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Abstract: Image deblurring based on sparse regularization has garnered significant attention, but
there are still certain limitations that need to be addressed. For instance, convex sparse regularization
tends to exhibit biased estimation, which can adversely impact the deblurring performance, while
non-convex sparse regularization poses challenges in terms of solving techniques. Furthermore,
the performance of the traditional iterative algorithm also needs to be improved. In this paper, we
propose an image deblurring method based on convex non-convex (CNC) sparse regularization and
a plug-and-play (PnP) algorithm. The utilization of CNC sparse regularization not only mitigates
estimation bias but also guarantees the overall convexity of the image deblurring model. The
PnP algorithm is an advanced learning-based optimization algorithm that surpasses traditional
optimization algorithms in terms of efficiency and performance by utilizing the state-of-the-art
denoiser to replace the proximal operator. Numerical experiments verify the performance of our
proposed algorithm in image deblurring.

Keywords: image deblurring; plug-and-play algorithm; convex non-convex strategy; sparse regularization

1. Introduction

Image deblurring is a classic subject of wide interest in the field of computer vision. In
recent years, substantial advancements and notable progress have been achieved in this
domain [1–8]. A blurred image can be mathematically represented as the convolution of an
unknown sharp image with the blur kernel, accompanied by additive noise [9–12]. To be
precise, a blurred image y can be denoted as

y = a ∗ x + ε, (1)

where a is the blur kernel (or the point-spread function), ∗ is the convolution operator, x is
the latent sharp image, and ε is the noise. Furthermore, the matrix representation of (1) can
be expressed as

y = Ax + ε, (2)

where A denotes a convolution matrix and Ax = a ∗ x. If the convolution matrix A satisfies
circular boundary conditions, it can be expressed as A = F−1ΛF, where F and F−1 are
the orthogonal matrices denoting the discrete Fourier transform and its inverse transform,
respectively, and Λ is a diagonal matrix representing the filter in the Fourier domain [13,14].

Image deblurring aims to restore the latent image x from the blurred image y. One
feasible approach is to formulate this task as the following sparse regularization problem

min
x

1
2
∥y − F−1ΛFx∥2

2 + λϕ(x), (3)

where 1
2∥y − F−1ΛFx∥2

2 is the data-fidelity term, ϕ(x) is the regularization term that incor-
porates prior knowledge of x, and the regularization parameter λ measures the weight of
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these two terms. Image deblurring model (3) has garnered significant attention, with the
selection of sparse regularizations and efficient algorithms being crucial factors in ensuring
the efficacy of the model.

Appropriate regularization accurately quantifies the prior information of an image,
thereby enhancing the performance of image deblurring. The ℓ0-norm is commonly utilized
as a regularization term for deblurring due to its ability to induce sparsity [3,12,15,16].
However, the corresponding sparse regularization problem is computationally intractable
because of the discontinuous and non-convex nature of ℓ0-norm [10]. The ℓ1-norm regular-
ization, serving as a convex approximation of the ℓ0-norm, is an appropriate alternative to
replace the ℓ0-norm. Nevertheless, the estimates based on the ℓ1-norm exhibit bias and tend
to underestimate components of larger magnitude. In addition, as noted in [17], blurring
decreases the peak height. Therefore, unlike other image restoration tasks such as denois-
ing, utilizing the ℓ1-norm regularization not only fails to contribute to image deblurring
but also impedes image deblurring, consequently yielding the opposite effect [10,17]. The
non-convex regularization has been proposed for image deblurring, where [18,19] uses
the ℓp-norm (0 < p < 1) as the regularization term and the ℓ1/ℓ2 regularization is used
in [10]. However, their tendency is to generate a multitude of local sub-optimal solutions,
thereby posing a challenge to the problem-solving process. To address this shortcoming,
CNC sparse regularization is introduced, which overcomes biased estimation through
its non-convexity and enables convex optimization by adjusting the non-convex control
parameter [20–23].

A fast and efficient algorithm can enhance the speed and accuracy of deblurring,
which is crucial for ensuring the practical application of an image deblurring model. Im-
age deblurring algorithms can be broadly categorized into two groups. The first group
comprises traditional iterative algorithms such as the iterative shrinkage-thresholding
algorithm (ISTA) [10], alternating direction method of multipliers (ADMM) [18,24], and
half-quadratic splitting (HQS) [2,3,15,16] algorithms. These algorithms work by iteratively
refining a solution until a stopping criterion is met, typically accompanied by theoreti-
cal proof of algorithmic convergence. However, the traditional iterative algorithm often
requires numerous iterations to achieve a satisfactory outcome, resulting in significant
computational costs [25,26]. The second group comprises deep learning algorithms, which
are designed to automatically learn features from the data, rather than relying on hand-
crafted features [4,5,25,27–31]. For example, Tao et al. [28] propose a new Scale-recurrent
Network (SRN-DeblurNet) to deal with two problems in a CNN-based deblurring system.
Based on a new NFRes-block, Mittal et al. [27] propose the NFResnet and NFResnet+.
Zou et al. [30] introduce a dilated convolution model (SDWNet) for image deblurring.
Despite the computational advantages of these neural network-based methods, they are
not without their drawbacks, including excessive network parameters and a lack of inter-
pretability. The current approach known as learning-based optimization or model-based
deep learning combines the strengths of iterative algorithms and deep neural networks to
enhance computational performance while also exhibiting commendable interpretability
and generalization capabilities [32–34]. The PnP algorithm is a learning-based optimiza-
tion framework, which aims to enhance the iterative algorithm by replacing the proximal
operator with a state-of-the-art denoiser. By leveraging a deep neural network denoiser,
the performance of the PnP algorithm can be significantly improved. Moreover, within
the framework of the iterative algorithm, theoretical guarantees for convergence are also
provided. As a result, PnP algorithms have gained widespread adoption in various image
tasks [7,8,35–40].

In this paper, we propose a novel image deblurring model by utilizing CNC sparse
regularization and solving it by a PnP algorithm. In summary, our contributions are
as follows:
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• By incorporating CNC sparse regularization into the image deblurring model, we
obtain a new image deblurring model with non-convex sparse regularization, which
can effectively address the limitations of the ℓ1-norm. Additionally, we establish the
necessary conditions for ensuring the overall convexity of the proposed model.

• After constructing the iterative proximal operator of CNC sparse regularization by
using the forward-backward splitting (FBS) algorithm, we propose an FBS algorithm
for the proposed image deblurring model with CNC sparse regularization (FBS-CNC)
and further derive the corresponding PnP-FBS-CNC algorithm by substituting the
proximal operator with a denoiser.

• The inherent advantages of the proposed algorithm compared with other existing
algorithms are verified through numerical experiments.

The paper is organized as follows. We recall the basic definitions and algorithms in
Section 2. In Section 3, we introduce the CNC sparse regularization problem for image de-
blurring and establish the convexity condition. Section 4 is the pivotal section of this paper,
where we present the FBS and PnP-FBS algorithms based on CNC sparse regularization to
tackle the problem proposed in Section 3. We experimentally evaluate the performance of
the algorithm in Section 5. Section 6 concludes with a summary.

2. Preliminaries

In this section, we offer a concise introduction to some fundamental concepts that
underpin the development of subsequent content.

To begin with, we define the proximal operator and Moreau envelope.

Definition 1. Given a proper, closed, convex function ϕ, and letting α be a positive scalar parameter,
the following definitions are provided:

(1) The proximal operator of ϕ is defined as

proxαϕ(x) = arg min
v

{
ϕ(v) +

1
2α

∥x − v∥2
2

}
. (4)

(2) The Moreau envelope of ϕ is defined as

Mα
ϕ(x) = min

v

{
ϕ(v) +

1
2α

∥x − v∥2
2

}
. (5)

It is noteworthy that Mα
ϕ(x) is differentiable, and its gradient can be computed as

∇Mα
ϕ(x) =

1
α

(
x − proxαϕ(x)

)
, (6)

where proxαϕ(x) is defined as (4).
Subsequently, we present the algorithm utilized throughout this paper. In order to

enable flexible application of the algorithm in various situations, we propose the algorithm
for a general sparse regularization problem, rather than limiting it exclusively to the
problem (3).

Consider the sparse regularization problem

min
x

f (x) + λϕ(x). (7)

where the data-fidelity term f (x) is differentiable, the regularization term ϕ(x) is contin-
uous but nonsmooth, and the regularization parameter λ measures the weight of f (x)
and ϕ(x) .
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The basic idea of the FBS algorithm is to perform gradient descent on the smooth part
f (x) and apply the proximal operator to the nonsmooth part λϕ(x). More precisely, the
iterative steps of the FBS algorithm are given by{

vk+1 = xk − α∇ f (xk),

xk+1 = proxαλϕ(v
k+1).

(8)

The key observation of PnP is that the proximal operator is equivalent to a denoising
operation [35]. By replacing the proximal operator proxαλϕ with the denoiser Dσ in (8), we
can obtain the PnP-FBS algorithm.{

vk+1 = xk − α∇ f (xk),

xk+1 = Dσ(vk+1).
(9)

The denoiser Dσ with noise level parameter σ in (9) can be any image denoiser, such
as total variation (TV) [41], block-matching and 3D filter (BM3D) [42], and deep neural
network (DNN) denoisers [7,36].

3. Image Deblurring Model with CNC Sparse Regularization

In this section, we write out the corresponding image deblurring model based on CNC
sparse regularization and further prove the overall convexity of the objective function.

Firstly, we introduce the CNC sparse regularization, which can be formulated as

ϕb(x) = ∥x∥1 − sb(x), (10)

where sb(x) = minv

{
∥v∥1 +

b2

2 ∥x − v∥2
2

}
is the Moreau envelope of ∥x∥1, and the parame-

ter b controls the non-convexity of ϕb(x).
By substituting ϕb(x) for ϕ(x) in problem (3), we obtain the image deblurring model

with the CNC sparse regularization.

min
x

1
2
∥y − F−1ΛFx∥2

2 + λϕb(x). (11)

Although the CNC sparse regularization is non-convex, the overall convexity of the
objective function can be ensured by adjusting the non-convex parameters b. The following
theorem focuses on the convexity condition to determine the circumstances under which
the objective function can maintain its convexity.

Theorem 1. For λ > 0, b > 0, the objective function of the image deblurring model is defined as

T(x) =
1
2
∥y − F−1ΛFx∥2

2 + λϕb(x). (12)

When b2 I ⪯ 1
λ FTΛTΛF, the objective function is convex; when b2 I ≺ 1

λ FTΛTΛF, the
objective function is strictly convex.
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Proof. Consider the objective function

T(x) =
1
2
∥y − F−1ΛFx∥2

2 + λϕb(x)

=
1
2
∥y − F−1ΛFx∥2

2 + λ(∥x∥1 − sb(x))

=
1
2
∥y − F−1ΛFx∥2

2 + λ

{
∥x∥1 − min

v
{∥v∥1 +

b2

2
∥x − v∥2

2}
}

=
1
2
∥y∥2

2 − yT(F−1ΛFx) +
1
2
∥F−1ΛFx∥2

2 + λ∥x∥1

− λ min
v

{
∥v∥1 +

b2

2
∥x∥2

2 − b2vTx +
b2

2
∥v∥2

2

}
=

1
2
∥F−1ΛFx∥2

2 −
λb2

2
∥x∥2

2 +
1
2
∥y∥2

2 − yT(F−1ΛFx)

+ λ∥x∥1 − λ min
v

{
∥v∥1 − b2vTx +

b2

2
∥v∥2

2

}
=

1
2

xT
(

FTΛTΛF − λb2 I
)

x +
1
2
∥y∥2

2 − yT(F−1ΛFx)

+ λ∥x∥1 + λ max
v

{
−∥v∥1 + b2vTx − b2

2
∥v∥2

2

}
. (13)

Since the three terms 1
2∥y∥2

2, −∥v∥1, and − b2

2 ∥v∥2
2 are independent of x, they can be

regarded as constants. The term λ∥x∥1 is convex. The term −yT(F−1ΛFx) is linear, so this
term is convex. The term b2vTx is affine in x and the maximum of the convex functions set
is convex, and therefore the term λ maxv

{
−∥v∥1 + b2vTx − b2

2 ∥v∥2
2

}
is convex.

In summary, the convexity of the objective function (12) depends on the convexity of
the following term

1
2

xT
(

FTΛTΛF − λb2 I
)

x. (14)

The convexity of this term is determined by FTΛTΛF − λb2 I. If FTΛTΛF − λb2 I is
positive semi-definite, i.e. b2 I ⪯ 1

λ FTΛTΛF, then the objective function is convex. If
FTΛTΛF − λb2 I is positive definite, i.e. b2 I ≺ 1

λ FTΛTΛF, then the objective function is
strictly convex.

4. Proposed Algorithms

In this section, the iterative form of the proximal operator for CNC sparse regular-
ization is initially. Subsequently, it is incorporated into the FBS algorithm to obtain the
FBS-CNC algorithm. Finally, the PnP-FBS-CNC algorithm is derived by replacing the
proximal operators with denoisers.

4.1. The Proximal Operator of CNC Sparse Regularization

As demonstrated by (8), the proximal operator of the nonsmooth regularization term
plays a crucial role in solving the sparse regularization problem using the FBS algorithm.
Therefore, we discuss the proximal operator of the CNC sparse regularization, which can
be represented by

proxλϕb
(y) = arg min

x

{
λϕb(x) +

1
2
∥x − y∥2

2

}
. (15)

According to the definition of ϕb (10), Equation (15) means solving for x such that the
following problem holds.

min
x

{
λ∥x∥1 − λsb(x) +

1
2
∥x − y∥2

2

}
. (16)
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Obviously, it is impossible to yield a closed-form solution of (16), but we can give an
iterative solution. By Equation (6), we have

∇(−λsb(x)) = −λb2
(

x − prox 1
b2 ∥�∥1

(x)
)

. (17)

By using FBS iteration (8) to solve (16) , we have

xk+1 = proxαλ∥�∥1

[
xk − α∇(−λsb(xk) +

1
2
∥xk − y∥2

2)

]
= proxαλ∥�∥1

[
xk − α

(
xk − y − λb2

(
xk − prox 1

b2 ∥�∥1
(xk)

))]
. (18)

Finally, referring to [21,43], we set the step size α = 1. Then, we obtain the proximal
operator of the CNC sparse regularization as

proxλϕb
(y) = proxλ∥�∥1

[
y + λb2

(
xk − prox 1

b2 ∥�∥1
(xk)

)]
. (19)

4.2. FBS-CNC

We present the FBS algorithm to solve the aforementioned model (11). The specific
iterative steps are illustrated below.

1. For the data-fidelity term:

vk+1 = xk − α∇
(

1
2
∥y − F−1ΛFxk∥2

2

)
= xk − α

[
FTΛT(F−1)T

(
F−1ΛFxk − y

)]
= xk − α

(
FTΛTΛFxk − FTΛT Fy

)
. (20)

2. For the regularization term:

xk+1 = proxαλϕb
(vk+1)

= proxαλ∥�∥1

[
vk+1 + αλb2

(
xk − prox 1

b2 ∥�∥1
(xk)

)]
. (21)

Finally, after further refinement of the previous two steps, we have developed the
FBS-CNC algorithm for image deblurring, as outlined in Algorithm 1.

Algorithm 1 FBS-CNC for image deblurring

Require: x0, y, F, Λ, α > 0, λ > 0, b > 0.
Ensure: x.

while "stopping criterion is not met" do
vk+1 = xk − α

(
FTΛTΛFxk − FTΛT Fy

)
;

uk+1 = prox 1
b2 ∥�∥1

(
xk
)

;

wk+1 = vk+1 + αλb2
(

xk − uk+1
)

;

xk+1 = proxαλ∥�∥1

(
wk+1

)
.

end while

4.3. PnP-FBS-CNC

The basic idea behind PnP is to replace the proximal operator in the iterative algo-
rithm with a denoiser. However, the FBS-CNC algorithm in Section 4.2, unlike the existing
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PnP algorithms, incorporates two proximal operators prox 1
b2 ∥�∥1

and proxαλ∥�∥1
, necessi-

tating the utilization of two distinct denoisers Dσ1 and Dσ2 as replacements, where the
parameters σ1 and σ2 are related to different noise levels. As a consequence, we obtain the
following equation.

xk+1 = Dσ2

[
vk+1 + αλb2

(
xk − Dσ1(xk)

)]
. (22)

After appropriately rearranging (20) and (22), we finally derive the PnP-FBS-CNC
algorithm for image deblurring, as outlined in Algorithm 2.

Algorithm 2 PnP-FBS-CNC for image deblurring

Require: x0, y, F, Λ, α > 0, λ > 0, b > 0.
Ensure: x.

while "stopping criterion is not met" do
vk+1 = xk − α

(
FTΛTΛFxk − FTΛT Fy

)
;

uk+1 = Dσ1

(
xk
)

;

wk+1 = vk+1 + αλb2
(

xk − uk+1
)

;

xk+1 = Dσ2

(
wk+1

)
.

end while

4.4. Computational Complexity and Convergence Analysis

In this subsection, we briefly discuss the computational complexity and convergence
of the proposed PnP-FBS-CNC algorithm.

The main cost of the PnP-FBS-CNC algorithm arises from updating vk+1, uk+1, and
xk+1. The update of vk+1 involves matrix-vector production but can be efficiently imple-
mented using fast Fourier transform (FFT). The computational complexity of this step is
O(n log n), where n is the size of the image. The update of uk+1 and xk+1 is implemented
by denoisers Dσ1 and Dσ2 . Therefore, the computational complexity depends on the type
of denoisers employed. According to the the computational complexity analysis in [44], if
both Dσ1 and Dσ2 are TV denoisers, then the computational complexity of these two steps
is O(n). On the other hand, if Dσ1 and Dσ2 are BM3D denoisers, then the computational
complexity becomes O(n log n). If Dσ1 and Dσ2 are DNN denoisers with identical archi-
tecture but different parameters, as indicated by the computational complexity analysis
in [45,46], the computational complexity of these two steps is O(nnlnkn f ), where nl , nk, n f
represent the number of layers, kernel pixels, and features, respectively.

Note that the essence of PnP lies in the integration of the noise reducer within the itera-
tive optimization algorithm, thereby enabling the convergence of the algorithm to be proven
within the framework of iterative optimization. The strong convexity of the data-fidelity
term in the image deblurring model (11), combined with the convergence conclusions
from reference [35,40], allows us to guarantee that the proposed PnP-FBS-CNC algorithm
converges when the residuals of the denoisers Dσ1 and Dσ2 exhibit contractive behavior.

5. Numerical Experiment

In this section, we experimentally assess the deblurring effect of the proposed PnP-
FBS-CNC algorithm and compare it with other state-of-the-art methods in terms of both
visual effect and numerical metrics. The numerical metrics employed are the CPU time
and the peak signal-to-noise ratio (PSNR) value.

We compare the performance of all the deblurring algorithms on CBSD68 dataset [47],
which contains 68 color images and is widely used for many image tasks. We also utilize
the eight real-world camera shake kernels introduced by Levin et al. [17] as blur kernels.
The blur kernels are shown in Figure 1. Additionally, we incorporate Gaussian noise with
three noise levels ν ∈ {0.01, 0.03, 0.05}. For all noise levels, we specify the hyperparameter
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settings of the PnP-FBS-CNC algorithm. We set uniform parameters with the step size
α = 0.4, regularization parameter λ = 0.1, and non-convexity parameter b = 0.25.

Figure 1. Blur kernels.

As stated in [7], DRUNet utilizes a single model to address various noise levels
and exhibits superior performance compared to other denoisers. Therefore, we select
DRUNet as the denoiser for PnP-FBS-CNC. When evaluating our algorithm, we adopt
a comparative approach rather than relying solely on subjective judgments to assess its
deblurring effect. By comparing it with other methods, we draw conclusions based on
the observed differences. Specifically, three state-of-the-art image deblurring methods are
considered: (1) IRCNN [36], which employs the PnP-HQS algorithm, with IRCNN serving
as the denoiser. (2) DPIR [7], which also employs the PnP-HQS algorithm but incorporates
DRUNet as its denoiser. (3) GS-PnP [13], which is a PnP algorithm with the gradient step
(GS) denoiser. The GS-PnP method distinguishes itself from the previous two methods by
inherently incorporating a denoiser in the gradient step. Further, it is worth noting that
the hyperparameter settings of the above three methods still adhere to their respective
default settings.

We first analyze the numerical results to evaluate the performance of our proposed
algorithm. The average CPU time and PSNR values for deblurring using various methods
are presented in Table 1, effectively demonstrating the deblurring effects of the CBSD68
dataset with various blur kernels and noise levels. According to Table 1, it can be observed
that the CPU time of PnP-FBS-CNC can be comparable with the other three algorithms.
Moreover, PnP-FBS-CNC exhibits the highest average PSNR value irrespective of the chosen
noise level and blur kernel. Simultaneously, we observe that when the noise level is 0.01,
all methods yield significantly higher average PSNR values compared to those obtained at
the other two noise levels. This indicates a positive correlation between decreasing noise
levels and increasing average PSNR values.

Table 1. Average PSNR performance (dB) and CPU time of image deblurring on the CBSD68 dataset.
The best results are highlighted in bold.

ν Method CPU Time
Blur kernel

1 2 3 4 5 6 7 8

0.01

IRCNN 24.32 32.68 32.20 31.35 32.17 32.24 32.65 31.46 31.42
DPIR 25.93 33.61 33.18 32.95 33.01 34.03 34.29 33.02 32.70

GS-PnP 26.60 33.47 32.97 32.83 32.79 34.01 34.19 32.88 32.49
PnP-FBS-CNC 24.28 33.98 33.56 33.37 33.45 34.48 34.69 33.38 33.16

0.03

IRCNN 27.58 29.25 28.81 28.84 28.56 29.72 29.61 28.82 28.49
DPIR 28.15 29.31 28.98 29.13 28.68 30.14 30.17 29.25 28.82

GS-PnP 30.57 29.16 28.82 29.13 28.54 30.26 30.15 29.26 28.86
PnP-FBS-CNC 28.07 29.81 29. 49 29.68 29.25 30.67 30.66 29.77 29.37

0.05

IRCNN 30.24 26.92 26.67 27.16 26.29 28.22 28.00 27.14 26.75
DPIR 31.52 27.45 27.26 27.67 26.91 28.55 28.27 27.71 27.23

GS-PnP 32.67 27.38 27.21 27.63 26.92 28.63 28.36 27.74 27.33
PnP-FBS-CNC 31.19 28.03 27.76 28.22 27.51 29.12 28.95 28.24 27.84
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We next assess the deblurring performance of these methods in terms of visual aspects.
As indicated in Table 1, the optimal PSNR numerical performance is achieved when
the noise level is 0.01. Therefore, we select the images with this noise level to examine
the deblurring visual effect. Additionally, considering the extensive number of images
available, we selectively choose three groups of images as exemplars to observe their
respective deblurring effects. Meanwhile, we select different blur kernels for each of these
three groups of images: kernel 1 with size 19 × 19, kernel 3 with size 15 × 15, and kernel
5 with size 13 × 13. The corresponding visual comparison results for each method are
illustrated in Figures 2–4. After examining these images, it can be concluded that the
quality of the images produced by IRCNN is comparatively inferior to those obtained by
other methods. This distinction can be readily observed by comparing the water region
of each image in Figure 2 and the blue sky region of each image in Figures 3 and 4. We
observe that the PnP-FBS-CNC method yields an image that is more closely aligned with
the clean image and exhibits superior clarity in processing fine textures. The PSNR value
displayed in the image indicates that PnP-FBS-CNC outperforms other methods in terms
of deblurring performance.

In conclusion, the above performance demonstrates the superiority of the proposed
algorithm for image deblurring, thereby strongly validating its effectiveness.

Figure 2. Image deblurring results of different methods with blur kernel 1. Two local images in the
red box are enlarged.
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Figure 3. Image deblurring results of different methods with blur kernel 3. Two local images in the
red box are enlarged.

Figure 4. Image deblurring results of different methods with blur kernel 5. Two local images in the
red box are enlarged.
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6. Conclusions

In this paper, we present the PnP-FBS-CNC algorithm for image deblurring. The
incorporation of the CNC sparse regularization term significantly enhances the deblurring
effect. Meanwhile, the PnP algorithm showcases its superiority as a powerful framework
for addressing the sparse optimization problem. Furthermore, these advantages of our
proposed algorithm are visually confirmed through experimental results.
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