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Abstract: This paper investigates the trajectory tracking control issue of four-wheel independently
actuated electric vehicles (FWIA EVs) with steer-by-wire devices concerning parameter uncertainties,
external disturbances, input saturation, and vehicle sideslip angle not easily obtained. A robust H∞

dynamic output feedback control strategy is proposed for the integrated control of the steering motor
current and direct yaw moment without using sideslip angle information to ensure the reference
trajectory tracking and the improvement of handling performance and yaw stability. In the proposed
integration control framework, the steer-by-wire device dynamic is involved in the polyhedral linear
parameter-varying (LPV) trajectory tracking error model considering the time-varying longitudinal
velocity, and the norm-bounded parameter uncertainties such as road adhesion coefficient, tire
cornering stiffness, vehicle mass, and vehicle moment of inertia. With the help of the LPV model of
all the states of the steer-by-wire FWIA EV, a dynamic output feedback trajectory tracking controller
is designed using the robust H∞ technique. The controller gain matrices are obtained by solving
the linear matrix inequalities. Finally, the high-fidelity full-vehicle model based on the CarSim-
MATLAB/Simulink joint simulation platform verifies the robustness and advantages of the designed
control strategy in the accelerated lane-change scenario.

Keywords: dynamic output feedback; trajectory tracking; steer-by-wire; linear parameter-varying;
linear matrix inequalities

1. Introduction

Four-wheel independent actuated (FWIA) electric vehicles (EVs), an emerging class of
electric vehicles, offer many advantages in terms of energy efficiency and energy security.
In addition, the torque of each wheel of the FWIA EV, independently controlled by a hub
(or wheel-side) motor, allows for rapid and precise generation of a direct yaw moment
through the motor torque difference between the two sides of the vehicle to further improve
vehicle stability and handling performance [1]. The steer-by-wire system uses steering
motors to control the direct torque to drive the vehicle for autonomous steering, which
provides a good hardware foundation for the FWIA EV to achieve intelligence. As one of
the primary and critical technologies for the FWIA EV to achieve intelligence, the trajectory
tracking control aims to rapidly track the desired trajectory continuously and smoothly
with possible high accuracy [2], which involves controls for the lateral motion ensuring the
lateral and heading trajectory tracking stability of the vehicle [3–5] and for the longitudinal
motion ensuring the longitudinal position, velocity, and acceleration [6]. However, the
complexity of the dynamic system of the steer-by-wire FWIA EV [7], parameter uncertainty,
and external disturbance during the trajectory tracking process challenge the control for
stability and maneuverability, tracking accuracy, and driving safety [8]. Therefore, designing
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a reasonable trajectory tracking control strategy for the steer-by-wire FWIA EV is of far-
reaching research significance.

To ensure the stability, maneuverability, and driving safety of the FWIA EV dur-
ing driving, the active front steering (AFS) system [9], the direct yaw moment control
(DYC) system [10,11], and some integrated control systems have been extensively investi-
gated [12–14]. The AFS system can effectively improve handling performance and driving
comfort. In reality, when the car tires work in the non-linear range, it is not easy to achieve
stability control by only relying on the AFS system [15]. The DYC system can adjust the
motor torque on both sides of the vehicle to generate a direct yaw moment to achieve
vehicle handling and active safety. However, DYC will reduce the steady-state value of
the yaw rate, and only relying on DYC for vehicle lateral stability control will increase
tire wear and reduce vehicle speed. As a result, the integrated control using AFS and
DYC can effectively improve vehicle stability and active safety while maintaining handling
performance, driving comfort, and maximum vehicle mobility [15]. Many efforts have been
made in this respect. For example, considering that the lateral vehicle velocity is difficult to
measure, Ref. [16] designed a robust dynamic output feedback control strategy integrated
with AFS/DYC without using the lateral vehicle velocity to solve the FWIA EV stability
and parameter/state uncertainty, input saturation, and external disturbance problems in
maneuverability control. Ref. [17] integrated AFS and DYC to design a comprehensive,
adaptive driver-assisted yaw stability control strategy. However, the above studies have
not involved the dynamic characteristics of FWIA EV steering actuators in the control
design. In this regard, Ref. [5] designed a robust steering torque control strategy for the
lateral tracking function of conventional autonomous vehicles, not FWIA EVs, considering
the dynamic characteristics of the vehicle steering system. Ref. [18] proposed a layered
control strategy for dual-motor steer-by-wire vehicles, including the upper-layer control of
vehicle stability and the lower-layer control of dual-motor synchronization, realizing the
synchronization and stability control of dual-motor steer-by-wire vehicles.

Besides stability, maneuverability, and driving safety, trajectory tracking performance
evaluation is also necessary for the steer-by-wire FWIA EV. In recent years, this issue has
aroused the attention of researchers. For example, Ref. [19] designed an output-constrained
controller to achieve lateral tracking control for the FWIA EV path following the problem
of tire slip effects. Considering time-varying longitudinal velocity and external distur-
bance, Ref. [20] proposed a coordinated path-following system and direct yaw moment
control method to improve lateral stability and path-following performance. Considering
parameter uncertainty, time-varying and external disturbances, Ref. [21] established a
polyhedral LPV lateral model and proposed a robust gain-scheduled automatic steering
control strategy to ensure trajectory tracking performance and robustness of the system.
Ref. [22] investigated a robust model of predictive control with a finite time domain against
the vehicle model’s parameter uncertainty, time-varying, external disturbance, and non-
linearity, which realizes the coordinated direct yaw moment control and path following.
Ref. [23] proposed a control strategy that blends tracking deviation compensation and vehi-
cle stability to improve the vehicle stability and tracking accuracy of the FWIA EV. Ref. [24]
proposed a robust gain-scheduled lateral motion control strategy with coordination of AFS
and DYC for the path-following of autonomous vehicles to improve the vehicle stability
and maneuverability and enable the vehicle to have good tracking ability. It should be
noted that the collaborative control of the DYC and AFS systems is conducive to improving
vehicle stability, maneuverability, safety, and trajectory tracking performance. In addition,
vehicle speed control in platooning or other cooperative missions [25,26] is also an issue
that needs attention in future work.

As for the problem of dealing with the uncertainty and time-variation of system
parameters, and various external disturbances in autonomous vehicle operation, many
excellent achievements have emerged. For example, aiming at the trajectory tracking control
problem of autonomous driving FWIA EVs with the uncertainty of vehicle parameters
and external disturbances, Ref. [8] proposed an adaptive hierarchical control framework
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for supervising the lateral motion of the FWIA EV and adopted the LMI-based adaptive
sliding mode advanced control algorithm to obtain good tracking performance of the FWIA
EV under different driving conditions. Considering the uncertainty of vehicle mass and
time-varying vehicle speed, Ref. [13] investigated an H∞ vehicle dynamic stability control
algorithm based on a polyhedral LPV model. Considering the uncertainty of tire cornering
stiffness, time-varying vehicle speed, and external disturbances, Ref. [4] designed a robust
lateral control system with a fuzzy state observer based on the Takagi–Sugeno fuzzy model
to render an FWIA EV achieving an excellent horizontal tracking effect. Considering the
time-varying and uncertain characteristics of tire cornering stiffness and vehicle speed in
FWIA EV, Ref. [22] constructed an LPV discrete model and proposed a finite-time domain
robust MPC theory that can handle the model mismatch problem caused by time-varying
and uncertain vehicle dynamic characteristics and external disturbances to achieve better
path tracking control performance. It can be noticed that when time-varying characteristics
are considered, LPV technology is usually used for modeling, and based on the LPV model,
the passivity-based control framework, especially the H∞ control method, is generally used
for controller design as a typical, effective control algorithm.

Motivated by analyzing the above, this paper investigates the trajectory tracking
issue with integrated AFS and DYC control for steer-by-wire FWIA EV. Unlike the current
research results, the cooperative control design considers the dynamic characteristics of
steer-by-wire. A polyhedral LPV model is established for all the states of the steer-by-wire
FWIA EV by considering parameter uncertainty, longitudinal velocity time-varying, and
external disturbance. A robust H∞ dynamic output feedback trajectory tracking control
strategy is proposed without considering the vehicle sideslip angle measure. Thus, the
main contributions of this paper are summarized as follows:

1. A trajectory tracking control method with integrated AFS and DYC is proposed for the
steer-by-wire FWIA EV, involving the dynamic of steer-by-wire, which is more closely
related to the control actuation of the steer-by-wire FWIA EV in reality. Compared with
the robust gain-scheduling control (RGSC) strategy not considering the dynamic of
the steer-by-wire system, the proposed control strategy can guarantee higher tracking
accuracy and better comfort.

2. In the proposed integrated control framework, a polyhedral LPV model with eight
vertices is established for all the states of the steer-by-wire FWIA EV by considering the
time-varying longitudinal velocity and selecting vx, 1

vx
and 1

v2
x

as scheduling parameters.

3. A robust H∞ dynamic output feedback controller without using the vehicle sideslip an-
gle is designed by solving the linear matrix inequalities integrating robust stability, H∞
performance, and actuator constraint, which meets the stability and maneuverability,
tracking accuracy, and driving safety requirements in the trajectory tracking process.

The rest of this paper is organized as follows. Section 2 presents the system modeling
and problem statement. Section 3 presents a design for a robust dynamic output feedback
control using H∞ control theory, linear matrix inequality (LMI), and gain-scheduling
method. Section 4 shows the verification results of the effectiveness and advantage of the
proposed strategy by comparison with other strategies under the simulation in Carsim-
MATLAB/Simulink. Section 5 gives the conclusion.

2. System Modeling and Problem Statement
2.1. System Modeling Considering Dynamic Characteristics of Steer-by-Wire

Figure 1 shows the trajectory tracking process of the FWIA EV, where ed is the lateral
deviation, which is the distance between the center of gravity (CG) of the FWIA EV and the
nearest point T on the desired trajectory σ. eϕ is the yaw angle error between the desired
yaw angle ϕd and the actual yaw angle ϕ, which can be expressed as eϕ = ϕd − ϕ.
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Figure 1. Trajectory tracking process of FWIA EV.

Consequently, the trajectory tracking error model of the FWIA EV is described as
follows [8]. {

ėd = vxeϕ + vxβ + d1
ėϕ = γ + d2

(1)

where β is the sideslip angle. d1 represents the modeling error and external disturbance. γ
is the yaw rate. d2 = −ρT(σ)vx, ρT(σ) is the curvature of the desired trajectory σ at point
T, vx is the longitudinal velocity.

Without considering pitch and roll motion, the FWIA EV yaw dynamics model is
shown as follows:  β̇ = 1

mvx

(
Fy f + Fyr

)
+ d3

γ̇ = 1
Iz

(
l f Fy f − lrFyr

)
+ 1

Iz
∆Mz + d4

(2)

where Fy f and Fyr are the lateral forces of the front and rear tire, respectively. m is the FWIA
EV mass. Iz is the moment of inertia. l f and lr are distances from the center of mass of the
FWIA EV to the front and rear axes, respectively. ∆Mz is the direct yaw moment. d3 and d4
denote external disturbances describing unmodeled dynamics and nonlinear terms.

The direct yaw moment ∆Mz is generated by the difference in longitudinal tire forces
between the left and right wheels, expressed as:

∆Mz =
4

∑
i=1

(−1)iFxi
ls
2

(3)

where ls denotes the width of the wheel pitch. Fxi represents the longitudinal force of the
ith tire, controlled by the hub motor.

The wheel dynamics of the FWIA EV can be expressed as

Iwẇi = Ti − FxiRt (4)

where Iw is the wheel’s moment of inertia. wi is the rotational speed of the ith tire. Ti is the
torque of the ith hub motor. Rt denotes the rolling radius of the tire.

The front and rear tire lateral forces Fy f and Fyr generated by the friction between the
tire and the road surface can be described as

Fy f = µC f α f , Fyr = µCrαr (5)

where µ is the road adhesion coefficient of the front and rear wheels. C f and Cr are the
steering stiffness of the front and rear wheels, respectively. α f and αr are sideslip angles at
the front and rear axles, respectively.

According to physical concepts of the slip angles, α f and αr can be expressed as

α f = β +
l f

vx
γ− δ f , αr = β− lr

vx
γ (6)
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where δ f is the front-wheel steering angle.
The dynamic of the FWIA EV steering-by-wire system can be written as [27]

δ̈ f =−
µC f (lp+lm)

Jw
β− µC f l f (lp+lm)

Jwvx
γ +

µC f (lp+lm)
Jw

δ f − bw
Jw

δ̇ f +
ηmrskm

Jw
im + d5 (7)

where lp and lm are the aerodynamic trajectory (the distance between the action point of
the resultant lateral force and the tire center) and the mechanical trajectory (the distance
between the tire center and the steering axis), respectively. Jw is the moment of inertia of
the steering system. bw is the viscous damping. ηm is the motor efficiency. rs is the steering
ratio. km is the motor constant. im is the motor current. d5 is the modeling error.

2.2. Polytopic Model Establishment for System Uncertainty

Considering the uncertainties of road adhesion coefficient µ ∈ [µmin, µmax] and the
steering stiffness of the front and rear wheels C f ∈ [C f min, C f max], Cr∈ [Cr min, Cr max] due to
various possible road conditions, and the perturbations of the vehicle mass m∈ [mmin, mmax]
and yaw inertia Iz ∈ [Iz min, Iz max] due to payload variation, these parameters can be
described as follows: 

µ = µn + ∆µN1(t)
C f = C f n + ∆C f N2(t)
Cr = Crn + ∆Cr N3(t)
1
m = 1

mn
+ 1

∆m N4(t)
1
Iz
= 1

Izn
+ 1

∆Iz
N5(t)

(8)

where

µn = 1
2 (µmax + µmin), ∆µ = 1

2 (µmax − µmin),
C f n = 1

2 (C f max + C f min), ∆C f =
1
2 (C f max − C f min),

Crn = 1
2 (Cr max + Cr min), ∆Cr =

1
2 (Cr max − Cr min),

mn = 2mminmmax/(mmin + mmax), ∆m = 2mminmmax/(mmax −mmin),
Izn = 2Iz min Iz max/(Iz min + Iz max), ∆Iz = 2Iz min Iz max/(Iz max − Iz min).

and Ni(t) is a time-varying uncertain parameter with |Ni(t)| ≤ 1, i = 1, 2, · · · , 5.
Moreover, the longitudinal velocity vx varies in the actual trajectory tracking process

rather than the constant vx in conventional lateral control studies. Consequently, this
paper regards vehicle longitudinal velocity vx as a time-varying parameter and defines a
time-varying parameter vector ρ = [ρ1, ρ2, ρ3]

T by using vx, 1
vx

and 1
v2

x
with

ρ1 = vx∈ [vx, v̄x], ρ2 =
1
vx
∈
[

1
v̄x

,
1
vx

]
, ρ3 =

1
v2

x
∈
[

1
v̄2

x
,

1
v2

x

]
(9)

The FWIA EV is an over-actuated system, the direct yaw moment can be generated by
the controlled distribution of the four in-wheel motors, and the control design is usually
divided into the trajectory tracking control layer and drive torque distribution layer. In this
paper, we focus on the controller design of the FWIA EV trajectory tracking control layer.

Therefore, based on the description on (8) of the system uncertainties and the defini-
tion (9) of the time-varying parameters, the trajectory tracking control-oriented dynamic
model of the FWIA EV with the steer-by-wire device (1)–(7) can be rewritten as follows.

ẋ(t) = A(ρ)x(t) + Bu(t) + Bdd(t)
= (An(ρ) + ∆A(ρ))x(t) + (Bn + ∆B)u(t) + d̄(t)

(10)

where x=
[
ed, eϕ, β, γ, δ f , δ̇ f

]T
, u=[∆Mz, im]

T , and d(t)= [d1, d2, d3, d4, d5]
T are state vari-

able, control input, and disturbance, respectively. A(ρ) is system-parameter-dependent
matrix, B and Bd are control input and disturbance input matrices, respectively. An(ρ), Bn
and ∆A(ρ), ∆B denote the nominal and uncertain parts, respectively.
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An(ρ), Bn, Bd are described as:

An(ρ)=



0 ρ1 ρ1 0 0 0
0 0 0 1 0 0

0 0
c f +cr

mn ρ2
c f l f −cr lr

mn ρ3−1
−c f
mn ρ2 0

0 0
c f l f −cr lr

Izn

c f l2f +cr l2r
Izn ρ2

−c f l f
Izn 0

0 0 0 0 0 1

0 0
−c f (lp+lm)

Jw

−c f l f (lp+lm)

Jw ρ2
c f (lp+lm)

Jw
−bw

Jw

, Bn=



0 0
0 0
0 0
1

Izn
0

0 0
0 ηmrskm

Jw


, Bd=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1


T

,

c f = µnC f n, cr = µnCrn.
The matrices ∆A(ρ) and ∆B only describe the uncertain parts satisfying the condition:[

∆A(ρ) ∆B
]
=HΛ

[
L1(ρ) L2

]
(11)

with Λ=diag{N1, N1, N1}, |N1| ≤ 1,

H=

 0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1

T

, L1(ρ)=

 0 0 (φ1+φ2)ρ2 (φ1l f−φ2lr)ρ3 −φ1ρ2 0

0 0 φ3l f−φ4lr (φ3l2
f +φ4l2

r )ρ2 −φ3l f 0

0 0
−∆c f (lp+lm)

Jw

−∆c f l f (lp+lm)ρ2
Jw

∆c f (lp+lm)

Jw 0

, L2=

 0 0
1

∆Iz
0

0 0

,

∆c f = µn∆C f + ∆µC f n + ∆µ∆C f , ∆cr = µn∆Cr + ∆µCrn + ∆µ∆Cr, φ1 =
c f +∆c f

∆m +
∆c f
mn

, φ2 = cr+∆cr
∆m + ∆cr

mn
, φ3 =

c f +∆c f
∆Iz

+
∆c f
Izn

, φ4 = cr+∆cr
∆Iz

+ ∆cr
Izn

. And the remaining parts
of the uncertainties are combined into the disturbance term Bdd(t) to form the lumped
disturbance d̄(t).

Furthermore, for reducing the computational complexity and design conservativeness,
the following polytopic form of the system state-space expression is established as

ẋ(t) =
8
∑

i=1
αi(ρ, t)[(Ani + ∆Ai)x(t) + (Bni + ∆Bi)u(t) + d̄(t)]

=
8
∑

i=1
αi(ρ, t)[(Ani + HΛL1i)x(t) + (Bni + HΛL2i)u(t) + d̄(t)]

(12)

where αi(ρ, t) is barycentric coordinate, defining as

α1(ρ, t) = |ρ1 − ρ̄1||ρ2 − ρ̄2||ρ3 − ρ̄3|/∆ρ
α2(ρ, t) = |ρ1 − ρ

1
||ρ2 − ρ̄2||ρ3 − ρ̄3|/∆ρ

α3(ρ, t) = |ρ1 − ρ̄1||ρ2 − ρ
2
||ρ3 − ρ̄3|/∆ρ

α4(ρ, t) = |ρ1 − ρ̄1|‖ρ2 − ρ̄2||ρ3 − ρ
3
|/∆ρ

α5(ρ, t) = |ρ1 − ρ
1
||ρ2 − ρ

2
||ρ3 − ρ̄3|/∆ρ

α6(ρ, t) = |ρ1 − ρ
1
||ρ2 − ρ̄2||ρ3 − ρ

3
|/∆ρ

α7(ρ, t) = |ρ1 − ρ̄1||ρ2 − ρ
2
||ρ3 − ρ

3
|/∆ρ

α8(ρ, t) = |ρ1 − ρ
1
||ρ2 − ρ

2
||ρ3 − ρ

3
|/∆ρ

(13)

with ∆ρ = |ρ̄1 − ρ
1
||ρ̄2 − ρ

2
||ρ̄3 − ρ

3
|,

8
∑

i=1
αi(ρ, t) = 1.

Ani, Bni, L1i, L2i are corresponding vertices of system matrices described as
An1=An(ρ̄1, ρ̄2, ρ̄3), An2=An(ρ1

, ρ̄2, ρ̄3), An3=An(ρ̄1, ρ
2
, ρ̄3), An4=An(ρ̄1, ρ̄2, ρ

3
),

An5=An(ρ1
, ρ

2
, ρ̄3), An6=An(ρ1

, ρ̄2, ρ
3
), An7=An(ρ̄1, ρ

2
, ρ

3
), An8=An(ρ1

, ρ
2
, ρ

3
),

Bni=Bn,
L11=L1(ρ̄1, ρ̄2, ρ̄3), L12=L1(ρ1

, ρ̄2, ρ̄3), L13=L1(ρ̄1, ρ
2
, ρ̄3), L14=L1(ρ̄1, ρ̄2, ρ

3
),

L15=L1(ρ1
, ρ

2
, ρ̄3), L16=L1(ρ1

, ρ̄2, ρ
3
), L17=L1(ρ̄1, ρ

2
, ρ

3
), L18=L1(ρ1

, ρ
2
, ρ

3
),

L2i=L2.

2.3. Control Problem Formulation

For the state feedback controller design of the trajectory tracking control layer of the

FWIA EVs, all states of x =
[
ed, eϕ, β, γ, δ f , δ̇ f

]T
need to be measured with high accuracy.

ed, eϕ can be measured using inexpensive equipment. The yaw rate γ can be measured by
an onboard sensor or can be synthesized by an accelerometer. However, β is often difficult
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to measure with inexpensive sensors. Therefore, the output feedback-based control scheme
is apt to apply to FWIA EVs.

For this reason, this study only takes the states ed, eϕ, γ, δ f , and δ̇ f as the measurement
output y. While considering the improvement of trajectory tracking performance, all states
are regarded as the evaluation output z. As a result, a trajectory tracking control-oriented
model for the steer-by wire FWIA EV can be rewritten as

ẋ(t) =
8
∑

i=1
αi(ρ, t)[(Ani + ∆Ai)x(t) + (Bni + ∆Bi)u(t) + d̄(t)]

y(t) = C1x(t)
z(t) = C2x(t)

(14)

where C1 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

, C2 = I6×6.

The above state space Equation (14) is the FWIA EV’s trajectory tracking control-
oriented dynamic model. In the following sections, we focus on the controller design of the
FWIA EV trajectory tracking control layer, and the torque distribution is simplified in this
paper using a rule-based average distribution method [11].

The control objective is to design a robust H∞ dynamic output feedback controller
such that the resulting closed-loop system is robustly stable in the presence of parameter
uncertainty and external disturbance and has the H∞ disturbance attenuation properties:∫ t

0
zT(t)z(t)dt ≤ v2

∫ t

0
d̄T(t)d̄(t)dt (15)

where v is the specified attenuation level.
In addition, from the perspective of safety and mechanical structure, the following

constraints should also be satisfied:

|us(t)| ≤ umax s, s = 1, 2 (16)

where umaxs is the maximum value of |us(t)|, which should be selected according to the
road conditions and the maximum torque of the motor.

3. Robust H∞ Output Feedback Trajectory Tracking Control

In order to improve the trajectory tracking performance of the FWIA EV, a robust H∞
dynamic output feedback controller is designed as follows:

ẋc(t) =
8
∑

i=1

8
∑

j=1
αi(ρ, t)αj(ρ, t)Acijxc(t) +

8
∑

j=1
αj(ρ, t)Bcjy(t)

u =
8
∑

j=1
αj(ρ, t)Ccjxc(t) + Dcy(t)

(17)

where xc(t) ∈ R6 is the controller state, and Acij, Bcj, Ccj, i, j = 1, 2, · · · , 8 and Dc are the
control parameter matrices with the corresponding dimension.

Therefore, the state equation of the resulting closed-loop system can be rewritten as ˙̄x(t) =
8
∑

i=1

8
∑

j=1
αi(ρ, t)αj(ρ, t)

((
Āij + H̄ΛL̄ij

)
x̄(t) + B̄d̄(t)

)
z = C̄x̄

(18)

where x̄=
[

x
xc

]
, B̄=

[
I6×6
02×6

]
, H̄=

[
H

02×3

]
, Āij=

[
Ani + BniDcC1 BniCcj

BcjC1 Acij

]
,
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L̄ij=
[

L1i + L2iDcC1 L2iCcj
]
, C̄=

[
C2 06×2

]
.

The following lemma is needed in the subsequent proof of results.

Lemma 1 ([11]). Given matrices Y, H, and L of appropriate dimensions, where Y = YT then

Y + HΛL + LTΛT HT < 0 (19)

holds for all time-varying matrices Λ satisfying ΛTΛ ≤ I, if and only if there is a constant ε > 0
such that  Y εH LT

∗ −εI 0
∗ ∗ −εI

 < 0 (20)

Theorem 1. Given the positive constants v and ϑ, if there exist positive scalars εij, ε ji and a
symmetric positive definite matrix P such that the following matrix inequalities hold, then the
closed-loop system (18) is asymptotically stable when d̄(t) = 0 and satisfies the H∞ performance
index (15) for all d̄(t).

Ῡ1ij + Ῡ1ji < 0, 1 ≤ i ≤ j ≤ 8 (21)

Ῡ2sj < 0, s = 1, 2, j = 1, 2, · · · , 8 (22)

where matrices Ῡ1ij, Ῡ1ji, and Ῡ2sj are defined as

Ῡ1ij=


ĀT

ij P+PĀij PB̄ C̄T PH̄ L̄T
ij

∗ −I 0 0 0
∗ ∗ −v2 I 0 0
∗ ∗ ∗ −ε−1

ij I 0
∗ ∗ ∗ ∗ −εij I

, Ῡ2sj=

[
−u2

max sP KT
hj

∗ −ϑ−1 I

]
,

Ῡ1ji=


ĀT

ji P+PĀji PB̄ C̄T PH̄ L̄T
ji

∗ −I 0 0 0
∗ ∗ −v2 I 0 0
∗ ∗ ∗ −ε−1

ji I 0
∗ ∗ ∗ ∗ −ε ji I

, Khj=
[

DcC1 Ccj
]
.

Proof. For the closed-loop system (18), the Lyapunov function is chosen as

V(x̄) = x̄T(t)Px̄(t) (23)

then, calculating the time derivative of V and considering zT(t)z(t)−v2d̄T(t)d̄(t) with
v > 0, there is the following equality.

V̇(x̄) + zT(t)z(t)−v2d̄T(t)d̄(t)

=
8
∑

i=1

8
∑

j=1
αi(ρ, t)αj(ρ, t)

(
x̄T(t)Θij x̄(t) + 2x̄T(t)PB̄d̄(t) + zT(t)z(t)−v2d̄T(t)d̄(t)

)
=

8
∑

i=1

8
∑

j=1
αi(ρ, t)αj(ρ, t)

[
x̄(t)
d̄(t)

]T

Υ1ij

[
x̄(t)
d̄(t)

] (24)

where Θij= ĀT
ij P+PĀij+PH̄ΛL̄ij+L̄T

ijΛH̄T P, Υ1ij=

[
Θij+C̄TC̄ PB̄

B̄T P −v2 I

]
.

Thus, it can be concluded that if the following inequality holds,

8

∑
i=1

8

∑
j=1

αi(ρ, t)αj(ρ, t)Υ1ij < 0 (25)
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then the closed-loop control system (18) will be robustly asymptotically stable when
d̄(t) = 0 and can satisfy the H∞ performance index (15) for all d̄(t).

Furthermore, the inequality (25) can be rewritten as

8

∑
i=1

α2
i (ρ, t)Υ1ii +

7

∑
i=1

8

∑
j=i+1

αi(ρ, t)αj(ρ, t)
(
Υ1ij + Υ1ji

)
< 0 (26)

Consequently, if the following conditions hold,

Υ1ij + Υ1ji < 0, 1 ≤ i ≤ j ≤ 8 (27)

the controlled system is robustly stable and has H∞ the performance index (15).
By using Schur’s complement lemma to (27), the following inequality follows: Θij PB̄ C̄T

∗ −v2 I 0
∗ ∗ −I

+
 Θji PB̄ C̄T

∗ −v2 I 0
∗ ∗ −I

 < 0 (28)

According to Lemma 1, there is the following inequality:
ĀT

ij P+PĀij PB̄ C̄T εijPH̄ L̄T
ij

∗ −v2 I 0 0 0
∗ ∗ −I 0 0
∗ ∗ ∗ −εij I 0
∗ ∗ ∗ ∗ −εij I

+


ĀT
ji P+PĀji PB̄ C̄T ε jiPH̄ L̄T

ji
∗ −v2 I 0 0 0
∗ ∗ −I 0 0
∗ ∗ ∗ −ε ji I 0
∗ ∗ ∗ ∗ −ε ji I

 < 0 (29)

The congruence transformation of the inequality (29) is performed using the diagonal
matrix diag

{
I, I, I, (εij+ε ji)

−1 I, I
}

. Thus, the inequality (21) holds.
The following proves the inequality (22). The system is asymptotically stable when

d̄(t) = 0, and the performance index (15) satisfies for all d̄(t), if

V̇(t) + zT(t)z(t)−v2d̄T(t)d̄(t) ≤ 0, ∀x̄(t), d̄(t) (30)

Then, integrating both sides of the inequality (30) from 0 to t, there follows

V(t) ≤ v2
∫ t

0
d̄T(t)d̄(t)dt + V(0) = v2‖d̄(t)‖2

2 + V(0) ≤ ϑ, ∀t ≥ 0 (31)

where ϑ := v2d̄max + V(0), d̄max := max{‖d̄(t)‖2
2}, ∀t ≥ 0.

Considering the controller (17) with Kh := [DcC1
8
∑

j=1
αj(ρ, t)Ccj], then u = Kh x̄(t).

Defining x̃ = P1/2 x̄ and using x̃T(t)x̃(t) = x̄T(t)Px̄(t) ≤ ϑ, there is

|us(t)|2 ≤ max
t≥0

∥∥∥x̄T(t)KT
h Kh x̄(t)

∥∥∥2

2

= max
t≥0

∥∥∥x̃T(t)P−1/2KT
h KhP−1/2 x̃(t)

∥∥∥2

2

≤ ϑλmax

(
P−1/2KT

h KhP−1/2
)

, s = 1, 2

(32)

where λmax(·) represents the largest eigenvalue of the matrix.
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Therefore, if ϑP−1/2KT
h KhP−1/2 < u2

max s I, the constraint (16) will satisfy. Furthermore,

using Schur’s complement and considering
8
∑

j=1
αj(ρ, t) = 1, the following inequality holds.

[
−u2

max sP KT
h

∗ −ϑ−1 I

]
=

8

∑
j=1

αj(ρ, t)

[
−u2

max sP KT
hj

∗ −ϑ−1 I

]
=

8

∑
j=1

αj(ρ, t)Ῡ2sj < 0 (33)

Therefore, the constraint (16) satisfies when (22) holds. This completes the proof.

Remark 1. It should be noted that the inequality (22) is a constraint on the gains of the designed
controller (17) according to the actuator constraint (16). The parameter ϑ is just an assignment (a
large value should be selected) involving the maximum bound value of the lumped disturbance and
the system’s initial condition. The exact bound value of d̄(t) is not required. Meanwhile, it should
be pointed out that the inequalities (21) and (22) are only sufficient conditions for the existence of
an output feedback controller (17) satisfying the control performance requirements (robustly stable
and H∞ performance (15) and actuator constraint (16). The sufficient conditions for solving the
control parameter matrices Acij, Bcj, Ccj, Dc(i, j = 1, 2, · · · , 8) are not given.

The following will give a solvable condition for the control parameter matrices Acij,
Bcj, Ccj, and Dc through the mathematical transformation technique.

The non-singular matrix P and its inverse matrix P−1 can be partitioned into the
following block forms.

P =

[
R F
FT W

]
, P−1 =

[
S E

ET V

]
(34)

with symmetric positive definite matrices R and S, full-rank matrices E and F, EFT = I− SR,
and define

Q1 =

[
S I

ET 0

]
, Q2 =

[
I R
0 FT

]
(35)

then, there exists the following result.

Theorem 2. Given the positive constants v and ϑ, if there are symmetric positive definite matrices
R and S, positive scalars εij and ε ji, and matrices Âcij, B̂cj, Ĉcj, and D̂c, such that the following
matrix inequalities hold, the closed-loop system (18) is asymptotically stable when d̄(t) = 0 and
satisfies the H∞ performance index (15) for all d̄(t).

Ξ1ij + Ξ1ji < 0, 1 ≤ i ≤ j ≤ 8 (36)

Ξ2sj < 0, s = 1, 2, j = 1, 2, · · · , 8 (37)

where Ξ1ij, Ξ1ji, and Ξ2sj are defined as
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Ξ1ij =



Gij + GT
ij Âcij + Ki I SCT

2 H SLT
1i + ĈT

cjL
T
2i

∗ Jij + JT
ij R CT

2 RH LT
1i + CT

1 D̂T
c LT

2i
∗ ∗ −I 0 0 0
∗ ∗ ∗ −v2 I 0 0
∗ ∗ ∗ ∗ −ε−1

ij I 0
∗ ∗ ∗ ∗ ∗ −εij I


,

Ξ1ji =



Gji + GT
ji Âcji + Ki I SCT

2 H SLT
1i + ĈT

cjL
T
2i

∗ Jji + JT
ji R CT

2 RH LT
1i + CT

1 D̂T
c LT

2i
∗ ∗ −I 0 0 0
∗ ∗ ∗ −v2 I 0 0
∗ ∗ ∗ ∗ −ε−1

ji I 0
∗ ∗ ∗ ∗ ∗ −ε ji I


,

Ξ2sj =

−u2
max sS −u2

max s I ĈT
cj

∗ −u2
max sR CT

1 D̂T
c

∗ ∗ −ϑ−1 I

.

(38)

with Gij = AniS+BniĈcj, Ki = Ani+BnD̂cC1, Jij = RAni+B̂cjC1

Furthermore, the control parameter matrices Acij, Bcj, Ccj, Dc, i, j = 1, 2, · · · , 8 of the con-
troller (17) can be obtained as follows.

Acij = F−1[Âcij − R(Ani + BniDcC1)S
]
E−T − BcjC1SE−T − F−1RBniCcj

Bcj = F−1(B̂cj − RBniDc)

Ccj = (Ĉcj − DcC1S)E−T

Dc = D̂c

(39)

Proof. By performing congruence transformations with diag{Q1, I, I, I, I} to Ῡ1ij/Ῡ1ji in
the inequality (21) and diag{Q1, I} to Ῡ2sj in (22), the following equalities hold.

Ξ1ij =


QT

1 ĀT
ij PQ1 + QT

1 PĀijQ1 QT
1 PB̄ QT

1 C̄T QT
1 PH̄ QT

1 L̄T
ij

∗ −v2 I 0 0 0
∗ ∗ −I 0 0
∗ ∗ ∗ −ε−1

1ij I 0
∗ ∗ ∗ ∗ −ε1ij I

,

Ξ1ji =


QT

1 ĀT
ji PQ1 + QT

1 PĀjiQ1 QT
1 PB̄ QT

1 C̄T QT
1 PH̄ QT

1 L̄T
ji

∗ −v2 I 0 0 0
∗ ∗ −I 0 0
∗ ∗ ∗ −ε−1

1ji I 0
∗ ∗ ∗ ∗ −ε1ji I

,

Ξ2sj =

[
−u2

max sQT
1 PQ1 QT

1 KT
hj

∗ ϑ−1 I

]

(40)
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According to the definitions of Q1 and Q2, then PQ1 = Q2, there are



QT
1 PĀijQ1 = QT

2 ĀijQ1 =

[
AniS + BniĈcj Ani + BniD̂cC1

Âcij RAni + B̂cjC1

]
,

QT
1 PB̄ =

[
I 0
R F

][
I
0

]
=

[
I
R

]
,

QT
1 C̄T =

[
S E
I 0

][
CT

2
0

]
=

[
SCT

2
CT

2

]
,

QT
1 PH̄ =

[
I 0
R F

][
H
0

]
=

[
H

RH

]
,

QT
1 L̄T

ij =

[
S E
I 0

][
LT

1i + (L2iDcC1)
T

(L2iCcj)
T

]
=

[
SLT

1i + ĈT
cjL

T
2i

LT
1i + CT

1 D̂T
c LT

2i

]
,

QT
1 PQ1 =

[
S I

RS + FET R

]
=

[
R I
I S

]
,

KhjQ1 =
[
DcC1 Ccj

][ S I
ET 0

]
=
[
Ĉcj D̂cC1

]
,

(41)

where 
Âcij = R(Ani + BniDcC1)S + FBcjC1S + RBniCcjET + FAcijET

B̂cj = RBniDc + FBcj
Ĉcj = DcC1S + CcjET

D̂c = Dc, (i, j = 1, 2, · · · , 8)

(42)

Substituting (41) into (40) follows (38). Consequently, the inequalities (36) and (37)
hold. Moreover, (39) can be obtained through (42). This completes the proof.

Remark 2. It should be noted that the order of the above designed controller is the same as that of
the controlled plant (14). However, the controller’s order can be appropriately reduced under the
premise that the control performance is unaffected.

4. Simulation Validation

In this section, the performance of the proposed controller is evaluated through
simulation verification. A high-fidelity car model was constructed in CarSim-MATLAB/
Simulink based on the actual steer-by-wire FWIA EV experimental data. In the co-
simulation platform, the dynamic output feedback controller was designed in MAT-
LAB/Simulink, and the communications of co-simulation between MATLAB/Simulink
and CarSim were achieved by a CarSim S-Function connection with interface func-
tions [11]. Table 1 lists the vehicle parameters.

The accelerated lane-change scene was selected for simulation verification, in which
the planning layer gives the reference trajectory, the road surface adhesion coefficient is 0.5,
and there is 30% perturbation in the system parameters. To fully illustrate the advantage
of considering the dynamic of the steer-by-wire in the control design, we compared the
designed dynamic output feedback controller (DOFC) in this paper with the robust gain-
scheduling control (RGSC) given in [24]. The design of DOFC considers the dynamic
characteristics of the steer-by-wire system. In contrast, the design of RGSC does not
consider the dynamic characteristics of the steer-by-wire system. Both controllers adopt the
integrated control of AFS and DYC, and the longitudinal control adopts the same double
closed-loop PID control. When designing the two controllers, the range of time-varying
speed was selected as 5–30 m/s. The simulation results are as follows.

It can be seen from Figures 2 and 3 that both control methods can make the FWIA EV
track the reference trajectory with a small tracking error. However, the DOFC controller
has a minor overshoot for reference trajectory and reference velocity tracking, higher
tracking accuracy, and better tracking effect. The RGSC controller has a larger overshoot
for reference trajectory and reference velocity tracking.
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Table 1. Vehicle parameters.

Symbol Definition Value

m Vehicle mass 1830 kg
Iz Vehicle yaw moment of inertia 3234 kg m2

Jw Moment of inertia in steering system 10.0035 kg m2

bw Viscous damping 350.1 Nm s/rad
km Motor constant 0.078 Nm/A
lp Aerodynamic trajectory 0.036 m
lm Mechanical trajectory 0.024 m
ηm Motor efficiency 0.7
rs Steering ratio 30
l f Distance of CG from front axle 1.4 m
lr Distance of CG from rear axle 1.65 m
C f Cornering stiffness of front tires −134.843 kN/rad
Cr Cornering stiffness of rear tires −124.337 kN/rad
ls Vehicle tread 1.5 m
R Tire radius 0.3 m

Figure 2. FWIA EV actual trajectory.

Figure 3. FWIA EV actual velocity.

It can be seen from Figure 4 that during acceleration and lane change, the steering
motor currents of the two controllers both change between −6A and 6A, and the trend of
change is the same, but the steering current required by the DOFC controller is slightly less
than the steering current required by the RGSC controller. It can be seen from Figure 5 that
during the lane-change acceleration process, the direct yaw moments required by the two
controllers both vary between −2500 and 600 Nm, and the trend of change is the same, but
the direct yaw moment required by the DOFC controller is slightly less than the direct yaw
moment required by the RGSC controller. Therefore, it means that when performing the
same acceleration and lane change, the control quantity required by the DOFC controller
considering the dynamic characteristics of the steer-by-wire system is slightly smaller than
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that required by the RGSC controller without considering the dynamic characteristics of
the steer-by-wire system.

Figure 4. Steering motor current.

Figure 5. Direct yaw moment.

As shown in Figure 6, during the lane-change acceleration process, the lateral offset
error of the DOFC controller fluctuates between−0.04 and 0.04 m, and the average absolute
error value of the lateral offset is 0.01454 m; during the lane-change acceleration process,
the lateral offset of the RGSC controller is between −0.10 and 0.09 m, and the average
absolute error value of the lateral offset is 0.03685 m. This means that the average absolute
error of lateral offset of the DOFC controller is minor, and the tracking effect is better
than the RGSC. As shown in Figure 7, during the lane-change acceleration process, the
average absolute error of the longitudinal offset of the DOFC controller is 0.00215 m, and
the average absolute error of the longitudinal offset of the RGSC controller is 0.00246 m.
When performing the same acceleration and changing lanes, the DOFC controller that
considers the dynamic characteristics of the steer-by-wire system has a better control
effect than the RGSC controller that does not consider the dynamic characteristics of the
steer-by-wire system.

As shown in Figures 8 and 9, the two controllers’ heading angle and yaw rate are
tiny, ensuring the stability and safety of the FWIA EV during acceleration and lane change.
However, when driving from a curve to a straight line in 11 s, the overshoot of the yaw rate
of the DOFC controller is slight, and the convergence speed is fast. In contrast, the overshoot
of the yaw rate of the RGSC controller is relatively large, and the convergence speed is
relatively slow. Therefore, the DOFC controller can give the FWIA EV better ride comfort.
As shown in Figure 10, the maximum sideslip angle of the DOFC controller is small, and the
maximum sideslip angle of the RGSC controller is relatively large. The maximum sideslip
angle of the two controllers is less than 0.009 rad, which will not affect the vehicle’s stability
and safety. This means that the comfort of the closed-loop system enforced by the DOFC
controller is better than that of the RGSC.
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Figure 6. Lateral offset error.

Figure 7. Longitudinal offset error.

Figure 8. Heading angle.

Figure 9. Yaw rate.
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Figure 10. Sideslip angle.

5. Conclusions

This paper investigated the trajectory tracking control issue of the steer-by-wire
FWIA EV by integrating AFS and DYC, mainly focusing on considering the dynamic
of the steer-by-wire device, time-varying longitudinal velocity, parameter uncertainty, and
external disturbances. Based on establishing an LPV model of all the state of the steer-by-
wire FWIA EV, this paper proposed a robust H∞ dynamic output feedback control strategy
without using the vehicle sideslip angle measure to achieve the stability, safety, maneuver-
ability, and tracking accuracy requirements in the practical application of the FWIA EV.
The control parameter matrices of the designed dynamic output feedback controller were
obtained by solving the linear matrix inequalities integrating robust stability, H∞ perfor-
mance, and actuator constraint. Compared with the control strategy without considering
the dynamic of the steer-by-wire in [24], the effectiveness and advantages of the proposed
control strategy were verified under a CarSim-MATLAB/Simulink simulation environment.
The simulation results show that the proposed control strategy can ensure high tracking
accuracy and better comfort than the strategy without considering the dynamic of the
steer-by-wire system.

In addition, it can be noted that the control parameter matrices are obtained by solving
a series of linear matrix inequalities. Now the order of the controller solved is the same as
the order of the controlled plant. The higher the order of the controlled plant, the higher
the controller’s order, the more difficult it is to solve the inequalities. Therefore, in future
work, a lower-order dynamic output feedback controller design will be studied to realize
the trajectory tracking control of FWIA EVs.
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