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Abstract: This paper proposes an analytical model of the double-stator spoke-type permanent magnet
vernier machine (DSSTVM) using the subdomain method (SDM), which can be used to calculate
the magnetic field distribution and corresponding electromagnetic parameters of the DSSTVM. The
whole field domain is divided into several subdomains according to the magnetic characteristics
of each region, within which Laplace’s and Poisson’s equations are solved accordingly in terms of
magnetic vector potential (MVP). Then, the corresponding magnetic flux density distribution, back
electromotive force (EMF), and electromagnetic torque of the DSSTVM can be obtained. Ultimately,
finite element analysis (FEA) is adopted to validate the proposed analytical model’s effectiveness for
quickly predicting the no-load and on-load performances of the DSSTVM.

Keywords: finite element analysis; subdomain method; spoke-type permanent magnet; double-stator

machine; vernier machine

1. Introduction

Compared to conventional single-stator electric machines, double-stator machines
(DSMs) have the merits of a more compact structure, higher torque/power density, and
better fault-tolerant capability [1]. Due to these advantages, DSMs have great potential to be
applied in torque-sensitive scenarios, such as wind turbines, ship propulsion motors, robot
actuators, etc. [2]. With the development of manufacturing technology, DSMs have recently
become a research hot spot, and various types of DSMs have been proposed, including
DS flux-switching machines [3,4], DS synchronous machines [5], DS-switched reluctance
machines [6], and DS vernier machines. The prominent feature of DSMs is the double-stator
structure, where two stators sandwich the rotor at the inner and outer sides. Thus, DSMs
can effectively use the magnetic force at both air gaps to produce a large torque.

Among all the DSM topologies, DS vernier machines have the largest torque density
due to the use of the magnetic-gearing effect [7,8], but a relatively low power factor. A
DS vernier machine topology was raised in [9], and the low power factor problem can be
solved with the introduction of spoke-type permanent magnets. This motor topology is
named a double-stator spoke-type permanent magnet vernier machine (DSSTVM), and it
shows great promise in low-speed direct-drive applications.

However, the electromagnetic performance prediction for this DSSTVM is never
an easy task. In general, the difficulties of the DSSTVM'’s field prediction come in two
aspects. The first one is the dual air-gap structure. The second is plenty of effective spatial
harmonics within the DSSTVM to generate such a large output torque. Electromagnetic field
calculation based on finite element analysis (FEA) is the most popular and mature research
method, it can accurately calculate the electromagnetic field of the electrical machines. FEA
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has good geometric adaptability, however, the FEA model for the DSSTVM should have
a very dense mesh to accurately calculate its electromagnetic field distribution and key
electromagnetic parameters. The large-scale FEA requires high computer hardware and
takes a long time to model and calculate, while SDM can realize the electromagnetic field
calculation of DSSTVM at a lower cost, it is used to realize the fast and accurate prediction
of the electromagnetic scheme of DSSTVM. Considering the complex harmonic magnetic
flux density in the vernier motor, the FEA model needs a denser mesh and smaller time
step to describe the sensitive and saturated magnetic flux density distribution, while the
SDM has a lower computation cost when describing the more precise characterization of
electromagnetic fields. In conclusion, FEA can accurately calculate the electromagnetic field
of electrical machines. However, the FEA model for the DSSTVM should have a very dense
mesh to accurately calculate its electromagnetic parameters, which significantly reduces
the computation speed.

An alternative to FEA used for the preliminary design of electric machines is the
analytical modeling method. Up to now, various analytical modeling methods have been
proposed based on different mathematical theories. Three analytical modeling methods
have been frequently used for the field prediction of various electric machines, namely
the conformal mapping method (CMM), magnetic equivalent circuit method (MEC), and
subdomain method (SDM). CMM can be used for single-rotor electric machines with two
different magnetic potentials [10], and the sliding mesh modeling is very complicated in
MEC [11,12]. Thus, neither CMM nor MEC is feasible for the field prediction of DSSTVM.
SDM is a semi-analytical modeling method that utilizes the Fourier series expansion to
satisfy magnetic field distribution within electric machines [13]. It has the advantages of
high accuracy and fast computation speed, and it is highly suitable for modeling vernier
machines where plenty of spatial harmonics exist [14]. In summary, compared with CMM,
SDM consumes less time than CMM; when considering plenty of spatial harmonics in
vernier machines, SDM has the greater advantage in computation speed. Compared with
MEC, SDM is easy for physical and mathematical modeling and consequent programming,
and it does not need the complicated sliding mesh modeling. However, in the literature,
there is little concerning the SDM for DSM. The magnetic field of a consequent-pole DSM is
solved using SDM in [15], but the mathematical modeling of open slot structure, split-tooth
structure, and spoke-type PMs are not involved.

This paper provides an SDM model for the field prediction of the DSSTVM with a
split tooth structure. The modeling deduction is a supplement to [15]. Thereafter, SDM
can be completed to be used for magnetic field predictions of DSMs with any topologies
and pole-slot combinations. Finally, the proposed SDM model is verified by FEA software
JMAG-Designer 22.0.

2. Machine Geometry and Methodology

The studied DSSTVM is composed of three components, namely a rotor, an open-slot
outer stator, and a split-tooth inner stator with axial length L, as depicted in Figure 1a, and
its winding configuration is shown in Figure 1b. In this DSSTVM, its rotor’s permanent
magnets (PMs) pole-pair number, the pole-pair numbers of the inner and outer stators’
windings, and the slot numbers of the inner and outer stators are represented by P;, Py,
and Z, respectively. To output a relatively large torque, this DSSTVM should obey the basic
flux modulation principle of vernier machines [16]. Hence, the relation among Py, P, and
Z is governed by:

Py,=2Z-P (1)

The values of the geometrical parameters for the studied DSSTVM are provided
in Table 1. All the sides of the machine’s geometry are parallel to the axes of the polar
coordinates to simplify the modeling process. Additionally, a few assumptions are settled
before the detailed modeling process: (1) the permeability of silicon steel is regarded as
infinite; (2) the axial-direction magnetic field is ignored.
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Figure 1. DSSTVM topology. (a) Subdomain division parameters and shift angle definition in the
studied DSSTVM; (b) 3D scheme and winding configuration of the studied DSSTVM.

Table 1. Geometrical Parameters of The Studied DSSTVM.

Symbol Value Symbol Value
Ry 24.8 mm o /6 rad
Ry 41 mm B1 /9 rad
R3 45.3 mm B2 /10 rad
Ry 50.3 mm Y 3771/900 rad
Rs5 50.9 mm ) 3771/300 rad
Rg 66 mm p, 10
Ry 75.2 mm Py 2
N 200 Z 12
L 100 mm I, 6 A/mm?

To solve the magnetic field within the DSSTVM, one can first divide the whole field
domain into seven subdomains, namely the inner stator slot, slot-opening type 1, slot-
opening type 2, inner air gap, rotor slot, outer air gap, and outer stator slot. Then, the
magnetic field distribution within each region should follow Maxwell’s equation. By
adopting magnetic vector potential (MVP) A; in the polar coordinates and considering
various materials’ properties, one can obtain the general expressions as follows [17]:

aAZ 1 aAZ 1 aAZ Ho (a(i’ . Mg) aMr

2 v TRaE s r e ae) M @

where M, and My are the magnetizations in the radial and tangential directions, respectively,
J is the current density in the z-direction, and pg is the magnetic permeability in vacuum.

Both Region I and VII only contain electrified conductors, so (2) can be transferred into
a Poisson’s equation where the magnetization term is eliminated. Region V only contains
the tangential magnetization, so (2) can be transferred into another Poisson’s equation
where the radial magnetization term and the current term are eliminated. As for the rest
regions, they contain nothing but air, so (2) can be simplified into Laplace’s equation.

The general solution of (2) is the sum of a particular integral and its complementary
solution. Using the method of separation of variables, the complementary solution to (2)
can be written as (The detailed derivation can be found in Appendix A):

Az(r,0) = (AO 4+ BpIn r)(C09 + Do)
4 Y (Ant™ + Byr—")(Cy cos n6 + Dy, sinn6) ®)
n=1
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where Ag, By, Cy, Do, Au, By, C;, and D,, are the Fourier coefficients to be determined
through the satisfaction of the boundary conditions in Section 3; n is the harmonic order
in the Fourier series, and the maximum number of harmonics used in the calculation is
represented by N. Then, the expression of a particular integral varies with the right side of
(2), and it will be discussed case by case in the following section.

Additionally, two notations, namely P, (u, v) and Ey (1, v), are introduced to simplify
the expressions of the general solutions [18]:

= (2)"+ () @
et = () ()" ®

3. Analytical Modeling Process
3.1. Boundary Condition and General Solution Expressions

There are three kinds of boundary conditions within the DSSTVM, namely periodic
condition, continuous condition, and Neumann condition [18]: In the air gap region, MVP
has a period of 27; at the interfaces between two regions, MVP A7 should be continuous;
while the tangential component of the magnetic field intensity H should be continuous.
Considering that the permeability of iron cores is regarded as infinite, the tangential
component of H should be zero at the interface between the iron core and the region with
other materials. With the above continuity rules, the boundary conditions of the DSSTVM
will be determined from the innermost region to the outermost one subsequently. The flow
chart of the analytical modeling process in this article is as shown in Figure 2.

. -2 A
| | Divide Subdomins | |
y v |
: | Region I | Region II E Region N |
I Y v y !
| | Governing Equation I | | Governing Equation II ||_|| Governing Equation N | |
T |
| :_ Separation of Separation of Separation of [ :
|I Variables Variables Variables I |
—_—— T === — e e gy P |
|________ ____________ el Tl i i e e _________l
MVP I with MVP II with MVP N with
Unknown Coefficients Unknown Coefficients Unknown Coefficients
= —————
| | Boundary Conditions |

| | Fourier Series Expansion ||

I
|| Matrix Solution ||
——————— 1_ —_— — =

MVP with Known Coefficients

Magnetic Flux Density [ |

Figure 2. Flow chart of the proposed method.
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3.1.1. Region I

First, the three sides surrounding the ith slot within Region I are connected to the iron
core, where the tangential component of the magnetic field is zero. These features lead to:

AL

' e =0 0 € [0;,0; + ©
=i

AL | e AL N

891/ 6 = 891 6 4a =0, re [Rl, RZ]

where Aj ; is the MVP of the ith slot in Region I, 6; is the initial angle of the ith slot in Region
I, and « is the angle of ith slot within Region I.

The remaining upper side of Region I is connected to both the iron core and Region
II. For the arc that corresponds to the iron core, the tangential component of the magnetic
field is zero, while for the arc that corresponds to Region II, the tangential component of
the magnetic field is continuous between Region I and Region II, so we can obtain the
following boundary condition:

8A1,i
oar

dA[]
_ T Ry 0 < 6,6 + p1]
r=R, 0 elsewhere

withi = j )

Considering the boundary conditions in (6) and (7), the general solution of the MVP
and the corresponding Fourier series coefficient in Region I can be expressed as:

A],Z'(T’, 9) = Ai %VO]iO(Rz Inr — %72)
00 A’ D‘RZ Pn ﬂ/a(rRl) nym
+ X n17‘l Enllﬂ/a(RZ/Rl) COS(%T(Q N Gi))

I’l]l

oo 2706R%Pnln/oc@rRZ)*R%Pnln/a(7/R1) —|—7’2 (8)
+ Z n Enlrr/zx(RZrRl)
=1 . VO]in . mn —_f.
n Grlar cos("(6 —6;))
where 05
TP
d0A[ ny 7T

== J 20— 6;)do 9
;| "‘e/ 3| st ©)

3.1.2. Region II

Secondly, for the jth slot of Region II, its two lateral sides are connected to the iron core,
while the lower and upper sides are connected to the ith slot of Region I and IV, respectively.
Thus, the boundary conditions can be deduced as:

aAH’]'
a6

_ . aAII’]
o 0

= 0 with 7 € [Ry, Ry] (10)
9j+,51

Aq1,j(R,0) = Api(Ro,0) Aq,j(Rye,0) = Ajv(Ry,0)
0 e [Qj, 9]' + ‘Bﬂ ! RS [9]', 9]' + ﬁl]

where Ajj ; is the MVP of the jth slot within Region II, §; is the initial angle of the jth slot
within Region II, and B is the angle of jth slot within Region II (slot-opening type 1).

Combining the boundary conditions in (10) and (11), the general solution of MVP and
the corresponding Fourier series coefficient in Region II can be given by:

(11)

Apj (r,0) = A] +B)Inr

(9] .
Enyr/py (WRa) i Enyrypy (1R2) nym (12)
+n22:1 Enyr/py (RoR4) Bn, Enyrn/py (RoR4) COS( A1 (0~ 0 ))
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where
€i+w+2ﬁl
o 1
AL+ Bl InRy = 5 / Api(Ry,0)d6 (13)
9i+a72,81
a+/31
AL+ BlInRy = — / Arv(Ry, 0)d6 (14)
) 0j+p1
Ay =5 [ Avi(Ra,8) cos("2" (6~ 6)))do (15)
b J P1
]
) 9j+/51
B, = — / Ay (Ry,0) cos("2% (6 — 6;))do (16)
B1 J B1
]

3.1.3. Region III

Next, for the kth slot belonging to Region I1I, its three sides are connected to the iron
core, where the tangential component of the magnetic field should be zero. The remaining
upper side is connected to Region IV, so the MVPs of Regions III and IV are continuous at
the upper side. Hence, the boundary conditions can be represented as:

aAaIQH’k =0 A1k -0
Ak O ,7 € [R3,Ry]; o lr=ry (17)

B lgrpy 0 0 € [0 b + Pl
Aq1k(Rg, 0) = Apy(Ry, 0) with 0 € [0, 6k + B2] (18)

where Apjjx is the MVP of the kth slot within Region III, 6 is the initial angle of the kth slot
within Region III, B, is the angle of kth slot within Region III (slot-opening type 2).

Taking into account boundary conditions (17) and (18), the general solution of MVP
and the corresponding Fourier series coefficient in Region III can be acquired as:

T (7’/134) na7m
1rk( +n3§ : n /ﬁ2< N 4) N —— (0 —6) (19)
where
/k 52 0) ( ( ) (20)
v(Ry,0) cos 0 —0,))do 20
113 ‘B 4 ‘82 k

3.1.4. Region IV

Then, the boundary conditions for Region IV are more complicated since Region 1V is
adjacent to Regions II, III, and V and the iron core. We use the continuity of the tangential
component of the magnetic field and handle the boundary condition by introducing a
piecewise function as follows:

) | 0 le 0+ B
Ay r=
5 . = f1(0) = a"gfrﬂk 0 € [0k, 0 + B2] (21)
r=R4 r=Ry4
0 elsewhere
0A

oA v + oMy, 6 € (0,6, +

aIV = fZ(G) = or r=Rs HoMe [ At ’Y] (22)

" lr=Rs 0 elsewhere
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where Ay is the MVP within Region IV, My is the tangential magnetization of the [th PM
within Region V, 6] is the initial angle of the /th PM within Region V, and v is the angle of
the /th PM within Region V.

We take the boundary conditions in (21) and (22) into consideration, so the general
solution of MVP and the corresponding Fourier series coefficient in Region IV can be
written as:

A v (I’, 6) = A(I)V

o ( IV Ry Pny(r.Rs) + IV Rs Pn4(V,R4))
+ M4 ny Eyy(Ry,Rs) "4 ny En, (Rs5,Ry)

n42:1 -cos(nf) (23)

o (CIV& Py (r,Rs) L DIVRs Py (rR4) )
—+ Ny ny Ep, (R4,Rs5) Ny ny Ep, (Rs,Ry4)

ny=1 -sin(n0)

where
21 27
Alv = % / £1(6) cos(n0)do; CLY = % / £1(6) sin(1146)d6 (24)
0 0
21 21
BV = % / f2(8) cos(ny)de; DL = % / £(6) sin(n46)d6 (25)
0 0

3.1.5. Region V

Subsequently, for the /th slot in Region V, its two lateral sides are adjacent to the iron
core, and the lower and upper sides are adjacent to Region IV and Region VI, respectively.
Hence, its boundary conditions can be written as follows:

WAvs|  _,. 94w

=0 withr € [R5, R6] (26)
0=0,+y

Ay 1(Rs,0) = Arv(Rs,0) Ay, (Re,0) = Avi(Re,0)
6 < (6,0, + ] ’ 6 < (6,0, + 7]

where Ay is the MVP of the Ith PM within Region V and 6; is the initial angle of /th PM
within Region V.

Combing the boundary conditions in (26) and (27), the general solution of the MVP
and the corresponding Fourier series coefficient in Region V can be obtained as:

(27)

Ay, (r,0) = Al + BiInr — uoMgr
1 E”sﬂ/W(r'Ré) 1 En5n/7(7/R5) >

+ OZO: ( ns En57r/’y(R5rR6) a 15 EVISTI/’)/(RS'RG) (28)
ns=1 -cos(%(G — 91))
where o
1Y
Al 4B InRs = 1 / Arv(Rs,0)d6 (29)
v
0+
AL+ BhInRg = % / Avi(Re, 0)do (30)
6

0+
2 N5 7t
A =2 [ AIV(R5,9)cos<,5y(991)>d9 (31)
0
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’ 0+y
B = S / Ayi1(Re, 0) cos(”in(e - 91)>d9 (32)
61

3.1.6. Region VI

Similar to the boundary conditions in Region IV, Region VI is adjacent to Region V
and VII. We can write the boundary conditions for Region VI using the piecewise function

as follows:
AT 3’3” + poMy, 6 € (0,6, + 7]
3 =g1(0) = " lr=Rg ’ (33)
T lr=Rg¢ 0 elsewhere
9A
J0A ZVilm 0ec 0,0 1)
aVI =2(0) = I =R, (O O + 9] (34)
T lr=R, 0 elsewhere

where Ay is the MVP within Region VI, Ayjj , is the MVP of the mth slot within Region
VI, 6y, is the initial angle of mth slot within Region VII and ¢ is the angle of mth slot within
Region VII.

Taking into account the boundary conditions (33) and (34), the general solution of
MVP and the corresponding Fourier series coefficient in Region VI can be calculated as:

Ayi(r,0) = A+ ¥ (AVIR(’L'R”) + BVI&L'R(’))) - cos(n0)
1

N6 ng Eyng(Ry,Rs "6 16 Eng (R7,Re

o (35)
+ n(,z:1 (C;{J%% + D,‘{g%%) - sin(n0)
where
2 2
AVl = % / 21(0) cos(ned)do ; CYI = % / 21(8) sin(11¢6)d6 (36)
0 0
27 2
BYI = % / 2(0) cos(ngb)do; DY! = % / 22(8) sin(ngh)do (37)
0 0

3.1.7. Region VII

Finally, the three sides of the mth slot within Region VII are connected to the iron
core, and the remaining lower side is adjacent to Region VI. Therefore, the corresponding
boundary conditions can be arranged as:

Wvin| — — g Ay 11m —0
aAVII m 9’” 4 re [R7’ RS] ; r:RS (38)
where
Aviim(R7,0) = Ay1(R7,0) with 6 € [0y, 0 + 9] (39)

Considering the boundary conditions (38) and (39) together, the general solution of
MVP and the corresponding Fourier series coefficient in Region VI can be written as:
Aviin(r,0) =AY + Siofu (R3Inr — 1r?)
e8]
+ Yy A Pn7n/5(’/R8)) COS(%(Q _ Gm))

1 7 Py, r/5(R7,Rg

(40)
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where
29m+5 T
m_ 2 n7it o _
A =3 / Avi(R7,8) cos( "2 (6 — 6, )do 41)
Om

The unknown Fourier series coefficients in the MVP expression and the unknown
integral functions are deduced in detail in Appendices B and C, respectively. Ultimately,
by combining all the Fourier series coefficient expressions of MVPs within the machine
domain, we can obtain a system of linear equations with a unique solution. The Fourier
series coefficients can be obtained by solving the system of linear equations in a numerical
computing software, for instance, MATLAB R2022b. Subsequently, the magnetic flux
density B in all these regions can be acquired according to:

104,
T r 96

04z
or

B, and By = (42)

where B, and By are the radial and tangential components of magnetic flux density, respectively.

3.2. Postprocessing Electromagnetic Parameters Calculation

The output torque on the rotor of DSSTVM T, should be the sum of electromagnetic
torques on the inner air gap and outer air gap, namely Tjyer_gap and Touter gap- Then, the
electromagnetic torque on the air gap can be calculated by using the Maxwell stress tensor,
which can be given as follows:

LR? 27
Tinner_gﬂp = T()m 0 BIV,r(Rin/ G)BIV,Q(Rin/ 9)d9 (43)
LR2,, (27
Touter_gap = Vgut 0 BVI,r(Rout/ Q)BVI,G(Rout/ 9)d9 (44)
T, = Tinner_gup + Touter_gap (45)

where R;, and R,y are the radii in the middle of the inner air gap and outer air gap.

As for the flux linkage of each coil, it can be calculated as the area integral of MVP
within the slot region. Then, the phase flux can be obtained as the product of the slot-
connecting matrix and the flux linkage vector. The back electromotive force (EMF) can be
acquired as the derivative of the phase flux with respect to time. The detailed deduction
process can be referred to [19].

4. Finite Element Analysis Validation

The DSSTVM simulation model is constructed via FEA to verify the effectiveness
of the proposed SDM, and the structural parameters of the DSSTVM model are referred
to in Table 1. The DSSTVM’s main performance indicators are average electromagnetic
torque, electromagnetic torque ripple rate, efficiency, loss, etc. The above indicators will
determine the DSSTVM'’s output performance under different operating conditions and
application scenarios. In the aspect of magnetic flux density distribution, the analytical
model would provide detailed insights into how the magnetic flux density is distributed
across the machine. This helps to identify areas of high flux density, potential magnetic flux
leakage, and regions where saturation might occur. According to Maxwell stress tensor
method in (43) and (44), the magnetic flux density distribution in the airgap is essential for
the calculation of electromagnetic torque. Understanding the magnetic flux distribution
is crucial for optimizing the design to maximize the efficiency and torque capability of
the machine, as well as for reducing torque ripple and ensuring smooth operation. In this
article, to evaluate the accuracy of the proposed method, the calculation results based on
the proposed method are compared with FEA.

The no-load and on-load magnetic flux density and flux line distributions calculated
by FEA are depicted in Figure 3a and Figure 3b, respectively. The no-load magnetic flux
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density distribution comparison between SDM and FEA in the inner and outer air gaps are
illustrated in Figure 4a and Figure 4b, respectively. The harmonic spectrum of the air gap
magnetic flux density in the middle of the inner air gap and outer air gap under no-load
condition between SDM and FEA are illustrated in Figure 5a and Figure 5b, respectively.
The rated load magnetic flux density distribution comparison between SDM and FEA in
the inner and outer air gaps are illustrated in Figure 6a and Figure 6b, respectively. The
harmonic spectrum of the air gap magnetic flux density in the middle of the inner air gap
and outer air gap under rated load condition between SDM and FEA are illustrated in
Figure 7a and Figure 7b, respectively. It can be observed that the proposed SDM has good
agreement with that of FEA in terms of the magnetic flux densities and harmonic spectrum
in inner and outer air gaps.

Magnetic flux
density/T

2.5

(a) (b)

Figure 3. Magnetic field distribution of the studied DSSTVM calculated by the FEA. (a) No-load
condition; (b) On-load condition.

—SDM . FEA —SDM_ . FEA —-SDM .FEA —SDM _.FEA
; r ; L 0 s - [} )
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Flux density/T
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o
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0 60 120 180 240 300 360

. 0 60 120 180 240 300 360
Mechanical angle/degree Mechanical angle/degree
(a) (b)

Figure 4. No-load magnetic flux density distribution of the studied DSSTVM. (a) Radial and tangential
component in the middle of the inner air gap; (b) Radial and tangential component in the middle of
the outer air gap.
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Figure 5. No-load magnetic flux density distribution of the studied DSSTVM. (a) Harmonic spectrum
of the radial component in the middle of the inner air gap; (b) Harmonic spectrum of the radial
component in the middle of the outer air gap.
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Figure 6. Rated load magnetic flux density distribution of the studied DSSTVM. (a) Radial and
tangential component in the middle of the inner air gap; (b) Radial and tangential component in the
middle of the outer air gap.
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Figure 7. Rated load magnetic flux density distribution of the studied DSSTVM. (a) Harmonic
spectrum of the radial component in the middle of the inner air gap; (b) Harmonic spectrum of the
radial component in the middle of the outer air gap.

One prominent advantage of using DSSTVM is the reduction in flux leakage, so the
output torque and power factor of the machines can be greatly improved. To minimize the
flux leakage of the spoke-type PMs on the rotor, one can determine the optimal shift angle
between the inner and outer stators via the parameter-sweeping method, as depicted in
Figure 1. This can also be achieved by using the proposed SDM, and Figure 8a illustrates
the variation in the output torque and power factor with the variation in shift angle from 0
to 30 degrees, calculated by both SDM and FEA.
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Figure 8. Torque and power factor optimization of the studied DSSTVM. (a) Torque and power factor
change with the variation in shift angle; (b) No-load back EMF waveforms.

No-load back EMF is one essential parameter in motor design, it is influenced by the
motor’s topology, the PM arrangement, etc. No-load back EMF can impact the control strat-
egy in motor the operation. Understanding its waveform helps in designing appropriate
topologies and control algorithms to achieve optimal performance. In addition, torque is
another critical performance indicator for DSSTVM. The analytical model would provide
the torque characteristics of the DSSTVM, including the average torque, torque ripple, and
the relationship between torque and current. It helps to understand the impact of design
parameters on average torque and torque ripple. Therefore, analyzing the output torque
helps in optimizing the motor design for desired load conditions and ensuring that the
motor generates the necessary performance for its intended application.
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Therefore, the DSSTVM’s no-load back EMF waveforms with different sets of windings
operating can be obtained by using FEA and SDM, as can be seen in Figure 8b. The harmonic
spectrum of the no-load back EMF waveforms in the inner stator and outer stator between
SDM and FEA are illustrated in Figure 9a and Figure 9b, respectively. The DSSTVM’s
output torques with different sets of windings operating can be obtained by using FEA
and SDM, as can be seen in Figure 10a. The rated load torque harmonic spectrum of the
DSSTVM in mode 1 (the inner and outer parts of DSSTVM operate simultaneously to
generate the torque), mode 2 (the inner part of DSSTVM operates to generate the torque),
and mode 3 (the outer part of DSSTVM operate to generate the torque) between SDM and
FEA are illustrated in Figure 10b, Figure 10c and Figure 10d, respectively.
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Figure 9. Harmonic spectrum of no-load back EMF waveforms of the studied DSSTVM. (a) Inner
stator; (b) Outer stator.
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Figure 10. Rated load torque and harmonic spectrum of the studied DSSTVM. (a) Torque wave-forms
of three different modes (mode 1, mode 2 and model 3); (b) Harmonic spectrum of the torque wave-
form of mode 1; (¢) Harmonic spectrum of the torque wave-form of mode 2; (d) Harmonic spectrum
of the torque wave-form of mode 3.

In terms of the amplitude of the radial and tangential magnetic flux density in the
middle of the inner air gap and outer air gap, compared with the permanent magnet
synchronous motors (PMSMs), DSSTVM has a higher magnetic flux density because of the
magnetic field modulation. As a result, according to the Maxwell stress tensor, the higher
magnetic flux density in the airgap generates higher electromagnetic torque. Therefore, in
terms of the rated load torque, in one aspect, because of the amplitude of the radial and
tangential magnetic flux density in the middle of the inner air gap and outer air gap, com-
pared with the PMSMs, DSSTVM has a higher electromagnetic torque. In another aspect,
the double-stator characteristic makes the DSSTVM able to generate the electromagnetic
torque from the inner and outer airgap simultaneously or separately, which makes the
DSSTVM have higher electromagnetic torque density and wider application scenarios.
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However, a slight deviation between the two approaches can be observed, where the
values of SDM are smaller. This is due to the maximum harmonic limit of the SDM, and
the error can be smaller if the calculated maximum harmonic number increases. However,
the computation time increases along with the rise in the calculated maximum harmonic
number, so we should make a trade-off for different application scenarios. As for the
computation time, it takes the SDM 29 s for a single step, while it takes FEA 47 s. Thus,
the computation time of SDM is only 62% of that of FEA, proving that the SDM is prior
to being applied to the initial design stage to determine the slot-pole combinations and
parameters’ ranges to be optimized for DSSTVM as well as other double-stator machines.

5. Conclusions

This paper presents a high-fidelity analytical method, namely the subdomain method,
for calculating the magnetic field distribution and the related electromagnetic parameters
in DSSTVM. The magnetic flux density distribution, back EMF, and output torque of the
DSSTVM are computed by both the SDM and FEA. Compared to FEA, the proposed
SDM can save computation time while maintaining accuracy. The deduction process
completes the SDM for double-stator machines with various structures as well as slot-
pole combinations. This analytical method can be applied for topology investigation and
optimization for double-stator machines.
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Abbreviations

Ry The inner radius of the inner stator slot

Ry Inner radius of opening slot type 1

R3 Inner radius of opening slot type 2

Ry The outer radius of the inner stator

Rs The inner radius of the rotor

Rg The outer radius of the rotor

Ry The inner radius of the outer stator

Rs The inner radius of the outer stator yoke

N Turns number

L Stack length

o The angle of the ith slot within Region I

B1 The angle of the jth slot within Region II (slot-opening type 1)
B2 The angle of the kth slot in Region III (slot-opening type 2)
Y The angle of the /th PM within Region V

6 The angle of the mth slot within Region VII

P, Pole-pair number of rotor’s permanent magnets (PMs)

Py Pole-pair numbers of the inner and outer stators” windings
z Slot numbers of the inner and outer stators

IE Current density
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Arj MVP of the ith slot in Region I

Aqpj MVP of the jth slot within Region II
Aqrk - MVP of the kth slot within Region III
Ay MVP within Region IV

Ay MVP of the Ith slot within Region V
Ay MVP within Region VI

Aviim  MVP of the mth slot within Region VII

0; The initial angle of the ith slot in Region I

0; The initial angle of the jth slot within Region II

0 The initial angle of the kth slot within Region II

My, Tangential magnetization of the /th PM within Region V
0, The initial angle of the /th PM within Region V

Om The initial angle of the mth slot within Region VII
Appendix A

By applying the method of separation of variables, the complementary solution to
(2) is deducted as follows. Considering various materials’ properties, the magnetic vector
potential (MVP) A; in the polar coordinates is:

0A;  10A;  10A; o, d(r-My) oM,
a2 Ty tRa T U a6 ) "Ml (AD)
The homogeneous form of (A1) is Laplace’s equation:
0A; 10A; 10A;
a7 Trar T 0 (82)
After the separation of variables, A;(r,0) can be written as:
Az(r,0) = R(r)O(0) (A3)
After bringing (A3) back into (A2):
r ,r-d*R(r) dR(r), 1 d’0() _
R @zt e )T e e ) (Ad)

According to the ordinary differential equation theory, when A = 0, the solution of
R(r) and ©() in (A4) are as follows:

R(r) = Ag + Bolnr, ©(6) = Cob + Dy (A5)

When A = n? (n is the positive integer), the solutions of R(r) and @(6) in (A4) are
as follows:
R(r) = Apr™ + Byr ™", ©(0) = C,, cos nf + D, sinnf (A6)

When A = —n? (n is the positive integer), the solutions of R(r) and ©(6) in (A4) are
as follows:
R(r) = Eysin(nlnr) + F, cos(nlnr), ©(0) = Gue"® + Hye "? (A7)
Considering A = 0, A = n? and A = —n?, as well as n with different values, the
complementary solution to (A1) can be written as:
Az( 9) = (AO + Byln 1’) (C09 + Do)

(Anrn + Bnr_n)(cn cosnb + Dn sin 1’19)

r,
+
= (A8)
+ Y [Eqsin(ninr) + F, cos(nInr)](Gue™ + Hye )
=1

n
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Considering the periodic boundary condition A;(r,0)|,_q = Az(r,0)]g_y, for Vr, we
obtain Cyp = 0, G, = 0 and H, = 0. After merging (Ao + ByoIlnr)Dg as Ay + ByInr, (A8)
can be simplified as:

[e0]

Az(r,0) = (Ao + Bolnr) + Y (Aur" + Buyr™")(Cy cosn6 + Dy, sinnb) (A9)

Considering A;(r, ) is finite when r = 0, we then obtain By = 0. Therefore, (A9) can
be further simplified as:

Az(r,0) = Ao+ Y (Aur" + Bur™")(Cy cosnb + Dy, sinnb) (A10)
n=
Taking Region VI as an example, in Region VI, magnetic vector potential (MVP) is:
Ayi(r,0) = Ay + Y (Aylr's + By Tr ) (Cyl cos nef + Dy sin ngf) (A11)

n=1

Then we can rewrite the form of Ay (r,0) with the values of A,‘fél , Br‘{él ,Cy VI and DV[
change (as AY 61 , B,‘{J ,Ca VI and DVI are the unknown coefficients so they can be redetermmed

after the expression of AV (7, 6) changes and the value of Ay (r,6) keep unchanged):

Ayi(r,0) = AT+ Z (Aylrie + By Tr—"6) - cos(neh)

1’!6—

(A12)
by (Cilr's 4 Dylr=re) - sin(ng)
neg=1
Alternatively, the following form:
[o 0] n —n
Avi(r,0) =¥+ E (a4()" 485 (%) ") -costnet)
6=l (A13)

- nzo;o;l (Cr‘l/(’l (RL7) 6 + DX"I (RLﬁ) n6> . Sin(”ée)

After the mathematical deduction, we obtain the following equations (notice that A} o
B,‘{J , CVI and DVI change after the deduction; however, they are the unknown coefficients
50 we can solve them with the proper value while Ay(r, 8) keeping unchanged:

ng Rg ( Ry \"6 Ry (Rg\"6
S ) (G ’g*%;éﬁﬂ b ) cost
) 6R . R (A14)

"{657< ) )”6>-sinn9
) (166)

0 Re (1 BVI

A 9) = AVl (A"{élﬂé (R7> Bug

vi(r,0) 0 +n62:1 (%> 67(%

o (e () Dl (&)™) (e 5
o+ ; 3 6t

E (S5

Therefore, we get:

x‘c\w H‘\1

”6:1

VIRs (1 n(’r”76 VIRy e
) o o Ang g (R7> (%)ne (R7) By ng ( ) "6 0
A . :A 7 T Re .
VI(T' ) 0 +nﬁz:1 +Ar‘{611;2R n61a6rl(,76137n(, 7\1/6[521{6716 = COS(n6 )
(®)"-(%) (R7) ( ) (A15)

VIR (1" s pViRs ”67

2 [HRE) Ty (G el )
Ty 7) g 6 7,4 -sin(ngh)

Consequently,
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VIRe RL7 i VIRe ?)"6
o | A (e e ey
Ayi(r,0) = AL + ¥ 7 B 87 N - cos(ngh)
ng=1 _BVIRg RL&) _BVIRz 76)
() ()t e () (') (A16)
VIRs (Ri)né VIRs (R*Z)né
o) Cnﬁ ne (&)"67(ﬁ g +C”6 3 (Ré)'%i(&)né
+ X v A )R e -sin(ngh)
ne=1| _pVIRz Rg _pVIR (T)
() () e () ()"

00 I "6 Rf "6 I "6 & "6
puse) = aft + 5 (At L e oy L) o)
n6=1 (177)’1 _(Té)n (R?)n _(177)” (A17)
2 [ ~VIRs (R%) 6+<R77> ’ VIR; <i) 6+<R76> ’ ~
"\ By e ()

The relationship between Py, (1, v) and Ey(u, v) is listed for further simplification:

e = (47 () Eawo = (4" ()"

u 0 u

oPy(u,v) OEy(u,v)
“ou Ew(u,v), “ou Py (u,0) (A19)

Because of the relationship between Py (u,v) and Ey(u,v), it is easy to obtain the
derivative in complicated expressions when the expression needs the derivative (when
utilizing the boundary conditions), therefore, we obtain the form of Ay;(r,6), containing
Py (u,v) and Ey(u, v) for simplification:

(e )
_ VI VIRg Png(r.R7) VIRy Pug(r.Re)
Ayi(r,0) = Ay’ + Zl(Ané ,T:m + By, ’Tgm) - cos(ngh)

o ni::VI Rg Pug(rR7) DVIRz Pug (r/Rs) . 9 (A20)
+n£1( M6 Mg Eng (Re,R7) + Dig %E,lé(R%Rg)) -sin(n0)
After utilizing boundary conditions (33) and (34), we get:
Ay . el VI& E”é (Ré,R7) VI& En6 (Ré,R6) )
T HGZ: . (Aﬂe s Eng (R Ry) | Drtg g 4)5,16(127,1{;)) cos(ngt) o
& VIR En (Ré,R7) VIR En (RE,,R6) . _
+ nézzl (Cne e EnZ(R6,R7) + Dag e E,lZ(R7,R6’)) -sin(ne0) = g1(6)
According to:
U\ W U\ W
Po(it, 1) = (H) n (ﬂ) —2 (A22)
U\ W U\ W
Eo(u, 1) = (E) - (;> =0 (A23)
Ei’lé (Rér R7)
— = = =1,E, (R¢,Rg) =0 A24
E?I@ (Rér R7) ”6( 6 6) ( )

Therefore, we get:

dAy
ar

= i (A,‘{Ji:) - cos(ngh) + i <C,‘1/61§66) -sin(ngh) = g1(0) (A25)
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Similarly, according to:
Eng (R7, Ro)
————<=1,E;(Ry,Ry) =0 A26
En.(R7, Ro) ng (R7, R7) (A26)
Then we get:
dAv

= Z ( ) - cos(ngh) + i (DXJ{Z) -sin(ngh) = g2(0) (A27)

T:R7 Nneg= 1 716:1

ar

According to a generalized Fourier series expansion of (A25) and (A27), we obtain the
following equations:

dAy

cos(ng0)do ; CVI = —/

s1n(n69)d9 (A28)

17704

VI __ VI
Ang = E/ or
0

T:R6

E)AVI

B,‘{J = —/ 94vi sin(ng0)do (A29)

cos(ngh)do ; DVI = —/

r=Ry r=Ry

Finally, after simplification, we obtain the following equations:

27 27
AVl = % / 21(0) cos(ngd)de ; CY! = % / 21(8) sin(146)d6 (A30)
0 0
1 271 1 27
By = — / $2(6) cos(160)d6; D! = — / 22(6) sin(ng0)do (A31)
0 0

Appendix B

The unknown Fourier series coefficients in the MVP expression of each subdomain
need to be deduced and calculated for consequent Fourier series coefficient matrices
solution. The detailed Fourier series coefficients in the MVP expression of each subdomain
can be calculated via the Fourier expansion in each subdomain boundary and applying the
adjacent subdomain MVP values or derivative information. Therefore, the detailed Fourier
series coefficients in each subdomain of DSVMs can be calculated as follows.

First of all, according to the definition of (4) and (5), the relationship between P, (u, v)
and Ey(u,v) is described as follows for later clarity and simplicity in the partial derivation:

dPy(u,v)
L = Eu(u,0) (A32)
0Ey(u,v)
“ou Pw(”zv) (A33)

In Region I, considering the boundary condition of Region I and Region II, after
substituting (12) into (9), we get:

j 4Bj nm B nyn
A;11 7 7rR Sln( 121x ])Cos(lT)
% (Ro,R) (A34)
j Puyrspy (RaRa —Bj 2 . 2mpm -Flni.n
+n221 (An, Eyyrspy (R2,R4) 2 Enzn/ﬁl(RZ/R4)) ap1Rz (1, 1m2)
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In Region II, considering the boundary condition of Region I and Region II, after
substituting (8) into (15), considering the boundary condition of Region II and Region IV,
after substituting (23) into (16), we get:

A] _ Z (Al 20Ry Pnln/:x(RZrRl)
) m nlnﬁl Enln/vc(RZrR])

et (A35)
240 Jin 20 Rl 2— R2pn1 /e (RZ/Rl) A
;Bl((nln'/l’()zfﬁl) (1’!171' Enlrr/a (RZ/Rl) + Rz) F(nll 712)
. (9]
] 1V 2Ry Puy(R4Rs) 1V 2R 2 .
By = X (A i T Rrs) + B i B re )~ a2 ) A36
+ X (ClY 2y PRl | DIV AR 2 ) ga(n, i, j) 0
ny=1 g nyfy En4 (R4,R5) ng ngPq En4(R5,R4) a\r2,14,

In Region III, considering the boundary condition of Region III and Region IV, after
substituting (23) into (20), we get:

o
koo 1V 2Ry Py (R4,Rs) IV 2R 2
Ay = B (A g £ ®eRy) T B By rergy) - fi(13,14,K)
=) IV 2Ry Pny(R4,Rs) IV 2Rs 2 (A37)
+n42_1 ( ng nyBq En4 (R4/R5) n ngpPq En4 (R51R4)) : gt (n3/ Ny, k)

In Region IV, considering the boundary condition of Region IV, Region II, and Region
111, after substituting (12), (19) and (21) into (24), considering the boundary condition of
Region IV and Region V, after substituting (22) and (28) into (25), we get:

P pi
v _ v B 2 .
Any = pa 7Ry (4] )+]21 nZZ Ak, Ny NN AUALD)
b o . P (Ry,R»)
] nym/p 47 2 .
52 Pk m falnz, g, ) (A38)
b b n37r/ﬁz(R4
+k§ n321A”3 A Pn37r/ﬁ2(R3rR4) i3, . k)
v SB) 2 ;
Cn4 = ] TRy (714, )+]Zl HZZ: AnZ ﬁlR4 W ) ga(n2/ 7’14,])
P
i i Puy /gy (RaRo) .
"L L g Rk a2 ) (439)
P,
i na/py (RaR3)
+k21 n321A”3 Rak; Pﬂ:n/ﬁ;(RSrRzl) 81(n3, 14, )
v Q B(I) Pygr/y(Rs,Re)
Bn4 = 7I5'rf(n4’ )+Z Z Ans'yRsE (Rs,R¢) ff(nS’n4’l)
1=1 I=1n5=1 n57/7ATS6 (A40)
Q o
I n 2
_lgl 7’!5211 Bn5 T]& Eyo /2 (Rs,Ro) ’ ff (n5, ny, l)
Q g Q
v B DPyer/y(Rs,Re)
Di =L s+ L ¥ L Al e 8 s ) "

.k ;18”57R5W 8f(ns,ny,1)
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In Region V, considering the boundary condition of Region V and Region 1V, after
substituting (23) into (29) and (31), considering the boundary condition of Region V and
Region VI, after substituting (35) into (30) and (32), we get:

[e9)

[ IV2Ry 2 pIV2Rs Py (RsRe)
An5 = nzzl (An4 147 En, (R4, R5) + Bn4 2y En4(R5rR4)) ff(nSI ng,l)

S IV 2Ry IV 2Rs Puy (Rs,Ry) (A42)
+n42::1 (Cl’l4 "47 4En (RFRS) + Ny miEm(Rs,Rzl)) . gf(n5/ n4/ l)
(]
I VI2Rg Pug(Re,R7) VI2R 2
Bn5 = nézzl ( g ﬁ EnZ(Re,Rﬂ n K’Z Ené(R%Rs)) : ff(n5/ ne,1) A3
n S’f ( VI2Rg Prg(Re,R7) VI2R7 2 ) g5 (ns,n6, 1) (A43)
pizy 6 167 Eng (R R7) N6 MY Eng(R7,Re) /SO \1757 7267
Aé) +B(l) In R5 - y0M9,1R5 =
[ee]
v IVR 2 IV Rs Pny(Rs,Ry)
AO + Z (An4 n;y En4 (R4 R5) + nyg 1’!457 E"i (R5 R4)) 7'f(7’l4, l) (A44)
IV R 2 IV Rs Png(Rs,Ry)
"’nE (Chs 5 Ey(ReRs) + Py ey Eni(R5,R4)) sf(na, 1)
Aé +Bl In R(, - ]loMg 1R6
VI VI Rg Png(Re,R7) VI R 2
A +n62— (An6 "6% E, 6(R6 R7) T Big ”677 Eng (R7,Re)> . rf(né'l) (A45)

VI R Png(Re,Ry) VI R 2
+n£ (Coto 165 B Eu (ReRy) T Pt o7 Ené(Ry,R6)) s¢(ne, 1)
In Region VI, considering the boundary condition of Region VI and Region V, after
substituting (28) and (33) into (36), considering the boundary condition of Region VI and
Region VII, after substituting (34) and (40) into (37), we get:

AV‘{GI = Z 7TRg 'rf(n6/ )"' Z Z A"S’ﬂ%% ff(i’l5,1’16,l)

I=1n5=1 57/ Y

& & Bl ns Pn57r/'y(R6rR5) I (A46)
~ L L BuaRi B, (g fr (156 ])

1
|77 B
Cig = Lt 57(n6] )+121 L At gt 8 (s )
Q b (R (A7)
1 ne/ 6,185
—L X BuaRir, ey 8 (15 e ])

— Ry) - rs(ng, m)
m=1 (A48)

1y Enyn/s(R7,Rs)
+ Z Z A%g;ém fs(nz,ne,m)

1 2

Dyl = L ol (28 — Ry) - s5(ne, m)

b A49)

i E (R7,Rg) (

n nymt/6\ 7,38
TE B AR, e Ry 851716 m)
In Region VII, considering the boundary condition of Region VI and Region VII, after

substituting (35) into (41), we get:

M6 160 En(Ré R7) T g T1gs En(R7,Rg)
v 12Ry Pu(Ry,Rg) (A50)
+ D}{s n6g EZ(R; RZ) )gS(”% 16, 1M)

AT7 — Zl (AVIZRG BVI& Pu(R7,Rq) )fs(n7, 1’16,171)

v (CVI2R

<6

+n§ (Cné }’l6(5 E, (R(,,R7)
6=1
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Appendix C

The integral functions fa(l’lz, 1’l4,j), ga(i/lz, 1’14,j), ft(ng, Ny, k), gt(Tlg, Ny, k), ff(]”l5, Ny, l),
8f(ns,na, 1), fr(ns,ne,1), §¢(ns,n6,1), fs(n7,n6,m), gs(n7,n6,m), rj(n4,j), sj(na, j), s (na,1),
sf(ny, 1), rs(ne,m), ss(ne, m) and F(n1,ny) are expressed as follows for consequent Fourier
series coefficients matrices solution:

Falna,na, j) = /9 éj o cos(140) cos(”gl”(e - ej))de (A51)
galia, na, j) = / P Gin(140) cos (”2"(9 - ej)> d6 (A52)
fi(ng, ng, k) = 99k+ﬁ2 cos(ny6) cos (”;”(9 - Gk)) a6 (A53)
k 2
gt(n3, ng k) = /:Hﬁz sin(n40) cos <n37[(9 - Gk)) a6 (A54)
K 2
91+
fr(ns,ng, 1) = /91 cos(ny0) cos (115’;[(9 - 91)>d9 (A55)
0+
gr(ns,ny,l) = /9] ! sin(n40) cos <ni7'c(9 — 91)) de (A56)
Ll ns7T
fr(ns,me,1) = /9 cos(rngf) cos 27 (6 6)) ) a0 (A57)
gf(ns, ne, 1) = /991+ sin(ngh) cos (1’15')/7T(9 - 61)>d9 (A58)
Folng, g, m) = /9 P os(gh) cos (“2% (6 — 0) ) o (A59)
gs(ny, ng,m) = /9m+§ sin(ng) cos (%(9 — Gm))de (A60)
0j+p1
ri(ng, j) = /9]_] cos(140)d6 = %[Sin(”d@j +B1)) — sin(na6;)] (A61)
, bi+ph1 1
si(ng, ) = /9' sin(1n46)d0 = - [— cos(n4(6; + B1)) + cos(nab;)] (A62)
]
re(ng,l) = /:+7 cos(ny0)de = %[sin(m(@l + 7)) — sin(n46;)] (A63)
01
sf(ng,1) = /0 o sin(n40)d6 = %[— cos(n4(0; + 7)) + cos(n46;)] (A64)
0+
r¢(ne, 1) = /e,l Arcos(n66)d6 = %[sin(n6(61 + 7)) —sin(ng6;)] (A65)
61
s¢(ne,1) = /9 o sin(ng0)do = %[— cos(n6(0; + 1)) + cos(ne6;)] (A66)
1
rs(ng,m) = /GMM cos(ngh)do = %[sin(nG(Gm +6)) — sin(nebn)] (A67)
ss(ng,m) = /99,,1+(5 sin(ng0)do = %[— cos(16(0m + 0)) + cos(ngb)] (A68)
6i+p1
F(ny,np) = /9/] cos(%(@—ei)) cos(’?lﬂ(e—%))d@ (A69)
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Then/ fﬂ(nZ/n4/j)/ gﬂ(n2/n4/j)/ ft(n3/n4/k)/ gt(”3fn4/k)/ ff(n5/n4/l)/ gf(n5/n4/l)/

fs(ny,ng,m) and gs(ny, ng, m) can be further simplified as:

niﬁlz {sin(n49]-)+(fl)”2+1 sin(n4(9]-+ﬁl))}

. 7 N7t # 14y
fa(ng,ng, j) = s coslons )n%ﬁ(fngézi n(na(5,550) ’
Ny p1 cos(nyt;)—sminygt;)+simn|( ng(0; 1
Y ! , M7 = ngfPy
20 2 n
nzp1 [7cos(n49]')+(71) Zcos(n4(9j+/51))]
272 —n2p:2 SN0 # 4Py
gu(n2/ 7’14,]) - . 2 4
21481 sm(n46’/-)+cos(n49]-)7cos(n4(9j+/31)) B
In, , M270 = Ny
njpr?[sin(nadp) + (-1 sin(na 6 p2))| 4 nap
2
Flss k) =0 ot ottt )
14 B cos(n40) ) —sin(n sin(n
1B2 40k 4nik 40k 2,1137T=7’l4ﬁ2
n2By2[— cos(n40;) +(—1)"3 cos(ns (6x+p2))] H3TT £ 1
k _ l’l271'2—7’lzﬁ 2 13 4ﬁ2
gt(ﬂ?” 4 ) o 21482 sin(n46k)+3cos(n4élk)27cos(n4(9k+ﬁ2))
1, , 370 = nyfPn
ni’yZ {sin(7149,)+(71)”5Jrl sin(n4(91+'y))] - 7& "
FS ) =0 ot o) e
147 cos(n46;)—sin(n sin(n v o
4 40 4’1;11 4(0 , 57T = N4y
2,2 n
ngy [7 cos(n40;)+(—1) 5cos(n4(6’l+’y))]
gf(nS n4 l) ngn-ani,),Z ,n57T # n4,),
7 7 -
2147y sin(n40; ) +cos(n46;) —cos(ny (0;+7)) _
4ny ; N57T = Ny
i [sin(ngfi) +(—1)"S Tsin(ns @) .
A N o "
167y cos(ng) ) —sin(n sin(n v .
6 691 4n21 6(0; , N5 = ng7y
n2y? [7 cos(nghy)+(—1)" cos(n6(6’l+’y))]
) o (MSTC 7 N6’y
7 7 -
216y sin(ng0) ) +cos(ngh;) —cos(ng(0;+7)) _
4ng , N57T = Ng%Y
n2s? {sin(n66”1)+(71)"7+1 sin(n6(9m+5))} 1yt £ g
O N v A
1160 cos(n —sin(n sin(n
6 6Ym 4n661n 6\Ym ,Tl77T:7’16(5
252 n 5
ngé [7 cos(1160m)+(—1) 7cos(n6(9m+()))]
_ 22252 ,N77T 7£ n65
gs(n% ne, m) = . 7 6
21166 sin (10, ) +cos(ng0p ) —cos(ng (0 +9))

Ty , Nyt = ngd

F(nq,ny) can be further simplified as:

ur [(—1)”2 sin(”ﬂ(;;ﬁl) ) _sin(nlnga;ﬁl) )]

mu 4 mn
nymy2 nym\ 2 4

Fomm) =y (") - ('%7) ton

ny 7w nym ny 7t

B cos(BE(B1— ), mx _ mn
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