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Abstract: We discuss the local convergence of a derivative-free eighth order method in a Banach
space setting. The present study provides the radius of convergence and bounds on errors under the
hypothesis based on the first Fréchet-derivative only. The approaches of using Taylor expansions,
containing higher order derivatives, do not provide such estimates since the derivatives may be
nonexistent or costly to compute. By using only first derivative, the method can be applied to a wider
class of functions and hence its applications are expanded. Numerical experiments show that the
present results are applicable to the cases wherein previous results cannot be applied.
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1. Introduction

We study local criteria for obtaining a unique solution u, of the nonlinear model
F(u) =0, )

for Banach space valued mappings with F : () C B — B, where F is differentiable in the sense of
Fréchet [1,2]. For a good survey of literature on local and semilocal convergence criteria of iterative
methods see [3-13].

The most popular numerical method for approximating a solution u, of Equation (1) is the
quadratically convergent Newton’s method, which is expressed as

Ups1 = ty — F'(uy) 'F(uy), foreachn=0,1,2,...

In quest of efficient higher order method, a number of improved, multipoint Newton’s or Newton-like
iterative schemes have been proposed in literature; see, for example [3,5,8-10,12-19] and references
cited therein.

In particular, Amiri et al. [16] have recently developed an eighth order method for solving
F(u) = 0 using a derivative-free composite scheme. The method is of order eight using only divided
differences, derivatives up to the order nine and Taylor expansions in the special case when B = R’
and Q(u) = (f"(u), f5*(u),- -, f"(u)), m > 2, where Q: B — B, Q(u,) = F(u.) = 0. We study this
method in the more general setting of a Banach space setting:
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Yn = Un — [un + Q(un)/ un}F]ilF(un)/

B 13 7 5 -1
Zn = Yn — [41 — Ay (21 - 4An>] [tn + Q(un), un; F]" F(yn),
U1 = Zn — [ZI — A, <41 — ;Anﬂ [n 4+ Q(un), un; F]~1F (1), ()

where ug € Q is an initial point, A, = [u, + Q(un), un; F] yn + Qyn), yu; F], [, F] : O x Q —
L(B, B) is divided difference of order one with

[, y; F)(u —y) = F(u) = F(y)

foreachu,y € Qwithu # yand [u, u; F] = F/(u) for each u € ), if F is differentiable at u. Here L(B, B)
is the set of bounded linear operators from B into B.

The benefits of using method (2) over others in the literature have been well explained in [16].
Then to avoid repetitions, we refer the reader to [16]. But there are drawbacks when it comes to using
method (2) limiting its applicability. These are: The existence of the ninth derivative is needed to show
the order of convergence; the upper bounds on ||u,, — i, || or results on the uniqueness of the solution
are not given; the initial point is a shot in the dark; the method is restricted only on the i-dimensional
Euclidean space and higher order derivatives do not appear on the method. Notice that the method
cannot even guarantee convergence, if we consider the scalar function ¢ on Q) = [— %, %] given as

BInx? +x° —x* x £0
(p(x)—{ 0, x=0.

Then, clearly ¢"’(x) is unbounded on Q). Hence, there is no assurance that lim,_,c 4, = 1, under
the conditions in [16]. The novelty of this work is that we deal with all these drawbacks using only
conditions on the divided difference of order one which actually used in Equation (2). Hence, we
extend its applicability and for operators valued on Banach space.

2. Local Convergence Analysis

Certain real functions and parameters appearing in the local convergence analysis of Equation (2)
are introduced. Set S = [0, 0], letwy : S x S — S, wy : S — S be continuous and increasing functions
with wy(0,0) = 0. Suppose that equation

wo (w1 (x)x,x) =1 ®)
has at least one positive solution. Let py be the smallest such solution. Set Sy = [0, pp). Let also

w:SyxSy—S,v:Sy— Sand wy : Sy — S be continuous and increasing functions with w(0,0) = 0.
Define functions p; and p; in the interval 5S¢ by

and

where a(x) = 1 — wq(wy (x)x, x).
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We have f1(0) = —1 < 0 and fj;(x) — o0 as x — p, . The intermediate value theorem implies
that equation p1(x) = 0 has at least one solution in (0, pg). Let ry be the smallest such solution. Further
assume that equation

wo (w1 (p1(x)x)p1(x)x, pr(x)x) =1 4

possesses at least one positive solution. Denote by p; the smallest such solution. Set p, = min{po, p1 }
and S; = [0, p2). Define functions p, and p, on the interval S; by

pax) = ((p2003) o (6030 +  [4hx) -+ 5#2(0)) 2L ) )
and
pa(x) = pa(x) — 1,
where
b(x) = 1 —wo (w1 (p1(x)x)p1(x)x, p1(x)x),
d(x) = wo (w1 (x)x, x) + wo (w1 (p1(x)x), p1(x)x)
and
_dx)
h(x) = )
Then, we also get 7»(0) = —1 and pp(x) — co as x — p, . Denote by r, the smallest solution of
equation pp(x) = 01in (0, pp).
Assume that equation
wo (w1 (p2(x)x)pa(x)x, pa(x)x) =1 ©)

possesses at least one positive solution. Denote by p3 the smallest such solution. Set p = min{py, p3}
and S = [0, p). Define functions p3 and p3 on the interval S, by

pax) = (r(patom) + LRI 1 Lt 4312 )] L )

a(x)e(x) a(x)
and
pa(x) = p3(x) -1,
where
c(x) =1 = wo(wi(p2(x)x)p2(x)x, pa(x)x)
and
e(x) = wo(w1(x)x, x) + wo (w1 (p2(x)x), pa(x)x).

We obtain again f3(0) = —1 and p3(x) — o0 as x — p~. Denote by r3 the smallest solution of equation

p3(x) = 0in (0, p). Define parameter r by

r= min{rj}, j=1,2,3. (6)
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This parameter shall be shown to be a radius of convergence for Equation (2) in Theorem 1. Then, we
have that for each x € [0,7)

a(x) >0, @)
b(x) >0, 8
c(x) >0, 9)
d(x) >0, (10)
e(x) >0, (11)
h(x) >0, (12)
and
0<pi(x) <1 (13)

By U(p, A), U(u, A) we denote the open and closed balls in B, respectively with center i € B and of
radius A > 0. In order to study the local convergence of Equation (2), we need to rewrite the three steps.

Lemma 1. Suppose that Equation (2) is well defined for each n = 0,1,2, ... and [u + Q(u),u; F]~! € L(B, B)
for each u € Q). Then, the following assertions hold
Yn — Usx = [”n + Q(un), un;F]71 ([”n + Q(”n)/un;ﬂ - [unru*;FD (ty — 1s), (14)
Zp — Usx = Yp — Ux + []/n + Q(]/n)ryn; F}ilF(yn) + <[yn + Q(yn)ryn;F]71 - [un + Q(”n)r u71;F}71)F(yn)

- ‘11[4(1 = An) +5(1 = An)?] [t + Q(ttn), ttn; FI " F(yn) (15)
and
Mg = e = 20— it = [zn + Qzn), 20 F) 7 F(zn) + (Lo + Qan), 20 F) ™" = ot + Qun), i 1) Fzn)
- %[2(1 — Au) +3(1 = An)?][tn + Q(ttn), ttn; F] ' F(20). (16)
Proof. We have in turn by the first substep of Equation (2) and the definition of the divided difference

Yn — U = Uy — s — [thy + Q(un), ttn; F] 7 F (uy)
= [”n + Q(un)/ un}ﬂ_l ([”n + Q(un)/ un}ﬂ — [un/ M*}F}) (un - u*)

which shows Equation (14).
Then, similarly from the second substep of Equation (2)

2 = e = Y = 1t = W+ Q) yni I yn) + ([ + QUun), i F) ™ = [+ Q) s F) ) Fyn)
1

4

=Y — s — [Yn + Qn), yn; F) 'F(yn) + ([yn + Q) Y F) 7 = [un + Q(”n)/”n;Frl)F(yn)

(91 — 14Ay +5A2) [uy + Q(ttn), tn; ]~ F (yn)

— 1A = Ay) 50— A2l + Qutn) s E (),
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which shows Equation (15). Finally, from the third substep of Equation (2), we obtain in turn that
1 =t = 2 = 1ty — [z + Q(zn), 20 I F(zn) + ([0 + Qz), 20 FI ™ = [atn + Qutn), s F) ™) Fza)
_ (gl — An(4I — ;A,J) [un + Q(u,,),un;P]*lF(zn)

=z — 1ty — [2n + Q(zn), 20 I F(zn) ([0 + Q20,203 1™ = [ttn + Qutn), 4 F) 1) F(z)
1

= 5 [2(I = An) +3(I = Au)?][ttn + Q(ttn), un; F) ' F(zn),
which completes the proof. O

The local convergence analysis is based on the following conditions (say, A) :

(a1) F: Q — B is continuously differentiable in the sense of Frechet, [.,.;F] : Q x Q — L(B,B),
[.,5Q]: Q x Q — L(B, B) are a divided difference of order one and there exists u, € () such that
F(u.) = Q(uyx) = 0and F'(u,)~! € L(B, B).

(ap) There exist continuous and increasing functions wy : S x S — Sand wy : S — S with wy(0,0) =0
such that for each u € )

1F () = ([ 4+ Q) 1 F) — F'(w)) || < o ([l + Q1) — |, [ — 1]
and
11+ [, 1 QI < wi (| — ).

Set Qg = QN U(ux, po), where py is given in Equation (3).
(a3) There exist continuous and increasing functions w : Sop x So — S, w2 : So - Sand v : Sy — S
such that for each u € ()

1" () ™ ([ + QQu), 05 F) = [w, 103 FD| < (| Qo)L [l = we]),
1Q() | < wa ([l —ws[) [l — us|

and
IF (1) g, 1 F] || < 0(fJlu = ua ).

(ag) U(uy,7) € Q, 7 = wi(r)r, po, p1 and p3 given by Equations (3)-(5), respectively exist and r is
defined in Equation (6).
(as) There exists . > r such that

vo(rs) <1,
where function v : Sp — S is continuous and increasing with vy(0) = 0. Set 01 = QN U (14, 7+).
By Lemma 1, we can use the notations
an =1 —wo(wi (|[un — vt ||) |t — wll, [t — v ]]),
en =1 —wo (w1 (p2(lun — uelDllun — wll)p2(un — wslDlun — weall, p2(llun — welD)llun — wall),
(
(

it = e )l = vl [l = wes]]) + wo (wr (p1 (ln = sl Dllwn = ]}, pr([fun — e[ [t = ),
|

= v ) | = el Nt = s [[) + wo (w1 (p2lfwn — sl Dl = wcll), p2(lfwn — sl fn — vc]])
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Next, we present the local convergence of Equation (2) using the conditions (A) and the notations
mentioned above.

Theorem 1. Suppose that the conditions (A) hold. Then, sequence {u, } generated for ug € U(uy,r) — {u.}
is well defined, remains in U (us,r) for each n = 0,1, 2...... and converges to i, so that

lyn — wsll < pr(lfun — welDl[un — ]l < flup —usl| <7, (17)

lzn — |l < pa(flun — wa|)lun — || < Jlun — | (18)
and

1 — vl < pa(llun — wa|) lun — || < flun — usl], (19)

where the functions p; are given previously and r is defined in Equation (6).

Proof. We shall show estimates for Equations (17)—(19) using mathematical induction. Let u €
U(uy,r) — {us}. By (a1), (a2), (a4) and Equation (6), we obtain in turn

IF ()~ ([ 4+ Q(u), ; F] — F(w)) | < wollu + Q(u) — wu |, [l — .]])
< wo (I1(1+ [, ua]) (0 — wa) ||, [l — ws])
< wo (w1 ([|lu — )l — we], lu — w]])
< wo(wy(r)r,r)r <1, (20)
where we also used that
[+ Q) = ]| = (1T + [, 10, Q) (1 — ) || < wr(fJu = wal )|t — el | < wr(r)r =7,

sou+ Q(u) —uy, € Uuy, 7).
It follows from Equation (20) and the Banach perturbation lemma on invertible operators [8] that
[u+ Q(u),u; F]~! € L(B, B) and
I+ QQu), s FIT F ()| < — i —— (21)
and yo, zo, u; are well defined by Equation (2) for n = 0.

Then, by Equations (6) and (13) (for j = 1), (14) and (21) (for u = ug), and (a3), we get, in turn,
that

A

lyo =t < Il + Q(ut0), uo; F) ™ F' (us )| F' (1) ™" ([0 + Q(ut0), 0 F) — o, es; F) || |1t — 1|
< W(wrlluo — us)llno — well, o — w[) 1o — 1|
- a([luo — us])
= p1(lluo — wa|)fuo — uall < [luo —ull <r, (22)

so Equation (17) holds for n = 0 and yg € U(u.,r). We need the estimate obtained using (a;) and (20)

11— Al = || ([uo + Q(uo), ug; F)'F' () ) F' (1) "

x [([uo + Q(uo), uo; F] — F'(ux)) + (F'(ux) — [yo + Q(yo), vo; F1) ]|
d([Ju — usl)

23
= a(lu—wl) #3)

and the estimate using (41) and (a3) that

F(u) — F(ux) = [u, us; F](u — uy),
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SO
1" () ™ [ot, 0 F] | < 01 = 1)) (24)

Then, by Equations (6), (13) (for j = 2), (15), and Equations (21)-(24) (for u = yp), we have, in turn,
that

d(|luo — us[1)o(p1 (|luo — u«|) [0 — us]))
a([luo — wel)b([luo — us)

20 — 2] < (m(m(l\uo—u*l\)\luo—u*\l) "

17, (o — wal) (d(lluou*Il))Z v(m(ﬂuo—u*n)uuo—u*n)) )
+ 1145 —ep o aMe=u) | ol — ] pafluo = usl)
— pa(luto — s )10 — ]l < llio — s 5

so Equation (18) holds for n = 0 and zg € U(uy,r). Next, from Equations (6) and (13) (for j = 3), (21)
(for u = zp), and Equations (22)—(25), we obtain in turn that

(lluo — us [N (palluo — ) [luo — u4]|)
a([luo — ul)e(fluo — uxl)

e
1 — s < (Pl(Pz(Huo o — ual)) +

10 d(lo — ) | o @lto — ) V2 (2o — el 0 — el B
*z[zauwru*u)*3(a<uuo—u*u>)] T — s )”“””0 usll)
= pa(lutg — a0 — s 26)

so Equation (19) holds for n = 0 and u; € U(uy,r). The induction for estimates of Equations (17)—(19)
is terminated, if we replace g, yo, zo, 1 by Um, Ym, Zm, Um+1 in the preceding computations.
Then, from the estimate

i1 = || < qllum —wal] <7, g = pa([luo — ul]) € 0,1), (27)

we get that limy, ,cottyy = 114 and w1 € U(ux, r). Finally, set G = [y, u,; F| for some y, € () for
F(y«) = 0. Using (a5), we have

IF (1) 1(G = F'(wo)) || < vollys — uall) < 0(ra) <1,
so G~ lis invertible. Then, we obtain u, = Y« via identity
0= F(ux) = F(y+) = Glux —yx).
O

3. Numerical Results

It is noted that in all examples r; are found by solving scalar equations p;(x) = 0,i = 1,2,3.
Then, r is obtained using Equation (6). The parameters r; have been shown to exist above Lemma 1.
The divided difference in all examples is chosen as

1
%, F = [ Fy+0(r—y)do. (28)
All computations are performed in Mathematica software using multi-precision arithmetic.

Example 1. Let B = C[0,1], Q = U(uy,1). Consider the Hammerstein-type problem as
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where

Let F : C[0, 1] be defined as

But, we get
leading to

since F'(ux(s)) =1,
_ 1
IF(ua) 7 (F () = F))Il < gllu =yl
By Equation (28), we select wy(s, x) = w(s,x) = 52, v(x) = wy(x) = 8. The parameters are

71 = 0.888889, 7 = 0.118175, 73 = 1.42264 x 102 and r = 1.42264 x 102

Example 2. Consider the three-dimensional system

filwr) = fi(u1) =1=0,
fi(up) —(e—1uy —1=0,
fi(uz) =1=0,

with uy, us, u3 € Q for f1(0) = f2(0) = f3(0) = 0. Then, the system for u = (uy,uz,u3)” with
F:= (fl,fz,f3) Q- R3is

e —

1 5 T
Un —|—u2,u3> .

F(u) = (6”1 —1,

Hence, we obtain

et 0 0
Fluy= |0 (e—Dup+1 0
0 0 1
But u, = (0,0,0)T and F'(u.) = 1, by the deﬁnz;tion in Equation (28), we select wy(s, x) = %(s +x),
w(s,x) = 5(s+x), and wy(x) = v(x) = L(1 +eT0), where Ly = e — 1, L = e. Then, we have

r1 = 1.88242 x 1071, 7, = 3.70077 x 1072, r3 = 7.34314 x 1073 and r = 7.34314 x 1073.
Example 3. Consider F := (f1, f2, f3) : Q — R be defined by
F(u) = (10ug +sin(uq + up) — 1, 8uy — cos?(uz — up) — 1, 12u3 + sin(uz) — 1)7,

where u = (uq,u,u3)7.
Then, we obtain

10 + cos(u1 + up) cos(uy + up) 0
F’(u) = 0 8+ sin2(u2 — Mg) *Sil’lZ(uz — u3)
0 0 12 + cos(us)
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Hence, by Equation (28) wq(x) = v(x) = 0.269812x, and w(s, x) = wy(s,x) = X8 (s + x). Then we
obtain the parameters as

r1 = 0.766299, r, = 0.658762,r3 = 0.637403, r = 0.637403.

Example 4. Define function F on Q) = U(0,1), given as

1
F9)(s) = 9(s) =10 [ sxp(x)ax.

Then, we get
1
F/(¢(2))(s) = &(s) — 30 /0 sx¢(x)2E(x)dx, forall &€ Q.

By Equation (28), we can choose wq(x) = v(x) = 30 and w(s, x) = wo(s, x) = ¥ (s + x). The parameter
values are given as

r1 = 2.15054 x 1073, 7, = 2.24959 x 1077, r3 = 9.81657 x 1071, = 9.81657 x 10~ 1°.

Example 5. The Van der Waals equation of state for a vapor is (see [16])
a
(P+ W)(V—b) —RT,

This equation leads to,
PV® — (Pb+RT)V?4+aV —ab=0

in V, where all constants have a physical meaning whose values can be found in [16]. Choose P = 10,000
kPa and T = 800 K. Then, u, = 36.9167.... By Equation (28), we can set wy(x) = v(x) = 10 and
w(s, x) = wp(s, x) = 0.386121(s + x). The parameter values are given as

1 = 117721 x 1071, r, = 8.79936 x 107%, 73 = 2.96866 x 1070, = 2.96866 x 107°.

4. Conclusions

In the forgoing study, the local convergence of an eighth order derivative-free method is discussed
comprehensively in Banach space. Far from other methods that depend on higher derivatives and
Taylor series, we have considered only the first derivative in our procedure. In this sense, the method
can be applied to a wider class of functions and hence its applications are expanded. Another advantage
of analyzing the convergence is the computation of a convergence ball (wherein the iterates lie) and
error estimates. Theoretical results of analysis so derived are confirmed through numerical testing on
some practical problems.
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