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Abstract: The mining of shallow coal seams with hard roofs poses a threat to surface structures. In
order to ensure the protection of these buildings, backfill mining is increasingly used in these types
of coal seams. However, due to the lack of appropriate surface subsidence prediction methods, there
are concerns about whether backfill mining can meet the requirements of building protection. In
this study, through numerical simulation and physical experiments, the movement characteristics of
the strata and surface were studied in the backfill mining of a shallow coal seam with a hard roof.
Our results indicate that the backfilling ratio significantly influences strata movement and surface
subsidence. As the backfilling ratio increases, the surface deformation in the backfill under the hard
roof of the shallow coal seam transitions from discontinuous to continuous. When the backfilling ratio
exceeds 60%, the deformation characteristics of the overburden and surface align with the probability
integral method model. Consequently, a novel surface subsidence prediction method for backfill
mining in shallow coal seams under hard roofs is proposed. This method was successfully applied
at Yungang Mine, validating its effectiveness. These research findings have significant practical
implications for the design of backfill mining in shallow coal seams under hard roofs.

Keywords: numerical simulation; backfill mining; shallow coal seam mining under hard roof;
subsidence prediction

1. Introduction

Coal plays a significant role in global primary energy consumption. However, while
coal mining brings substantial economic benefits, it also contributes to environmental
degradation. Once the coal is extracted, the overlying rock strata undergo movement and
deformation, transferring these effects upward towards the surface. This process leads to
surface subsidence, which can cause damage to buildings and structures. Therefore, the
accurate prediction of surface subsidence is crucial for implementing measures that protect
these structures [1–4]. By predicting surface movement and deformation, the appropriate
mining method is selected to reduce damage to buildings [5–8]. Zhang et al. analyzed
the influence of the bulk ratio of waste and fly ash backfilling material on the movement
of the overlying strata and surface subsidence control in backfill mining. Their study
determined an optimal bulk ratio of backfilling material that ensures a reasonable range of
surface subsidence [9]. In a separate study, Guo et al. proposed theories and methods for
coordinated subsidence control in green mining, with a particular emphasis on protecting
cultivated land [10].

For the majority of surface subsidence brought on by underground mining, the con-
ventional technique of surface subsidence prediction is appropriate [11–17]. However, it is
difficult for the hard roof created during shallow coal seam mining to naturally collapse
after mining, leaving a sizable part of the goaf with a hanging roof. When the hanging
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roof area reaches a critical point, the accumulated energy within the roof and coal seam
is suddenly released, leading to an abrupt roof rupture. This phenomenon can trigger
dynamic mine disasters such as rock bursts and large-scale weighting [18,19]. To prevent
such disasters, the method of forced caving is commonly employed [20,21]. However, this
approach often results in surface collapse pits and other forms of discontinuous damage.
Due to these unique characteristics, surface subsidence in this scenario does not conform to
the traditional mining subsidence theory. As a result, the conventional mining subsidence
prediction methods are inadequate for accurately predicting surface subsidence.

A large number of studies and engineering practices have proved that backfill mining
can effectively control surface subsidence and solve the dynamic problem of mining under
a hard roof. Using the goaf filling ratio (the difference between mining thickness and
equivalent mining height is divided by mining thickness), the surface movement and
deformation can be controlled within the allowable damage range of buildings [22–29].
Scholars have conducted research on the backfill mining of shallow coal seams. Bai et al. [30]
suggested that the utilization of aeolian sand-based backfill material in shallow and thick
underground coal seam mining can effectively protect the eco-environment and control
geo-environmental hazards. Liu et al. [31] proposed a structured backfill mining method
incorporating high-water materials and pillars, along with a surface subsidence prediction
model. Sun et al. [32] suggested three backfill mining methods to address major geo-
environmental hazards caused by shallow coal mining in eco-environmentally fragile areas
of western China. While there have been several studies on backfill mining, they primarily
focus on general geological conditions, with limited research specifically addressing the
backfill mining of shallow coal seams under hard roofs. The movement and deformation
characteristics of the strata and surface after backfill mining remain unclear, and the
prediction methods for surface subsidence are not well defined. Numerical and physical
simulation methods are widely employed in this field [33–36]. Wesolowski, M et al. utilized
computer simulation to examine the influence of mine working flooding on the surface of a
mining area [37]. Rajwa, S et al. conducted numerical simulations to investigate the causes
of damage to a longwall located beneath an unmined longwall panel [38]. These scholars
obtained promising experimental results through simulation techniques.

Therefore, this paper focuses on the characteristics of strata movement and surface
deformation due to backfill mining in a hard-roofed shallow coal seam of Yungang Coal
Mine in Shanxi Province. This research adopts the methods of numerical simulation and
theoretical analysis. In addition, a surface subsidence prediction method for backfill mining
is proposed, and subsidence prediction is carried out for the Yungang Mine. The research
results have important practical significance for the design and implementation of backfill
mining in shallow coal seams with hard roofs.

2. Simulation Experiment
2.1. Overview of Study Area

The Yungang Minefield is situated in Datong City, Shanxi Province, China, and is
owned by the Datong Coal Mine Group Liability Company. It is located in the northeast-
ern corner of the Datong Coalfield, approximately 18 km away from Datong City. The
administrative division of the mine falls under the jurisdiction of the southern suburb of
Datong City.

The simulation study area focuses on mining the No. 3 coal seam. The average
thickness of the No. 3 coal seam, based on drilling data in the study area, is 2 m. The
average mining depth is 100 m, and the coal seam has a dip angle of 3◦, which can be
considered nearly horizontal. The No. 3 coal seam is located in the Datong Formation
of the Middle Jurassic, which has a thickness of 176 m. It primarily consists of gray and
gray-brown mudstone, as well as gray and gray-white sandstone, along with the coal seam.
The stratum above the Datong Formation is the Yungang Formation, which has a thickness
of 104 m and is composed of gray silty sandstone, gray sandstone, and conglomerate
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rock. Above this stratum is the Quaternary, and the stratum in this section is thin, with a
thickness of only 4 m. More detailed information on the strata can be found in Section 3.1.

The CT3401 working face is the first backfill mining face of the No. 3 coal seam. The
working face measures 200 m in length and 150 m in width. The average thickness of the
coal seam is 2 m, with a coal reserve of 79,000 tons for the working face. The overlying
roof of the working face is composed of thick fine-grained sandstone, with an average
thickness of about 20 m, and is dense and hard. The floor is composed of sandy mudstone
and siltstone.

2.2. Numerical Model and Simulation Scheme

In order to accurately analyze the surface movement and deformation characteristics
of backfill mining with different filling rates in the presence of a hard roof and a shallow,
low coal seam, a comprehensive numerical model of the whole stratum was established
using FLAC3D 5.0 numerical simulation software. The model is based on drilling data of
the CT3401 working face in Yungang Mine. The size of the model is 600 m × 550 m× 110 m,
the length and width of each unit are fixed to 10 m, and the height varies according to the
strata. The model is divided into 36,300 units. The left and right boundaries of the model
are fixed in the x direction, the front and rear boundaries are fixed in the y direction, the
lower boundary is fixed in the z direction, and the top is free. The numerical model is
shown in Figure 1. Because the Mohr–Coulomb criterion is widely used in rock mechanics,
mining engineering, and other fields, this paper uses the Mohr–Coulomb criterion to study
the characteristics of rock movement [39–41].
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Figure 1. Numerical model of backfill mining in the CT3401 working face.

First, the model was calibrated. By referring to mining areas with similar geological
conditions in the vicinity of the study area, the mechanical parameters of the model were
assigned based on the rock stratum’s mechanical characteristics. The excavation of the
coal seam was simulated, and surface subsidence data under sufficient mining conditions
were extracted. The subsidence coefficient was then calculated using Equation (1) and
compared with the empirical subsidence coefficient of the mining area. When the two
values were similar, the mechanical parameters for the rock simulation were determined.
When the difference between the two values was large, the mechanical parameters of the
simulation were adjusted until the subsidence coefficients obtained by the two were similar.
As shown in Figure 2, the maximum subsidence value of the surface was about 1200 mm,
the mining thickness of the research working face was 2 m, and the inclination angle of
the coal seam was 3◦, which can be regarded as horizontal. The simulated subsidence
coefficient is 0.6, which aligns well with the empirical subsidence coefficient range of 0.5 to
0.65 for the Datong mining area [42,43]. This agreement indicates a good match between
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the two values. Finally, the distribution of each rock layer and the simulated mechanical
parameters of the mining area were determined.

q =
W0

m · cos α
(1)
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In the above equation, W0 is the maximum surface subsidence value; m is the mining
thickness of the coal seam; and α is the dip angle of the coal seam.

The CT3401 working face was mined using gangue filling. The strike length of the
working face was 200 m, and the dip length was 150 m. In the model, the corresponding
units for backfill mining are within the range of 200–400 m in the strike direction and
200–350 m in the dip direction. The constitutive model used for each element in FLAC3D is
Mohr–Coulomb. The distribution and simulated mechanical parameters of each stratum in
the mining area are presented in Table 1.

Table 1. Simulated mechanical parameters of the mining area.

Rock Stratum Thickness
(m)

Bulk
Modulus

(GPa)

Shear
Modulus

(GPa)

Cohesion
(MPa)

Tensile
Strength

(MPa)

Internal
Friction Angle

Φ (◦)

Density
(kg/m3)

Top soil 4 0.25 0.16 0.10 0.05 15 1200
Fine sandstone 4 1.37 0.94 0.90 0.75 30 2400

Gritstone 12 1.07 0.74 0.80 0.65 30 2300
Fine sandstone 4 1.37 0.94 0.90 0.75 30 2400

Gritstone 20 0.96 0.61 0.70 0.60 30 2300
Conglomerate 8 1.15 0.73 0.80 0.70 28 2100

Gritstone 20 0.96 0.61 0.70 0.60 30 2300
Conglomerate 6 1.03 0.65 0.75 0.60 28 2100
Fine sandstone 20 1.56 1.16 1.20 0.90 35 2500

Coal 2 0.67 0.40 0.60 0.50 25 1800
Silty sandstone 10 5.00 4.00 4.00 3.50 35 2400

This model was used to simulate the fill mining and caving mining of the CT3401
working face with filling rates of 20%, 40%, 60%, and 80%, respectively. In the test, the
stiffness of the filling body was changed by varying the elastic modulus of the filling body,
and then, the filling rates of the filling body were adjusted. The filling rate parameters of
the filling body are shown in Table 2. The parameter calibration method is consistent with
the mechanical parameter calibration method for the rock stratum simulation. There was
an advancement of 20 m from the open-cutting of the working face, which was repeated
a total of 10 times. After the model was balanced at the end of each excavation, the data
required for the analysis of overburden failure and surface movement and deformation
were extracted from the model.
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Table 2. The parameters of the filling ratio 20%, 40%, 60% and 80% of the backfill body.

Filling Ratio of the
Backfill Body

Bulk
Modulus

(MPa)

Shear
Modulus

(MPa)

Cohesion
(MPa)

Tensile
Strength

(MPa)

Internal
Friction Angle

Φ (◦)

Density
(kg/m3)

Filling ratio of 20% 4 2 0.03 0.02 20 1000
Filling ratio of 40% 6.3 3.1 0.03 0.02 20 1000
Filling ratio of 60% 8.7 4.3 0.03 0.02 20 1000
Filling ratio of 80% 11.1 5.4 0.03 0.02 20 1000

2.3. Physical Simulation Experiment Design

The model dimensions are 3.0 m × 0.3 m × 1.1 m (length × width × height). The
thickness of each stratum in the model was determined based on the scaled-down di-
mensions of the model and the simplified dimensions of the corresponding strata in the
actual geological layers. To establish the material composition of each rock layer in the
similar-material model, compression tests needed to be conducted on the model specimens
to determine their mechanical properties. Initially, the mechanical parameters of each
rock layer in the model were determined by considering the mechanical parameters of
the corresponding layers in the actual geological formations and applying the dynamic
similarity ratio between the prototype and the model. The mechanical properties of both
the actual strata and the strata in the model are presented in Table 3.

Table 3. Mechanical properties of stratum prototype and model.

Rock Stratum

Actual Rock Properties Model Rock Properties

Thickness
(m)

Density
(kg/m3)

Single-Axis
Compressive

Strength (MPa)

Thickness
(m)

Density
(kg/m3)

Single-Axis
Compressive

Strength (MPa)

Top soil 4 1200 5 4 1500 0.063
Fine sandstone 4 2400 110 4 1500 0.688

Gritstone 12 2300 70 12 1500 0.457
Fine sandstone 4 2400 110 4 1500 0.688

Gritstone 20 2200 70 20 1500 0.477
Conglomerate 8 2250 85 8 1500 0.567

Gritstone 20 2200 70 20 1500 0.477
Conglomerate 6 2250 85 6 1500 0.567
Fine sandstone 20 2400 130 20 1500 0.813

Coal 2 1600 30 2 1500 0.281
Silty sandstone 10 2500 100 10 1500 0.600

Based on the mechanical properties of each rock layer obtained in the model, a similar
material was prepared according to a similar-material ratio table [44]. This similar material
was then used to create a model test block using a mold. A compression experiment was
conducted on the test block in the laboratory using a coal rock rheological testing machine.
By comparing the obtained compressive strength value with the values in Table 2, the
closest match determined the ratio of the corresponding rock layer. The final material
matching results for each rock layer are presented in Table 4.
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Table 4. Material ratio of each rock layer obtained by the similar-material model.

Rock Stratum
Ratio of Component/% The Proportion of Each Component in the Cement/%

River sand Mica Powder Cement Gypsum Calcium Carbonate

Top soil 80 17 3 50 50
Fine sandstone 73 15 12 50 50

Gritstone 74 16 10 70 30
Fine sandstone 73 15 12 50 50

Gritstone 74 16 10 70 30
Conglomerate 73 15 12 50 50

Gritstone 74 16 10 70 30
Conglomerate 73 15 12 50 50
Fine sandstone 71 13 16 70 30

Coal 79 16 5 70 30
Silty sandstone 71 13 16 70 30

3. Surface Subsidence Characteristics of Fill Mining in Shallow Coal Seam with a
Hard Roof
3.1. Numerical Simulation Results and Analysis

(1) Surface subsidence characteristics of different filling ratio schemes in backfill mining

The surface subsidence values in the excavation area of the working face were extracted
from the model. The relationship between the maximum surface subsidence value and
the advancing distance of the working face for different filling ratio schemes in backfill
mining is depicted in Figure 3. It can be observed that prior to the working face advancing
to 140 m, the changes in maximum surface subsidence for different filling ratio schemes
are continuous and gradual, with minimal differences in the maximum subsidence values.
When the working face advances to 140 m, the difference between the maximum subsidence
values of caving mining and backfill mining, with a filling ratio of 80%, is only 62 mm.
However, as the advancing distance of the working face reaches 140 m to 160 m, the
maximum subsidence value increases significantly for backfill mining, with filling ratios
of 20% and 40%, as well as for caving mining. The lower the filling ratio, the greater
the increase in the subsidence value. In the case of caving mining, the subsidence value
increases by 973 mm, and the hard roof breaks. Conversely, for backfill mining with
filling ratios of 60% and 80%, as the working face advances to 200 m, the subsidence value
continues to change in a gradual and moderate manner without a sharp increase. This is
attributed to the supportive role played by the filling material in maintaining the stability
of the hard roof. Therefore, when the filling ratio in backfill mining exceeds 60%, the hard
roof remains intact and stable, without breaking.
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(2) Vertical stress distribution characteristics of different mining schemes along the
main section

The proposed model can visually demonstrate the stress distribution within the rock
layers. Figure 4 shows the vertical stress distribution of two different backfill mining
schemes, with the caving mining and filling rates exceeding 60% in the main section of
the CT3401 working face. The simulated mechanical parameters of these two schemes are
shown in Table 5. It can be seen that after caving mining, the stress is mainly concentrated
above the coal wall on both sides of the coal seam and in the center of the coal seam. The
maximum longitudinal stress at the coal wall is about 6.4 MPa. The stress concentration
in the center of the coal seam is caused by contact between the broken roof and the
floor, resulting in the gradual compaction of the broken rock blocks. Additionally, an
uncompacted area exists near the coal wall in the goaf, where the stress is about 70% and
transfers towards the compacted area and the coal wall. In backfill mining with a 70%
filling ratio, a vertical stress peak is only present on the coal wall, and the stress values
are lower than those obtained for caving mining. The maximum vertical stress on the coal
wall is reduced to 5 MPa, and the stress above the goaf is minimal. Conversely, in backfill
mining with a 90% filling ratio, the overall stress distribution is more uniform. The stress
on the coal wall is relatively higher than the internal stress of the filling material, at around
3.4 Mpa. Compared to the 70% filling ratio scheme, the stress on the coal wall is reduced,
while the internal stress of the filling material increases, indicating that the filling material
plays a more effective role in providing support.

Table 5. The parameters of the filling ratio 70% and 90% of the backfill body.

Filling Ratio of the
Backfill Body

Bulk
Modulus

(MPa)

Shear
Modulus

(MPa)

Cohesion
(MPa)

Tensile
Strength

(MPa)

Internal
Friction Angle

Φ (◦)

Density
(kg/m3)

90% filling ratio 12.7 6.2 0.03 0.02 20 1000
70% filling ratio 9.5 4.7 0.03 0.02 20 1000

To further investigate the variation characteristics of vertical stress within the filling
material in backfill mining and at the bottom plate in caving mining, the respective data
were extracted and are presented in Figure 5. The vertical stress distribution in the caving
mining method can be observed to exhibit three peaks, which are located within the coal
wall and at the center of the goaf. Within the coal wall, a single stress peak is observed near
190 m and 400 m along the model’s length, with a maximum stress value of approximately
6.2 MPa. On the other hand, the stress value at the center of the goaf in caving mining is
smaller than that on the coal wall, reaching a maximum value of about 3.8 MPa. However,
the range of stress variation is larger in this area. The original value of rock stress in the
corresponding rock stratum is 2.15 MPa, while the stress value between 270 m and 330 m
in the model exceeds 2.8 MPa. The stress variation trend in both backfill mining methods
is consistent, featuring only a single peak on the coal wall. As the filling ratio increases,
the stress on the coal wall decreases. For higher and lower filling ratios, the corresponding
stress peaks are 4.5 MPa and 3.7 MPa, respectively. The stress distribution within the filling
material is relatively uniform, but as the filling ratio increases, the stress inside the filling
material also increases and gradually approaches the original value of rock stress. This can
be attributed to the supportive effect of the filling material, which limits the sinking space
of the roof. A higher filling ratio results in a larger contact area between the filling material
and the roof, enhancing the bearing capacity. Consequently, the stress carried by the coal
wall is continuously transferred to the filling material, bringing both stress levels closer to
the original rock level.
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(3) Surface movement and deformation law of different filling ratio schemes

After achieving stability in the ground movement basin, the distribution of movement
and deformation in the main section typically follows certain patterns, including changes in
subsidence, tilt, horizontal movement, horizontal deformation, and curvature. In Figure 5,
surface movement and deformation curves are illustrated that correspond to filling ratios
of 80% and 85% in backfill mining. It can be observed that the trends in subsidence, tilt,
horizontal movement, and horizontal deformation are generally similar for both filling
ratios, but their magnitudes differ. Specifically, as the filling ratio increases, the surface
movement and deformation decrease.

Figure 6a depicts the surface subsidence curve, which exhibits symmetry with respect
to the center of the basin. The maximum subsidence value is observed at the center of
the basin, gradually decreasing from the center towards the edges until it reaches zero.
On the other hand, Figure 6b,c illustrate the tilt curve and horizontal movement curve,
respectively, both showing asymmetry around the center of the basin. These curves show
an increasing trend from the edges of the basin towards the inflection point, reaching a
maximum at the inflection point. From the inflection point to the maximum subsidence
point, the values gradually decrease, eventually reaching zero at the point of maximum
subsidence. In Figure 6d, the horizontal deformation curve exhibits symmetry with respect
to the center of the basin. Positive values indicate the presence of a tensile zone, while
negative values indicate compression. The curve shows four extrema: two positive extrema
are observed between the boundary and the inflection point, while the other two negative
extrema occur between the inflection point and the center of the goaf. Generally, the central
part of the basin represents the compression zone, while the edges of the basin represent
the tensile zone. At both the maximum subsidence point and the inflection point, the
horizontal deformation reaches zero.
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Based on the above analysis, it can be concluded that mining a shallow coal seam
under a hard roof with a high filling ratio exhibits overall variation characteristics that
align closely with the surface movement and deformation patterns observed in the main
section of a horizontally mined coal seam under full extraction. Moreover, the probability
integral method prediction model proves accurate in forecasting these surface movement
and deformation patterns.

3.2. Physical Simulation Results and Analysis

The overburden structure shows distinct zoning characteristics after mining. As shown
in Figure 7, under typical geological and mining conditions, the overburden experiences
stratum movement and stabilization, leading to the formation of three distinct zones of
mining that are influenced by the degree of damage. These zones are commonly referred
to, from bottom to top, as the caving zone, faulted zone, and bending zone. In backfill
mining, once the compacted filling material achieves a certain level of strength, it provides
support to the overlying roof, thereby reducing the available space for roof movement.
The stress existing in the rock layer is partially transferred to the filling material, which
helps to mitigate the impact of mining-induced stress on the mining process. As a result,
the roof remains stable without collapsing, and only minor fractures or cracks may occur
in the immediate roof. The primary type of deformation observed in the overlying strata
is bending deformation. In this scenario, the overburden predominantly exhibits a well-
defined layered structure and can be divided into two distinct zones along the normal
direction of the layers: the fracture zone and the bending zone.

The characteristics of the overburden structure following mining in shallow coal
seams with hard roofs differ from those under normal geological and mining conditions.
Figure 8 represents a physical experiment conducted on caving mining and backfill mining
in shallow coal seams.
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Figure 8a shows the initial stage of caving mining, whereby the rock strata below the
main key strata are fractured and collapsed. The main key strata are characterized by high
strength and stiffness. While bending deformation occurs, the overlying strata also deform
synchronously. As mining progresses, the strata under the primary key stratum continue
to collapse, resulting in an increase in the exposed area and internal stress on the primary
key stratum. Once the internal stress in the rock exceeds its tensile strength, the energy
accumulated in the rock will be released rapidly. The destruction and instability of the
main key stratum structure are revealed through the complete cutting of the full thickness
on both sides of the coal wall, thus forming a large collapse pit on the surface. Based on the
above analysis, it is clear that when the primary key stratum, such as a hard direct roof, is
located directly above the coal seam in shallow coal seam mining, the initial stage of mining
is characterized by bending deformation of the hard roof and synchronous deformation
of the overburden. As the hard roof becomes unstable and fractures, the overlying rock
experiences complete collapse. In comparison to general geological conditions in mining,
the presence of a hard roof in shallow coal seam mining has a significant controlling effect
on both the rock strata and the surface. The failure of the hard roof triggers the collapse of
the overlying rock, resulting in severe surface subsidence. Consequently, the overburden
structure is primarily composed of caving zones and faulted zones, without the existence
of a bending zone.

Figure 8b–d show the process of hard roof backfill mining in shallow coal seams.
With the progress of mining, the combined action of the filling materials and hard roof
ensures that the stress inside the rock remains within the bearing capacity of the hard
roof. Therefore, the roof undergoes bending deformation, and the development of rock
cracks is limited. After mining is complete, the bending deformation of the roof reaches
the maximum. The overall rock structure presents a complete layered structure, and the
main type of deformation of the overlying rock is elastic bending. Compared with backfill
mining under general geological conditions, there is no obvious fracture formation in the
backfill mining of the shallow coal seam with a hard roof. On the contrary, the overlying
rock mainly undergoes elastic bending deformation.
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face is 200 m).

4. Case Application

The CT3401 working face serves as the initial mining face for backfill mining. The
area above the working face is densely populated with buildings, and coal extraction
beneath these buildings is of significant concern. Surface subsidence resulting from mining
operations in this working face can lead to damage to buildings and structures on the
ground. Therefore, it is essential to predict surface subsidence prior to mining to enable
the selection of an appropriate mining plan and the implementation of effective measures
to safeguard the buildings and structures on the ground. The buildings and structures
located above the CT3401 working face primarily consist of residential buildings, schools,
high-voltage line towers, substations, and sewage treatment plants, among others. Based
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on the characteristics of these buildings and structures, and with reference to relevant
specifications [46], the protection criteria for the surface buildings and structures are
as follows: the allowable inclined deformation value is 3.0 mm/m or less, the allowable
horizontal deformation value is 2.0 mm/m or less, and the allowable curvature deformation
value is 0.2 mm/m2 or less.

4.1. Surface Subsidence Prediction Method

Based on the above analysis, it is concluded that the surface movement and defor-
mation characteristics in the backfill mining of a shallow coal seam with a hard roof align
with general mining principles. Extensive engineering practices and theoretical analyses
support the prediction of these surface movement and deformation characteristics using the
probability integral method. The mathematical model of the probability integral method
can be expressed as follows:

The surface subsidence value at any point A (x, y) is shown in Equation (2):

W(x, y)A = W0C(x)C(y)

W0 = mq cos α

C(x) = 1√
π

[∫ 0
−
√

π x
r

e−λ2
dλ +

∫ √π l−x
r

0 e−λ2
dλ

]
C(y) = 1√

π

[∫ 0
−
√

π
y
r1

e−λ2
dλ +

∫ √π
L−y
r2

0 e−λ2
dλ

] (2)

where W0 is the maximum surface subsidence value of full mining; m is the thickness of the
coal seam; q is the surface subsidence coefficient; α is the dip angle of the coal seam; C(x)
and C(y) are the subsidence distribution coefficients of point A (x, y) in main strike and dip
sections; l and L are the calculated mining widths along the strike and dip directions after
considering the inflection point offset; r is the major influence radius of the strike direction;
and r1 and r2 are the major influence radii of the dip direction, where r1 is the downhill
direction and r2 is the uphill direction.

The tilt along the ϕ direction is shown in Equation (3):

i(x, y, ϕ) = i(x)C(y) cos ϕ + i(y)C(x) sin ϕ (3)

where ϕ is the angle between the expected direction and the positive direction of the X axis
(counter-clockwise rotation) and i(x) and i(y) are the tilt deformation values of point A (x, y)
in the main strike and dip sections under limited mining, respectively.

The curvature along the ϕ direction is shown in Equation (4):

K(x, y, ϕ) = K(x)C(y) cos2 ϕ + K(y)C(x) sin2 ϕ +
i(x)i(y)

W0
sin 2ϕ (4)

where K(x) and K(y) are the curvature deformation values of point A (x, y) in the main
strike and dip sections under limited mining, respectively.

The horizontal movement along the ϕ direction is shown in Equation (5):

U(x, y, ϕ) = U(x)C(y) cos ϕ + U(y)C(x) sin ϕ (5)

where U(x) and U(y) are the horizontal movement values of point A (x, y) in the main strike
and dip sections under limited mining, respectively.

The horizontal deformation along the ϕ direction is shown in Equation (6):

ε(x, y, ϕ) = ε(x)C(y) cos2 ϕ + ε(y)C(x) sin2 ϕ +
U(x)U(y)

W0
sin ϕ cos ϕ (6)

where ε(x) and ε(y) are the horizontal deformation values of point A (x, y) in the main strike
and dip sections under limited mining, respectively.
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For backfill mining, the calculation of maximum surface subsidence in the ground
movement basin is based on the principle of equivalent mining height. The theory of
equivalent mining height refers to the difference between the actual mining height and the
fully compacted thickness of the backfill material [47]. The calculated equivalent mining
height is substituted with the actual mining height of the coal seam to obtain the maximum
surface subsidence value. The calculation of equivalent mining height based on the filling
ratio is shown in Equation (7):

md = m(1− ρ) (7)

where md is the equivalent mining height and ρ is the filling ratio of backfill mining.

4.2. Selection of Expected Parameters

Due to the limited availability of surface movement and deformation monitoring data
for the Yungang coal mine, suitable parameters for predicting surface subsidence have
not been established. Therefore, reference is made to the predicted parameters for surface
movement and deformation in coal mines with similar geological conditions around the
Yungang coal mine [42,43], as shown in Table 6.

Table 6. Prediction parameters of the probability integral method in the mining area surrounding
Yungang Mine.

Name of
Coal Mine

Subsidence
Coefficient

(q)

Horizontal
Movement
Coefficient

(b)

Tangent of
Major

Influence
Angle (tan β)

Propagation
Angle of

Extraction
(θ0)

Inflection
Point Offset

(S0)

Datong 0.5 0.3 1.6 90◦ − 0.8α 0.18 H
Sitaigou 0.55 0.25 1.5 90◦ − 0.8α 0.2 H

For the CT3401 working face, backfill mining with gangue is employed. According to
relevant research and engineering practices, the subsidence coefficient for backfill mining
based on the theory of equivalent mining height is approximately 5% to 10% higher than
that for top coal caving with the same mining height [48]. At the same time, referring to
Figure 6a, the subsidence coefficient for backfill mining with filling ratios of 80% and 85%
after full mining can be calculated as 0.65 using Equation (1). The tangent of the major
influence angle is appropriately reduced compared to caving mining with the same mining
height. The horizontal movement coefficient and the propagation angle of extraction remain
similar to those of caving mining with the same mining height. As depicted in Figure 4,
the inflection point is approximately 10 m away from the mining boundary of the working
face. Considering the mining depth of the coal seam as 100 m, the inflection point offset
is equal to 0.1 H. Based on the predicted parameters of the probability integral method
in the surrounding mining area of Yungang Mine, the predicted parameters for surface
movement and deformation in the CT3401 working face of Yungang Mine during backfill
mining are presented in Table 7.

Table 7. Prediction parameters of the probability integral method for backfill mining in Yungang mine.

Subsidence
Coefficient (q)

Horizontal
Movement

Coefficient (b)

Tangent of
Major Influence

Angle (tan β)

Propagation
Angle of

Extraction (θ0)

Inflection Point
Offset (S0)

0.65 0.3 1.5 90◦ − 0.8α 0.1 H

4.3. Design of the Scheme and Analysis of the Results

The five schemes have different filling ratios of 65%, 70%, 75%, 80%, and 85%, corre-
sponding to equivalent mining heights of 0.7 m, 0.6 m, 0.5 m, 0.4 m, and 0.3 m, respectively.
A mining subsidence prediction and analysis system based on the principle of the probabil-
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ity integral method was utilized to predict the mining subsidence of these five schemes
and calculate their surface movement and deformation values. Due to space limitations, a
contour map of surface subsidence with only a filling ratio of 85% was plotted, as shown in
Figure 9.
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Based on the contour map of surface movement and deformation, the extreme values
of movement and deformation for surface buildings and structures were determined for
each scheme through statistical analysis, as shown in Table 8. As the curvature deformation
in each scheme is negligible, they all fall within the acceptable range of the protection index,
and no further statistical analysis was conducted.

Table 8. Extreme values of movement and deformation for surface buildings and structures in
each scheme.

Filling Ratio
(%)

Maximum
Subsidence

(mm)

Tilt
(mm/m)

Horizontal
Migration

(mm)

Horizontal
Deformation

(mm/m)

85 188 2.9 48 1.3
80 252 3.9 72 1.8
75 313 4.8 95 1.9
70 382 5.9 115 2.6
65 439 6.7 138 3.0

Table 4 shows that as the filling ratio increases, the extreme values of movement
and deformation for surface buildings and structures decrease continuously. When the
filling ratio increases from 65% to 80%, the maximum subsidence value for buildings and
structures decreases from 439 mm to 252 mm. The extreme values of tilt decrease from
6.7 mm/m to 3.9 mm/m, and the extreme values of horizontal deformation decrease from
3.0 mm/m to 1.8 mm/m. However, although the extreme values of tilt decrease, they still
exceed the protection index. When the filling ratio reaches 85%, the maximum subsidence
value for buildings and structures is 188 mm, the extreme value of tilt is 2.9 mm/m, and
the extreme value of horizontal deformation is 1.3 mm/m. These values comply with the
protection index for surface buildings and structures in the mining area. As the filling
ratio continues to increase, it can reduce damage to buildings, but it also leads to higher
filling costs, greater technical requirements for filling, and increased economic investments.
Based on comprehensive analysis, a filling ratio of 85% is considered the optimal surface
subsidence control scheme for backfill mining.
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5. Conclusions

(1) A simulation was conducted to analyze the variation characteristics of maximum
surface subsidence with advancing distance for both the toppling and backfill mining
methods, with filling ratios of 20%, 40%, 60%, and 80%. It was observed that when
the filling ratio is not less than 60%, surface movement and deformation exhibit a
continuous and gradual trend, and there is no occurrence of fracture in the hard
roof. Practical experience has demonstrated that backfill mining is highly effective
in controlling surface movement and deformation during shallow coal seam mining
with a hard roof.

(2) Numerical and physical simulation methods were employed to investigate the char-
acteristics of surface movement and deformation in toppling and backfill mining.
It was demonstrated that the surface movement and deformation characteristics in
the backfill mining of shallow coal seams with a high filling ratio and a hard roof
generally follow the typical surface subsidence patterns observed in fully exploited
horizontal coal seams. The prediction model using the probability integral method
proved effective in accurately forecasting surface subsidence.

(3) A prediction method for surface subsidence in backfill mining was proposed. Taking
Yungang Mine as an example, five schemes with filling ratios of 65%, 70%, 75%, 80%,
and 85% were designed. Finally, considering factors such as the level of damage
to surface structures, filling costs, and filling technology, a filling ratio of 85% was
determined as the optimal subsidence control scheme.
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