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Abstract: In order to decrease energy consumption caused by the dense deployment of pico base
stations (PBSs) in heterogeneous cellular networks (HetNets), this paper first analyzes the energy
efficiency (EE) of two-tier HetNets and then proposes a method to maximize the network EE by
adjusting the PBS transmit power. The two-tier HetNets are modeled by the Poisson point process
(PPP) and the Poisson hole process (PHP), and then the coverage probability of the macro base
station (MBS) and the PBS in the two-tier HetNets is derived based on the mean interference to signal
ratio (MISR). According to the user association probability, the coverage probability of the PPP-PHP
HetNets is obtained. Then, the tractable expression of the average achievable rate is deduced on the
basis of the relationship between the coverage probability and the average achievable rate. Finally,
the expression of EE is derived and the EE optimization algorithm is proposed based on the PBS
transmit power. The simulation results show that the PPP-PHP network is superior to the PPP-PPP
network in terms of coverage probability and EE, and the network EE can be effectively improved by
setting an appropriate PBS transmit power.

Keywords: energy efficiency; Poisson hole process; coverage probability; average achievable rate

1. Introduction

The intelligent application driven by the fourth industrial revolution forces the user
demand to grow exponentially. The rapid growth of mobile data services has brought great
challenges to traditional cellular networks. The LTE [1] and WiMax [2] standard groups
propose the introduction of some low-power nodes to expand the system capacity [3,4],
offload macro base station (MBS) traffic [5,6], enhance indoor coverage, and improve the
service quality of the cell edge users [7]. The network architecture composed of macro
stations and low-power nodes is called the heterogeneous cellular network (HetNet). The
HetNet has been identified as the network architecture of the fifth-generation cellular
mobile communication [8,9], which integrates a variety of different types of base stations,
including the MBS, the pico base station (PBS), the home base station (Femto), and the
wireless relay node (Relay) with backhaul link [10,11].

The deployment of small cells brings many benefits but also brings disadvantages,
such as increased energy consumption and network management difficulties. Although the
power consumption of small-cell base stations is relatively low, ultra-dense deployment
will increase the energy consumption of the system [12,13]. In 2025, due to the 5G high-
density network technology, the energy consumption and carbon dioxide emissions of small
communities will increase significantly, and the increase in carbon dioxide emissions will
have adverse effects on the environment and human health. In network and communication
technology, reducing energy consumption is a key challenge at present.

1.1. Related Works

As cellular networks tend to be more and more heterogeneous and the spatial distribu-
tion of sites is more and more random, research on heterogeneous cellular networks based

Future Internet 2023, 15, 56. https://doi.org/10.3390/fi15020056 https://www.mdpi.com/journal/futureinternet

https://doi.org/10.3390/fi15020056
https://doi.org/10.3390/fi15020056
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/futureinternet
https://www.mdpi.com
https://doi.org/10.3390/fi15020056
https://www.mdpi.com/journal/futureinternet
https://www.mdpi.com/article/10.3390/fi15020056?type=check_update&version=2


Future Internet 2023, 15, 56 2 of 16

on stochastic geometry has become more necessary. The Poisson point process (PPP) has
been widely used in the modeling and analysis of cellular networks due to its mathematical
tractability. However, the PPP assumes that the BSs are independent, which deviates from
the actual network deployment. Therefore, the analysis results are more ideal. To solve
the modeling of network deployment, some studies propose using the non-Poisson point
process with spatial exclusion or aggregation to model the different spatial correlations of
realistic HetNets. The Ginibre point process (GPP) [14,15] and the Matérn hard-core point
process (MHCPP) [16] are used to fit the exclusivity between the BSs of the same tier. The
Matern cluster process (MCP) [17,18] and the Poisson cluster process (PCP) [19,20] are used
to fit the clustering characteristics of small base stations. The Poisson hole process (PHP)
is used to fit the repulsion between MBSs and small base stations (SBSs) [21,22]. It is very
difficult to accurately calculate the signal-to-interference ratio (SIR) distribution of cellular
networks through the non-Poisson point process. In the cellular network modeled by the
GPP, the calculation of the SIR is relatively simple, but the combination of the infinite sum
and the integral also appears in the precise expression of its complementary cumulative
distribution function, and the network analysis based on other non-Poisson point processes
is more complex, which makes its performance analysis more challenging. To solve this
problem, references [23–25] proposed that the SIR based on the non-Poisson point process
network can be accurately approximated by the SIR distribution of the PPP network; this
method is also called “PPP-based approximate SIR analysis” (ASPPP), which provides an
effective analysis method for analyzing the performance of the actual network.

For future mobile communication systems, research on network structures and trans-
mission mechanisms to save energy and improve energy efficiency (EE) is a widespread
concern in academic and industrial circles [26–29]. The following section summarizes the
current status of improving network EE from the aspects of BS deployment, BS sleep, and
power allocation.

The authors of [30] indicated that the transmit power of the MBS, the distance between
the BSs, and the number of BSs have an impact on the EE of the system. The proper
selection of these parameters can ensure significant energy savings. In addition, adding
PBSs in HetNets can help improve network EE. Moreover, [31] analyzed the EE of two-tier
heterogeneous wireless networks from the perspective of PBS deployment, and studied
whether deploying PBSs can increase system capacity and save energy from the aspects of
area spectrum efficiency and area power consumption. The authors of [32] studied the SE
and EE of a two-tier heterogeneous network, in which the MBS and the PBS are modeled by
two independent PPPs. The results show that deploying PBSs in macro cells is an effective
method to improve the SE of the network. When the density of PBSs does not exceed the
optimum, the EE of the whole network can be effectively improved. The authors of [33]
deduced the local delay and EE of heterogeneous networks when BSs are modeled by the
PPP and the PCP. Due to the existence of intra-cluster interference, the local delay and EE
of BS deployment modeled by the PCP are greater than those modeled by the PPP. In [34],
the distribution of small cells is modeled by the MCP. A general formula for the lower
bound of the average reachability rate is derived and the optimal number of cell clusters to
maximize EE is studied.

BS sleep is also an important technology used to reduce energy consumption in
HetNets. The authors of [35–37] improved the energy efficiency of the network through
BS on/off switching and transmission power scaling. The authors of [38] proposed a SBS
sleep scheme, which determines whether the SBS is in sleep state according to the system
throughput. The simulation results show that, compared with the traditional scheme, this
scheme can effectively reduce the total power consumption of the network and improve
the energy efficiency of the system. Li Yun et al. studied the joint sleep strategy based on
the MBS density and the SBS density [39]. The authors of [40] designed an optimization
model to schedule the four states of the base station (activation, waiting, deep sleep, and
shutdown) by maintaining the minimum quality of service required by users, so as to
minimize power consumption. The simulation results show that the proposed model has
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better performance than the existing methods. By reducing the percentage of active small
cells, the power consumption is reduced to about 10%.

Optimizing the transmit power of base stations is also a feasible way to improve the
EE of HetNets. The authors of [41] developed a joint interference and power management
mechanism to reduce signal interference and save energy of user equipment and improve
LTE-A performance. The authors of [42] used game theory to solve the optimal unit
selection and uplink power control problems of open-access two-tier femtocell networks.
The authors of [43] studied the EE of two-tier HetNets, in which the BS was modeled as
the PPP, the impact of the BS transmit power on the EE was analyzed, and an algorithm
used to find the best PBS transmit power to maximize EE was proposed. On this basis, the
authors of [44] proposed to maximize the network EE through the joint optimization of the
PBS density and transmit power. The authors of [45] studied the EE of two-tier HetNets
based on the spatial repulsion of BSs in the same tier, in which the deployment of MBSs is
modeled by the β-Ginibre point process, and proposed an EE optimization algorithm to
determine the optimum transmit power of PBS to improve the EE of HetNets.

In this paper, the performance of HetNets is studied from the inter-tier correlation.
Different from the modeling deployment in [43–45], the MBS deployment is modeled by
PPP, and the PBSs are deployed outside the exclusion zone of the given radius of the
MBS. In this case, the deployment of the PBS follows the PHP distribution. Introducing
repulsion can reduce the interference to the MBS when the PBS is transmitted. This paper
studies the energy efficiency of two-tier heterogeneous cellular networks and optimizes the
EE by adjusting the PBS transmit power. First, the coverage probability and the average
achievable rate of two-tier PPP-PHP HetNets are derived based on the ASPPP method.
Secondly, according to the definition of the network energy efficiency and the energy
consumption model of the base station, the expression of the network energy efficiency in
relation to the base station transmit power is derived. Finally, it is optimized according to
the proposed energy efficiency optimization algorithm.

1.2. Paper Organization

The rest of this paper is arranged as follows: Section 2 introduces the system model. In
Section 3, the expressions of coverage probability and average achievable rate of HetNets
are derived and the expression of network energy efficiency is derived according to the
definition. In Section 4, a quadratic interpolation algorithm is proposed to optimize energy
efficiency. The simulation results are discussed in Section 5 and the conclusions are given
in Section 6.

2. System Model

The two-tier HetNets, composed of MBSs and PBSs, are considered, as shown in
Figure 1.
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The deployment of the MBS follows the PPP Φm distribution, and its density is λm,
and the deployment of the PBS follows the PHP Φp distribution, and its density is λp. The
generation process of the PHP can be expressed as follows: suppose Φ̃p is an independent
uniform PPP with density λ̃p, let Ξr = ∪{x ∈ Φm : b(x, r)}, where Ξr is the union of
all disks in Φm, with x as the center and R as the radius. The Poisson hole process Φp

is expressed as Φp =
{

x ∈ Φ̃p : x /∈ Ξr

}
= Φ̃p\Ξr, i.e., the point process made up of

the remaining points after removing all points in the Ξr area in Φ̃p, and its density is
λp = λ̃p exp(−λmπr2). The base station distribution diagram of the HetNets is shown
in Figure 2, where λm = 0.001 m−2, λ̃p = 0.01 m−2, r = 5 m, and the network area is
10,000 m2.
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The transmit powers of the MBS and the PBS are denoted by µm and µp, respectively.
The network model is stationary because the entire Poisson point process is moved and
the position of the typical user is at the center origin; according to the Palm distribution
and the Slivnyak theorem in stochastic geometry, the conditional distribution at this time
still follows the Poisson point process of the same density and all users have the same
statistical characteristics, so only the typical users at the origin are considered. Considering
the open-access mode, the average maximum received power is used as the criterion for the
associated base station and the received power of the user-associated service base station
can be expressed as µkhk0|x0|−α, where the path loss factor α > 2,k ∈ {m, p}, x0 is the
location of the service base station in Φk, which also represents the distance between the
typical user and the service BS, and hk0 is the channel gain. This paper assumes that the
fast fading is Rayleigh fading, i.e., hk0 ~ exp (1), and µk indicates the transmit power of the
k-th tier base station associated with a typical user. In light of general frequency reuse, the
signals received by a typical user from base stations other than the service base station are
regarded as interfering signals. In heterogeneous networks with limited interference, the
noise power can be ignored. Then, the user SIR associated with the service base station
located at x0 ∈ Φk is:

SIRk =
µkhk0|x0|−α

∑
xi∈Φm\{x0}

µmhmi|xi|−α + ∑
xi∈Φp\{x0}

µphpi|xi|−α
(1)

We list the main notations used in the paper in Table 1.
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Table 1. Summary of notations.

Notation Definition

λm, λp Deployment density of the MBS/PBS
Φm, Φp Point process for modeling MBS/PBS location

θ Given threshold of the BS
µm, µp MBS/PBS transmit power
Am, Ap The probability that a typical user is associated with the MBS/PBS

r Repulsion radius
PCm, PCp The coverage probability of the MBS/PBS
fm(r0), fp(r0) The distance distribution between the service MBS/PBS and the typical user

τm, τp The average achievable rate of the typical user associated with the MBS/PBS
Nm, Np The number of users served by the MBS/PBS

Pm0, Pp0 MBS/ PBS static power consumption
ηEE Energy efficiency

3. Energy Efficiency Analysis
3.1. Coverage Probability

In the downlink HetNets with limited interference, the coverage probability is defined
as the probability that the SIR received by the user is larger than the threshold value.
Because users are associated with a certain tier at most, the coverage probability can be
taken as the sum of the probabilities of several mutually exclusive events.

In the network model of this paper, the coverage probability can be given by:

PC = PCm Am + PCp Ap = PC_m + PC_p (2)

where Am and Ap are the probabilities that a typical user is associated with the MBS and
the PBS, respectively, and PCm and PCp are the coverage probabilities of the MBS and the
PBS, respectively. PCm is denoted as the probability that the SIRm provided by the service
MBS for the typical user is greater than the threshold value θm, i.e., PCm = P(SIRm > θm).
PCp is denoted as the probability that the SIRp provided by the service PBS for the typical
user is greater than the threshold value θp, i.e., PCp = P(SIRp > θp). In this paper, it is
assumed that the given thresholds of the MBS and the PBS are the same, which is denoted
as θ.

The SIRm received by a typical user from the MBS is expressed as:

SIRm = µmhm0|x0|−α

∑
xi∈Φm\{x0}

µmhmi |xi |−α+ ∑
xi∈Φp\{x0}

µphpi |xi |−α

= hm0

∑
xi∈Φm\{x0}

hmi |x0|α |xi |−α+ ∑
xi∈Φp\{x0}

µp
µm hpi |x0|α |xi |−α

= hm0
I1

(3)

The SIRp received by a typical user from the PBS is expressed as:

SIRp =
µphp0|x0|−α

∑
xi∈Φm\{x0}

µmhmi |xi |−α+ ∑
xi∈Φp\{x0}

µphpi |xi |−α

=
hp0

∑
xi∈Φm\{x0}

µm
µp hmi |x0|α |xi |−α+ ∑

xi∈Φp\{x0}
hpi |x0|α |xi |−α =

hp0
I2

(4)

Based on the SIR threshold model, the coverage probability is equivalent to the
complementary cumulative distribution function (CCDF) of the SIR. It has been proven that
taking the PPP as a reference model and adopting the SIR threshold scaling method can
provide a good approximation to the SIR distribution of the general point process model;
in other words, scaling the threshold value θ of the SIR distribution of the Poisson model
network to θ/G can obtain the SIR distribution of the non-Poisson network. G is called the
gain factor, which is defined as the ratio of the MISR of a typical user under the PPP model
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to the MISR of a typical user under the target model, and its mathematical expression can
be written as G = MISRPPP

MISR . The MISR of a typical user is defined as:

MISR = E
{

I
Eh(S)

}
= E


∑

xi∈Φm\{x0}
µmhmi|xi|−α + ∑

xi∈Φp\{x0}
µphpi|xi|−α

µkhk0|x0|−α

 (5)

where Eh(s) is the average received signal power of a typical user and I is the sum of all
interference powers.

Based on this method, this section deduces the coverage probability of the PPP-PHP
HetNets. The authors of [46] show that the calculation result of the MISR in the PPP
network is MISRPPP = 2/(α− 2). Assuming that the density of the MBS and the PBS is
constant, and the relationship between MISRPHP and the path loss factor α is obtained
by simulation and data fitting, MISRPHP = 14.31× α−1.99 [47]. The gain factor Gp of the
HetNets modeled by the PHP can be written as:

Gp =
MISRPPP
MISRPHP

=
2/(α− 2)

1.43× α−1.99 (6)

Next, we use the method based on the MISR to derive the coverage probability of the
MBS and the PBS in two-tier HetNets, and then obtain the total coverage probability of the
HetNets according to the user association probability.

Theorem 1. The coverage probability of the typical user serviced by the MBS in two-tier HetNets
is expressed as:

PCm(θ) =
λm + λp(

µp
µm

)
2/α

λmT(α, θ) + λp(
µp
µm

)
2/α

T(α, θ)
(7)

Proof. PCm is denoted as the probability that the SIRm provided by the service MBS for the
typical user is greater than the threshold value θm, which can be expressed as:

PCm(θ) = P(SIRm > θ) =
∫

r0>0
P(hm0 > θ I1|r0) fm(r0)dr0

=
∫

r0>0
EI1 [e

−θ I1 ] fm(r0)dr0 =
∫

r0>0
LI1(θ) fm(r0)dr0

(8)

where fm(r0) denotes the distance distribution between the service MBS and the typical user.

fm(r0) = 2πr0(λm + λp(µp/µm)
2/α) exp(−λmπr2

0 − λpπ(µp/µm)
2/αr2

0) (9)

LI1(θ) = EI1 [e
−θ·I1 ] = EI1 [e

−θ( ∑
xi∈Φm\{x0}

hmirα
0 |xi |−α+ ∑

xi∈Φp\{x0}

µp
µm hpirα

0 |xi |−α)

]
(a)
≥ EΦm ,hmi

[ ∏
xi∈Φm\{x0}

exp(− θ · hmirα
0 |xi|−α)] · EΦp ,hpi

[ ∏
xi∈{Φp\{x0}}PPP

exp(− θ
µp
µm

hpirα
0 |xi|−α)]

(b)
= exp(−2πλm

∫ ∞
r0

(1−Lhmi
(θ · rα

0 |x|−α))xdx) · exp(−2πλp
∫ ∞

r0
(1−Lhpi

(θ
µp
µm

rα
0 |y|−α))ydy)

(c)
= exp(−2πλm

∫ ∞
r0

(1− 1
1+θ·rα

0 |x|−α )xdx) · exp(−2πλp
∫ ∞

r0
(1− 1

1+θ
µp
µm rα

0 |y|−α
)ydy)

(d)
= exp(−πλmr2

0(T(α, θ)− 1)) · exp(−πλpr2
0(

µp
µm

)
2/α

(T(α, θ)− 1))

(10)

where (a) the interference generated by ΦPPP
P with the same density is used to replace the

interference generated by ΦP, and the lower bound of coverage probability is obtained,
(b) according to the probability generating function (PGF) [48] of the PPP network, (c) the
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channel gain obeys Rayleigh fading, i.e., hmi ∼ exp(1) and hpi ∼ exp( 1), and (d) let

T(α, θ) = 1 + θ2/α
∫ ∞

θ−2/α (1− (1 + u−α/2)
−1

)du.
By substituting Formulas (9) and (10) into Formula (8), the coverage probability PCm

of the MBS in the two-tier HetNets can be obtained. �

Theorem 2. The coverage probability of the typical user serviced by the PBS in two-tier HetNets is
given by:

PCp(θ) =
λp + λm(

µm
µp

)
2/α

λm(
µm
µp

)
2/αT(α, θ) + λpT(α, θ

Gp
)

(11)

Proof. PCp is denoted as the probability that the SIRp provided by the service PBS for the
typical user is greater than the threshold value θp, which can be expressed as:

PCp(θ) = P(SIRp > θ) =
∫

r0>0
P(hp0 > θ I2|r0) fp(r0)dr0

=
∫

r0>0
EI2 [e

−θ I2 ] fp(r0)dr0 =
∫

r0>0
LI2(θ) fp(r0)dr0

(12)

where fp(r0) denotes the distance distribution between the service PBS and the typical user.

fp(r0) = 2πr0(λp + λm(µm/µp)
2/α) exp(−λpπr2

0 − λmπ(µm/µp)
2/αr2

0) (13)

LI2(θ) = EI2 [e
−θ( ∑

xi∈Φm\{x0}

µm
µp hmi |x0|α |xi |−α+ ∑

xi∈Φp\{x0}
hpi |x0|α |xi |−α)

]
(a)∼ EΦm ,hmi

[ ∏
xi∈Φm\{x0}

exp(− θhmirα
0 |xi|−α)] · EΦp ,hpi

[ ∏
xi∈{Φp\{x0}}PPP

exp(− θ
Gp

hpirα
0 |xi|−α)]

(b)
= exp(−2πλm

∫ ∞
r0

(1−Lhmi
(θ · µm

µp
rα

0 |x|−α))xdx) · exp(−2πλp
∫ ∞

r0
(1−Lhpi

( θ
Gp

rα
0 |y|−α))ydy)

(c)
= exp(−πλmr2

0(
µm
µp

)
2/α

(T(α, θ)− 1)) · exp(−πλpr2
0(T(α, θ

Gp
)− 1))

(14)

where (a) the MISR-based approximation method is used, i.e., to replace θ with θ
Gp

, and
the distribution of user-received SIR in the network modeled by PHP can be accurately
approximated by the PPP network, (b) according to the PGF of the PPP network, (c) the
channel gain follows Rayleigh fading, i.e., hmi ∼ exp(1), and hpi ∼ exp( 1), and T(α, θ) =

1 + θ2/α
∫ ∞

θ−2/α (1− (1 + u−α/2)
−1

)du, which can be derived.
By substituting Formulas (13) and (14) into Formula (12), we obtained the coverage

probability of the PBS in two-tier HetNets.
In [49], it is assumed that the user adopts open-access mode, i.e., whereby the user is

allowed to associate with the BS of any tier. The probability that a typical user is associated
with a particular tier depends on the density of the BS and the transmit power of the BS.
The probability of a typical user associated with an MBS is expressed as:

Am =
λmµm

2/α

λmµm2/α + λpµp2/α
(15)

The probability of a typical user associated with a PBS is expressed as:

Ap =
λpµp

2/α

λmµm2/α + λpµp2/α
(16)
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By substituting Formulas (7), (11), (15), and (16) into Formula (2), we can obtain the
coverage probability of two-tier PPP-PHP HetNets:

PC = PCm Am + PCp Ap = PC_m + PC_p
= 1

T(α,θ)+
λp
λm (

µp
µm )

2/α
T(α,θ)

+ 1
λm
λp (

µm
µp )

2/αT(α,θ)+T(α, θ
Gp )

(17)

�

3.2. Average Achievable Rate

Suppose τm and τp are used to denote the average achievable rate of the typical user
associated with the MBS and the PBS and expressed as follows, respectively:

τm = E[log(1 + SIRm)] (18)

τp = E[log(1 + SIRp)] (19)

Theorem 3. The average achievable rate of the typical user associated with the MBS is expressed as:

τm =
∫ ∞

0

1
z
(1− e−z)

1
H(z)

dz (20)

Proof. The deployment of the MBS is modeled by the PPP, and the average achievable rate
of the typical user associated with the MBS is written as:

τPPP
m = E(log(1 + SIRm)]

=
∫ ∞

0 fm(r0)E[log(1 + µmhm0r−α
0

∑
xi∈Φm\{x0}

µmhmix
−α
i + ∑

xi∈Φp\{x0}
µphpix

−α
i
)]dr0 (21)

where:
E[log(1 + µmhm0r−α

0
∑

xi∈Φm\{x0}
µmhmi |xi |−α+ ∑

xi∈Φp\{x0}
µphpi |xi |−α )]

= EΦm ,Φp [log(1 + µmr−α
0

∑
xi∈Φm\{x0}

µm |xi |−α+ ∑
xi∈Φp\{x0}

µp |xi |−α )]

= EΦm ,Φp [log(1 + 1
∑

xi∈Φm\{x0}
rα

0 |xi |−α+ ∑
xi∈Φp\{x0}

µp
µm rα

0 |xi |−α
)]

(22)

Let Im = ∑
xi∈Φm\{x0}

rα
0 |xi|−α + ∑

xi∈Φp\{x0}

µp
µm

rα
0 |xi|−α; according to Lemma 1 in refer-

ence [50], Formula (21) can be written as:

EΦm ,Φp [log(1 + 1
Im
)]

=
∫ ∞

0
1
z e−z[E[e−z(Im−1)]− E[e−zIm ]]dz

=
∫ ∞

0
1−e−z

z E[e−zIm ]dz
(23)

where:

E [e−zIm ] = E[e
−z ∑

xi∈Φm\{x0}
rα

0 |xi |−α+ ∑
xi∈Φp\{x0}

µp
µm rα

0 |xi |−α

]
(a)
≥ E [ ∏

xi∈Φm\{x0}
e−zrα

0 |xi |−α
] · E [ ∏

xi∈{Φp\{x0}}PPP
e−z

µp
µm rα

0 |xi |−α

]

= exp(−2πλm
∫ ∞

r0
(1− e−zx−αrα

0 )xdx) · exp(−2πλp
∫ ∞

r0
(1− e−z

µp
µm rα

0 y−α

)ydy)

(24)



Future Internet 2023, 15, 56 9 of 16

where (a) the interference generated by ΦPPP
P with the same density is used to replace the

interference generated by ΦPHP
P and the lower bound of the achievable rate τm is obtained.

After a series of algebraic operations, we obtain:

E [e−zIm ] = exp(−πλmr2
0(H(z)− 1)) · exp(−πλpr2

0(
µp

µm
)

2
α
(H(z)− 1)) (25)

where:
H(z) = 1 + z

2
α

∫ ∞

z−2/α
1− e−v−α/2

dv (26)

By substituting Formulas (22)–(26) into Formula (21), we obtain the expression of τm.
Next, the average achievable rate of typical users associated with the PBS is derived.

When the deployment of the PBS is modeled by a PHP, the exact expression of the average
achievable rate of users is extremely complex. In this section, the method based on the
MISR is used to derive the approximate easy-to-handle expression from the relationship
between the coverage and the average achievable rate proposed in [14]. �

Theorem 4. The average achievable rate of the typical user associated with the PBS is expressed as:

τPHP
p =

∫ ∞

0

1
z
(1− e−z)

1
H
(
z/Ĝp

)dz (27)

Proof. When the deployment of the PBS is modeled by a PPP, the average achievable rate
τPPP

p can be expressed as:

τPPP
p =

∫ ∞
0 fp(r0)

∫ ∞
0

1−e−z

z E[e−zIp ]dzdr0

=
∫ ∞

0 fp(r0)
∫ ∞

0
1−e−z

z LIPPP
p

(z)dzdr0
(28)

and its coverage probability can be obtained as:

PPPP
C (z) = P

(
SIRPPP

p > z
)
= EIPPP

p
[e−zIPPP

P ] = LIPPP
p

(z) (29)

The relationship between PC and τ is given in [14]:

τ =
∫ ∞

0

PC(z)
1 + z

dz (30)

According to Formula (30), the expression of τPPP
p can also be written as:

τPPP
p =

∫ ∞

0

PPPP
c (z)
1 + z

dz =
∫ ∞

0

LIPPP
p

(z)

1 + z
dz (31)

According to the effective SIR gain [51], we obtain:

PPHP
C_p (z) = PPPP

C_p (z/Ĝp) = P(hp0 > zIPPP
p /Ĝp) = LIPPP

p /Ĝp
(z) (32)

where Ĝp = 1
1+ω (Gp − 1) + 1, ω =

λp
λm

(
µp
µm

)δ
, and δ = 2/α.

Similar to Formula (31), the expression of τPHP
p can be written as:

τPHP
p =

∫ ∞

0

PPHP
C_p (z)

1 + z
dz =

∫ ∞

0

LIPPP
p /Ĝp

(z)

1 + z
dz (33)
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By comparing Formulas (28) and (31), the expression of τPHP
p can also be written as:

τPHP
p =

∫ ∞

0
fp(r0)

∫ ∞

0

1− e−z

z
LIPPP

p /Ĝp
(z)dzdr0 (34)

where:

fp(r0) = 2πr0(λp + λm(µm/µp)
2/α) exp(−λpπr2

0 − λmπ(µm/µp)
2/αr2

0) (35)

LIPPP
p /Ĝp

(z) = E[e
− z

Ĝp
IPPP
p

] = exp(−πλmr2
0(

µm
µp

)
2/α

(H( z
Ĝp

)− 1) · exp(−πλpr2
0(H( z

Ĝm
)− 1) (36)

By substituting Formulas (35) and (36) into Formula (34), we can obtain the expression
of τPHP

p . �

3.3. Energy Efficiency

In this paper, we define the energy efficiency as the ratio of the achievable rate per
unit area τ to the network power consumption P, in bps/Hz/W, which is expressed as:

ηEE =
τ

P
(bps/Hz/W) (37)

The achievable rate per unit area of a two-tier HetNets is defined as the product of the
base station deployment density, the coverage probability (Formula (17)), and the average
achievable rate of a typical user (Formulas (20) and (27)) [52], which can be written as:

τ = λmPC_mτm + λpPC_pτPHP
p (38)

To study the EE of HetNets, we should pay attention to the power consumption of the
base station (referred to as “power consumption”), which consists of static power consump-
tion and dynamic power consumption. The dynamic power consumption mainly comes
from the information transmitted by the base station, and the static power consumption is
mainly composed of a power amplifier, refrigerator, signal processing, backup battery, etc.
In this paper, the power consumption models of base stations in two-tier heterogeneous
networks can be given by:

Pm = ξmµm + Pm0 (39)

Pp = ξpµp + Pp0 (40)

where µm and µp are the transmit powers of the base station of two-tier heterogeneous
network, and Pm0 and Pp0 are the static power consumptions of the base station, which are
independent of the transmit power of the base station. ξm and ξp are the load-related power
consumption coefficients, representing the amount of power consumption proportional to
the service load of the MBS and the PBS, while Nm and Np are the numbers of users served
by the MBS and the PBS, respectively. Therefore, ξm and ξp can be replaced by Nm and Np.
So, the power consumption of the base station in the two-tier heterogeneous network can
be obtained as follows:

Pm = Nmµm + Pm0 (41)

Pp = Npµp + Pp0 (42)

where, according to the literature [49], Nm and Np are:

Nm =
Amλu

λm
(43)

Np =
Apλu

λp
(44)
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Therefore, the total power consumption of the two-tier HetNets is written as:

P = λmPm + λpPp (45)

By substituting Formulas (38) and (45) into Formula (37), we obtain the network EE
as follows:

ηEE =
τ

P
=

λmPC_mτm + λpPC_pτPHP
p

λmPm + λpPp
(46)

4. Energy Efficiency Optimization

In this section, we maximize the EE of the two-tier PPP-PHP HetNets by optimizing the
PBS transmit power. Assuming that λm, λp, and µm are fixed values, Formula (46) is found
to be a unimodal function with a global optimal value through numerical simulation. The
convex optimization algorithm is used to solve this problem and the inverse of Formula (46)
is taken. The optimization problem is described as:

min
µp
− ηEE

s.t. µp < µm, µp > 0
(47)

In Equation (47), ηEE is the objective function and the PBS transmit power is an optimal
variable. According to constraints, we assume that µpmin → µm/1000 and
µpmax → µm − µm/1000 . Through numerical simulation, we find that the objective func-
tion is a convex function and has global optimization. We use a one-dimensional optimiza-
tion algorithm to find the optimal advantage of the objective function within the effective
interval. In this paper, the quadratic interpolation method is used to obtain the optimal
value of the objective function. Quadratic interpolation is a method used to search for
extreme points in the determined initial interval and is a curve-fitting method. Assuming
that the dimension of the optimization problem is K, the complexity of the proposed algo-
rithm is O(2K) [53]. By taking xp as another calculation point in the interval [µpmin, µpmax],
the sizes of the two-point function values of xp and x2 are compared, the search interval
is shortened while keeping the two ends of the f (x) large and the middle small so as to
form a new three-point search interval, the three-point quadratic interpolation operation
is maintained according to the above method until the specified accuracy requirements
are met, and the final xp is taken as the approximate minimum point of f (x). The specific
algorithm steps are shown in Algorithm 1.

Algorithm 1: Quadratic interpolation method specific algorithm steps

Input: λm, λp, andµm
Output: the minimum point x∗p
1: f (x) = −ηEE(x) is defined, where x represents the optimization variable, and the optimization
interval [a, b] is given, where a = µm/1000, b = µm − µm/1000, and the calculation accuracy is
ε = λm/1000.
2: Given three points x1, x2, x3, where x1 = a, x3 = b, x2 = (x1 + x3)/2, the corresponding
functions f (x1), f (x2), and f (x3) are reckoned.
3: The minimum point of the quadratic interpolation function and its corresponding function
values xp = (x1 + x3 − c1/c2)/2 and f (xp) are calculated, where c1 =

f (x3)− f (x1)
x3−x1

and

c2 =
[ f (x2)− f (x1)]/(x2−x1)−c1

x2−x3
.

4: If | f (xp)− f (x2)
f (x2)

| ≥ ε, the sizes of x2 and xp are compared, if xp > x2, go to step 5; otherwise, go
to step 6; otherwise go to step 7.
5: If f (xp) ≤ f (x2), then x1 = x2, x2 = xp, f (x1) = f (x2), and f (x2) = f (xp), and go to step 3;
otherwise, x3 = xp and f (x3) = f (xp), and go to step 3 and the minimum point xp of the
quadratic interpolation function can be calculated in the new search interval.
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6: If f (xp) ≤ f (x2), then x3 = x2, x2 = xp, f (x3) = f (x2), f (x2) = f (xp), and go to step 3;
otherwise, x1 = xp, f (x1) = f (xp), and go to step 3 and the minimum point xp of the quadratic
interpolation function can be calculated in the new search interval.
7: The iteration is stopped and the minimum value is outputted; If f (xp) ≤ f (x2), x∗p = xp;
otherwise, x∗p = x2.

By substituting the obtained minimum value into Formula (46), the maximum EE of
the two-tier HetNets can be obtained.

5. Simulation Results

In this section, we use the MATLAB software platform to simulate the performance of
the two-tier PPP-PHP HetNets. The default simulation parameters of the system model are
shown in Table 2. For the transmit power of the MBS and the PBS, we refer to the statistical
data in [43].

Table 2. Simulation parameters.

Parameter Symbol Parameter Description Parameter Value

λm Deployment density of the MBS 10−2 m−2

λp Deployment density of the PBS 0.1 m−2

θ Given threshold of the BS 0 dB
µm MBS transmit power 40 W
µp PBS transmit power 10 W
r Repulsion radius 2 m

Pm0 MBS static power consumption 1000 W
Pp0 PBS static power consumption 50 W

Figure 3 gives the relationship between the coverage probability and the SIR threshold
θ of the two-tier HetNets under different path loss factors. The coverage probability
decreases with the increase in the SIR, because the coverage probability is defined as the
probability that the SIR received by the user is greater than the threshold value. The higher
the threshold value, the lower the probability, so the coverage probability also decreases
accordingly. When α = 4, there is a slight gap between the simulation results of the
coverage probability of the PPP-PHP HetNets and the corresponding theoretical deduction
results. The gap is due to the approximate interference between the PHP distribution and
the PPP distribution, which verifies the correctness of the MISR-based gain method. As
seen from Figure 3, as the path loss factor increases, the coverage probability increases. As
the path loss factor increases, the cumulative interference I1 and I2 decrease, the SIRm and
SIRp increase, and the coverage probability also increases. Figure 3 also shows that the
coverage probability of the PPP-PHP HetNets is larger than that of the PPP-PPP HetNets
under the same path loss factor.

Figure 4 shows the relationship between the network energy efficiency and the PBS
transmit power in different path loss factors. Figure 4 shows that the network energy
efficiency first increases, and then decreases as the transmit power of the PBS increases.
As the transmit power of the PBS increases, more users access the PBS and the power
consumption of the PBS is small, causing the energy efficiency of HetNets to increase.
When the number of users accessing the PBS reaches saturation, the continuous increase in
the PBS transmit power will increase the total network power consumption and reduce
the network energy efficiency. Therefore, we can trace an optimal PBS transmit power to
obtain the maximum network EE. Figure 4 shows that, when the path loss factor is equal to
4, the network energy efficiency is greater than that under the other two path loss factors
(α = 3 and α = 3.5); thus, there is no monotonic relationship between the network energy
efficiency and the path loss factor, which provides an idea of how to optimize the EE from
the perspective of the path loss factor.
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Figure 5 shows the relationship between the EE of the two-tier HetNets and the SIR
threshold in the cases of α = 3.5 and α = 4. The quadratic interpolation optimization
algorithm is used to obtain the optimal transmit power of the PBS when α takes different
values in the PPP-PPP HetNets and the PPP-PHP HetNets. The proposed algorithm is
compared with the golden section method proposed in [43], as shown in Table 3. When the
optimal value of the PBS transmit power is obtained, the golden section method iterates
32 times and the running time is 20.37 s. The quadratic interpolation algorithm iterates
30 times and the running time is 10.88 s. The running time is related to the computer
hardware configuration. From the simulation results, it can be seen that the quadratic inter-
polation algorithm has fewer iterations and faster convergence speed. When α = 3.5, the
optimal transmit power allocations of the PBS corresponding to the two cellular networks
are 7.60 W and 7.63 W, respectively. When α = 4, the optimal transmit power allocations of
the PBS corresponding to the two cellular networks are 6.44 W and 6.46 W, respectively. In
the PPP-PPP HetNets, for the two cases α = 3.5 and α = 4, when the PBS transmit power is
optimal, the EE values of HetNets are 1.3% and 2.9% higher than when the PBS transmit
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power is fixed at 10 W, respectively. In the PPP-PHP HetNets, for α = 3.5 and α = 4, when
the PBS transmit power is the optimal value, the EE values of HetNets are 1.25% and 2.8%
higher than when the PBS transmit power is a fixed value of 10W, respectively. Therefore,
the EE of HetNets can be improved by setting an appropriate PBS transmit power allocation.
Whether α = 3.5 or α = 4, the EE of the two-tier PPP-PHP HetNets is higher than that of
the PPP-PPP network.
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Table 3. Comparison of algorithm performance.

Running Time Iterates Times

The golden section method [43] 20.37 s 32
The quadratic interpolation algorithm 10.88 s 30

6. Conclusions

This paper studies the performance of two-tier HetNets and improves the EE of
HetNets by optimizing the PBS transmit power. First, the coverage probability and average
achievable rate of the PPP-PHP HetNets are derived by the method based on the MISR,
and the expression of the EE of HetNets is obtained according to the definition of EE. Then,
an optimization algorithm, the quadratic interpolation method, is proposed to maximize
the EE of HetNets by setting the appropriate PBS transmit power. Finally, the theoretical
derivation and optimization algorithm are simulated and analyzed. The simulation results
show that the transmit power of the PBS has a certain impact on the EE of HetNets, and the
system EE can be effectively improved by optimizing the PBS transmit power. In addition,
the PPP-PHP network is superior to the PPP-PPP network in both the coverage probability
and EE. This paper only considers optimizing the PBS transmit power to improve the
energy efficiency. Future work can improve the energy efficiency of the HetNets by jointly
optimizing the transmit power of the PBS and the density of the PBS.
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