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Abstract: Nanofluid flow has acquired various interesting dimensions with the advent of several
novel approaches to studying thermophysical properties. The present work focuses on a comparative
study of clear viscous and nanofluid (EG − Al2O3, EG − Zr, H2O − Al2O3, H2O − Zr) flow in a
two-phase inclined channel saturated with a porous medium in the presence of thermal radiation,
species diffusion, and viscous and Darcy dissipation effects. The controlling equations of the flow
model were solved analytically using the regular perturbation technique. The graphical solutions are
used to examine the impacts of physical parameters on the most significant flow features. Surface
graphs with distinct entrenched parameters represent heat transfer rates and shear stresses on plates.
The resulting heat transfer was enhanced by raising the thermal and solute buoyancy strengths, while
thermal radiation had the opposite outcome. This enhancement of temperature was maximum for
water–zirconium and minimum for ethylene glycol–aluminum oxide nanofluid. The concentration of
the entire fluid medium is reduced by decreased mass diffusivity. The enhancement of temperature
and velocity is found to be maximum in the nanofluid region and clear fluid region, respectively.
This study is validated with previously published works to demonstrate its effectiveness.

Keywords: radiation; chemical reaction; nanofluids; porous medium; viscous; Darcy dissipation;
sustainability

1. Introduction

For the past decade, scientists and engineers have made wonderful discoveries about
how the addition of a modest quantity of nanoparticles can show a remarkable enhancement
in the thermophysical nature of base fluids. The revolutionary idea of adding solid particles
to heat exchangers to enhance thermal conductivity was given by Maxwell [1]. The term
nanofluids was coined by Choi [2]. Research in multiphase flow has been one of the fields
of greater interest since the middle of the 19th century. We can observe this phenomenon
in cases ranging from the natural environment to highly evolved industries, i.e., air and
water pollution, tornadoes, industrial environments such as the system of combustion and
propulsion engines, chemical, biological, food processing, and blood flow inside living
organisms, etc. A systematic study on the concept of fluid dynamics of two-phase mixtures
was performed by Teletov [3]. Further, Joseph et al. [4] studied immiscible fluids with
variable viscosities, where they studied the stability and uniqueness of fluids. Lohrasbi
and Sahai [5] conducted a detailed study on the two-phase flow in an infinite channel
in the presence of a magnetic field. The authors noticed that electrical and transport
properties are time-dependent. Later, Malashetty and Leela [6] analyzed the flow of two
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immiscible electrically conducting and incompressible fluids with varying thermophysical
properties. The authors observed that varying thermophysical properties result in an
increment of temperature and velocity. Later, Malashetty et al. [7] extended the same work
in vertical closure.

Porous media in heat exchangers are the most used techniques to enhance surface area
contact and thermal efficiency. A porous medium is defined as a collection of solid bodies,
with adequate open space in or around, which allows fluid to pass through or around them.
It has a wide range of applications in absorbing product industries, detergent, textile, foam
industries, etc. Vafai and Tien [8] studied the effect of solid boundary and interface forces
on the heat transfer properties of the flow saturated with a porous medium. The authors
presented a new concept of the momentum boundary layer. The impact of a uniform
magnetic field on the flow of two fluids of varying viscosity between two permeable beds
was examined by Vajravelu et al. [9]. The author noticed that velocity was optimized in
the upper fluid region compared to the lower fluid. Kuznetsov [10] investigated flow
between two infinite parallel plates saturated with a rigid wall (porous) by employing
the Brinkman–Forchheimer-extended Darcy equation. The author obtained an exact and
boundary-layer solution to the problem. In recent developments, Cimpean and Pop [11]
examined the flow of nanofluids between infinite plane walls with the angle of inclination
γ. The results show that heat transfer enhances the addition of nanoparticles. Similar
works were performed by Ahmad and Pop [12]. Chamkha [13] studied the two-layered
flow of different fluids, with one channel being porous and the other being non-porous, by
incorporating the magnetic field. The author observed that the thermophysical properties of
fluids showed improvement with an increase in the ratio of height and thermal conductivity.
The flow of Newtonian fluids and micropolar through a porous medium between two
rigid boundaries was studied by Yadav et al. [14]. The authors noticed that velocity profile
shows enhancement with raise in values of viscosity ratio and couple stress and increasing
values of micropolarity parameter decreases velocity.

As technology improves, there is a necessity for heating and cooling in many indus-
tries. In these cases, balancing thermal radiation is very important in many industries, such
as in the production of glass, designing furnaces, indoor cooling, spacecraft re-entry aero-
dynamics (operates at high temperature), thermography, combustion process, etc. Similarly,
the study of chemical reactions has become more prominent at industry levels. A chemical
reaction has its significance in water and food processing, biochemical process, etc. As
the fluid flow system is accompanied by an external mass, a chemical reaction takes place.
Umavathi et al. [15] analyzed the flow of MHD Poiseuille–Couette between infinite inclined
parallel plates maintained at different temperatures. The authors observed that enhance-
ment in temperature and velocity is the result of the dissipation effect and buoyancy forces,
respectively. An unsteady flow of a viscous nanofluid through an infinite conduit in the
presence of thermal radiation was investigated by Dogonchi and Ganji [16]. The authors
noticed that the heat source parameter has a significant effect on the Nusselt number.

Umavathi and Beg [17] investigated the flow of two immiscible fluids in the vertical
rectangular duct at the interface. The behavior of water-based copper and copper oxide
nanofluids subjected to a magnetic field between two parallel plates was analyzed by
Dawar et al. [18]. Aleem et al. [19] looked into the effect of Newtonian heating and species
diffusion through a porous vertical plate. The authors noticed that the enhancement of
temperature is more in the case of silver nanoparticles with water as a base fluid than in
copper nanoparticles. Esmaeilpour and Korzani et al. [20] studied the behavior of the two-
phase flow of Newtonian fluid in an inclined channel using the lattice Boltzmann method.
The authors observed that an increment in the Hartmann number values enhances the axial
velocity of the fluid, which improves the ability of displacement of fluid. Narahari et al. [21]
investigated the effect of natural convection on the flow of a nanofluid past a vertical plate.
The author noticed that the rise in Brownian motion parameter decreases skin friction
while Thermophoresis decreases the Nusselt number. Santhosh et al. [22] conducted a
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comparative study on dust and nanoparticle in MHD Carreau fluid in a stretching sheet.
The study depicts that Boit number and radiation enhance the temperature.

Shah et al. [23] examined two-phase Couette flow in a channel subjected to a magnetic
field. Yadav and Kumar [24] conducted a study on the entropy generation of two immiscible
fluids in a conduit. The authors concluded that the Hartmann number reduces the linear
and micro-rotational velocities. The impact of CNT on the two-phase flow of a nanofluid in
an infinite channel was studied by Zeeshan et al. [25]. The study revealed that the volume
fraction of nanoparticles has a significant effect on temperature and velocity.

Raju [26] conducted an entropy analysis on the flow of dissipative hybrid nanofluid
across a moving flat plate in the presence of thermal radiation and chemical reaction. The
author noticed that the rise in the Brinkman number causes entropy to increase while the
thermal radiation parameter decreases the temperature. Elmaboud [27] investigated the
two-layered flow of conducting and non-conducting fluid in a channel. Hisham et al. [28]
examined the flow of two-phase Maxwell fluids between parallel plates. Moreover, and
due to the importance of nano/hybrid nanofluids in the enhancement of heat transfer,
many researchers have investigated the impact of such fluids along with other physical pa-
rameters such as porous media, magnetohydrodynamics, rarefaction effects, and different
geometries on the heat transfer [29–41]. The heat and mass transfer in three-layered chan-
nels was studied by Umavathi and Hemavathi [42]. Rajeev and Mahantesh investigated
heat transfer of nanofluids with non-linear Boussinesq approximation and viscous heating
using the differential transform method [43].

Ethylene glycol is widely used in industry as a coolant, antifreeze, heat transfer agent,
dehydration of natural gases, etc. Zirconium is a soft, ductile, anticorrosive metal used as
components of liquid rocket engines, space, nanowires, nanofibers and catalyst applications,
etc. [44]. On the other hand, aluminum oxide nanoparticles are used in pharmaceuticals,
materials manufacturing, the mechanical industry, etc. Moreover, the two-phase models are
widely used in the flow of oil–water mixtures in pipelines, liquid–liquid solvent extraction
mass transfer systems, etc. The relevance of the combined impact of species diffusion and
thermal radiation in a two-phase inclined channel received less attention in the research
mentioned above. The novelties of the current study are as follows: (i) the significance
of thermal radiation and chemical reaction in a two-phase inclined channel through a
porous medium, (ii) the analysis of viscous and Darcy dissipation effects, and (iii) the
performance of four different nanofluids, namely EG− Al2O3, EG− Zr, H2O− Al2O3, and
H2O− Zr on the flow parameters were analyzed. This innovation sets our study apart from
earlier studies. The regular perturbation technique was used to determine the solutions
of governing equations by analytical method. Hence, a comparison of the enhancement
of velocity and temperature in Ethylene glycol and water with different nanoparticles
was conducted.

2. Mathematical Formulation

Figure 1 shows the geometrical consideration of clear fluid and nanofluids between
two parallel plates with an inclination of angle α. More specifically, the flow under con-
sideration is steady, laminar mixed convective, two-dimensional, incompressible, and
fully developed.

The Region I
(−h ≤ y ≤ 0) is filled up with clear viscous fluid and Region II (0 ≤ y ≤ h) with

nanofluid under the influence of mass diffusion, heat transfer by thermal radiation, and
viscous and Darcy dissipation saturated by the porous medium. These infinite plates are
kept constant with distinct temperatures and concentrations, i.e., Tw2, Cw2 for the upper
plate and Tw1, Cw1 for the lower plate, with Tw1 > Tw2 and Cw1 > Cw2 respectively [45,46].
The flow is in the x direction. All thermophysical properties for viscous and nanofluids are
constant except for density in the buoyancy component of the momentum equation. We
consider a constant pressure gradient

(
− ∂p

∂x

)
using the Oberbeck–Boussinesq approxima-

tion. The fluid flow in the channel is driven by pressure and buoyancy forces. Under these
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assumptions, and employing the Tiwari and Das [47] model for nanofluid, the equations
which govern the velocity, temperature, and concentration are given below:

Region I

µ f
d2u′1
dy2 + ρ f gβ f (T1 − Tw2) cos α + ρ f gβc(C1 − Cw2) cos α− ∂p

∂x
= 0 (1)

k f
d2T1

dy′2
+ µ f

(
du′1
dy′

)2

− ∂qr

∂y′ = 0 (2)

D1
d2C1

dy2 − K∗1(C1 − Cw2) = 0 (3)

Region II

µn f
d2u′2
dy′2

+
(

ρn f gβn f

)
(T2 − Tw2) cos(α) +

(
ρn f gβnc

)
(C2 − Cw2) cos(α)−

µn f

K
u′2 −

∂p
∂x

= 0 (4)

kn f
d2T2

dy′2
+ µn f

(
du′2
dy′

)2

+
µn f

K
u′2

2
− ∂qr

∂y′ = 0 (5)

D2
d2C2

dy′2 − K∗1(C2 − Cw2) = 0 (6)

The boundary and interface conditions [45,46,48] are

u′1(y) = 0, T1(y) = Tw2, C1(y) = Cw2 at y = −h

u′1(y) = u′2(y), µ f
du′1(y)

dy′ = µn f
du′2(y)

dy′

T1(y) = T2(y), k f
dT1(y)

dy′ = kn f
dT2(y)

dy′

C1(y) = C2(y),
dC1(y)

dy = D2
D1

dC2(y)
dy

at y = 0

u′2(y) = 0, T2(y) = Tw1, C2(y) = Cw1 at y = h


(7)
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Figure 1. Schematic consideration of the geometric model.

The boundary conditions indicate the no-slip and isothermal conditions at the bound-
aries. Further, it is assumed that at the interface, there is continuity of velocity, shear stress,
temperature, and heat flux.
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The effective density, coefficient of thermal expansion, thermal diffusivity, coefficient
of solutal expansion, and heat capacitance [49], respectively, are given by

ρn f = (1− φ)ρ f + φρs (8)

(ρβ)n f = (ρβ)sφ + (ρβ) f (1− φ) (9)(
kn f(

ρCp
)

n f

)
= αn f (10)

(ρβc)n f = (ρβc)sφ + (ρβc) f (1− φ) (11)(
ρCp

)
n f =

(
ρCp

)
f (1− φ) +

(
ρCp

)
sφ (12)

Effective dynamic viscosity proposed by Brinkman [50,51] is given by

µn f =
µ f

(1− φ)2.5 (13)

Since the considered nanoparticles are spherical, according to Maxwell [52], the ther-
mal conductivity is given by

kn f = k f

 ks + 2k f − 2φ
(

k f − ks

)
ks + 2k f + φ

(
k f − ks

)
 (14)

Table 1 denotes the thermophysical properties of EG, H2O, Zr, and Al2O3 [53–55].

Table 1. Thermophysical properties of base fluids and nanoparticles.

ρ (Kg/m3) k (W/mk) β (K−1)

H2O 997.1 0.613 21 × 10−5

Al2O3 3970 40 0.85 × 10−5

Zr 6506 23 0.0057

EG 1114 0.252 65 × 10−5

The radiative heat flux [56] term qr can be obtained by applying the Rosseland approx-
imation [57].

qr = −
4σ∗

3k∗
∂

∂y′

(
T4
)

(15)

We restrict our study to optically thick fluids by using the Rosseland approximation.
Whenever the temperature difference within the flow is small enough, T4 can be linearized
as a combination of temperatures. Expanding to expand T4 about T∞, using Taylor’s series
and neglecting higher order terms, we obtain the following.

T4 = 4T3
∞T − 3T4

∞ (16)

Equation (15) becomes
∂qr

∂y′ = −
16σ∗T3

∞
3k∗

∂2T
∂y′2 (17)

Then, (2) and (5) becomes

k f
d2T1

dy′2
+ µ f

(
du′1
dy′

)2

+
16σ∗T3

∞
3K∗

d2T1

dy′2
= 0 (18)
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kn f
d2T2

dy′2
+ µn f

(
du′2
dy′

)2

+
µn f

K
u′2

2
+

16σ∗T3
∞

3K∗
d2T2

dy′2
= 0 (19)

Introducing non-dimensional quantities

y = y′
h , ui = u′ i

(
ρ f
µ f

)
h, θi =

Ti−Tw2
Tw1−Tw2

, ψi =
Ci−Cw2

Cw1−Cw2
,

Gr1 =
gβ f (Tw1−Tw2)h3

v2
f

Gr2 = gβc(Cw1−Cw2)h3

v2
f

, Grt = Gr1Cos(α),

Grm = Gr2Cos(α), Br =
µ3

f

ρ2
f h2(Tw1−Tw2)k f

, σ = h√
K

, P = − ρ f h3

µ2
f

∂p
∂x

v f =
µ f
ρ f

, R = 16σ∗T3
∞

3K∗k f
, Sc = υ

D , Kr = K∗1 h2

ν f

(20)

into (1)–(7) and neglecting dashes (‘), the obtained equations of two regions are
as follows:

Region I
d2u1

dy2 + Grtθ1 + Grmψ1 + P = 0 (21)

(1 + R)
d2θ1

dy2 + Br
(

du1

dy

)2
= 0 (22)

d2ψ1

dy2 − KrSc1ψ1 = 0 (23)

Region II

d2u2

d2y
+ (1− φ)2.5

(
(1− φ) + φ

(ρβ)s
(ρβ) f

)
Grtθ2 + (1− φ)2.5

(
(1− φ) + φ

(ρβc)s
(ρβc) f

)
Grmψ2 − σ2u2 + P(1− φ)2.5 = 0 (24)

(
1 + Rc(1− φ)2.5

)d2θ2

dy2 + Br
1

(1− φ)2.5

 Ks + 2K f + φ
(

K f − Ks

)
Ks + 2K f − 2φ

(
K f − Ks

)

{(

du2

dy

)2
+ σ2u2

2

}
= 0 (25)

d2ψ2

dy2 − KrSc2ψ2 = 0 (26)

The non-dimensional form of boundary and interface conditions are

u1(y) = 0, θ1(y) = 0, ψ1(y) = 0 at y = −1
u1(y) = u2(y),

du1(y)
dy =

µn f
µ f

du2(y)
dy

θ1(y) = θ2(y),
dθ1(y)

dy =
kn f
k f

dθ2(y)
dy

ψ1(y) = ψ2(y),
dψ1(y)

dy = D2
D1

dψ2(y)
dy

at y = 0

u2(y) = 0, θ2(y) = 1, ψ2(y) = 1aty = 1 at y = 1


(27)

3. Solution Method

To solve Equations (21)–(26), the regular perturbation technique is employed, due to
the coupled and non-linear nature of equations. Using the Brinkman number as a pertur-
bation parameter, the following are the approximate solutions for velocity, temperature,
and concentration:

ui = ui0 + Brui1 + Br2ui2 + . . .
θi = θi0 + Brθi1 + Br2θi2 + . . .

ψi = ψi0 + Brψi1 + Br2ψi2 + . . .

 (28)

where ui, θi and ψi are the functions of variable y.
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Substituting (28) into (21)–(27), we obtain the equations for zeroth and first-order
equations, together with the corresponding boundary and interface conditions which are
obtained by equating like powers of Br and ignoring Br2 and higher-order terms.

Zeroth order equations
Region I:

d2u10

dy2 + Grtθ10 + Grmψ10 + P = 0 (29)

d2θ10

dy2 = 0 (30)

d2ψ10

dy2 − KrSc1ψ10 = 0 (31)

Region II:

d2u20

d2y
+ (1− φ)2.5

(
(1− φ) + φ

(ρβ)s
(ρβ) f

)
Grtθ20 + (1− φ)2.5

(
(1− φ) + φ

(ρβc)s
(ρβc) f

)
Grmψ20 − σ2u20 + P(1− φ)2.5 = 0 (32)

d2θ20

dy2 = 0 (33)

d2ψ20

dy2 − KrSc2ψ20 = 0 (34)

The corresponding boundary and interface conditions are

u10(−1) = 0, u10(0) = u20(0),
du10
dy (0) =

µn f
µ f

du20
dy (0), u20(1) = 0

θ10(−1) = 0, θ10(0) = θ20(0),
dθ10
dy (0) =

kn f
k f

dθ20
dy (0), θ20(1) = 1

ψ10(−1) = 0, ψ10(0) = ψ20(0),
dψ10
dy (0) = D2

D1

dψ20
dy (0), ψ20(1) = 1

 (35)

First-order Equations
Region I:

d2u11

dy2 + Grtθ11 + Grmψ11 = 0 (36)

(1 + R)
d2θ11

dy2 +

(
du10

dy

)2
= 0 (37)

d2ψ11

dy2 − KrSc1ψ11 = 0 (38)

Region II:

d2u21

d2y
+ (1− φ)2.5

(
(1− φ) + φ

(ρβ)s
(ρβ) f

)
Grtθ21 + (1− φ)2.5

(
(1− φ) + φ

(ρβc)s
(ρβc) f

)
Grmψ21 − σ2u21 = 0 (39)

(
1 + Rc(1− φ)2.5

)d2θ21

dy2 +
1

(1− φ)2.5

 Ks + 2K f + φ
(

K f − Ks

)
Ks + 2K f − 2φ

(
K f − Ks

)

{(

du20

dy

)2
+ σ2u2

20

}
= 0 (40)

d2ψ21

dy2 − KrSc2ψ21 = 0 (41)
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The corresponding boundary and interface conditions are

u11(−1) = 0, u11(0) = u21(0),
du11
dy (0) =

µn f
µ f

du21
dy (0), u21(1) = 0

θ11(−1) = 0, θ11(0) = θ21(0),
dθ11
dy (0) =

kn f
k f

dθ21
dy (0), θ21(1) = 0

ψ11(−1) = 0, ψ11(0) = ψ21(0),
dψ11
dy (0) = D2

D1

dψ21
dy (0), ψ21(1) = 0

 (42)

Below are the solutions to zeroth and first-order equations using boundary and inter-
face conditions.

Concentration distribution:

ψ10 = c5Cosh
√

N3y + c6Sinh
√

N3y (43)

ψ20 = c7Cosh
√

N4y + c8Sinh
√

N4y (44)

Temperature distribution:
θ10 = c1y + c2 (45)

θ20 = c3y + c4 (46)

θ11 = − 1
N1

[
L16y6 + L17y5 + L18y4 + L19y3 +

b2
11
2 y2 + L20 cosh

(
2y
√

N3
)
+ L21sinh

(
2y
√

N3
)

+L22 cosh
(
y
√

N3
)
+ L23sinh

(
y
√

N3
)
+ L24y cosh

(
y
√

N3
)
+ L25ysinh

(
y
√

N3
)

+L26sinh
(
y
√

N3
)(

2 + y2N3
)
+ L27 cosh

(
y
√

N3
)(

2 + y2N3
)]

+ b31y + b32

(47)

θ21 = − c
N2

[
L41 cos h

(
2y
√

N4
)
+ L43 sin h2σy + L44cosh2σy + L45 sin h2

√
N4y + L46 sin h

(√
N4y

)
cos h(σy)

+L47 sin h
(√

N4y
)

sin h(σy) + L48 cos h
(√

N4y
)

cos h(σy) + L49 sin h(σy) cos h
(√

N4y
)

+L50 cos h(yσ) + L51cosh
(√

N4y
)
+ L52 sin h

(
y
√

N4
)
+ L53 sin hσy + L54y cos h(yσ)

+L55y sin h
(
y
√

N4
)
+ L56y cos h

(
y
√

N4
)
+L57y sin h(yσ) + L58y4 + L59y3 + (L60 + L42)y2]+ b41y + b42

(48)

Velocity:

u10 =
L1

N3
cosh

√
N3y +

L2

N3
sinh

√
N3y +

L3

6
y3 +

L4
2

y2 + b11y + b12 (49)

u20 = b21Coshσy + b22Sinhσy +
L5

(N4 − σ2)
Cosh

√
N4y +

L6

(N4 − σ2)
Sinh

√
N4y− (L7y + L8)

σ2 (50)

u11 = Grt
N1

[
L28y8 + L29y7 + L30y6 + L31y5 + L32y4 + L33 cos h

(
2y
√

N3
)
+ L34 sin h

(
2y
√

N3
)

+L35 cos h
(
y
√

N3
)
+ L36 sin h

(
y
√

N3
)
+ L37y cos h

(
y
√

N3
)
+ L38y sin h

(
y
√

N3
)

+L26y2 sin h
(
y
√

N3
)
+ L27y2 cos h

(
y
√

N3
)]
− Grt

(
b31
6 y3 + b32

2 y2
)

−Grm

(
c9
N3

cos h
√

N3y + c10
N3

sin h
√

N3y
)
+ b51y + b52

(51)

u21 = b61 cos hσy + b62 sin hσy
+ aGrtc

N2

[
L61 cos h

(
2y
√

N4
)
+ L62Sinh2σy + L63Cosh2σy + L64Sinh2

√
N4y + L65 sin h

(
σ +
√

N4
)
y

+L66 sin h
(
σ−
√

N4
)
y + L67 cos h

(
σ +
√

N4
)
y + L68 cos h(σ− N4)y + L69y sin hσy

+L70Cosh
√

N4y + L71 sin hy
√

N4 + L72y cos hσy + L54
4σ y2 sin hσy + L55

4
√

N4
y2 cos h

√
N4y

− L55
4N4

y sin h
√

N4y + L56
4
√

N4
y2 sin h

√
N4y− L56

4N4
y cos h

√
N4y + L57

4σ y2 cos hσy

− 1
σ2

(
L58y4 + L59y3 + (L60 + L42)y2 +

(12L58y2+6L59y+2(L60+L42))
σ2 + (24L58)

σ4

)]
+ aGrt

σ2 (b41y + b42)− bGrm
(N4−σ2)

(
c11Cosh

√
N4y + c12Sinh

√
N4y

)
(52)

where c1, c2 . . . c12, d1, d2, d3, K1, K2, . . . K12, and L1, L2, . . . L72 are constants.
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Therefore, the solution of clear fluid and nanofluid region are

ψ1 = ψ10
ψ2 = ψ20

}
(53)

θ1 = θ10 + Brθ11
θ2 = θ20 + Brθ21

}
(54)

u1 = u10 + Bru11
u2 = u20 + Bru21

}
(55)

where ψi, θi and ui (i = 0, 1, 2) are functions of y.
With regard to the rate of heat transfer and shear stress, the Nusselt number (Nu) and

skin friction coefficient (Sk) at the surfaces in the non-dimensional form are as follows:
Nusselt number: (Nu1) =

(
dθ1
dy

)
at y = −1, (Nu2) =

(
dθ2
dy

)
at y = 1

Skin friction coefficient: (Sk1) =
(

du1
dy

)
at y = −1, (Sk2) = −

(
du2
dy

)
at y = 1

4. Results and Discussion

A two-layered flow of viscous and water/ethylene glycol-based nanofluids between
parallel plates with the angle of inclination α in the presence of mass diffusion and ther-
mal radiation was analyzed. The perturbation technique is used to solve the problem
by considering Br as a parameter to obtain velocity, temperature, and concentration pro-
files. The Nusslet number and skin friction coefficient are calculated. The behavior of
velocity, temperature, and concentration is examined by varying the Thermal Grashof
number (1 ≤ Grt ≤ 15), solute Grashof Number (1 ≤ Grm ≤ 15), solid volume fraction
(0.01 ≤ φ ≤ 0.05), porous parameter (2 ≤ σ ≤ 8), chemical reaction parameter Kr, and
Schmidt number Sc(Sc1 = Sc2), and radiation parameter R is investigated for different
nanoparticles and base fluids. In this study, we considered aluminum oxide (Al2O3) and
zirconium (Zr) as nanoparticles with ethylene glycol (EG) and water (H2O) as base fluids.

For the graphs and tables, we assumed the following as fixed. Namely,

α = π/4, Grt = 5, Grm = 5, σ = 4, Br = 0.5, P = 5, R = 1.8, Sc = 0.6(H2O), Sc = 1.5(EG), Kr = 0.9,
D2

D1
= 1, φ = 0.02

Figure 2 depicts the influence of the Schmidt number on the concentration field in the
presence of Al2O3 nanoparticles and water as a base fluid. It is clear that the concentration
subsides as the Schmidt number increases. On choosing Sc values for hydrogen, helium,
water vapor, and ammonia, the concentration profile subsides. The Schmidt number
increases as the solute diffusivity decreases, permitting shallower penetration of the solute
effect. Due to this, concentration decreases as Sc increases.

Figure 3 shows the impact of the Kr on the concentration field. Here, the graph is
drawn by considering Al2O3 with EG as the first case and Al2O3 with H2O as the second
case. In both cases, concentration diminishes with increasing values of Kr. Specifically,
Kr > 0 corresponds to destructive chemical reactions and Kr < 0 corresponds to gener-
ative chemical reactions. As the chemical reaction parameter increases, the number of
solute molecules undergoing chemical reactions increases, resulting in a decrease in the
concentration field. Similar effects are observed by Kataria and Patel [58] and Chamka [59].

The influence of Grm on temperature and velocity profiles are illustrated in Figures 4
and 5. Here, a comparison is made between different nanoparticles and base fluids, as
mentioned above. When Region I is filled with EG, and Region II is occupied with EG−
Al2O3 nanofluid through a porous medium, Figure 4 demonstrates that increasing the
Grm increases the temperature in both areas. That means temperature initially increases
in Region I and acquires parabolic behavior with temperature enhancement in Region II.
Since the Grm is the ratio of buoyancy forces (species) to viscous force, a rise in the value
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of Grm strengthens the species buoyancy force resulting in a rise in the temperature and
velocity of the fluid. It is seen from the graph that EG with Zr, H2O with Al2O3, and H2O
with Zr show the same behavior. However, enhancement of temperature is comparatively
high in H2O with Zr. Figure 5 displays the impact Grm on velocity profiles. When EG is
used as the base fluid, a good enhancement of velocity is noticed in the clear fluid region
than in the nanofluid region in the case of Al2O3 nanoparticles. While for EG with Zr
nanofluids, both in Region I and Region II, the velocity is distributed equally. In the case of
water as a base fluid, enhancement of velocity is high in Region I for Al2O3 and behaves
completely differently in the case of H2O− Zr. That is, in the clear fluid region, the velocity
first increases, and at the interface, it exhibits a minor increase before becoming constant at
a specific point in Region II, and then an opposite phenomenon is observed, particularly in
the case of H2O− Zr.
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Figure 2. Effect of Sc on Concentration where φ = 0.02, Grt = 5, Grm = 5, σ = 4, Br = 0.5, P =

5, R = 1.8, Kr = 0.9.
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Figure 3. Impact of Kr on concentration where φ = 0.02, Grt = 5, Grm = 5, σ = 4, Br = 0.5, P = 5, R =

1.8, Sc(H2O) = 0.6, Sc(EG) = 1.5.
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Furthermore, Figures 6 and 7 show the temperature and velocity profiles for varying
values of Grt for Al2O3 and Zr with EG and H2O as base fluids. Convection causes the
buoyancy forces due to the temperature gradient. So, as Grt increases, the buoyancy forces
dominate the flow and result in the enhancement of the temperature and velocity of the
fluid. For increasing values of Grt, the temperature increases in the clear fluid region and
enhancement of temperature can be noticed in the nanofluid region in all the cases. More
specifically, when EG is the base fluid, Zr shows a maximum increment of temperature
higher than Al2O3. The H2O − Zr nanofluid exhibit more temperature enhancement.
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Additionally, velocity initially increases in the clear fluid region while decreasing in Region
II, which is saturated with a porous medium in all the cases. Here, also optimal velocity is
observed in H2O with Zr nanoparticles in the clear fluid region. These results are identical
to Kumar et al. [45] in the absence of nanofluids.
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Figure 7. Impact of Grt on velocity where φ = 0.02, Grm = 5, σ = 4, Br = 0.5, R = 1.8, Sc(H2O) =

0.6, Sc(EG) = 1.5, Kr = 0.9, α = π/4.

Figures 8 and 9 illustrate the graphical representation of temperature and velocity
distributions for various base fluids and nanoparticles. Physical interpretation of Br is the
ratio of heat by viscous dissipation to molecular conduction. Fluid temperature increases
as a result of the increased internal resistance of nanoparticles within the fluid, as shown in
Figure 6. In comparison to EG and water, the enhancement of temperature is maximum
when Zr nanoparticles are added to water. Additionally, the next maximum enhancement
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is observed for EG with Zr than Al2O3. Figure 9 shows the impact of Br on velocity. As Br
increases, both regions experience an increase in velocity. Moreover, velocity increment
is more prevalent in the clear fluid region than in the nanofluid region (saturated with
porous medium). Here, the behavior of nanoparticles and base fluids remains the same as
the temperature.
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Figure 8. Impact of Br on temperature where φ = 0.02, Grt = 5, Grm = 5, σ = 4, R = 1.8, Sc(H2O) =

0.6, Sc(EG) = 1.5, Kr = 0.9, α = π/4.

Sustainability 2023, 15, x FOR PEER REVIEW  15  of  26 
 

 

Figure  9.  Impact  of Br on  velocity  where  0.02  , 

   2
5, 5, 4, 1.8, 0.6, 1.5, 0.9, 4rt rm H O EGG G R Sc Sc Kr          . 

The impact of inclination     on temperature and velocity are shown in Figures 10 

and 11, respectively. In all cases, the temperature and velocity of the fluid decrease with 

an increase in   due to the pressure exerted on it. In Figure 8, the decreasing temperature 

profile is observed for all nanofluids. However, enhancement is high in the nanofluid re‐

gion for  Zr  with water. Furthermore, Figure 11 shows decreasing velocity profile in all 

the cases for increasing values of   . However, in the case of 
2H O  with  Zr , the incre‐

ment of velocity is notably higher in Region I than in the nanofluid region. The enhance‐

ment of velocity is greater in the nanofluid region in the presence of  EG  with  Zr . 

 

Figure  10.  Impact  of     on  temperature, 

   2
5, 5, 4, 0.5, 1.8, 0.6, 1.5, 0.9rt rm H O EGG G Br R Sc Sc Kr        . 

u(
y)

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

y

0

2

4

6

8

10

12

14
Al
2
O
3
-EG- = /12

Al
2
O
3
-EG- = /6

Al
2
O
3
-EG- = /4

Zr-EG- = /12
Zr-EG- = /6

Zr-EG- = /4
Al-2O

3
-H
2
O- = /12

Al-2O
3
-H
2
O- = /6

Al-2O
3
-H
2
O- = /4

Zr-H
2
O- = /12

Zr-H
2
O- = /6

Zr-H
2
O- = /4

Region-I Region-II

Figure 9. Impact of Br on velocity where φ = 0.02, Grt = 5, Grm = 5, σ = 4, R = 1.8, Sc(H2O) =

0.6, Sc(EG) = 1.5, Kr = 0.9, α = π/4.

The impact of inclination α on temperature and velocity are shown in Figures 10 and 11,
respectively. In all cases, the temperature and velocity of the fluid decrease with an increase
in α due to the pressure exerted on it. In Figure 8, the decreasing temperature profile is
observed for all nanofluids. However, enhancement is high in the nanofluid region for Zr
with water. Furthermore, Figure 11 shows decreasing velocity profile in all the cases for
increasing values of α. However, in the case of H2O with Zr, the increment of velocity is
notably higher in Region I than in the nanofluid region. The enhancement of velocity is
greater in the nanofluid region in the presence of EG with Zr.
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Figure 10. Impact of α on temperature, Grt = 5, Grm = 5, σ = 4, Br = 0.5, R = 1.8, Sc(H2O) =

0.6, Sc(EG) = 1.5, Kr = 0.9.
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Figure 11. Impact of α on velocity φ = 0.02, Grt = 5, Grm = 5, σ = 4, Br = 0.5, R = 1.8, Sc(H2O) =

0.6, Sc(EG) = 1.5, Kr = 0.9.

Figures 12 and 13 reveal the impact of φ on temperature and velocity, respectively. The
concentration of a particular phase is governed by solid volume fraction. A higher volume
fraction results in a more intense temperature profile. The escalating volume fraction of
nanoparticles greatly enhances the fluid’s thermal conductivity, resulting in an increase in
temperature. This outcome is well in line with Mahantesh et al. [49]. However, velocity
profiles show the opposite phenomenon, which can be depicted in Figure 13.

Figure 14 outlines the impact of the R on temperature. The thermal efficiency of the
fluid diminishes as R increases. The influence of radiation reduces the action of convection
by considerably lowering the temperature difference between the fluid and the channel
walls, causing the temperature to fall. Figures 15 and 16 demonstrate the impact of the
σ on temperature and velocity. Figure 15 exemplifies that the temperature rises with the
rise in the porosity parameter. The flow is generally impeded by the porous medium.
However, flow through porous media generates friction, which leads to an increase in
thermal conductivity and a rise in temperature. The optimal enhancement of temperature
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is observed for Zr nanoparticles with water as a base fluid in Region II, while EG with
Al2O3 shows the least enhancement of temperature.
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Figure 12. Impact of φ on temperature where α = π/4, Grt = 5, Grm = 5, σ = 4, Br = 0.5, R =

1.8, Sc(H2O) = 0.6, Sc(EG) = 1.5, Kr = 0.9.
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Figure 13. Impact of φ on velocity where α = π/4, Grt = 5, Grm = 5, σ = 4, Br = 0.5, R =

1.8, Sc(H2O) = 0.6, Sc(EG) = 1.5, Kr = 0.9.

On the other hand, Figure 16 shows the velocity profile of Al2O3 with water and
EG. Both regions experience a drop in velocity when the porosity parameter is increased.
However, velocity is predominantly less in Region II, as it consists of a nanofluid with a
porous medium. However, the enhancement temperature is high for water in the clear
fluid region. Physically, the porous medium is an obstruction to the flow. Hence, as the
porosity parameter increases, the velocity decreases.
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Figure 14. Impact of R on temperature where φ = 0.02, Grt = 5, Grm = 5, σ = 4, Br = 0.5, α =

π/4, Sc(H2O) = 0.6, Sc(EG) = 1.5, Kr = 0.9.
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Figure 15. Impact of σ on temperature where φ = 0.02, Grt = 5, Grm = 5, σ = 4, Br = 0.5, α =

π/4, Sc(H2O) = 0.6, Sc(EG) = 1.5, Kr = 0.9.

The Nusselt number and skin friction coefficient are significant from an engineering
point of view. Figure 17 shows the variation of Nusselt number at the upper plate with
increasing values of Grt and Grm for a different combination of base fluids and nanoparticles.
Figure 17a,b denote the impact of Grt and Grm on Nusselt number for EG and H2O-based
nanofluids. In particular, it is depicted that Zr nanoparticles boost the rate of heat transfer
in both the base fluids, which is comparatively high when water is a base fluid. Because Grt
and Grm represent the buoyancy forces caused by variations in the fluid density, the increase
in their values lowers the viscous forces. So, the Nusselt number increases. Similarly, by
treating Grt as constant, we can examine the impact of Grm on the Nusselt number. Hence,
buoyancy forces enhance the convection, resulting in the maximum heat transfer rate.
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The effects of Br and σ for EG- and H2O-based nanofluids at the upper plate are
depicted in Figure 17c,d. In Figure 17c, the EG− Zr nanofluid outperforms Al2O3 nanopar-
ticles in terms of heat transfer rate as the Br value rises. Although we obtain better heat
transfer from the H2O− Zr nanofluid. Br has the highest rate of heat transfer when com-
pared to other parameters, because an increase in Br causes conduction from the wall to
the fluid. Additionally, increasing σ initially enhances the rate of heat transfer, but as σ
rises, the rate sharply declines. Figure 18a,b demonstrate the effects of Grt and Grm on the
Nusselt number at the lower plate. The H2O− Zr nanoparticle exhibits the highest rate
of heat transfer. Additionally, color profiles show that the lower plate transfers heat at a
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quicker rate. Moreover, Figure 18c,d resemble the impacts of Br and σ. The Nusselt number
increases for EG− Al2O3 nanofluids and decreases for EG− Zr nanofluids as a result of
rising Br and σ values. However, for H2O-based nanofluids, the rate of heat transfer is
relatively high. The Nusselt number significantly drops for high values of the porosity
parameter, as indicated by the graph’s color transition.
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Figure 19a,b depict the variation in the skin friction coefficient for different values
of Grt and Grm. We can see from both graphs that EG− Zr nanofluids have higher shear
stress than other types of particles. Skin friction actually causes flow resistance. That means
it is the result of the viscosity of the fluid through which it passes. Since EG is a highly
viscous fluid, it experiences greater shear stress. Further, the effect Br and σ is visualized in
Figure 19c,d. Here, skin friction is higher for H2O− Zr nanofluid. It also noted that the
rate of shear stress is very low for EG− Al2O3 nanofluid. Moreover, for higher values of σ,
the skin friction coefficient decreased for EG-based nanofluids while increasing for H2O
based nanofluids. Figure 20a–d denote the effects of Grt,Grm,Br, and σ on the skin friction
coefficient at the lower plate, respectively. At the lower plate, the shear stress is high for the
H2O− Zr nanofluid and low for the EG− Al2O3 nanofluid due to the increasing values
of Grt and Grm. A similar effect is observed for varying values of Br and σ. However, the
magnitude of improvement is significant when compared to Grt and Grm.
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5. Validation of Results

In the absence of different parameters, we compared our results with Kumar et al. [45]
and Malashetty et al. [46].
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For R = 0, σ→ 0 , α = 0(angle of inclination) and by replacing P1 = P2 = P,
φ1 = φ2 = 0, f = f1 n f = f2 in the governing equations and boundary conditions
(1)–(7) of the present paper, our results coincide with the corresponding boundary and
interface conditions (2.1)–(2.7) of Kumar et al. [45]. Table 2 demonstrates the effect of Br on
temperature with Grt = 1, Grm = 1, Kr = 1, Sc = 1, P = 1, and Br = 0, 0.5, values which
are in good agreement with Kumar et al. [31]. Further, this table comprises the perturbation
method and FDM (finite difference method) solutions. The percentage of error occurs when
Br = 0.5. Our results are in excellent agreement with perturbation method solutions.

Table 2. Comparison table of temperature for Br = 0, 0.5.

Temperature

y Br = 0 Br = 0.5

Present
Kumar et al. [45]

Present
Kumar et al. [45]

PM FDT PM FDT

−1 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

−0.8 0.1000 0.1000 0.1000 0.1759 0.1790 0.1937

−0.6 0.2000 0.2000 0.2000 0.3282 0.3219 0.3444

−0.4 0.3000 0.3000 0.3000 0.4481 0.4407 0.4664

−0.2 0.4000 0.4000 0.4000 0.5437 0.5459 0.5724

0 0.5000 0.5000 0.5000 0.6489 0.6458 0.6723

0.2 0.6000 0.6000 0.6000 0.7410 0.7447 0.7711

0.4 0.7000 0.7000 0.7000 0.8499 0.8421 0.8678

0.6 0.8000 0.8000 0.8000 0.9355 0.9303 0.9535

0.8 0.9000 0.9000 0.9000 0.9950 0.9924 1.0084

1 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Similarly, the governing equations and boundary conditions Equations (1)–(7) of Re-
gions I and II of the present paper coincide with the corresponding governing equations and
boundary conditions in Equations (5)–(10) of Regions II and I, respectively, of Malashetty
et al. [46], in the absence of the radiation parameter and chemical reaction with P1 = P,
φ = 0, and subscripts f = 1 and n f = 2. Additionally, Figure 21 displays the impact Grt
on temperature for σ = 5, which is identical to Figure 6 from Malashetty et al. [46].
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6. Conclusions

The current study explores the impacts of thermal radiation and species diffusion
on an incompressible steady flow of clear viscous fluid and nanofluids in an inclined
channel. A regular perturbation technique was used to solve the problem. The effects of
various entrenched parameters on concentration, temperature, and velocity distributions
are studied. The following are the conclusions drawn from the results:

• The fluid temperature rises with an increase in the values of Grm, Grt and Br, while it
reduces due to an increase in the values of R, α and φ. The enhancement of temperature
is at its maximum in H2O− Zr rather than in EG− Al2O3. Therefore, buoyancy forces
dominate the temperature enhancement;

• The rise in the values of Kr and Sc results in subdued concentration fluid; in turn, it
increases the species diffusion in the medium;

• The velocity was found to be enhanced for raising values of Grm, Grt and Br in the
clear fluid region rather than in the nanofluid region;

• In the presence of solute buoyancy force, in all the profiles of velocity for increasing
values of Grm in Region I, the velocity first increases, and at the interface, it exhibits a
minor increase; then, they meet at a specific point y ≈ 0.3 in the Region II, and then a
reverse phenomenon is observed;

• For increasing values of σ and φ the velocity showing reducing nature in both the
regions and found to be more in the nanofluid region;

• In all the cases, the enhancement of temperature was found to be optimal in the case
of Zr nanoparticles with water as the base fluid, while a minimum can be observed
for Al2O3 with ethylene glycol as the base fluid in the nanofluid region. So, ethylene
glycol acts as a cooling agent;

• The velocity was found to be maximum in the nanofluid region for H2O− Zr and
minimum for EG− Al2O3;

• The rate of heat transfer increases at y = −1 for water-based nanofluids and decreases
for EG-based nanofluids while decreasing at the right boundary for all the varying
parameters in both nanofluids;

• The skin friction coefficient increases at the left boundary for EG-based nanofluids
and decreases for water-based nanofluids with increasing values of Grm, Grt and Br
while it decreases at the right plate;

• The presence of a chemical reaction reduces the fluid concentration;
• The base fluids have the capacity to boost heat transfer intensity by incorporating

nanoparticles into them.
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Nomenclature

k−Thermal conductivity
φ−Solid volume fraction
β−Coefficient of thermal expansion
βc−Coefficient of solutal expansion
g−Acceleration due to gravity
u′−Velocity of the fluid
k∗—Mean absorption coefficient
σ∗−Stefan–Boltzmann constant
qr−Radiative heat flux
µ−Viscosity
Br−Brinkman number
K−Permeability
σ−Porosity
α−Angle of inclination
Grt−Thermal Grashof number
Grm−Solute Grashof number
R−Radiation parameter
Subscripts:
f−Fluid
n f−Nanofluid
s−Solid
f−Fluid
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