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Abstract: The identification of fault locations (FL) on overhead power lines (OHPLs) in the shortest
possible time allows for a reduction in the time to shut down OHPLs in case of damage. This helps to
improve the reliability of power systems. FL devices on OHPLs according to the emergency mode
parameters (EMPs) are widely used, as they have a lower cost. However, they have a larger error
than FL devices that record traveling wave processes. Most well-known algorithms for FL on OHPL
by EMP assume a uniform distribution of resistivity along the OHPL. In real conditions, this is not
the case. The application of these algorithms in FL devices on OHPLs with inhomogeneities leads to
significant errors in calculating the distance to the fault location. The use of search algorithms for
unconditional one-dimensional optimization is proposed to increase the speed of the implementation
of iterative procedures in FL devices on OHPLs by EMPs. Recommendations have been developed for
choosing optimization criteria, as well as options for implementing computational procedures. Using
the example of a two-sided FL on OHPL, it is shown that the use of search algorithms can significantly
(from tens to hundreds of times) reduce the number of steps of the computational iterative procedure.
The implementation of search algorithms is possible in the software of typical relay protection and
automation terminals, without upgrading their hardware.
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1. Introduction

Optimization methods are included in the areas of applied mathematics that combine
algorithmic implementations of effective control of various systems. In the general case,
the optimization task is reduced to finding the extremum of some objective function. Based
on the objective function, technical applications of optimization methods in the problems
of the electric power industry can be different [1–5].

One of the important operational tasks of electric grid companies, solved on the basis of
optimization methods, is the determination of fault locations (FL) on overhead power lines
(OHPLs) [6–8]. The transmission of electricity from power plants to remote consumers is
carried out through the main and distribution overhead transmission lines. In a number of
countries, high- and ultra-high-voltage power transmission lines have a length of tens and
even hundreds of kilometers, pass through rough terrain, and are also operated in difficult
climatic conditions [9–15]. Therefore, finding the faults on the overhead transmission line,
through detours and inspections for emergency recovery work, takes a lot of time. Starting
in the 1950s, power grid companies have been massively introducing FL devices installed
at substations [16–20]. This makes it possible to reduce the time of switching off the OHPL
in case of an accident due to the rapid detection and elimination of faults. Ultimately, this
affects the reliability of power systems [21–23].
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Most FL algorithms for OHPLs, implemented in relay protection and automation (RPA)
terminals, neglect the unevenness and inhomogeneity of the distribution of resistivity along
the OHPL. Such inhomogeneity of OHPLs occurs for the following reasons:

• Availability of cable inserts with transition points;
• The use of different types of OHPL towers in certain areas [24];
• Change in the grounding resistance of towers caused by the passage of OHPL through

areas with different soils, crossings of rivers, swamps, and reservoirs [25,26];
• Convergence with other high-voltage power lines in joint corridors;
• The presence or absence of a ground wire in certain sections of OHPL;
• Different span lengths of overhead transmission lines [27];
• Use of different wires types and cross-sections in high-voltage power lines;
• Other factors.

There are two main classes of FL on OHPL methods implemented in relay protection
and automation terminals: methods based on assessing the parameters of emergency
mode currents and voltages (EMP) [28–30] and traveling wave methods [31–33]. Moreover,
traveling wave methods include the use of active sounding of high-voltage power lines, as
well as passive registration of wave processes propagating to the ends of the power line
and arising when it is faulted.

In practice, FL devices on OHPLs by EMP have a higher error than devices that
record traveling wave processes. However, FL devices on OHPLs by EMP have become
the most widely used, since they have a lower cost. This is due to a simpler technical
implementation, since the components of currents and voltages of industrial frequency
are used in FL devices on OHPLs and it does not require the use of analog-to-digital
converters with a high sampling rate, as well as high-performance processors [34]. In such
devices, algorithms for the FL devices on OHPL by EMP can be implemented, involving
single-ended and double-ended (multi-ended) measurements in currents and voltages [35].
Single-ended algorithms do not require the use of communication channels to exchange
information about the measured currents and voltages but have a higher error compared to
double-ended ones [36].

The inhomogeneity of the OHPL leads to the need to use complex and, as a rule,
iterative algorithms with sequential step-by-step organization of calculations. To ensure
a smaller error of the FL on OHPL, the step size of the iterative procedure must be small
so as not to exceed the maximum allowable error in calculating the distance to the fault.
For extended OHPLs, the number of steps in the iterative procedure of FL can range from
hundreds to thousands of units [37–39].

In the conditions of the decentralization of generating capacities, with mass integration
into the main and distribution networks of distributed generation facilities, including those
based on renewable energy sources, the solution to the problem of FL on OHPLs becomes
even more complicated [40,41]. As a rule, these generation facilities are connected to OHPLs
by taps, which significantly complicates their configuration. In addition, multidirectional
power flows in the OHPLs and their taps are fixed due to the rapidly changing modes of
generation and power consumption at the network nodes [42,43].

An urgent task is to develop the simplest iterative algorithms for the software of
specialized FL devices of OHPLs, which increase speed, operate in an automated mode,
and, at the same time, do not require significant modernization of the device hardware, as
well as an increase in the cost of devices [44–46].

The authors propose the use of search algorithms for unconditional one-dimensional
optimization to increase the speed of the implementation of iterative procedures in FL
devices on OHPLs. As examples of the implementation of search algorithms, the results of
the work of the following methods are demonstrated: sequential enumeration, dichotomy,
and bitwise search. The authors have developed recommendations for choosing optimiza-
tion criteria, as well as options for implementing computational procedures. Using the
example of double-ended FL on OHPLs, it is shown that the use of search algorithms can
significantly (from tens to hundreds of times) reduce the number of steps of the computa-
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tional iterative procedure. This leads to a significant reduction in the time to eliminate fault
on OHPLs.

2. Materials and Methods

Let us perform an analysis of the implementation FL procedure on the example of the
OHPL with a double-sided power supply L km long. Figure 1 shows a simplified scheme
of a single OHPL with a double-sided power supply in the case of fault.
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Various variants of solving Equation (2) are known. The most general solution is
associated with obtaining the objective function and applying a special computational
procedure [47]. At the same time, the general criterion for the FL on OHPL with a minimum
error is the condition for achieving the global minimum using the objective function on
a set of variable parameters. The simplest objective function can be the discrepancy of
Equation (2), that is, the difference in their right side from zero. The formation of residual
values |σ| is implemented by changing the distance to the fault n (for example, for
LF ∈ [0; L]). Next, the modulus of the right side is determined depending on the expected
fault location. An example of four such dependences for Rtrans = 0 is shown in Figure 2 for
the OHPL of 220 kV and 100 km long [18].
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Along with the general approach, there are many private criteria for single-, double-
and multi-ended methods of FL on OHPL, which can be applied in the implementation of
the optimization task:

• Minimum (equality of zero) reactive power at the place of fault [47];
• Minimum (equality of zero) reactive resistance in the place of fault [48];
• Compliance of the current distribution coefficient with registered currents at the ends

of the power transmission line [49];
• Compliance of the voltage at the place of fault with the values calculated from different

sides of the OHPL for registered currents and voltages [50];
• Criteria based on the theory of remote measurement (resistance measurement) [18];
• Criteria based on the use of instant values of currents and voltages [50];
• Other criteria used for various OHPL configurations [19].

Options for the practical application of optimization iteration procedures for FL on
OHPLs by EMPs can be different [51–53]. However, the widespread use of the Newton–
Rafson algorithm should be distinguished [54–58]. Such a choice is justified by the fact that
even in simple tasks of single- and double-ended methods of FL, it is advisable to minimize
the error of calculating the distance to the place of fault in the conditions of unknown
resistance of the fault. Therefore, it is necessary to implement optimization algorithms that
simultaneously reach the extremum of the target function in a minimum of two parameters.

Another approach for FL on OHPL based on optimization procedures used in OHPLs
with taps [59–61] is known. At the same time, the following iteration algorithm is applied:

• Implementation of simulation of the analyzed OHPL;
• Moving the fault point when simulating along the OHPL and fixing on each iteration

currents and voltages at the ends of the OHPL;
• Comparison of the parameters of currents and voltages obtained by simulation with os-

cillograms of the emergency mode, recorded on the ends of the OHPL at the fault time;
• Calculation of deviations of simulated currents and voltages from the result of pro-

cessing oscillograms of the emergency mode;
• Finding the fault location on the OHPL by minimizing deviations of current parameters

and voltages using optimization algorithms.

The parameters of currents and voltages may include amplitudes and phases [61],
coefficients of current distribution, power distribution, etc. [51–53]. For the implementation
of optimization procedures, both traditional parametric algorithms and non-parametric
can be used: the genetic algorithm [61], an algorithm based on the methods of optimization
of whales [60], etc.

The analysis showed that publications have not paid sufficient attention to the methods
of one-dimensional optimization and, in particular, the search algorithms. For example,
the use of the “golden section” [62] and tangent [63] can reduce the number of steps of
the computational iteration procedure. When EMPs implement FL on OHPLs by using
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simple methods, one-dimensional optimization can contribute to the creation of effective
FL devices for the following reasons:

• There are stable algorithms of the FL on OHPL by EMP, in which the error of calculating
the distance to the place of fault does not depend on the transition resistance at the
place of fault [64,65];

• Methods of one-dimensional optimization are significantly easier from the point of
technical implementation and require a smaller number of computing operations and a
smaller amount of time to calculate the extremum of the target function, etc. Therefore,
their use in FL devices will not lead to complications and a rise in the cost of hardware
and software [66,67].

• The vast majority of the FL algorithms on OHPLs suggest uniform distribution of
resistance along the OHPL. However, in practice, OHPLs always have heterogeneous
areas. Therefore, algorithms of multi-parametric optimization are significantly compli-
cated, and their use in the FL devices for heterogeneous OHPL becomes difficult, and
sometimes impossible [68–70].

3. Results
3.1. Influence of the Heterogeneity at Overhead Transmission Line on the Accuracy of the
Fault Location

According to the requirements of the standard [71], the inhomogeneity of the resistivity
distribution along the OHPL can be neglected if the error of the FL increases by no more
than 2%.

Sections of extended OHPLs operated by electric grid companies may include wires
of different brands suspended on towers of various types. Additionally, the line route often
passes through terrain with different soil characteristics [72,73].

The equivalent circuit of a single-circuit OHPL, consisting of two heterogeneous
sections of different lengths n1·L and n2·L with resistances Z1L·n1·L and (Z1L + ∆ZL2)·n2·L,
is shown in Figure 3.
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Taking into account the metallic SC (Rtrans = 0), as well as the uniform resistivity of the
OHPL sections, the error in calculating the distance to the fault place in the section n1·L
will be determined by Equation (4):

∆n1 =

[(
Z1L
ZL

)
− 1

]
· n, (4)

where ZL = Z1Ln1 + (Z1L + ∆ZL2) · n2.
At the same time, the maximum value of the FL error of OHPL is achieved when the

SC occurs at the end of the section n1·L and corresponds to Equation (5):

∆n1max = [(Z1L − (Z1L + ∆ZL2)) · n1 + (Z1L + ∆ZL2) · n2]/ZL =

= [(Z1L + ∆ZL2) · n2 − ∆ZL2 · n1]/ZL.
(5)
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In the event of a SC in the second OHPL section, the error in calculating the distance
to the fault place should be determined by Equation (6):

∆n2 = [(Z1L − (Z1L + ∆ZL2)) · n1 + ((Z1L + ∆ZL2)− ZL) · n]/ZL, (6)

which takes the maximum value at n = n2.

∆n2max = [(Z1L − ZL) · n1 + ((Z1L + ∆ZL2)− ZL) · n2]/ZL (7)

An analysis of Equations (4) and (6) shows that the error value changes according
to a linear law, and ∆ZL2 can have both a positive and a negative sign. Figure 4 shows
the dependence of the calculation error in the FL on OHPL for cases where ∆ZL2 < 0
and ∆ZL2 > 0, and the maximum error value is reached at the end of the first section of
the OHPL.
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Generalizing the approaches to calculating the error of the FL on OHPL, including N
inhomogeneous sections, let us move on to Equation (8) for calculating the error during an
SC in the Nth section of the OHPL:

∆nN = [(Z1L − (Z1L + ∆ZLN)) · n1

+∑N−1
i=2

{
(Z1L + ∆ZLi)− (Z1L + ∆ZLN)} · ni + ((Z1L + ∆ZLN)− ZL) · n]/ZL

= [∑N−1
i=2 (∆ZLi−∆ZLN) · ni − ∆ZLN · n1 + ((Z1L + ∆ZLN)− ZL) · nN ]/ZL.

(8)

Based on the requirements of [71], when estimating the magnitude of the maximum
error, it is necessary to consider SC at the end of each section of the OHPL and choose the
largest of them, which determines the admissibility of neglecting the inhomogeneity of the
OHPL. The value of the maximum error in the Nth section should be determined using
Equation (9):

∆nNmax = [(Z1L − ZL) · n1 + ∑N−1
i=2

{(
Z1L + ∆ZLi)− ZL} · ni+ (9)

+((Z1L + ∆ZLN)− ZL) · nN ]/ZL

For FL on OHPLs with a smaller error, inhomogeneous sections should be taken into
account. In the event of fault in each of the sections, there is an individual error of the FL
(Equation (8)), which depends on the ratios of the resistance values of individual OHPL
sections. This significantly complicates the procedure for calculating the distance to the
fault place.

3.2. Analysis of the Application of Iterative Procedures in Case of Fault Location on OHPLs

Let us consider the application of numerical methods of one-dimensional optimization
for FL on OHPLs. The problem of the FL on OHPLs can be reduced to finding the smallest
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value of some function, which is chosen as the target one. This approach is universal and
can be applied to both homogeneous and heterogeneous OHPLs. It can be assumed that the
objective functions characterizing the distribution of the OHPL parameters of the recorded
currents and voltages are continuous and differentiable.

Let f (x) be a continuous function on the interval [a, b]. The task of finding the minimum
of a function can be written as

f (x)→ min; x ∈ [a, b]. (10)

The solution of task (10) will be denoted by хopt:

f (xopt) = min
[a,b]

f (x). (11)

Note that maximizing the objective function (f (x)→ max) is equivalent to minimizing
the opposite value (−f (x)→ min); therefore, without loss of generality, we will consider
only minimization tasks.

Due to the specific features of the FL on OHPLs, when solving the optimization task, as
a rule, unimodal functions take place, in which the local minimum is simultaneously global.
Therefore, f (x) is a convex function (the second derivative f ”(x) ≥ 0 on the section [a, b]).

The use of some one-dimensional optimization methods is possible only when the
rate of change of the objective function f (x) in any parts of the segment [a, b] is limited by
a certain number, the same for all sections. Then, we say that f (x) satisfies the Lipschitz
condition. It is observed if there exists a number Θ > 0 (Lipschitz constant) such that∣∣ f (x′)− f (x′′ )

∣∣ < Θ ·
∣∣x′ − x′′

∣∣ (12)

for all x′ and x” belonging to [a, b].
Methods that use only the values of the function and do not require the calculation of

derivatives are called direct optimization methods. In this case, the function f (x) may not
be specified in an analytical form, but it is important that it is possible to determine the
function f (x) at given points. The classification of search algorithms for unconditional one-
dimensional optimization based on various mathematical methods is shown in Figure 5.
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The simplest way to solve the problem is the method of sequential enumeration
(Figure 5). A typical example of the use of sequential enumeration is the iterative method of
FL by EMP for single-ended measurements on OHPLs [49]. This method is applicable not
only to homogeneous OHPLs but also, with some modernization, to OHPLs that include
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heterogeneous sections. Let us explain the implementation of the iterative FL using the
example of a single homogeneous OHPL (Figure 1).

In the event of a SC on the OHPL, the currents
.
I
′

(from the side of System A) and
.
I
′′

(from the side of System B) and voltages
.

U
′

(on the buses of System A) and
.

U
′′

(on
the buses of System B). The total SC current through the transition resistance

.
IF is the

sum of the components of the SC current from System A
.
I
′
Fab and from System B

.
I
′′

Fab in
emergency mode.

The voltage in the FL devices at the beginning of the OHPL
.

U
′

is equal to the sum of

the voltage drops on the OHPL to the point of fault ∆
.

U
′
F and at the transient resistance

∆
.

UR trans, which is calculated by Equation (13):

.
U
′
= ∆

.
U
′
L + ∆

.
U
′
Rtrans =

.
I
′
· n · Z1L +

.
IF·Rtrans (13)

where n = LF/L is the distance from System A to the fault place, p.u.

In Equation (13), the
.

U
′
,

.
I
′

and
.
IF values are determined depending on the type of

fault in accordance with the recommendations [16,18].
There are two unknowns in Equation (13); these are the distance to the fault location n

and the current at the fault location
.
IF. To determine them, the current is needed not only

from the side of System A, but also from the side of System B. Therefore, the exact distance
to the fault place on the OHPL according to Equation (13) can only be determined using an
iterative process. During this process, the value of the current at the fault place is specified
by approaching the true value of the current distribution coefficient.

The problem of FL on OHPLs can be solved using the algorithm shown in Figure 6. It
is called the impedance method [49].

Let us explain the sequence of implementation of the steps in FL on OHPLs using the
impedance method (Figure 6).

1. To perform the FL procedure, the following characteristics must be entered into the
FL device: the total length of the power line—L; the value of δ, which determines the
calculation error (reducing the error leads to an increase in the number of iterations);
full longitudinal resistances of the positive and zero sequences of OHPLs (Z1L и Z0L);
and the resistance from the side of System A (place of installation of the FL device).
These resistances are calculated from the emergency-mode parameters according to
Equation (14):

Z′1S = Z′2S =
.

U
′
2/

.
I
′
2; Z′0S =

.
U
′
0/

.
I
′
0 (14)

2. The resistance from System B (the opposite end of the OHPL in relation to the place of
installation of the FL device)—Z”1S, in contrast to the resistance from System A–Z′1S
(the beginning of the OHPL)—cannot be calculated from the parameters of the emer-
gency mode. This is true since the single-ended FL method by EMP does not use
communication channels to transmit information from the opposite end of the OHPL.
Therefore, this resistance must be set in advance or changed depending on the cur-
rents and voltages at the beginning of the OHPL, based on the accumulated empirical
data. In this case, an error arises, since at the moment of a SC, the resistance from
System B differs from the resistance in the pre-emergency mode due to the operation
of automatic excitation regulators of synchronous generators at power plants, as well
as changes in the network configuration.
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Figure 6. Block diagram of the FL algorithm based on the impedance method for a single-circuit
OHPL with two-way power supply.

3. At the time of fault on the OHPL, based on the entered settings, the distance to the
fault place n(i) is determined as a first approximation using the assumption that the
current distribution coefficient C′1(i) is a real number (for i = 0).

4. An iterative process is launched, and in its course, the current distribution coefficient
C′1(i + 1) is specified, as well as the distance to the fault place n(i + 1), where i is the
iteration number.

5. At the end of each iteration, the following condition is checked:∣∣∣n(i) − n(i+1)

∣∣∣ ≤ δ. (15)

If the inequality condition (15) is not met, then the process goes to the next iteration
and repeats step 3. If the inequality condition (15) is met, then the iterative process ends
and the distance to the fault place in relative units (r.u.) is determined by Equation (16):

LF = n(i+1) · L. (16)

The high accuracy of the iterative method of FL on OHPLs is confirmed by the results
of simulation [49].
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An improved method of sequential enumeration is called the bitwise search method
and is characterized by a reduced number of f (x) values that must be found in the process
of searching for the extremum of the function. If f (xi) ≤ f (xi + 1), then there is no need to
calculate f (x) at the points xi + 2, xi + 3, etc. since the unimodality of the function implies
that xopt ≤ xi + 1.

It is advisable to first determine the section of the OHPLs containing the point xopt
with a small accuracy and then search for it in this section with a smaller step. It is this logic
that is implemented in the bitwise search method. The enumeration of the section points
occurs first with a step ∆х = xi + 1 − xi > δ until the condition f (xi) ≤ f (xi + 1) is satisfied
or until the next of these points coincides with the end of the OHPL section. After that,
the step decreases (usually four times) and the enumeration of points with a new step is
carried out in the opposite direction until the values of f (x) stop decreasing or the next
point coincides with the end of the OHPL section. The algorithm for the FL on OHPLs
based on the bitwise search method is shown in Figure 7a.
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The process of calculating the distance to the fault place is completed when the
enumeration in the given direction is completed. In this case, the discretization step does
not exceed the error δ.

Let us consider the issue of applying the methods of excluding sections for FL on
OHPLs. One of the most efficient ways to search for xopt follows from the definition of
unimodal functions when organizing the FL procedure.

Let a < x1 < x2 < b; then, by comparing the values of f (x1) and f (x2), we can shorten the
search area xopt by going to the area [a, x1], if f (x1) < f (x2) or to the area [x1, b], if f (x1) > f (x2).
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The above procedure can be repeated several times, successively reducing the section
of the OHPL containing the minimum point. There are various methods (Figure 5) for
excluding segments depending on the method of choosing the analyzed points (dichotomy,
golden section, Fibonacci numbers, etc.).

Let us consider the application of methods for eliminating segments using the example
of a dichotomy. In this case, a small value E is chosen, which belongs to the interval
Е ε [0; 2δ], where δ is the FL error (Figure 7b).

Relative to the middle of the segment [a, b], the points are determined according to
Equation (17):

x1 = (a + b)/2 + E/2, x2 = (a + b)/2− E/2, (17)

as well as the values of the function f (x) at these points f 1 = f (x1), f 2 = f (x2).
Let us verify the condition f 1 ≤ f 2 (Figure 7b) and select points for forming a segment

for subsequent analysis depending on the ratio of f 1 and f 2. The ratio of the new segment
length to the length of the previous one will be as follows:

(b− x1)(b− a) = (x1 − a)/(b− a) ≈ 0.5. (18)

The iterative process ends when the length of the next segment is (b − a) < 2δ. At
the last step of the iterative process, the optimal value of the function f (x) argument is
determined, which is хopt = (a + b)/2.

When using the dichotomy method to ensure a given error δ of the FL on OHPL, the
required number of iterations is determined from the condition:

m ≥ log2[(b− a− E)/(2δ− E)]. (19)

The required number of calculations of the objective function f (x) should be M = 2m,
and the guaranteed calculation error after m iterations will be

δ(m) = (b− a)/(2m+1). (20)

4. Discussion

Let us consider examples of the application of bitwise search and dichotomy methods
in the case of FL on an inhomogeneous OHPL.

It was noted above that for an accurate FL on OHPL, it is necessary to take into account
its inhomogeneous sections. In the case of fault on each of the OHPL sections, an individual
error of the FL takes place. It depends on the ratio of the specific resistance values of
individual OHPL sections and significantly complicates the procedure for calculating the
distance to the fault place.

In [74], the following requirements are established for determining the inspection area
of the OHPL. After an emergency shutdown of the OHPL, according to the data of the FL
devices, the length of the inspection zone should be no more than

• ±15% of the OHPL length with its length up to 50 km inclusive;
• ±10% for OHPLs with a length of more than 50 km up to 100 km inclusive;
• ±7% for OHPLs with a length from 100 to 300 km inclusive; and
• ±5% for OHPLs with a length from 300 km or more.

Taking the size of the inspection zone based on operating experience and statistical
data from the indications of FL devices is allowed in a given electric grid company.

Therefore, on an OHPL with a non-uniform distribution of resistivity along the over-
head line, the inspection area should be increased by the value of the maximum error
(Equation (9)). This is necessary to exclude cases when the fault place on the OHPL is
outside the inspection area. For the implementation of high-speed and accurate FL on OH-
PLs, the most promising approach is to first calculate the distance to the fault place using
the equation for homogeneous OHPLs. Next, an extended inspection area is determined,
taking into account the error of the FL due to the inhomogeneous distribution of resistivity
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along the OHPL. Further, within the extended inspection area, the algorithm of FL is
implemented for a non-uniform OHPL in order to clarify the size of the inspection area.

To illustrate the application of numerical methods of one-dimensional optimization,
we will use the data obtained from the operated OHPL, 220 kV and 120 km long, with a
short circuit on its section. The OHPL is heterogeneous, consisting of three sections:

ZL = Z1L · n1 + (Z1L + ∆ZL2) · n2 + (Z1L + ∆ZL3) · n3,

where n1 = n2 = n3 = 1/3; ∆ZL2 = −0.15·Z1L; and ∆ZL3 = −0.3·Z1L.
For simplicity of calculations, let us move from complex values to amplitude values

of currents and voltages. The recorded actual values of the amplitudes of currents and
voltages at the ends of a real OHPL were I′ = 2.0 kA, I” = 0.56 kA, U′ = 40 kV, U” = 28 kV.
Let us implement a distance-to-fault calculation using double-ended current and volt-
age measurements.

At the first stage, we will not take into account the inhomogeneity of the resistances in
the sections of the OHPL (Figure 1). We will form the main calculation relations of the FL
method based on measurements of the modules of currents and voltages at the ends of the
OHPL I′, I”, U′, U”, as well as Equation (21):

I′·n·ZL + U′ = UF; I ′′ (1 – n)·ZL + U′′ = UF (21)

where UF is the voltage at the place of the SC (fault).
The calculation according to Equation (21) is performed by the components of the zero

sequence. In this case, the resistivity Z0 = 30,426 = 1278 Ohm/km, and ZL = L·Z0. Let us
calculate the distance to the fault place on the OHPL by jointly solving Equation (21), with
the substitution Z0, which corresponds to the calculation equation:

n = [U′′ – U′ + I ′′ ·Z0]/[(I′ + I ′′ )·Z0]

= [28–40 + 0.56·1.278]/[(2.0 + 0.56)·1.278] = 0.188;

LF = n·L = 22, 582km.

(22)

Let us set the permissible error in calculating the distance to the FL on OHPLs with a
nonuniform distribution of resistivity based on the operating experience of an OHPL. The
operational and technological personnel of electric grid companies consider the error in
calculating the distance to the FL on OHPL to be low if it does not exceed the length of
one OHPL span. The length of one span of 220 kV OHPL is 250–350 m, so we will set the
allowable error in calculating the distance to the fault place in the form δ = 0.3 km.

Let us assume that according to the results of preliminary calculations of the FL on
OHPL, taking into account the heterogeneity of the sections of the OHPL, the average
distance to the fault place was L′F = 19.2 km. The simulation may include multiple random
factors to obtain the average distance to a fault, and the results may differ from the actual
values due to the current combination of random factors. Therefore, the error in the
implementation of the FL on OHPL due to the non-uniform distribution of resistivity along
the overhead line will be equal to

∆LF = LF − L′F = 22.582− 19.2 = 3.382 km.

Let us form an extended inspection area of OHPLs by a line crew for the exam-
ple under consideration (±7%) for OHPLs with a length from 100 to 300 km inclusive
(±120·0.07 = 8.4 km), taking into account the FL error with the value±∆LF = 3.382 km. The
extended inspection area of the OHPL will be ±12.382 km, and relative to the fault place
LК = 22.582 km, it will correspond to the section of the OHPL from 10.2 km to 34.964 km.

When implementing the developed method of FL on OHPLs, we will use an iterative
algorithm based on the bitwise search method, which provides a calculation of the distance
to the fault place on the OHPL with a non-uniform distribution of resistivity along the



Algorithms 2023, 16, 189 13 of 18

OHPL with a given allowable error δ = 0.3 km. The computational algorithm of the iterative
bitwise search procedure (Figure 7a) is implemented within the extended inspection area
of the OHPL within a = 10.2 km and b = 34.964 km.

The application of the criterion of equality of voltages calculated from two ends of the
OHPL makes it possible to form the required objective function of the iterative algorithm
f (х) = ∆U, which provides a minimum of the module of the voltage difference ∆U at the
fault point (UF) (Equation (21)), calculated from different ends of power lines:

∆U =
∣∣[I′n · ZL + U′

]
− [I ′′ (1− n) · ZL + U′′ ]

∣∣. (23)

Equation (23) is valid for a homogeneous OHPL; therefore, in the presence of sections
with non-uniform resistance, it is necessary to specifically take into account the voltage
drop in these sections.

FL devices that involve the use of search algorithms are made by both European and
North American manufacturers, which use different processors and controllers. Therefore,
the operating time is estimated by the number of steps of the iterative procedure in order
not to be tied to a particular manufacturer and to ensure the comparability of the effect for
different devices.

Let us apply a step-by-step calculation of the distance to the fault place for an inhomo-
geneous OHPL using the bitwise search method with the chosen objective function (23).

In the first step:

х0 = a = 10.2 km; ∆х = (b − a)/4 = (34.964 − 10.2)/4 = 6.191 km;
f 0 = f (х0) = ∆U = |[2.0·10.2·1.278 + 40] − [0.56·1.278·(40 − 10.2 + 40·0.85 + 40·0.7) + 28]| = 27.63 kV;

х1 = х0 + (b − a)/4 = 10.2 + (34.964 − 10.2)/4 = 16.391 km;
f 1 = f (х1) = ∆U = |[2.0·16.391·1.278 + 40] − [0.56·1.278·(40 − 16.391 + 40·0.85 + 40·0.7) + 28]| = 7.37 kV.

In the second step:

х0 = 16.391 (km); f 0 = f (х0) = ∆U = 7.37 kV; х1 = х0 + ∆х = 16.391 + 6.191 = 22.582 km;
f 1 = f (х1) = ∆U = |[2.0·22.582·1.278 + 40] − [0.56·1.278·(40 − 22.582 + 40·0.85 + 40·0.7) + 28]| = 12.88 kV;

∆х = −∆х/4 = −1.55.

In the third step:

х0 = 16.391 (km); f 0 = f (х0) = ∆U = 7.37 kV; х1 = х0 + ∆х = 16.391 − 1.55 = 14.841 km;
f 1 = f (х1) = ∆U= |[2.0·14.841·1.278 + 40] − [0.56·1.278·(40 − 14.841 +

+ 40·0.85 + 40·0.7) + 28]| = 12.44 (kV);
∆х = −∆х/4 = 1.55/4 = 0.39.

The variables obtained in a similar way according to the algorithm in Figure 7a are
listed in Table 1.

Table 1. An example of the FL implementation on OHPLs based on the bitwise search method.

Step х0, km f 0 = f (х0), kV х1, km f 1 = f (х1), kV f 0 > f 1 ∆x, km

1. 10.2 27.63 16.391 7.37 yes 6.191
2. 16.391 7.37 22.582 12.88 no −1.55
3. 16.391 7.37 14.841 12.44 no 0.39
4. 14.841 12.44 15.231 11.17 yes 0.39
5. 15.231 11.17 15.621 9.89 yes 0.39
6. 15.621 9.89 16.011 8.62 yes 0.39
7. 16.011 8.62 16.401 7.34 yes 0.39
8. 16.401 7.34 16.791 6.06 yes 0.39
9. 16.791 6.06 17.181 4.79 yes 0.39

10. 17.181 4.79 17.571 3.51 yes 0.39
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Table 1. Cont.

Step х0, km f 0 = f (х0), kV х1, km f 1 = f (х1), kV f 0 > f 1 ∆x, km

11. 17.571 3.51 17.961 2.37 yes 0.39
12. 17.961 2.37 18.351 0.96 yes 0.39
13. 18.351 0.96 18.741 0.315 yes 0.39
14. 18.741 0.315 19.131 1.59 no −0.098
15. 19.131 1.59 19.033 1.17 yes −0.098
16. 19.033 1.17 18.935 0.95 yes −0.098
17. 18.935 0.95 18.837 0.63 yes −0.098
18. 18.837 0.63 18.739 0.3 yes −0.098
19. 18.739 0.3 18.641 0.012 yes −0.098
20. 18.641 0.012 18.543 0.33 no -

Хopt= 18.641 (km)

Thus, the distance to the fault place is LF = 18.641 km, and its calculation requires
m1 = 20 steps of the iterative procedure organized by the bitwise search method (Figure 8).
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We will refine the inspection zone of the OHPL by the line crew in accordance with the
requirements of [74], i.e., (±7%) for the OHPL with a length from 100 to 300 km inclusive
(±120·0.07 = 8.4 km). Thus, the revised survey zone will correspond to the section of the
OHPL from 10,241 km to 27,041 km.

Since, in the implementation of the FL on OHPL, the alleged fault place can be at
any point of an inhomogeneous OHPL, under the conditions of the example for a simple
method of sequential enumeration, the required number of iteration steps in the case of
fault at the end of the overhead transmission line will be m2 = L/δ = 120/0.3 = 400. The gain
in speed when implementing the bitwise search method, compared with the sequential
search method, will be w = m2/m1 = 20 times.

The gain in the speed of iterative procedures w largely depends on the pre-specified
error δ of the FL line (Figure 8). The smaller the error, the more significant the gain.

According to the calculation results (Table 1), the error in the implementation of the FL
on OHPL due to the non-uniform distribution of resistivity along the overhead line will be

∆LF = LF − L’F = 22.582 − 18.641 = 3.941 km,

or 3.28% of the length of the high-voltage transmission line.
The proposed variant of the FL implementation on OHPL has an error that does not

exceed δ = 0.3 km or 0.25% of the OHPL length.
If we do not use a two-stage procedure and implement an iterative FL throughout the

entire length of the overhead line, then the number of steps m can be significantly increased.
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х0 = 0 (n = 0); f 0 = f (х0) = ∆U = |U1 − [I2 0.85·120·ZL + U2]|
= |40 − 0.85·0.56·120·1.278 + 28| = 61.0 kV;

х1 = х0 + (b − a)/4 = 30 km (n = 0.25); f 1 = f (х1) = ∆U = |[2.0·0.25·120·1.278 +40]
− [0.56·0.6·120·1.278 + 28]| = 37.15 kV;

∆х = 120/4 = 30 km.

The variables obtained in a similar way are shown in Table 2.

Table 2. An example of the implementation of the FL on OHPLs in the case of refusal from the
two-stage procedure.

Step х0/n, km/r.u. f 0 = f (х0), kV х1/n, km/r.u. f 1 = f (х1), kV f 0 > f 1 ∆x, km

1. 0/0 61.0 30/0.25 37.15 yes 30
2. 30/0.25 37.15 60/0.5 125.5 no −7.5
3. 60/0.5 125.5 52.5/0.438 88.64 yes −7.5
— — — — — — —
29. 18.504/0.154 0.539 18.621/0.155 0.148 yes 0.117
30. 18.621/0.155 0.148 18.738/0.156 0.248 no -

Хopt = 18.621 (km)

Analysis of the data from Table 2 shows that the distance to the fault place was
LF = хopt = 18.621 km, which corresponds to the value from Table 1, but it took m1 = 30 steps
of the iterative procedure organized by the bitwise search method to calculate it.

In this case, the speed gain associated with the use of the bitwise search method
compared to sequential enumeration is equal to w = m2/m1 = 13.33 times.

Ensuring a large gain in speed can be achieved by using methods for eliminat-
ing segments (Figure 5). For example, the dichotomy method (Equation (19)) for the
considered example with Е = δ requires the implementation of the minimum number
m3 = log2 [(L − δ)/δ] = log2 [(120 − 0.3)/ 0.3] = log2 [399] ≈ 9 steps, with a corresponding
gain w = m2/m3 = 44.44 times.

5. Conclusions

Most of the well-known FL algorithms for OHPLs by EMP are based on the assumption
of a uniform distribution of resistivity along the OHPL. The use of these FL algorithms for
OHPLs with inhomogeneities will lead to significant errors in calculating the distance to
the fault place.

The expediency of using simple search and optimization methods (sequential enumer-
ation, dichotomy, and bitwise search) that do not require changes in the hardware of the
device and increase its cost, but give an effect in terms of speed, is substantiated.

The results of the calculations prove that the use of the search algorithms proposed by
the authors makes it possible to reduce the time required to calculate the distance to the
fault place from tens to hundreds of times.

An additional advantage of using the search algorithms proposed by the authors
for FL on OHPLs is that their implementation is possible in the software of typical relay
protection and automation terminals, without the need to upgrade their hardware.

Along with undeniable advantages, the use of search methods leads to an insignificant
complication of the software in the implementation of FL on OHPLs.
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