
Citation: Nasser, H.; Amara, Y.;

Chabour, F.; Ghandour, M. Efficiency

Maps of Shifted Inductances Axes

Permanent Magnet Synchronous

Motors. World Electr. Veh. J. 2023, 14,

174. https://doi.org/10.3390/

wevj14070174

Academic Editor: Ghanim A. Putrus

Received: 28 April 2023

Revised: 14 June 2023

Accepted: 21 June 2023

Published: 30 June 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Article

Efficiency Maps of Shifted Inductances Axes Permanent
Magnet Synchronous Motors
Hussein Nasser 1,*, Yacine Amara 1 , Ferhat Chabour 1 and Mazen Ghandour 2

1 GREAH, Université Le Havre Normandie, 76600 Le Havre, France; yaunivlehavre@gmail.com (Y.A.);
ferhat.chabour@gmail.com (F.C.)

2 Faculté de Génie, Université Libanaise, Beirut 1003, Lebanon; ghandour@ul.edu.lb
* Correspondence: husein.naser.95@gmail.com; Tel.: +33-2328-5990-0

Abstract: In this contribution, a tool developed for the study of the efficiency maps of shifted induc-
tances axes permanent magnet synchronous motors (SIAPMSMs) is presented and made available
to the readers. The research builds upon a shared foundation that has already been established
in previous works focused on the power capability of synchronous machines. This contribution
is an extension of previous works dedicated to the power capabilities of shifted inductances axes
synchronous motors where the losses were not considered. In this new contribution, the SIAPMSM
models, which include the electromagnetic losses (joule and iron losses), are discussed. The mechani-
cal losses are not included. The classical permanent magnet synchronous machines can be considered
a particular case of a SIAPMSM. They will be used to validate the developed tools. The validation
study is conducted by comparing the power capabilities and the efficiency maps of SIAPMSMs
and classical PMSMs obtained by the newly developed modeling tool and a previously developed
modeling tool.

Keywords: permanent magnet; reluctance torque; synchronous motors; electric vehicles; variable
speed drives; efficiency

1. Introduction

Permanent magnet (PM) machines are developed and designed to suit a diverse range
of applications [1]. Their properties enhance the torque density of synchronous machines
and provide opportunities for developing a broad array of electromagnetic structures.
However, due to the fluctuating costs of certain components, such as rare earth materials,
there is a growing drive to create new electromagnetic structures that can achieve the
same torque capability while reducing their overall volume [2,3]. Research endeavors are
underway to eliminate the use of PM materials entirely [2].

Recently, the notion of shifted inductances axes permanent magnet synchronous
motors (SIAPMSMs) have been introduced [4–8]; it is crucial to emphasize that there has
not been any universally adopted terminology. The authors predominantly employed the
term “asymmetrical rotor structure PM machines” in the mentioned references.

These machines can be considered an integration of a non-salient permanent magnet
(PM) rotor and a variable reluctance rotor within the same stator (Figure 1) [6,8].

This contribution builds upon previous research on the power capabilities of SIAPMSMs.
However, unlike earlier studies that did not take losses into account [9], it focuses on SIAPMSM
models that consider electromagnetic losses (joule and iron losses). This study focuses on
investigating the power capability of SIAPMSMs, examining both low-speed operations
(maximum torque region) and high-speed operations (flux weakening region). The goal is
to validate the newly developed tool by comparing it with previous works dedicated to the
power capability of synchronous motors [3,10–15] and lossless SIAPMSMs [9]. The newly
developed tool also includes electromagnetic losses; it will also be validated against previously
developed tools for classical PM machines [13–15].
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The main novelty of this contribution is the extension of previous works on the
power capabilities and efficiency maps of synchronous machines [13–15] in the case of
SIAPMSMs. Indeed, very few contributions have been dedicated to the efficiency maps of
SIAPMSMs [16]. Furthermore, the developed tools are made available to the readers. They
can use them to deepen the presented study.

The principle of SIAPMSMs and some structures are introduced in Section 2. In
Section 3, the lossless model is presented before the model taking the electromagnetic
losses into account is introduced. Section 4 presents the tools developed to investigate the
power capability under motoring mode. In addition, the validations of the tools with some
analyses and comparisons with the previous tools are also presented in Section 4. Finally,
some conclusions and perspectives of the work are presented.
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2. Shifted Inductances Axes Permanent Magnet Synchronous Motors (SIAPMSMs)

In order to introduce the principle of SIAPMSMs, it is helpful to represent the context
in which this idea is based. It will aid in clarifying how these structures enhance torque
capacity in comparison to classical PM machines.

2.1. SIAPMSM Machines Principle

Different SIAPMSM machine structures exist. Some have 3D structures (Figure 1) and
some have 2D structures. The design in Figure 1 consists of two axially parallel rotors, a
PM rotor, and a variable reluctance rotor. As highlighted in [6], and designed in order to
improve the flux-weakening performance, Prof. B. J. Chalmers has proposed the concept
of a parallel hybrid rotor design [17–20]. As is also highlighted in [6], since then, various
parallel rotor designs were presented in terms of hybrid excitation structures [21,22].

The principle of shifted inductances axis permanent magnet synchronous machines has
already been presented in many contributions [4–8]. It consists of aligning the maximum
permanent magnet torque and reluctance torque components. Figure 2 illustrates this
principle. In these figures (Figure 2), the torques are normalized according to the maximum
value of the PM torque component.

2.2. SIAPMSM Structures

Some structures presented in the scientific literature are overviewed in this section [4–8].
Various structures of SIAPMSMs can be created [8]; the one depicted in Figure 1 can be
considered a quasi-3D structure.

Additionally, several 2D structures of SIAPMSMs are available and some rotor designs
are presented in Figure 3. For a comprehensive review of SIAPMSM structures, readers
may refer to [8].



World Electr. Veh. J. 2023, 14, 174 3 of 18
World Electr. Veh. J. 2023, 14, x FOR PEER REVIEW 3 of 19 
 

 
(a) (b) 

Figure 2. Improvement of torque density using SIAPMSM structures (current angle is the phase 
shift between phase armature currents and EMF). (a) Classical PM Machine, (b) SIAMPMSM (𝜓 =0°). 

2.2. SIAPMSM Structures 
Some structures presented in the scientific literature are overviewed in this section 

[4–8]. Various structures of SIAPMSMs can be created [8]; the one depicted in Figure 1 can 
be considered a quasi-3D structure. 

Additionally, several 2D structures of SIAPMSMs are available and some rotor de-
signs are presented in Figure 3. For a comprehensive review of SIAPMSM structures, read-
ers may refer to [8]. 

 
(a) 

  
(b) (c) 

Figure 3. Examples of 2D SIAPMSM structures rotors [4,7,8]. (a) Asymmetrical rotor taken from 
[4], (b) Asymmetrical rotor taken from [7], (c) Asymmetrical rotor taken from [8]. 

  

Figure 2. Improvement of torque density using SIAPMSM structures (current angle is the phase shift
between phase armature currents and EMF). (a) Classical PM Machine, (b) SIAMPMSM (ψOpt = 0◦).

World Electr. Veh. J. 2023, 14, x FOR PEER REVIEW 3 of 19 
 

 
(a) (b) 

Figure 2. Improvement of torque density using SIAPMSM structures (current angle is the phase 
shift between phase armature currents and EMF). (a) Classical PM Machine, (b) SIAMPMSM (𝜓 =0°). 

2.2. SIAPMSM Structures 
Some structures presented in the scientific literature are overviewed in this section 

[4–8]. Various structures of SIAPMSMs can be created [8]; the one depicted in Figure 1 can 
be considered a quasi-3D structure. 

Additionally, several 2D structures of SIAPMSMs are available and some rotor de-
signs are presented in Figure 3. For a comprehensive review of SIAPMSM structures, read-
ers may refer to [8]. 

 
(a) 

  
(b) (c) 

Figure 3. Examples of 2D SIAPMSM structures rotors [4,7,8]. (a) Asymmetrical rotor taken from 
[4], (b) Asymmetrical rotor taken from [7], (c) Asymmetrical rotor taken from [8]. 

  

Figure 3. Examples of 2D SIAPMSM structures rotors [4,7,8]. (a) Asymmetrical rotor taken from [4],
(b) Asymmetrical rotor taken from [7], (c) Asymmetrical rotor taken from [8].

3. Modeling of SIAPMSMs

In order to fully understand the principle of SIAPMSMs, a modeling approach based
on equivalent electrical circuits is presented. The work starts with the lossless model and
then shifts to the model with losses. In this regard, it is useful to note that a power invariant
Park transformation is employed to convert the three-phase stationary ABC variables into
0dq variables. It is worth noting that the zero-axis has no effect on the mechanical output
power; thus, its study is limited only in terms of the (d, q) referential frame.

3.1. Decomposition into Two Machines

A SIAPMSM can be defined as the combination of two rotors under the same stator,
a non-salient PM rotor and a variable reluctance rotor. Two Park’s referential frames can
be then defined, one for the non-salient PM rotor part (dPM, qPM) and a second for the
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variable reluctance rotor part (dReluc., qReluc.), shifted by the angle β (Figure 4). The model
of a SIAPMSM is defined using the principle of superposition. The dPM axis is defined as
the axis of maximum flux linkage and the dReluc. axis can be chosen as the axis of minimum
(ρ < 1) or maximum (ρ > 1) inductance. It is worth mentioning that, for a given value of β,
the machine’s characteristics are dependent on the direction of rotation [19].
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3.2. Lossless Model

Figure 5 represents the equivalent circuits’ models for shifted inductance axes perma-
nent magnet machines in (dPM, qPM) or (dReluc., qReluc.) reference frames.
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Relations between the quantities in the two reference frames, (dPM, qPM) and
(dReluc., qReluc.), are defined by (1):{

fd,qPM = Tβ fd,qReluc.

fd,qReluc. = Tβ
−1 fd,qPM

, (1)

where Tβ is the transfer matrix defined by:

Tβ =

[
cos(β) − sin(β)
sin(β) cos(β)

]
⇒ Tβ

−1 =

[
cos(β) sin(β)
− sin(β) cos(β)

]
. (2)

It is worth mentioning that this matrix is orthonormal and it allows for power conser-
vation. The symbols in Figure 5 are defined as:

Symbols id, iq: d and q axes components of armature current;
Symbols vd, vq: d and q axes components of terminal voltage;
Symbols Φd, Φq: d and q axes components of magnetic flux.
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3.2.1. Representation in the (d PM, qPM) Referential Frame

The expressions of the armature terminal voltage components for a lossless SIAPMSM
in the (d PM, qPM) referential frame are expressed as:

[vd
vq
] = ω[

−Φq

Φd
]

= ωLd
2

[
−(1−]ρ)sin(2β) −(1+]ρ) + (1−]ρ)cos(2β)

(1+]ρ) + (1−]ρ)cos(2β) (1−]ρ)sin(2β)

]
[idiq] + ωΦa[

0
1]

(3)

where ρ is the saliency ratio
(
= Lq/Ld

)
, with Ld and Lq being the d and q axes components

of synchronous inductance; Φa is the permanent magnet flux linkage.
The active power P, neglecting the loss, is given by:

P = vdid + vqiq = ω

[
Φaiq +

(
Ld − Lq

)
cos(2β)idiq+

(
Ld − Lq

)
2

sin(2β)
(

iq
2 − id

2
)]

(4)

where ω(= pΩ) is the electric pulsation (p is the number of pole pairs and Ω is the
rotational mechanical speed).

The equation of the torque is given by:

Γ =
P
Ω

= p

[
Φaiq +

(
Ld − Lq

)
cos(2β)idiq+

(
Ld − Lq

)
2

sin(2β)
(

iq
2 − id

2
)]

(5)

By representing the armature current components as:{
id = −Isin(ψ)
iq = Icos(ψ)

(6)

where I is the armature current amplitude and ψ is the phase shift between armature current
and electromotive force EMF.

The expressions of the terminal voltage components are given by: vd = −ω
2 I
[(

Ld + Lq
)
cos(ψ)−

(
Ld − Lq

)
cos(ψ− 2β)

]
vq = ω

[
Φa − I

2
((

Ld + Lq
)
sin(ψ) +

(
Ld − Lq

)
sin(ψ− 2β)

)] (7)

The active power expression becomes:

P = ω

[
Φa Icos(ψ)− I2

2
(

Ld − Lq
)
sin(2(ψ− β))

]
(8)

The torque Γ expression is then:

Γ = p
[

Φa Icos(ψ)− I2

2
(

Ld − Lq
)
sin(2(ψ− β))

]
(9)

3.2.2. Representation in the (d Reluc., qReluc.) Referential Frame

In the (d Reluc., qReluc.) referential frame, the expressions of the armature terminal
voltages components are given by:[

vd
vq

]
= ω

[
−Φq

Φd

]
= ωLd

[
0 −ρ
1 0

][
id
iq

]
+ ωΦa

[
sin(β)

cos(β)

]
(10)

The active power P is given by:

P = vdid + vqiq = ω
[
Φa
(
sin(β)id + cos(β)iq

)
+
(

Ld − Lq
)
idiq
]

(11)
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The equation of the torque results is given by:

Γ = p
[
Φa
(
sin(β)id + cos(β)iq

)
+
(

Ld − Lq
)
idiq
]

(12)

Considering the armature current components:{
id = −Isin(ψ− β)

iq = Icos(ψ− β)
(13)

The expression of the terminal voltage components is given by:{
vd = ωΦasin(β)− IωLqcos(ψ− β)

vq = ωΦacos(β)− IωLdsin(ψ− β)
(14)

Since a power invariant transformation is used, the active power and the torque
expressions are identical to those of the (d PM, qPM) referential frame.

On the other hand, using the relations of Equations (1) and (2), the expression of the
power in the (d Reluc., qReluc.) referential frame is:

PReluc. = vReluc.
T ·iReluc. = (vdReluc.

vqReluc.
)

T ·(idReluc.
iqReluc.

) =
(

Tβ
−1·(vdPM

vqPM
)
)T
·Tβ
−1·(idPM

iqPM
)

= vPM
T ·
(

Tβ
−1
)T
·Tβ
−1·iPM = vPM

T ·Tβ·Tβ
−1·iPM = vPM

T ·I2x2·iPM = PPM

(15)

Similarly: {
VReluc.

2 = VReluc.
T ·VReluc. = VPM

T ·VPM = VPM
2

IReluc.
2 = IReluc.

T ·IReluc. = IPM
T ·IPM = IPM

2 (16)

with V and I being the voltage and current amplitudes.
So, finally, it is clear that the study of the power capability in the reference frames

(d PM, qPM) and (d Reluc., qReluc.) gives the same results.

3.3. Model including the Electromagnetic Losses

In order to consider the electromagnetic losses, first resistance is added in parallel
with the lossless model. This resistance represents iron loss. A second resistance is then
added in series with the circuit corresponding to the paralleling of the iron loss resistance
and the lossless model circuits. The second resistance represents the joule losses. Figure 6
shows the equivalent electric circuit models, including these resistances [23–25].

The new symbols in Figure 6 are defined as:

Symbols i f d, i f q: d and q axes components of iron loss current;
Symbols Ra: armature winding resistance per phase;
Symbols R f : iron loss resistance.

From Figure 6, the armature voltage equations in both referential frames can be
expressed as: [

vd
vq

]
= Ra

[
id
iq

]
+

[
v0d
v0q

]
, (17)

where,
id = i0d + i f d = i0d +

v0d
R f

(18)

iq = i0q + i f q = i0q +
v0q

R f
(19)

In following subsections, the model including the losses is presented in the two
referential frames (d PM, qPM) and (d Reluc., qReluc.).
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3.3.1. Representation in the (d PM, qPM) Referential Frame
The components v0d and v0q in the (d PM, qPM) referential frame can be expressed as:[
v0d
v0q

]
=

ωLd
2

[
−(1− ρ)sin(2β) −(1 + ρ) + (1− ρ)cos(2β)

(1 + ρ) + (1− ρ)cos(2β) (1− ρ)sin(2β)

][
i0d
i0q

]
+ ωΦa

[
0
1

]
(20)

Considering the electromagnetic losses, the total active power is given by:

PTotal= vdid + vqiq = PCu + PFe + Pout

= copper losses + iron losses + mechanical output power
(21)

The mechanical output power is given by:

Pout= v0di0d + v0qi0q

= ω

[
Φai0q + (1− ρ)Ldcos(2β)i0di0q+

(1− ρ)Ld
2

sin(2β)
(

i0q
2 − i0d

2
)] (22)

Then, the torque expression is given by:

Γ =
Pout

Ω
= p

[
Φai0q + (1− ρ)Ldcos(2β)i0di0q+

(1− ρ)Ld
2

sin(2β)
(

i0q
2 − i0d

2
)]

(23)

From Equations (18)–(20), it is possible to determine the relations between components
(i 0d, i0q

)
and (i d, iq

)
: [

i0d
i0q

]
=

1
∆

[
APM BPM
CPM DPM

][ id

iq − (ωΦa
R f

)

]
, (24)
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with,

∆ = 1 + ρ

(
ωLd
R f

)2

,

APM = 1 +
ωLd
2R f

(1− ρ)sin (2β),

BPM =
ωLd
2R f

((1 + ρ)− (1− ρ)cos(2β)),

CPM = −ωLd
2R f

((1 + ρ) + (1− ρ)cos(2β)),

DPM = 1− ωLd
2R f

(1− ρ)sin(2β).

From Equations (6), (22)–(24), it is possible to express the output power and torque in
the function of the armature current amplitude:

Pout =
ω

∆2

[
A1 I2 + B1 I + C1

]
, (25)

Γ =
Pout

Ω
=

p
∆2

[
A1 I2 + B1 I + C1

]
, (26)

with,

A1 =
(1− ρ)Ld

2

ωLd
R f

((1 + ρ)cos(2(ψ− β))− (1− ρ))−

1− ρ

(
ωLd
R f

)2
sin(2(ψ− β))

,

B1 = Φa(
ωLd
R f

((1 + ρ(ωLd
R f

)2) (1+ρ)
2 sin(ψ) + (3− ρ(ωLd

R f
)2) (1−ρ)

2 sin(ψ− 2β)

−(1− ρ2)ωLd
R f

cos(ψ− 2β)) + (1 + (1− ρ + ρ2)(ωLd
R f

)2)cos(ψ)),

C1 =
Φa

2

R f
ω

ωLd
R f

(1− ρ)sin(2β) +

(
1− ρ2)

2

(
ωLd
R f

)2

cos(2β)−

1 +

(
1 + ρ2)

2

(
ωLd
R f

)2
.

It is worth mentioning that by eliminating the losses from this model, by setting
Ra = 0 Ω and R f = +∞ Ω, the expressions of power and torque coincide with those of the
lossless model. Furthermore, by imposing β to zero, the model with the losses coincides
with the model of the classic PM machines with losses [13,14].

3.3.2. Representation in the (d Reluc., qReluc.) Referential Frame

The components v0d and v0q in the (d Reluc., qReluc.) referential frame can be expressed as:[
v0d
v0q

]
= ωLd

[
0 −ρ
1 0

][
i0d
i0q

]
+ ωΦa

[
sin(β)

cos(β)

]
(27)

The expression of the total active power given by Equation (21) is still valid in the
(d Reluc., qReluc.) referential frame. The mechanical output power is given by:

Pout = v0di0d + v0qi0q = ω
[
Φa
(
sin(β)i0d + cos(β)i0q

)
+ (1− ρ)Ldi0di0q

]
(28)

Then, the torque expression is given by:

Γ =
Pout

Ω
= p

[
Φa
(
sin(β)i0d + cos(β)i0q

)
+ (1− ρ)Ldi0di0q

]
(29)
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From Equations (18), (19), and (27), it is possible to determine the relations between
components (i 0d, i0q

)
and (i d, iq

)
:

[
i0d
i0q

]
=

1
∆

[
AReluc. BReluc.
CReluc. DReluc.

][id − (ωΦa
R f

)
(

sin(β) + ρ(ωLd
R f

)cos(β)
)

iq − (ωΦa
R f

)
(

cos(β)− (ωLd
R f

)sin(β)
) ], (30)

with,

∆ = 1 + ρ

(
ωLd
R f

)2

,

AReluc. = 1,

BReluc. = ρ
ωLd
R f

,

CReluc. = −
ωLd
R f

,

DReluc. = 1.

Seeking to express the output power and torque in the function of the armature current
amplitude from Equations (28)–(30), the same equations as (25) and (26) are respectively ob-
tained. Again, the power is conserved whether expressed in the (d Reluc., qReluc.) referential
frame or the (d PM, qPM) referential frame.

3.4. Per-Unit System

The per-unit system model facilitates a deeper comprehension of how parameters impact
machine performance, enabling the derivation of general conclusions regarding the power
capability of these motors. Furthermore, it serves as a powerful tool for the classification of
electric machine drives [10,12,26]. At rated speed (base speed Ωb), the base values of EMF
(pΦaΩb) and armature current (Im) are chosen as the rated values of the motor.

The per-unit values of the resistances and inductances are defined as:

Ran =
Ra Im

Φa pΩb
, R f n =

R f Im

Φa pΩb
, (31)

Ldn =
Ld Im

Φa
, Lqn = ρLdn. (32)

It should be noticed that Im is the rated amplitude in the (d, q) referential frame. The
subscript n indicates the per-unit value.

The per-unit values of the armature currents and the armature terminal voltage are
given by:

In =

√
I2
d + I2

q

Im
, Vn =

√
v2

d + v2
q

Φa pΩb
, (33)

In addition, the per-unit values of output power Pout, copper loss PCu, and iron loss
PFe are given by:

Poutn =
Pout

Vm Im
, PCun =

PCu
Vm Im

, PFen =
PFe

Vm Im
, (34)

where Vm is the maximum (rated) armature terminal voltage amplitude in the (d, q) refer-
ential frame.

Finally, the per-unit values of the speed and torque are defined as:

Ωn =
Ω
Ωb

, Γn =
Poutn

Ωn
. (35)
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It should be noticed that the normalized power defined in Equation (34) corresponds
to the power factor for the lossless model. This is also the case for the normalised torque,
as defined in Equation (35) at the base speed.

Having defined the normalization bases, it worth defining the normalized value of torque:

Γn =
1

Vnmax.∆n
2

[
A1n In

2 + B1n In + C1n

]
, (36)

with,

∆n = ∆ = 1 + ρ

(
ΩnLdn

R f n

)2

,

A1n =
(1− ρ)Ldn

2

ΩnLdn
R f n

((1 + ρ)cos(2(ψ− β))− (1− ρ))−

1− ρ

(
ΩnLdn

R f n

)2
sin(2(ψ− β))

,

B1n = Ωn Ldn
R f n

((1 + ρ(Ωn Ldn
R f n

)2) (1+ρ)
2 sin(ψ) + (3− ρ(Ωn Ldn

R f n
)2) (1−ρ)

2 sin(ψ− 2β)

−(1− ρ2)(Ωn Ldn
R f n

)cos(ψ− 2β)) + (1 + (1− ρ + ρ2)(Ωn Ldn
R f n

)2)cos(ψ),

C1n =
Ωn

R f n

(ΩnLdn
R f n

)
(1− ρ)sin(2β) +

(
1− ρ2)

2

(
ΩnLdn

R f n

)2

cos(2β)−

1 +

(
1 + ρ2)

2

(
ΩnLdn

R f n

)2
.

4. Efficiency Maps of SIAPMSMs

The efficiency map estimation discussed in this contribution is produced for optimal
control, allowing for maximizing the efficiency while respecting the current and voltage
limits constraints.

The study discussed in this contribution relies on the work presented in [13–15]. The
newly developed algorithm, presented in this contribution, constitutes the main novelty in
the sense that it is more general than previously developed algorithms. Readers are invited
to access the MATLAB scripts allowing for the estimation of the efficiency maps for these
machines through the link given as reference [27].

Due to complicated equations, the analytical developments are limited and most of the
steps allowing for the determination of the triple (I, ψ, β) maximizing of the efficiency are
processed numerically. The previous cases (lossless classical PM motor, lossless SIAPMSM,
and classical PM motor with losses) could be regarded as particular cases of these more
general developments. Results from the previous developments, that have been assessed
are exploited to assess the validity of these more general developments.

4.1. Presentation of Developed Tool

The calculation of Vnmax, the normalized value of armature windings terminals max-
imum voltage, constitutes the initial step towards the determination of efficiency maps.
This corresponds with the determination of the base speed Ωb. Algorithm 1 represents the
MATLAB scripts used in order to determine the value of Vnmax for a SIAPMSM with losses
as a general structure.

The h(In, ψ, β) function shown in Algorithm 1 is the expression of normalized torque,
with respect to PM torque (pΦa Im). As result, this script gives, for each (Ldn, ρ) couple,
the optimal values of

(
InOpt, ψOpt, βOpt

)
, which maximizes the torque (Figure 7). For

the lossless model, Appendix A presents the analytical developments allowing for the
determination of

(
InOpt, ψOpt, βOpt

)
values. Note that, in this case (lossless model), ψOpt is

imposed as being equal to zero (ψOpt = 0).
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It should be noticed that in all conducted simulations, the highest torque values were
always achieved for the maximum armature current Im(In = 1). Despite the fact that there
is a direct relationship between torque and armature current, this feature has not been
confirmed through the analytical model in the general case including the losses.

Algorithm 1. MATLAB script for the determination of Vnmax.

Start
Values of Ldn, ρ, Ran and R f n should have been defined;
In = [0 : ∆In : 1];
ψ = [−π : ∆ψ : π];
β = [0 : ∆β : π];
For i = 1 : length(In);

For j = 1 : length(ψ)
For k = 1 : length(β)

Γ′n(k) = h(In(i), ψ(j), β(k)); [see Equation (36)]
End
[Y1(j), X1(j)] = max

(
Γ′n
)
;

Γ′n1(j) = Γ′n(X1(j));
β1(j) = β(X1(j));

End
[Y2(i), X2(i)] = max

(
Γ′n1
)
;

Γ′n2(i) = Γ′n1(X2(i));
β2(i) = β1(X2(i));
ψ1(i) = ψ(X2(i));

End
[Y3, X3] = max

(
Γ′n2
)
;

InOpt = In(X3);
ψOpt = ψ1(X3);
βOpt = β2(X3);

Vnmaxd = f
(

InOpt, ψOpt, βOpt

)
; [see Equation (17)]

Vnmaxq = g
(

InOpt, ψOpt, βOpt

)
; [see Equation (17)]

Vnmax = sqrt
(
Vnmaxd̂2 + Vnmaxq̂2

)
;

End
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By using the normalized form of the torque in Equation (36), it is possible to derive a
second-order polynomial of the normalized current amplitude in Equation (37).

A.In
2 + B.In + C = 0, (37)

where A = A1n, B = B1n and C = C1n − Γn.Vnmax.∆n
2.

For a given (Ωn, Γn, ψ) set, if Equation (37) does not have a solution (∆ < 0), the
efficiency is set to null η = 0. In case solutions exist, the current limit constraint (In ≤ 1)
and the voltage limit constraint (Vn ≤ Vnmax) both have to be respected, otherwise the
efficiency is set to null η = 0. In case Equation (37) has two solutions and both allow for
respecting the current and voltage limit constraints; the one allowing for maximizing the
efficiency is retained.

Figure 8 shows the algorithms used to calculate the efficiency maps. The algorithm
allows for determining the (I n, ψ) couple maximizing regarding the efficiency for each
operating point (Ωn, Γn). For lossless synchronous machines, the efficiency of all (Ωn, Γn)
couples for which it is possible to find couples (In, ψ) answering the demand while re-
specting at the same time the current and voltage constraints is set equal to one. For the
lossless model, the algorithm does not help to determine the efficiency maps; it is used to
determine the envelopes corresponding to the maximum power capability, which is the
border between (Ωn, Γn) couples for which the efficiency is respectively equal to 0 and 1.
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The following step in this work is the validation of the algorithm and the subsequent
developed codes [27].

4.2. Validation of Developed Tool

In this section, the newly developed codes are assessed against previous codes. First,
the lossless case is considered (Section 4.2.1). The contribution of SIAPMSMs is highlighted
in this section. Then, in Section 4.2.2, the model including the electromagnetic losses is
assessed.

Table 1 presents variation intervals for some normalized quantities and parameters.
Several references have been analyzed in order to establish reasonable variations intervals
of the different quantities and parameters [15,26].

Table 1. Normalized quantities’ and parameters’ variation intervals.

Quantities and Parameter Variation Interval

Ωn [0, +∞)
Γn [0, 1]
In [0, 1]
Ldn (0, +∞)
ρ (0, +∞)
Ran [0, 10]
R f n (0, +∞)

4.2.1. Validation of Developed Tool for the Lossless Case

The newly developed codes [27] are first assessed in the lossless case (Ra = 0 Ω and
R f = +∞Ω). Figure 9 compares maximum power capabilities, for a machines with
(Ldn = 2.5, ρ = 0.6), obtained using the new codes and previously developed codes [3,9].
As can be seen, good agreement is achieved. The results from the new and old codes have
also been compared to other values of (Ldn, ρ) couples and good agreement was always
achieved (curves are matching).
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Figure 9. Comparison of maximum torque capabilities obtained using new and old codes
(Ldn = 2.5, ρ = 0.6).

In order to highlight the impact on torque capacity, the percentage of “maximum torque”
increase for SIAPMSMs as compared to classical PM machines (β = 0) with the same set (Ldn, ρ)
and the same value of (pΦa Im) quantity is calculated as (100(ΓSIAPMM − ΓPM)/ΓPM ), where
ΓSIAPMM and ΓPM are the SIAPMSM maximum torque and the PM motor maximum torque,
respectively. The results are shown in Figure 10.
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It is worth noting that, comparing to classical PM motors, the SIAPMSMs consistently
permit higher torque. In addition, the maximum torque percentage increase is about 15.47%
and is attained for particular (Ldn, ρ) regions. Appendix A contains the analytical analysis
of the percentage increase of the torque with some notes.

Figure 11 shows the power factor difference percentage between SIAPMSMs and
classical PM synchronous motors in the (Ldn, ρ) plane. The percentage increase is computed
as (100(PFSIAPMM − PFPM)/PFPM ), where PFSIAPMM and PFPM are the SIAPMSM and
PM motor power factors, respectively.
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Figure 11. Power factor difference in the (Ldn, ρ) plane.

It should be highlighted that while the SIAPMSMs always help increase the torque
compared to classical PM synchronous motors, this is not the case for the power factor.
Indeed, as shown in Figure 11, for a significant area of the (Ldn, ρ) plane, the SIAPMSMs will
have a lower power factor compared to the classical PM synchronous motors. Nevertheless,
the power factor drop is not large (≈−4.2% as a maximum).

4.2.2. Validation of Developed Tool for the Case including the Electromagnetic Losses

Figure 12 compares maximum power capability curves for a SIAPMSM having Ldn = 2.5,
ρ = 0.6, Ran = 0.1, and R f n = 20 obtained using the new and old developed codes. Again, a
good agreement is achieved.
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be used for both analysis and design purposes. The tool only considers simple electro-
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Figure 12. Comparison of maximum torque capabilities obtained using new and old codes (Ldn = 2.5,
ρ = 0.6, Ran = 0.1, and R f n = 20).

Figure 13 compares, for the same machine, the efficiency maps drawn using the old
and new code. As can be seen, the efficiency maps are also matching. As for the lossless
case, the results from new and old codes have been also been compared for other values of
(Ldn, ρ) couples; good agreements were always achieved.
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Figure 13. Comparison of efficiency maps obtained using new and old codes (Ldn = 2.5, ρ = 0.6,
Ran = 0.1, and R f n = 20). (a) Efficiency maps drawn using the old tool. (b) Efficiency maps drawn
using the new tool.

As is the case with the old tools [9,13–15], this new tool can be used for the study of
synchronous machines’ parameters’ effects on their performance. Since it is more general,
more structures can be compared; this is very useful from an optimal design perspective.

5. Conclusions

This contribution presented a study that evaluated the effectiveness and accuracy of
an algorithm used to compute the efficiency maps of Shifted Inductance Axes Permanent
Magnet Synchronous Machines, taking into account electromagnetic losses. This tool can be
used for both analysis and design purposes. The tool only considers simple electromagnetic
loss models. However, it can be readily modified to incorporate more precise loss models
and mechanical losses. From the obtained results, it can be concluded that the newly
developed algorithm, while being assessed against previous ones, is more general and
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constitutes an interesting tool to conduct further interesting studies. The software codes,
developed under the MATLAB environment, are made available for readers to test, evaluate,
and perform their own proper studies.

Future works will focus on using a salient PM rotor instead of a non-salient one,
studying classes of SIAPMSMs, and including the hybrid excitation.

Author Contributions: Conceptualization, H.N. and Y.A.; methodology, Y.A.; software, H.N.; val-
idation, investigation, writing—original draft preparation and writing—review and editing, H.N.
and Y.A.; visualization and supervision, Y.A., F.C. and M.G. All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

The torque expression of a classic lossless PM synchronous machine with (β = 0) is
given by:

ΓPMM = p
[

Φa Icos(ψ)− I2

2
Ld(1− ρ)sin(2ψ)

]
, (A1)

Using the per-unit representation, the expressions (A1) normalized with respect to PM
maximum torque is given by:

Γ,
PMMn = VnmaxΓPMMn = cos(ψ)In − Ldn(1−ρ)

2 sin(2ψ)In
2

= cos(ψ)In(1− 2ksin(ψ)In),
(A2)

where,

k =
Ldn(1− ρ)

2
. (A3)

It is known that the optimal angle ψOpt for a given value of armature current is given by:

sin
(
ψOpt

)
=

1−
√

1 + 32k2 In
2

8kIn
. (A4)

Giving the expression of sin
(
ψOpt

)
, it is possible to express cos

(
ψOpt

)
as follow:

cos
(
ψOpt

)
=

√√√√√1−

1−
√

1 + 32k2 In
2

8kIn

2

=

√
32k2 In

2 − 2 + 2
√

1 + 32k2 In
2

8|k|In
.

The maximum value of Γ,
PMM at a given In is then given by:

Γ,
PMM = cos

(
ψOpt

)
In
(
1− 2ksin

(
ψOpt

)
In
)

=

(√
32k2 In

2−2+2
√

1+32k2 In
2
)(

3+
√

1+32k2 In
2
)

32|k| .

Finally, Γ,
PMM maximum value obtained for

(
In = 1, ψOpt

)
is given by:

Γ,
PMMmax =

(√
32k2−2+2

√
1+32k2

)(
3+
√

1+32k2
)

32|k|

=

(√
8Ldn

2(1−ρ)2−2+2
√

1+8Ldn
2(1−ρ)2

)(
3+
√

1+8Ldn
2(1−ρ)2

)
16Ldn |1−ρ| .

(A5)
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In the other hand, the torque expression for a lossless shifted inductance axes perma-
nent magnets synchronous machine (SIAPMSM) is given by:

ΓSIAPMM = p
[

Φa Icos(ψ)− I2

2
(

Ld − Lq
)
sin(2(ψ− β))

]
. (A6)

Using the per-unit representation, the expressions (A6) normalized with respect to PM
maximum torque becomes:

Γ,
SIAPMM = VnmaxΓSIAPMMn = cos(ψ)In − ksin(2(ψ− β))In

2. (A7)

For SIAPMSM, the optimal angle ψOpt is imposed equal to 0 which will help determine
the optimal value of β maximizing the torque.

For ψ = ψOpt = 0, the torque expression becomes:

Γ,
SIAPMM = VnmaxΓSIAPMMn = In + ksin(2β)In

2.
The maximum value of Γ,

SIAPMM obtained for:

ksin(2β) = |k| ⇒ sin(2β) =
|k|
k
⇒
{

βOpt =
π
4 i f k > 0 (ρ < 1)

βOpt = −π
4 i f k < 0 (ρ > 1)

. (A8)

Finally the overall Γ,
SIAPMM maximum value obtained for

(
In = 1, ψOpt = 0, βOpt

)
is

given by:

Γ,
SIAPMMmax = 1 + |k| = 1 +

Ldn|1− ρ|
2

. (A9)

The torque increase percentage is given by:

Increase(%) = 100
(Γ,

SIAPMMmax−Γ,
PMMmax

Γ,
PMMmax

)
= 100

 32|k|( 1+|k|)−
(√

32k2−2+2
√

1+32k2
)(

3+
√

1+32k2
)

(√
32k2−2+2

√
1+32k2

)(
3+
√

1+32k2
)

.
(A10)

Figure A1 shows the variation of the torque increase percentage with the parameter k.
It should be noted that the torque increase percentage is an even function of the variable k,
which may vary in the range (−∞, +∞).
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