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Abstract: The paper proposes a method for analyzing the mechanical properties of flexoelectric
materials based on the isogeometric finite element method (IGA-FEM) and polynomial chaos ex-
pansion (PCE). The method discretizes the flexoelectric governing equations utilizing the B-spline
shape functions that satisfy the continuity requirement to obtain the mechanical properties (electric
potential) of the material. To obtain a mechanical property with different input parameters, we choose
the truncated pyramid model as the object of study, and use IGA-FEM and PCE to solve different
single uncertain parameters, including independent Young’s modulus and uniformly distributed
force, and two kinds of flexoelectric constants, respectively. Numerical examples are presented to
bear out the accuracy and viability of the proposed methodology.

Keywords: two-dimensional flexoelectric structure; finite element method; polynomial chaos expansion;
surrogate model

1. Introduction

Mashkevich and Tolpygo proposed flexoelectricity in solids in the 1950s [1], but flexo-
electric effects were weak for bulk crystalline materials, so flexoelectricity received limited
attention in the early period. With the development of nanotechnology, significant strain
gradients may now be seen on short-length scales. Flexoelectricity is becoming a new way
of understanding of size-dependent phenomena [2]. In contrast to piezoelectric materials,
which exhibit linear electrical polarization with mechanical strain, the flexoelectric materials
display gradient-dependent electrical polarization with mechanical strain [3]. Flexoelec-
tricity is a more prevalent electromechanical coupling mechanism than piezoelectricity
since it may potentially occur in practically any dielectric, even those with centrosymmetric
crystal structures [4]. The interested reader may read the references [5,6] for further current
reviews on flexoelectricity.

In the numerical analysis of dielectric solids (e.g., piezoelectric and flexoelectric),
the parameters of the materials considered in most studies are deterministic [7-10]. How-
ever, the input parameters in real engineering are generally highly uncertain and there are
limitations in the parameter estimation of the model, which leads us to make erroneous
decisions on some real engineering problems [11-14]. The quantization of uncertainty in
engineering is to obtain the statistical characteristics of response by studying the uncer-
tainty of input parameters to the model. Approaches to uncertainty analysis, such as Monte
Carlo simulations (MCs) [15], stochastic spectral methods [16,17], and perturbation tech-
niques [18,19], typically quantify the statistical characteristics (mathematical expectation
and standard deviation) of the system response. As the modeling requirements increase,
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the simulation model of the objective becomes extremely complex, the computation time for
uncertainty quantification increases, and the efficiency decreases. Traditional MCs methods
require a significant number of samples and model observations for uncertainty quantifica-
tion, making it difficult to address some of the more complex problems [20]. Surrogate
models can be used to replace complex analytical or computational models by using a basic
polynomial function to establish input-output relationships [21,22]. The development of
an appropriate surrogate model can provide the required model observations at a rational
computational cost, beyond the limitations of conventional calculations.

The polynomial chaos expansion (PCE) method is an efficient way to quantify un-
certainty because it is computationally inexpensive [23]. The expression of the unknown
function of the response is obtained by a series of orthogonal polynomials, and the polyno-
mial surrogate model about the random input parameters is established by solving for the
coefficients of the components in the unknown function [24-26]. The fact that these polyno-
mials are orthogonal to each other with respect to the joint probability density function of
the inputs simplifies computation. There are various methods to solve the PCE coefficients,
such as non-intrusive and intrusive methods. Implementing the intrusive method in real
engineering issues is challenging and time-consuming since it necessitates changing the
code for the governing equations to complete for uncertainty quantification [27]. Another
non-intrusive method is appropriate for the majority of issues and does not require a
clear understanding of the governing equations. As a result, the target problem may be
characterized as a “black box” problem where observations can be made utilizing a variety
of input variable samples [28]. The non-intrusive methods are classified into two main
streams: projection methods [29] and regression methods [30,31], and regression methods
to solve the PCE coefficients are very efficient [32] and became the most widely available
solution method.

Isogeometric analysis (IGA), a Finite Element Method (FEM) extension, is a critical
milestone in the development of computational mechanics [33]. The IGA has the advantage
of using Non-Uniform Rational B-spline basis functions to discrete partial differential
equations, allowing engineers to perform numerical analysis directly from Computer-
Aided Design (CAD), reducing the burden of meshing while remaining geometrically
accurate [34,35]. The IGA has rapidly expanded to a wide range of engineering applications
such as elasticity [36], electromagnetics [37], fluid flow [38], acoustic problems [39,40],
and optimization problems [41-46] since its inception. Jahanbin and Rahman [47] have
made significant contributions to the stochastic isogeometric analysis (SIGA) of linear
elasticity of high-dimensional functions in the growth of engineering applications of un-
certainty quantification. Liu et al. [48] presented a new technique for real engineering
problems based on reduced basis vectors in the stochastic isogeometric analysis (SIGA).
IGA can provide the C! continuity requirement, which satisfies the continuity requirement
of the fourth order partial differential equations (PDEs) for the flexoelectricity considered
in this paper. Therefore, the IGA-FEM is chosen in this paper to obtain the mechanical
properties of the flexoelectric structure.

In this paper, we propose a polynomial chaos expansion isogeometric FEM (PCE-IGA-
FEM) to perform mechanical properties analysis for flexoelectric materials. This paper
mainly makes the following two contributions:

1. IGA-FEM is employed to analyze mechanical properties of flexoelectric materials.
2. PCEis adapted to accelerate mechanical properties analysis for flexoelectric materials
with different single uncertain parameters.

The remaining sections of the paper are structured as follows. Section 2 discusses the
principles of PCE in the quantification of uncertainty. Section 3 introduce the fourth-order
partial differential equations in flexoelectricity. Section 4 outlines the fundamental concepts
of the IGA-FEM. Section 5 provides several numerical examples to validate the PCE method
for flexoelectric structures, followed by Section 6 conclusions.
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2. The PCE Fundamental Theory

PCE is an essential surrogate model strategy that represents the scalar model output y
by expanding a series of orthogonal polynomials in the n-dimensional input parameters
r = (ry,rp,...,tn). For any orthogonal condition of i # j, the inner product of arbitrary two
functions and probability density function P(r) provided by ¥;(r) and ;(r) that is [20]

[ 4w @P@ar = ws, M)

when i = j, the Kronecker symbol §;; is one, otherwise it is zero, and w; is the weight.
To simplify computations, the orthogonal polynomial, also known as the standard orthogo-
nal polynomial, normalizes the probability density function so that w; equals 1 when i = j.
Thus, the output function y(r) can be obtained as

y(r) = Y ca¥a(r) 2)

acN"?

where c, are the coefficients of the unknown polynomial. Multivariate orthogonal polyno-
mials ¥, are created by taking the tensor product of univariate orthogonal polynomials,
which is defined as

n

Fo = [ [ ¢a(ri) ®3)

i=1

and « = (a1, ay,...,0,) denote the exponents of the polynomial basis where «;(i € [1,1])
represents the order of the respective parameter r; in the polynomial term. For the prob-
ability density functions of various distributions, there are several forms of orthogonal
polynomials. The Legendre polynomials are orthogonal to the uniform distribution, while
Hermite polynomials are equivalent to popular probability density functions like the
Gaussian distribution. Table 1 lists the four most prevalent orthogonal polynomials.

Table 1. The probability density functions for four typical forms of orthogonal polynomials [49].

Distribution of Random Parameter Type Interval
Uniform Legendre [a,b]
Normal Hermite (—00,400)
Beta Jacobi [a,0]
Gamma Laguerre (0, 4+o0)

The PCE representation in Equation (2) is sometimes reduced in actual applications to
simplify the calculation and keep a smaller set of coefficients for training [20]. The standard
truncation approach for PCE is

AP" = {w e N": |||y < p}, )

Most of the time, the overall degree of PCE stays within the bounds of the stated order
p [50]. The dimension of truncated PCE can be written as

N=("F) = ) (), (5)

The PCE coefficient ¢, can be calculated in a variety of ways. In this paper, we seek
to solve this coefficient by solving a least-squares minimization problem and using the
most popular collocation approach. This approach minimizes the square of the Euclidean
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norm between the PCE and the solution U = {{f(r)}2_; }T by using Z random samples
(collocation points). The orthogonal matrix and coefficient vector are [51]

Y(r') ... Pnoa(rh) co
Y = and c¢= . (6)
o (rZ) oo N (rZ) CN—1
The PCE coefficient vector expression is
c= (Y'y) 'y'u. 7)

In this paper, all random parameters satisfy Gaussian distribution, corresponding to
Hermite orthogonal polynomials. Here, a one-dimensional random parameter is used to
illustrate the recurrence relation of Hermite orthogonal polynomials, which is defined as

1 a2 la72) I
i d{ - 8 D a2 ®

where [5] is the biggest number that is either smaller than or equal to 5. A one-dimensional
random parameter is represented by the symbol r. The mathematical equation for the
general recurrence of the Hermite orthogonal polynomial is

For1(r) = r'¥(r) —a¥_1(r) )

where ¥y(r) = 1 and ¥;(r) = r. The first six polynomials of the equation is shown in
Table 2.

Table 2. The first six polynomials of ¥y (7).

® ¥ (1)

1 1

2 r

3 r2—1

4 3 —3r

5 r*—6r2+3
6 r> —10r3 + 15¢

3. Theory of Flexoelectricity

For dielectric solids with flexoelectric effects, the enthalpy density H is a function
of the strain gradient and the electric field gradient, and the expression for the enthalpy
density is [52]

1 1
H(Sij, Ei, Sik1, Eijj) = 5CijSijSki — et EiSxt + (dijiEi jSk + fijEiSiki ) — 5% E:E; (10)
2 2

where the symbol ¢ refers to scalar electric potential. The fourth-order elasticity ten-
sor is denoted by the symbol C;j;. The strain tensor is represented by the symbol S;;.
The third-order piezoelectric tensor is symbolized by the abbreviation e;j. The electric
field is symbolized by the symbol E; as the gradient of the scalar electric potential ¢, i.e.,
E; = ¢ . The second-order dielectric tensor is represented by the symbol «;;. fij, denotes
the fourth-order direct flexoelectric tensor and dj; represents the fourth-order converse
flexoelectric tensor.
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Take into account the terms in the brackets on Equation (10), which contain the direct
and reverse flexoelectric effects. When these terms are integrated over the physical domain
(), using integration by parts and the Gauss divergence theorem on the first term, we get

/Q (dijklEi,jSkl +fijk1Ei5jk,l)dQ = - /Q (diljk - fijkl)EiSjk,ldQ + /ao djjx1 E; Sy dTl

(11)
=- / Hijki Ei S jr1d Q2 + / dijk1 Ei S dl’
o} 00
where ;) is a single material tensor, thatis, p;jx = djjjx — fij- As a result, Equation (10)
may be rewritten as

1 1
H(Sijr E;, Sjk,l) = 5 CijkSijSu — e EiSin — pija EiSji) — 513 EiEj. (12)

For purely piezoelectric dielectric we have

oH oH
Tij = asij and Di = —afEi.

(13)

The normal (Tl] /D;), higher-order (Tyjx/ D;), and physical (Tj;/ D;) electromechanical
stresses are characterized by the following relations in the presence of flexoelectricity:

R oH A oH
T = d D =-—*= 14
- oH ~ oH
T = Dji=——— 1
Tij = Tz] — Tijk,k and Di = Di — Dz],] (16)
Substituting Equations (14) and (15) into Equation (16), we get
Tij = Tij — Tijik = CijiiSu — exijEx + mijkErk 17)
D; = D; — Djjj = ey S + i Ej + MijaSik (18)
For a flexoelectric dielectric, the electrical enthalpy is
1 . N R
H = E /Q (Tl]Sl] + Ti]'ksi]',k — D1E1>dQ (19)

The work of external forces (mechanical traction #; and surface charge density w) can
be expressed as

Wext :/ fiuidft—/ w<deD (20)
Ty I'p

where the symbol u; signifies displacement. The mechanical traction is represented by the
symbol f; and the surface charge density is represented by the symbol w. The symbols
I't and I'p represent the boundaries of mechanical tractions and electric displacements,
respectively.

The kinetic energy of the system is defined by

1 .
Ke =5 /Q pii;i;d Q) 1)

where p represents the density and (-) denotes the derivative with respect to time ¢.
Ignoring the damping term and using Hamilton’s principle, we have
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t
5 / *(Kp — H + Wag)dt = 0. 22)
Iy

Substituting Equations (19)—(21) into Equation (22), we get

(L pia— 1 [ (s 4T, DiE;)dO)
5/;&] E/quiui _E/Q( i7Sij + TijkSijx — ii)

(23)
+/ tiu;dTy */ wgodFD>dt =0.
Iy Ip
By including the variation operation within the integral operations, we obtain
/1 . 1 . - A
/t (2 /Q (S(puiui)dQ 5 /Q 5(Tij€ij + T,']'kei]«,k - DiEi>dQ
1
(24)
+ / tou;dTy */ w(S(deD>dt =0.
Iy Ip
Using the chain rule of variation and changing the order of operations, we have
L semanaalar = — [°] [ o@ua)dald 25
J7|3 [ teminanlar == [*] [ eouiao] @)
271 A - A
,/tl [2 /Q 5(Tij€ij + Tl-]-kSi]-,k — DiEl‘)dQ} dt
t2 A ~ A
- / [ / (Tij0S5 + TiedSijx — Di(SEi)dQ] dt. (26)
Equation (24) can now be rewritten as
tz .. s T B
/ ( / p(éuiui)dﬂ - / (T,-jéeij + Tijk§€ij,k - DiéEi)dQ
b o) Q 27)

+ / Fou;dS — / a)&pdS)dt—O.
I, Tp

The integrand of the time integration must disappear in order to fulfill Equation (27)
for all feasible values of u, which results in

o(6u;ii)dQ + [ (T:i8Si + TiixdSiix — DidE; )dQ — | Féu;dS+ | wéepdS = 0. (28)
Jo Jao \"TH R T, Jrp
For a static problem, the inertia term is ignored, resulting in
/Q (Ti]‘551']‘ + Tijkésij,k — D\iéE,‘)dQ — /rt Fiou;dS + . wbepdS = 0. (29)

Substituting Equations (14)—-(18) into Equation (29) to obtain the weak form of the
governing equation for flexoelectricity is given below

/Q (Cijk155ij5kl — ekijEx0Sij — p1ijk E10Sijx — KijOEEj

. (30)
—eikl(SEiSkl - VijkléEiSjk,l)dQ - /1“ tiéuidrt +/1" w(Sq)dl"D =0.
t D

4. IGA-FEM Discretization of the Flexoelectric Fourth-Order Partial
Differential Equation

In this study, the governing Equation (10) is discretized using B-splines basis functions.
The Cox-de-Boor formula is used recursively to define the B-spline basis function [53-57],
N; ,(¢), and its expression is
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‘ 1Tt G<E<din
Nio(6) = { 0 otherwise S
whenp =1,2,3,......
-G Citpt1— G
N; + —————Nii1,_ . 32
Z,P(C) gH_p gl lp 1(6) €1+p+] _ érl+1 1+1,p 1 (6) ( )

Figure 1 depicts a schematic illustration of a specific B-spline multidimensional shape
function, with all knot vectorsbeingE=[0 0 0 0 05 1 1 1 1 ]. Themult-
dimensional shape functions have orders p and g of three. It can be seen from Figure 1
that as long as the knot vectors = and orders p, g are specified, a very rich set of function
types exists for the B-spline basis functions. This provides the continuity requirement for
solving the flexoelectric governing equations. The linear algebraic discrete system equation

of Equation (30) is written as

L= -
and

Ay = 2 / C(B.)dQe, (34)

A=Y /Qe [(Bu)e"(By) + (Hu) 4" (By A0, 5)

Agu =L [, [(Bg)e(Bu) + (By) ()]0 36)

App=-1% / (By) % (B,)dO, (37)

=L / NI, (38)

- ; /r 5 Ny wdl p. (39)

In Equations (34)—(39), the subscript e indicates the e finite element in Q, Tte, and I'p,,

where ) = U,Q),. The B, By, and H, are listed below

Ny AN, INucp
w w7 a0 00 o
B, = 0 0 c 0 aa% aa% a;ﬂ’ (40)
Ny ANy Ny ANy N, ONncp
L gy oy Iy ax  ox Ty
[ oNg . ONugp
_ Jx Jx
Bp=1] an . ol (41)
L dy dy
[ 9°N; %N, 92N,
ale axzz angp 0 0 0
2N, 92N, 92 Nucp
0 0 0 oyox  dydx ayax
aZNl BZNZ aancp a2N1 a2N2 a Nncp
_ dyox doyox dyox 9x2 92 2
Hi= | 2y 25 PNy 0 0 (42)
oxdy  dxdy oxdy
2 2 aZN
PNy PN aZNrrcp 2N, 92N, aancp
ay? 92 0y? dxdy  Jxdy oxoy |
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The matrix form of C, «, e, and p are
Y 1—v v 0
= (aran=a) o o aty )
K= [ o ng ] (44)
°- [ egl 6(3)3 6(1)5 } )
K= [ Vél V62 ,7/24 ﬂ?z ﬂ?l V34 ] (46)

0.6 4

\\

where the symbol Y stands for Young’s modulus and the symbol v is the Poisson’s ratio.

N, (6)

\

’ N, (m) \‘\

N, (N, ()

/ SN
S
Ugighm™ 5

Figure 1. Schematic diagram of the B-spline shape functions with a specific knot vectors.

5. Numerical Examples

In this section, we firstly use a benchmark example to verify the correctness of our
analytical model. The confirmed IGA model is applied to the polynomial chaos expansion
method to build the surrogate model. In the case of model verification, we assume that the
model satisfies the plane strain hypothesis, as detailed in Equation (43).

5.1. Model Validation

The truncated pyramid is the most commonly studied geometry in flexoelectric mate-
rials. The truncated pyramid model and the discretization meshing are shown in Figure 2.
The upper edge is subjected to uniformly distributed forces of F magnitude, whilst the
lower edge is immobile. The material parameters and detailed sizes of the model are shown
in Table 3. Here, we specify that the electric potential at the upper edge is 0. Here, we use
the penalty function method to process the electric potential at the lower edge, resulting
in an equipotential boundary condition. On this benchmark case, we obtain the electric
potential and strain distributions depicted in Figure 3. The electric potential and strain
distributions are essentially comparable to those observed in [10].
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(a) F (b)
E{ I

4 X

3

®

Figure 2. Truncated pyramid model where the upper edge is subjected to uniformly distributed
force F (a), and the discretization meshing (b).

Table 3. Material parameters for truncated pyramid.

Type Symbol Magnitude Unit
Upper edge width ap 750 um
Lower edge width ap 2250 pwm
Thickness h 750 um
Distributed force F 6 N/pum
Electric potential <10~ Strain x, direction <1075

LN
-2
1
0 —4
(a) ()

Figure 3. The distribution of overall electric potential ¢ (a), and the distribution of strain in the x;
direction (Sp;) (b).

5.2. Verification of Surrogate Models for Mechanical Properties of Flexoelectric Materials

In this section, we will employ the truncated pyramid model from Section 5.1 to
construct a surrogate model of the mechanical properties of materials with significant
strain gradients. Owing to the equipotential boundary condition at the lower edge, we
use the electric potential at the lower edge as the response result required to construct the
surrogate model. The random input parameters are chosen as Young’s modulus, uniformly
distributed force and two flexoelectric constants, respectively. The range of values and
statistical characteristics of the random input parameters are listed in Table 4.

Table 4. Range of values and the statistical properties of the random input parameters.

The Input Parameters’ Limitations:

Random Input Parameters Expected Values £ Coefficient of Variation y [Lower, Upper]
Young’s modulus Y 1 x 101 0.06 [8.20 x 101°,1.18 x 10'1]
Uniformly distributed 6 x 10° 0.06 [492 x 105,7.08 x 10°]
force F
Flexoelectric constant 1% 106 0.1 [7.00 x 10~7,1.30 x 1076]
pa1/ o

The compared results of PCE and IGA-FEM of the electric potential generated by the
material under excitation are shown in Figure 4, where the random input parameter is
Young’s modulus. From Figure 4, it can be seen that the IGA-FEM and PCE results are
consistent, confirming the algorithm’s validity. It is also shown that the magnitude of the
elastic stiffness affects the results of the electric potential generated by the excitation of
piezoelectric and non-piezoelectric materials, which is due to the magnitude of the elastic
modulus affecting the elastic stiffness of the structure.
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PCE (Flexo)
* IGA FEM (Flexo)
PCE (Flexo+piezo)
O IGA FEM (Flexo+piezo)

Normalized effective
Bottom electric potential
(=]

O

S
©
0.8 1
0.7 | 1
0.6 e T
0.8 085 09 095 1 1.05 1.1 1.15 1.2
Young modulus Y (Pa) w101

Figure 4. Comparison findings of IGA-FEM and PCE with Young’s modulus as a random parameter.

Figure 5 shows the compared results of PCE and IGA-FEM of the electric potential
generated by the excitation of the material when a uniformly distributed force is utilized
as a random parameter. The graphic shows that when the normalized uniform distri-
bution force grows, so does the normalized outcome of electric potential. The electrical
potential generated by a piezoelectric material under excitation is larger than that of a
non-piezoelectric material.

Since the flexoelectric effect is weak in piezoelectric materials, the PCE model of
piezoelectric materials whose flexoelectric constants are random parameters is not consid-
ered. The compared results of PCE and IGA-FEM of the material subjected to excitation
to generate electric potential are shown in Figure 6, where the random input parameters
are the flexoelectric constants y11 and j12. As seen in Figure 6, as the normalized flex-
oelectric constant increases, the normalized electric potential values exhibit an opposite
trend. Through PCE, a surrogate modeling of mechanical properties can be established
under small sample conditions and the calculation accuracy can be guaranteed. This is an
advantage that distinguishes it from other uncertainty quantification methods such as MCs.

1.2 T

PCE (Flexo)

% IGA FEM (Flexo)
PCE (Flexo+piezo)

O IGA FEM (Flexo+piezo) | _

—
—
T

[

e o
%

e
Q

O
:
%

Normalized effective
Bottom electric potential

e
N
.

:

0.5 L L L L L L
0.8 0.85 0.9 0.95 1 1.05 1.1 1.15

Normalized uniformly distributed force

Figure 5. Comparison findings of IGA-FEM and PCE with uniformly distributed force as a

random parameter.
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Bottom electric potential
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.

——PCE (Flexo)
* IGA FEM (Flexo)

e
o
:

e
%
.

= PCE (Flexo)
* IGA FEM (Flexo)
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.

Normalized effective
Bottom electric potential
(=]
~

J 0.5

0.64
0.7

References

0.8

0.9

Normalized flexoelectric constants p11

‘ ‘ 0.4 s s ‘ \
1 1.1 1.2 1.3 0.7 0.8 0.9 1 1.1 1.2 1.3

Normalized flexoelectric constants pi12
(a) (b)

Figure 6. Comparison findings of IGA-FEM and PCE. (a) The flexoelectric constant 11 is a random
parameter. (b) The flexoelectric constant y1; is a random parameter.

6. Conclusions

In this work, a polynomial chaos expansion based on the isogeometric FEM is used to
study the mechanical properties of flexoelectric materials, the key points are as follows:

1.  The B-spline shape functions satisfying the continuity requirement are employed to
discretize the governing equations.

2. The IGA-FEM reduces the need for repeated meshing in uncertainty quantification
while maintaining geometric accuracy.

3. The truncated pyramid model was chosen as the object of study to obtain the mechan-
ical properties of the flexoelecteric material.

The present method is not without limitations. It is difficult to efficiently compute the
mechanical response of a material when the dimension of the input random variable is
multidimensional. Therefore, the development of efficient methods for the analysis of me-
chanical properties of multidimensional random variables is the focus of our future work.
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