% and 99% classification accuracy of these two classes. The desirable
classification performance reveals the good performance of TDA-CFR in dimensionality reduction.
GTLR achieves the best classification performance of classes 7, but the classification performance
greatly depends on the spatial size of tensor samples, the performance will degrades seriously if the
spatial size is inappropriate.
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Table 1. Classification results on Indian Pines.

Class Original LDA SLGDA GTLR TDA LRTA TSLGDA TDA-CFR
SVM 1INN SVM 1NN SVM 1INN SVM 1INN SVM 1INN SVM 1NN SVM 1INN SVM 1NN
1 7271 6417 7333 6736 76.6 659 9042 89.86 7576 7431 85.14 8153 9521 91.35 9646 95.14
+£997 +£9.7 £764 £1097 £784 881 694 £8.03 £17.07 £13.72 £6.76 +£6.08 £427 <£716 £373 £517
5 843 6451 8037 5883 80.66 6323 9038 91.12 8745 8931 91.02 89.83 9345 9481 9756 97.89
+1.61 +1.86 +1.84 +561 +£197 +£2.02 +243 +£2.01 =£3.65 £275 £1.32 +1.58 +1.85 +£1.55 +£0.99 +0.65
3 76.61 6275 6691 4872 76.1 62.77 9042 90.63 8256 8858 85.84 86.22 9275 9299 9834 97.88
+2.37 +241 4202 +6.06 +29  +£252 +282 +£273 £562 £397 +1.87 +2.08 +2.86 +229 +097 +0.87
4 71.11 471 64.71 4257 6856 4527 876 8898  69.22 7951 85.68 86.87 9238 9286 96.43  96.68
+7 +6.31 +525 +9.07 +6.61 +£539 +4.66 +£357 £14.62 +£65 +458 +412 372 +£355 +£3.01 +£1.87
5 93.71 90.77 9238 86.63 93.06 89.68 9559 9572 9258 9294 97.01 9559 9591 96.15 98.16 97.52
+1.61 +1.78 +1.84 441 +£211 +£221 +£243 +£251 £225 £2.85 £2.08 222 +235 +1.83 +£1.56 +1.64
6 96.31 9478 959 9251 9584 9477 9479 9486 9574 9628 99.51 99.61 9794 9737 99 98.66
+131 £1.55 +1.21 4212 +2.07 +1.64 +£3.09 +£3.08 £139 +2.08 +048 +0.37 +0.82 +1.65 +£0.63 +0.86
7 7739  79.71 73.83 5433 8043 81.01 100 100 60.87 8449 80.58 79.13 85.00 90.22 9449 93.77
+9.68 +17  +13.83 +16.67 +882 +£836 0 +0 +28 +13 +10 +10  +13.36 +879 +6.64 +7.75
3 98.35 9778 9833 9754 9793 973 9813 98.61 98.06 9785 99.85 99.85 99.85 99.68 99.97 99.98
+0.87 +1.07 +0.64 +1.38 +1.22 +147 +£3.05 +£269 =£1.77 =£156 +031 +0.28 +027 +038 +£0.13 +0.07
9 7296 5759 7396 61.04 6741 5037 3389 3519 1833 5926 86.67 9222 7944 7583 81.67 7852
+15.09 +11.61 +17.31 +20.01 +16.02 +14.41 +£22.56 +18.33 =£23.27 £17.99 +19.01 +11.26 +18.1 +15.94 +18.93 +18.35
10 7871 7395 69.73 56.64 7747 7227 9116 9088 7855 88.88 85.65 90.23 9043 91.84 959  96.88
+1.79 £251 +248 +554 328 +33 +£351 +£334 £6.14 £2.88 £2.87 +2.07 +£1.99 +£351 +£213 +£1.69
11 8412 7705 8287 6786 8094 76.11 99.4 9822 9196 9287 8938 9428 95.07 9641 98.69 98.94
+144 +£13  £1.32 334 +15 +£148 +£0.62 +£088 £1.84 £218 £19 +1.06 +1.43 +099 +£0.62 +0.48
12 83.64 5713 7561 6265 817  56.15 8217 817 81.46 8435 90.75 89.08 9318 9412 9749 97.13
+251 £2.61 £272 +7.63 348 +2.73 +£3.76 +£3.4 +75 +501 +£247 +£284 +£292 £183 £1.34 =£1.25
13 98.88 97.89 98.84 9696 9856 97.84 9333 9328 9211 93.65 99.88 99.93 9795 9592 98.67 97.96
+09 +154 +£1.06 +37 £141 =£174 £8.09 £815 +4.61 521 +026 +0.18 +£1.65 £3.00 =£1.13 £148
14 9449 9364 9593 9281 9314 9351 9598 96.63 9723 96.62 96.03 98.44 9850 9884 9945 99.65
+151 +£148 +1.21 +1.47 +£193 +£125 +£238 +£201 £125 =£1.08 £1.61 057 072 +0.72 +£0.62 +£0.26
15 61.05 4453 7179 5649 613 4544 9351 9378 8755 90.31 8636 85.67 93.67 9430 9876 989
+497 £3.78 491 +643 +547 +£383 +£393 +£3.67 £578 £422 +414 345 +£295 +£3.65 +£1.29 +£0.98
16 91.14 91.06 89.25 7825 91.65 9051 62 59.96 9149 9188 94.08 9294 90.59 89.53 9427 9333
+4.43 +454 1437 884 +449 +£415 +£1327 £1322 £6.04 £453 £5.08 £57 £7.06 +£622 +£6.17 +£5.08
OA 85.44 7627 8281 7056 83.62 7555 9352 9344 8898 9154 9149 93.07 9486 9555 98.18  98.26
+041 £0.6  +0.51 337 +062 +£058 +£0.66 +£0.7 £2.07 £2.1 +07 +056 +£1.02 +£1.13 +03  +£0.22
AA 8347 7465 8148 70.08 8258 73.88 8742 8746 8131 8757 90.84 9134 9321 9326 9658 96.18
+1.1  +£1.33 +£1.87 +£531 £144 £137 £1.87 £1.65 £447 296 1.2 £1.05 £1.70 +£22 £143 £1.24
Kappa 0.85 076  0.84 0.73 0.83 0.75 0.93 0.93 0.89 091 0.91 0.93 0.95 095  0.98 0.98

+0 +0.01 £0 +0.03 £0.01 4£0.01 4£0.01 +£0.01 +0.02 +£0.02 +£0.01 +£0.01 £0.01 =£0.01 =£0 +0

For Pavia University, it can be concluded from Table 2 and Figure 4 that, for good spatial
consistency classes (such as class 6, marked by white rectangle), the tensor based methods have
evident advantages over vector based methods, which further reveals the superiority of tensor
analysis in hyperspectral images processing. In addition, the proposed method also achieves desirable
performance on the zonal and dotted classes (such as class 8, marked by white oval).

The ground objects in Salinas have relatively large samples number and good spatial consistency
which leads to a good classification performance for all the comparing methods. It is noted
that, by employing the tensor discriminative analysis and compact spectral feature representation,
the proposed method achieves desirable classification performance of class 8 and 15 (marked by
white oval) which are easy to confuse. In addition, the proposed TDA-CFR achieves almost 100%
classification accuracy of classes 2, 3, 6, 9 and 12 with SVM classifier, which further demonstrates
the excellent performance of the TDA-CFR at extracting the discriminative and compact intrinsic
information of the hyperspectral images.
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Table 2. Classification results on Pavia University.
Class Original LDA SLGDA GTLR TDA LRTA TSLGDA TDA-CFR
SVM INN SVM INN SVM INN SVM INN SVM INN SVM 1INN SVM 1INN SVM 1NN
1 9021 7576 9243 8562 8942 7805 9271 9501 9596 9554 9356 9671 97.09 9351 9858 98.03
4063 +£099 4044 +066 +£09 +08 +£16 +£084 £125 £131 067 +04 +072 £177 +049 +054
) 953 9491 9512 9354 9414 943 9985 9941 993  99.89 98.18 9951 9952 99.84 99.88  99.98
4036 +03 £025 03 041 +£036 013 +£022 034 £008 023 £0.09 016 £0.09 +0.07 =+0.03
5 7152 5997 6504 66.63 7043 6148 9156 9497 7933 9037 7670 9170 8612 9093 9427 9651
+1.65 +£207 142 13  4+241 £177 4204 +£152 £34 25 141 £159 4231 £234 £16 £1.05
. 93.08 845 8821 8588 9192 838 7347 7862 9567 9302 9253 9402 9691 9422 9711 9456
+073 +113 4068 409 +1.13 £138 4239 +£192 088 =£1.85 079 =£0.63 088 £137 044 £094
5 99.19 9931 99.81 9974 9921 993 8259 9345 9992 99.88 9997 999 9994 9998 99.98 99.91
4041 +036 4018 £017 4055 £039 4217 +166 £0.11 £016 £006 +£012 012 =£004 004 0.1
p 7927 5695 7747 69.62 77.85 5703 9885 99.64 9217 9944 9313 99.63 97.62 9875 99.63 99.96
+1.18 +0.85 4087 411 £12 £136 £05 +£024 £28 £04 079 £017 +0.87 £059 027 £0.04
; 8283 7786 6503 7631 8131 7685 9425 971 8881 9158 93.16 9665 9430 9656 9853 99.11
+138 +£1.69 4286 £164 4249 174 143 +£112 £47 3 167 £117 172 £1.69 +0.82 £0.64
s 7869 7675 8505 7317 7573 7524 8815 9272 8612 90.65 8093 8805 8935 9123 9328  96.27
+174 414  £1.05 £092 +126 £131 +1.89 +£162 4266 £219 +1.03 £0.86 206 £258 £13  £0.86
9 9894 9224 9914 9654 98.85 9293 6559 7701 9707 90.83 9563 96.67 9647 8091 9694 90.95
+027 +175 4033 £085 4028 £195 £3.09 £335 £1.07 £3.09 £1.32 £09 £1.82 £509 £1.15 +25
Oa 8963 8289 8902 8551 8839 8287 9359 9553 9514 9686 9367 9711 9693 9654 9846 9851
4021 £026 4014 £022 4025 £021 4041 £023 4059 £073 +0.14 £016 £041 =£082 016 =£0.11
Ap 8767 7981 8526 8301 8654 7989 8744 9199 9271 9458 9153 9587 9526 9399 9758 9725
£029 +043 4036 403 1043 £038 062 +£044 1094 £128 026 +£031 066 £132 £029 +£031
K 088 08 088 08 08 08 092 095 094 096 093 097 096 096 098 098
PP 19 10 +0 +0 40 40 +001 +0  £001 £001 =0 +0 +0  £001 +0 +0

4.3. The Effect of Reduced Dimensionality

The classification accuracy with different spectral dimensionality is an important evaluation
index of dimensionality reduction methods and this issue of TDA-CEFR is analyzed experimentally
in this section. The dimensionality range is set as (2-50) and the step size is 2. The results are shown
in Figure 6 which illustrate that, for all comparison methods, the OA increases with the increase of
dimensionality and then goes stabilized. In addition, TDA-CFR achieves the optimal classification
performance when the dimensionality is larger than 20, which further reveals the good performance
of TDA-CEFR in hyperspectral images dimensionality reduction. According the experimental results,
we set the reduced dimensionality as 30 in all these experiments.
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Figure 6. OA with SVM classifier versus the variation of reduced dimensionality.
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Table 3. Classification results on Salinas.
Class Original LDA SLGDA GTLR TDA LRTA TSLGDA TDA-CFR
SVM 1INN SVM 1INN SVM INN SVM 1INN SVM INN SVM 1INN SVM 1INN SVM INN
1 99.61 993 9993 9987 9947 9931 983  99.08 994 9979 9991 99.85 9997 99.86 99.98  99.97
+03  +024 4007 +0.15 +049 4031 +0.86 +0.64 +0.62 +£022 +0.15 +0.16 4005 +0.07 +0.05 =+0.05
) 99.76  99.32 9996 99.95 99.69 9927 9875 9931 99.77 9995 100 100 100 100 100 100
+0.18 4024 +0.03 +0.03 4026 +026 +076 4057 +024 +0.09 4001 +0.01 =40 +0 +0 +0
3 99.73 9796 9978 99.72 9957 978 9843 9915 9992 999 9994 9993 9990 999 100 100
+0.14 4064 +0.11 +0.11 4021 +07 411  +£07 +£011 +0.16 4012 +0.09 +0.19 +0.12 +0 +0
4 99.25 9933 9926 99.08 9931 9946 9201 93.68 9852 9846 9749 9835 96.68 97.46 9884 99.36
+042 4033 +£027 +039 4046 +£022 +3.09 4241 +05 +072 4091 +£0.69 +1.77 +143 +0.76 +0.39
5 99.19 9693 991 9895 9875 9688 9556 9653 9943 99.67 983  99.14 9848 989  99.19  99.6
+026 +0.64 +0.17 +023 4049 +056 +1.44 +1.09 +£037 +029 +044 +031 +048 4079 4051 +0.18
6 99.83  99.77 9995 9994 9976 997 969 9695 9999 99.99 9997 9995 99.99 100 100 100
+0.11 4012 +0.03 +0.03 4018 +0.17 +0.88 4091 +£0.01 +0.01 +0.03 +£0.03 +0.01 =+0 +0.01  40.01
. 9957 9944 9994 9991 99.65 995 975 9741 9975 99.82 99.99 9999 9999 9998 100  99.99
+0.18 4017 +0.04 +0.06 40.15 +£0.15 +1.04 +£09 +£027 +0.17 4001 =+0.03 +001 +0.02 =+0.01 +0.03
s 8354 7774 8906 79  87.88 7736 9954 9932 9251 99.16 93.03 9426 9576 9575 99.68  99.86
+0.88 +0.84 +056 +0.73 40.66 +£0.67 +0.18 4027 +£1.06 +04 +072 +032 +1.08 +245 4015 +0.08
9 99.83 9911 9991 9976 9945 99.04 99.15 9955 99.99 99.99 99.84 9992 9998 99.99 100 100
+0.14 4031 +0.08 +0.13 4034 +035 +058 4036 +£0.03 +0.03 +0.13 +0.05 +001 +0.02 +0 +0
10 9731 9474 98.09 97.84 96.87 9451 9747 9766 9949 99.69 9922 99.01 9950 9945 99.96 99.92
+056 40.65 +0.32 +035 4058 +£0.73 409 +0.74 +£031 +026 +028 +£024 +0.64 +038 +£0.12 +0.24
1 99.16  98.84 99.14 9826 9892 9859 9527 9516 99.86 99.81 9959 99.03 9993 9993 99.99 100
+054 4073 +04 +052 40.82 +0.83 +234 4229 +£028 +035 4032 +£047 +0.09 +0.12 +£0.04 +0
12 99.9 9981 9976 99.65 99.87 998 9577 9566 9991  99.97 99.87 996 9996 99.93 100 100
+0.12 4012 +0.16 +021 4016 +021 +1.67 +1.68 +02 +0.13 4014 +£02 +006 +0.12 +0 +0.01
13 99.17 9779 99.05 9895 99.22 9785 8939 89.13 99.7 99.94 9941 9895 99.76 9948 99.88 99.96
+0.66 4+0.61 +041 +028 4066 +058 +347 4385 +£039 +0.16 4034 +052 +029 4+0.62 +£0.18 40.1
14 97.75 9504 9771 97 98.09 955 8872 876 9928 9971 99.04 9854 9951 9957 99.88  99.85
+095 4141 +056 +09 40.68 +0.87 +3.66 +3.69 +£074 +049 +048 +069 +031 +033 +£0.19 +0.22
15 7563 676  66.09 703 7865 6757 99 9895 834 9923 8047 9194 9334 9364 9932 99.85
+09 +1.08 +0.84 +£126 +078 4112 +04 +034 4286 +£053 +1.13 +058 £201 +3.78 4028 =+0.09
16 9872 9815 9943 9944 9871 983 98.07 9886 99.94 99.92 9935 9926 99.92 99.83 99.92 999
+046 4069 +031 +029 4046 +044 +076 4074 +£0.16 +0.11 4041 +047 +0.13 4028 =+0.19 +0.19
OA 9285 90 9285 9123 9406 89.89 9779 9797 9603 996 9564 9745 98.00 9807 99.76  99.9
+022 402 4007 +0.17 4013 +£0.19 +032 4022 +£053 +0.19 +0.16 +£0.12 +049 +1.04 4006 +0.03
AA 96.75 9506 9663 961 9712 9503 9624 965 98.18 99.69 97.84 9861 9892 9898 99.79  99.89
+0.14 +0.14 +0.06 +0.09 +0.1  +0.14 +057 4047 +£025 +0.14 4011 +0.09 +024 +049 4006 +0.05
Kappa 093 09 094 092 094 09 098 098 096 1 096 097 098 098 1 1
PPa 1o +0 +0 +0 +0 +0 +0 +0 +0.01 40 +0 +0 +0 +0.01 40 +0

4.4. Analysis of Computation Efficiency

The computation efficiency is analyzed in term of running time with Matlab R2014a on a PC with
Intel Core i5-5490 CPU and 8G RAM. The results are listed in Table 4.

It can be observed from Table 4 that, for vector based methods, i.e., LDA, SLGDA, and ORIGINAL,
the corresponding running time are shorter than that of tensor based methods, such as GTLR, TDA,
LRTA, TSLGDA and TDA-CFR. More specifically, GTLR and LRTA cost the much shorter running time
than the other tensor based methods, this is because the best rank values along each mode in these two
methods are given directly and this avoids the complicated operation of rank estimation. Because the

optimal factor matrices in TSLGDA are calculated by the iteration criterion which is time consuming,
TSLGDA needs almost the longest running time. The running time of TDA and TDA-CFR are almost
the same, this reveals most of the running time is consumed in the step of discriminant analysis.
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Table 4. The running time on three hyperspectral images (in seconds).

16 of 19

Original LDA SLGDA GTLR TDA LRTA TSLGDA TDA-CFR
Indian Pines 1.89 1.02 1.73 3.25 4.98 2.72 10.54 5.02
Pavia University 10.05 7.52 5.57 1036  67.06  5.69 62.35 68.34
Salinas 18.02 13.46 7.82 13.71 7562 9.14 156.25 78.02

5. Discussion

There are some parameters of the proposed TDA-CFT, such as the spatial size of tensor samples,
the number of training samples and the tuning parameter. In this section, these parameters are
discussed to evaluate the method more comprehensively.

5.1. Discussion of the Number of Training Samples

Training samples number is an important issue for the proposed TDA-CFT. In this section,
a classification experiment with SVM classifier with the training samples number varying from 2 to
20 and the results are shown in Figure 7. Generally speaking, the classification results increase with
the increase of training samples number and then tend to be stable. It can be observed from Figure 7
that, the training samples number has slight effect on the OA and the proposed TDA-CFR can achieve
desirable performance even there are only a few training samples number, this may be because one
tensor samples usually contains many pixel samples, so there will still be a number of pixel samples
which can offer rich intrinsic information of the hyperspectral images even only a few tensor samples
are selected. This character will make the proposed TDA-CFT more practical when the labeled samples
are scarce. The number of training samples for each class is set as 5 in all the experiments.

99 T T T T T T T T 10 T T T T T T T T 100 T T T T T T T T
I T T T T T [ O T R T [ T T N R B
T T T T T T [ T T T T T B [ I
T T T T T T T T T T T B [ |
I T T T T T [ T N N I
[ N N I A=t —F A=t ==+ =+ —t =+
o 4 o 1o | | S o
é98'5 I S S I [
I I [ o
2 | | 2 2 (I [ I
5] I I ] ® 99 6FA—+—Fd—4—F—— 41
=5 [ [ = = N
O oL@ 1 1 1 _1_| 9 5] [ T T N R B
S WLATT I ImT T 2 2 [ T T N N T T
= T T T T T T = = (I O T N R B
= T T T T T T = = 99. 4FA—+—F =+ —+—1—+—
= I T T T T = = [ O T N R T
2 [ T R S R R 4 4 1 T O T R N B
T T T T T T [T T T N R B
O97.5——1—-r—1——|—-r—1-—|—-r—- o o [ T T T R
I T T T T T 99 2F—d—4—bd—d— b -4
T T T T T T [ O T N R B
T T T N T T [ O T N R A
I T T T T T [ O T N R B
T T T T T T [ T T N R T
97 | | | | | | 1 | 9 9 1 | | | 1 I 1 |
2 4 6 8101214161820 2 4 6 81012141618 20 2 4 6 81012141618 20

Number of training samples
for each class

Number of training samples
for each class

Number of training samples
for each class

(a) Indian Pines (b)Pavia University (c) Salinas

Figure 7. OA with SVM classifier versus the variation of the number of training samples for each class.

5.2. Discussion of the Spatial Size of Tensor Samples

The spatial fixed window criterion is employed to construct tensor samples in the proposed
method. When the spatial fixed window criterion is concerned, the window size is an important
issue. If a too small window is employed, each tensor sample may contain only a few pixel samples
and the spatial region neighborhood information cannot be well preserved. On the other hand, a too
large window may cause the pixel samples of different categories to be divided into the same tensor
sample which may destroy the spatial structure consistency. Here, the effects of the window size on
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the classification accuracy are discussed experimentally and the results are illustrated in Figure 8.
Specifically, we suppose the spatial window is a square with a side length of B. It can be observed from
Figure 8 that, if a small spatial window is employed, such as 3, the classification performance is poor
and with the increase of window size, the classification accuracy increases and then goes stabilized.
The spatial window size is set as 9 x 9 in all the experiments.
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Figure 8. OA with SVM classifier versus the variation of window size.
5.3. Discussion of the Parameter ¢

As the discussion above, parameter ¢ is used to measure the effect of within class compactness
and between class separation in tensor discriminant analysis model. Here, the effect of ¢ in term of OA
are discussed experimentally. Specifically, ¢ varies from [0.005, 0.01, 0.05, 0.1, 1, 5] and the experimental
results with SVM classifier are shown in Figure 9. It can be seen from Figure 9 that, when the value
of ¢ is small, such as 0.005, 0.01, 0.1, the proposed method can achieve the desirable classification
performance and the corresponding variance is small. With larger ¢, the classification performance may
degrade evidently and the corresponding variance may also increase, which suggests the proposed
method cannot work steadily with a large ¢. So the parameter ¢ is set as 0.01 in all these experiments.
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Figure 9. The effect of parameter ¢.
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6. Conclusions

A novel compact feature representation based tensor discriminative analysis model was proposed
for hyperspectral images dimensionality reduction. Generally speaking, an ideal feature representation
should be compact and discriminative. To this end, tensor low rank decomposition framework is
employed in the proposed TDA-CFR to obtain a more compact feature representation which can
eliminate the chaotic and conflicting information of the raw spectral bands. In addition, the tensor
discriminant analysis which can preserve the original spatial region information and enhance the
discriminant of the processed dataset is integrated to the compact feature representation model.
Extensive experiments illustrate the superiority of TDA-CFR over the existing methods.

Final, there are still some issues which deserve further considered. In the proposed TDA-CEFR,
the spatial size of tensor samples are determined experimentally, how to construct tensor samples
by a spatial window with adaptive size deserves further study. In addition, how to integrate the
process of dimensionality reduction and the following tasks into one framework and make the results
of dimensionality reduction more suitable for specific tasks requires further consideration.
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